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Mirror displacement energies and neutron skins
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A gross estimate of the neutron sKif.8Q5)(N—2Z)/A fm] is extracted from experimental proton radii,
represented by a four parameter fit, and observed mirror displacement eri€igEs The calculation of the
latter relies on an accurately derived Coulomb energy and smooth averages of the charge symmetry breaking
potentials constrained to state of the art values. The only free parameter is the neutron skin itself. The Nolen
Schiffer anomaly is reduced to small deviations (#i27 keV) that exhibit a secular trend. It is argued that
with state of the art shell model calculations the anomaly should disappear. Highly accurate fits to proton radii
emerge as a fringe benefit.
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Recent experimentd,2] have considerably added to our the Coulomb energﬁnterchangerizj by ri}l). It follows that

knowledge of neutron radii, the most elusive of the funda-(r2)= (A, T)+ B(A,T)T,+ y(A,T)T2. This result relies

mental properties of nuclear ground states. The two sets @fn the same arguments that lead to the isobaric multiplet

measures are consistent with one another, and a recognizablfyss equation [11], p. 302. As (r2) is a functional of the

pattern em_ergeS[l] Fig. 4), leading to an estimate for the giate occupancies;, 8, andy may vary rapidly. To obtain a

neutron skin ¢= neutrons,m= protons,t=N—Z2) smooth form we assume some continuous occupancies,
which make it possible to obtain a four-parameter expression

t based only on dimensional considerations. Since we are in-
= {r3)—(rz2y=-o. +1. —fm. )
Arm {ri)={ra) 0.043)+1.0415) Afm @ terested only in mirror nuclei witii ,=2t, we propose

A third—totally different—experimen{3] adds weight to

this estimate: it deals with the sodium isotopes, lighter and

far more exotic than the species studied 1n2]. Nonethe-

less, theirA, behavior is very much the same, as seen inThe overallAY® dependence is a general asymptotic result

Fig. 1. " for self-bound systems. The exgf) correction accounts for
On the theory side, we have an e|egant ana|ysiArome the Iarger radii for smal”A. The terms inv and{ must beat

[4], and many mean-field calculations. Some of them ard"0StOf the same order ap, for large t/A and the only

close to estimatél), others not so closgs], though in the ~émaining uncertainty is in the scalirgin t/A”. .

Na isotopes several Skyrme forces seem to give equally good ©OPViously, we can derive a similar expression forwith

results[6]. As was pointed out ifi7], the neutron skins could (= —t- Thereforev>0 represents a uniform contraction of

be easily varied in such forces, without perturbing other obn€ two fluids, while¢>0 implies a= contraction andv

servables, but the criteria to fix them were not obvious. Thélilation, which gives the neutron skin

problem has been tackled head on recehg] by con-

ot v(t 2 daN. (2

straining agreement with realistic calculations of the equa- A, =AD=(p,—p,)= —1/3e(g/A)' 3
tion of state for neutron matter but no systematic study has v A?
appeared so far. 06 . . ' ' . . .

The idea that started this investigation is that—assuming ) Ar =1.017A-0.04
isospin conservation—a complete knowledgepafton radii 051 AAfnp(Ref- e
would determined, . As the available experimental data 04 r
turn out to be consistent with a wide range of possible values 031
of Arw, we resort to the Coulomb displacement energies = 02
(CDE) which are very sensitive to this quantifyhe origi- AN
nality of our approach rests on the derivation, for all the or
observables, of smooth—Bethe Weizkar type—forms that 01} 4
depend only orN andZ. The differences between these av- o020 ¢ % Ji
erages and the experimental values—i.e., the shell effects— ol L
will be found to exhibit secular behavior that leads to high 0'4 . I . .

quality phenomenological fits for the radii. For the CDE, 015 01 005 0 005 01 015 02 025 03
they lead to an optimistic assessment of the present status of YA
a famous problem, the Nolen Schiffer anomgly].

To relate neutron and proton radii we start by noting that FIG. 1. A, from[1], (Fig. 4 (circles, the two approximations
r2=[2-;(1/2-t})(1/2-t)r7]/A? has the same form as of Ref.[3] (Table ) (squares and Eq.(1).
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TABLE I. Root mean square deyiations from observed CDE for Theﬁt\) operator will be evaluated in detail later, and it
three sets of coefficients in EG/) with Ag=16. V¢ from Eq.(12).  will be shown that Eq(4) leads to a “smooth average of the

All energies in keV. See text. diagona' monopole part,"

Ve Vst Ve +Vg 0.864Z(Z—1)—2)

d
<VCm>% c MeV, (6)
¢ v rmsd rmsd B, B rmsd R
1.0 0.51 540 272 540 350 127 identical—within a small exchange term—to the classical
0.9 0.57 434 184 431 281 127 expression for the charged sphdig;, is the charge, not the
0.8 062 320 127 306 199 127 point radius, as explained after Ed.2).]
0.7 0.68 213 170 181 119 127 The column labeledV<, ) in Table | gives the rms de-
0.6 0.73 136 268 56 39 127 viations when only this term is included. The preferred value
is at=<0.6.

The Bethe Weizsker form for the charge symmetry
If =1 the volumes occupied by the two fluids may dif- breaking(CSB) potentials is
fer by a quantity of ordeA, and we have a “volume” skin. t AL\ 13
If o=4/3 we have a “surface” skin, since the difference Vg=—= BU—BS(—O>
in volumes is at most of ordek?”>. 2 A

The volume option would be the correct one for strongThe parameterB, andB, cannotbe chosen arbitrarily. They
attraction between like particles. In nuclei, ther force is  gre not known experimentally, but enormous theoretical
by far the strongest, and we adopt a surface giinvolume  work has been devoted to CSB potentials, extensively de-
skin also leads to excellent radii, but it will be ruled out by scribed in Ref[16], from which we take th&/g contribution
the CDE) to be ~100 keV aroundA=16, and~300 keV in nuclear

To determine the coefficients in ER) we shall fit the  matter. Accordingly, we sek,=16 and define a standax'
experimental values of charge rafiill references are given at B =300 keV and B,=200 keV. Calling Vs'=V2
in [12]), reduced to point radii through the standard prescrip-+ v$! the corresponding column shows that the preferred
tion pSP=[(r2)exp o~ 0.64¥2 (used in[1], full form in  value moves ta’=0.8, with a slight gain in rmsd.

(8]). In the last three columnB, and B, are allowed to vary

A fit is made to 82 experimental values for nuclei with  simultaneously to give an idea of the range of plausije
orZ=6, 14, 28, 50, 82, 12@he classical closures which we parametersNote the advantage of introducirg, in Eq. (7):
call El, for extruder-intruder for which shell effects can be B,—Bg equals the contribution &= 16.) The constancy of
assumed to be minimal. The results are altogether remarkhe rmsd indicates the absolute need of constraint¥/gn
able:for 0.4< ¢<1.2the root mean square deviatiofsnsd  Conversely, the rapid variation Mg constrains the skin to a
are below10 mf. We find nearly common parametgsg ~ harrow range of plausible values fBf, andBs. We propose
=0.9432), g=1.043), for different (v, {) pairs, given in [25] A, =0.80(5)t/A, (nearly compatible with Eq.(1)

keV. (7)

Table | for 0.6<{<1.0. [26] and (perfectly compatible with the estimate fot®%Pb
To decide which is the favoredv((), we compare 63 in[9].
experimental [13] displacements, CDEBE(Z.,N.)- The results depend on the validity of E@) which was

BE(Z. ,N.)—where Z.=N. =max@ZN) [24]—with cal- derived assuming isospin purity for the wave functions. The
culations.(We have followed 14] where, out of 78 values, assumption is likely to hold near stability, but approaching
those involving proton-unbound states are discajdedthe ~ the proton drip line it becomes more questionable. This is
next paragraphs we define one by one the ingredients anty we followed Ref.[14] in rejecting data from 15 pairs
then examine their effect column by column in Table . With proton-unboundZ.... If they are reincorporated, the
The Coulomb potentia¥c will be written in an oscillator Numbers are telling: the preferrédnoves slightly up at 0.85
representation. To conform to standard use we introducgUt the rmsd doubles at 254 keV. Some of thg rejected pairs
R. —(5/3)'2_. One of the many advantages of the oscilla- o fairly well, but for eight of them the error is above 500

tor basis is that one can separate trivially an adimensioneﬁev' (In the restricted sample no error is larger than 300
P y eV.,) These findings are consistent with gobdear stability

two-body (1F) operator through the first equality below: g deteriorating away from it. At stability, tHe~0 nuclei
— — raise the problem of a negative skin, small #=60 and
_ 5 Mo, (1) 1934 /1 quickly dissappearing &k increasegsee for exampl§17]).
Ve=e i TR Z T MeV. (4) Our calculation should detect it as a slight deterioration for
T=1/2 with respect td =3/2 or higher. If anything, what is
The second equality provides the connection between CDEeen is the opposite. This observation does not contradict the
and radii. It follows from a famous estimatgl5], Eq. (2-  results of Ref[17]; it simply suggests that the hitherto ne-
157)), which we apply separately to neutrons and protongllected shell effects are stronger than those induced by

w

(MeV units); violation.
heo 3559 o 3559 Let us examine now the smooth forms we have intro-
:/3= > "1/3= N (5) duced. The radii enter only through the oscillator frequencies
(22) (rs)  (2N) (rs) in Eq. (5), which define the basis in which we should work.
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0.15 e e A AaEnans aass R The Coulomb potential is a different matter. The quality
and credibility of our approach rests on aracttreatment
L. ] d
0.1 of Ve
. Following Ref. [20] we separate the Hamiltoniahi
E 005¢ =H,,+Hy. The monopole part,, contains all terms in
el scalar products of fermion operators, (- a5) for subshells
= 0 ands. We consider thaliagonal part involving the number
o - operatorsm,=a, -a,. The nondiagonal one—responsible
w 005} for isospin impurities—will be ignored, as will the multipole
. Hy which contributes to shell effec{48,20-23.
01 R, Observed - R fited - l Calling Vi the matrix elements of i/ the diagonal
015 . . Experimental error bars —— monopole part is
' J
0 25 50 75 100 125 150 175 200 225 250 — EJ: Vil ]

; Vik, Vik=—""—, (9

A 1) ¢ Zi(zx— dik)
( ) m: i;k 1+ 6y
2 [J]

FIG. 2. Comparison between experimental errors and differ-
ences between observed and calculated rRgi=(5/3)Y%, (¢

=0.8, undistinguishable from other choiges ) )
g b [J]=2J+1, z,= number of protons in orbik, where k

. . . . =plj stands for the quantum numbers specifying a given
Fgr mag(;c ntép_lel thebbaS|s redu:j:es tg a s_lngle sta\;\% and “’Haarmonic oscillator(ho) orbit (p is the principal quantum
observed radii can be assumed to be givenphy When .\ phey The sum over the first major shells containing
moving away from closed shells, configuration mixing Will 5 its can be reduced to a sum of factorable terms by diago-
increase the size of the system: moderately for nearly spherh-alizing the matrixs {V,,}. This technique is extensively de-

cal nuclei, and radically for deformed ones. The crucial pom%cribed in[20]. As the highest eigenvallg, overwhelms all

s th.atp” is not supposed to produce good radii, but & gOOdothers, when combined with the corresponding eigenvector
basis To check whether this is the case we propose the foI—Uk and the single particle counter term in EQ) it deter-

lowing tzSt: -(l;y K;Cf_'t all the ";‘_""?‘"ab'e datahthroulgh a She”mines the largest contribution by fag,(is the number op-
corrected radiugp;’=p,+D, fixing p, to the values we .o for orbitk):

have obtained. The test is passed if the fit is good and noth-
ing is gained by refitting . . 1\d 1 2

The definition of D is suggested by previous work on (—) =—[E,(E zkuk) - z Vi
shell correctiong12,18,19. We have r 2 K k

m

—_—

, (10

which amounts to a basically exact representation in Fock
p=p.+D, D=\S,S,+uQ.Q,. (8) space E, is 30 times bigger than the second biggest eigen-
value, and 100 times bigger than the third. Furthermore—as
we shall see-d, leads to an extremely coherent operator,
while the other eigenvectors do not. We have treatedxthe
=8, =36 case, but the results are independent of the num-
ber of orbits.

Figure 3 shows the forms dfi, andV,,=V,. To deal
with quantities of order 1, we have rescalég= /(7U, and
accordinglyE,= 7E,=0.383. The (2+1)-weighted aver-
ages ovey orbits within a major shelp are also shownl,
andV,). By referring thel(l+1) term to its centroid we
have to good approximation

S stands for spherical for deformed. The correctioP is a
functional of the orbital occupancies in the Extruder-
intruden valence spaces. They consist in the orbits of har
monic oscillator shelp, except the largestextrudey, plus
the largestintruden orbit from shellp+ 1. For protons, say,
the El degeneracy i®,.=(p,+1)(p,+2)+2 (e.g., P,
=3 betweerZ =28 andZ=50). The degeneracy of the non-
intruder orbits isD,,.=p,(p,+1). Now call z the number
of valence protons, and defing,=z(D,—z)/D2, Q,
=z(Dr7,—z)/D,27; and similarly for neutrons. By construc-
tion, D vanishes at the El closures. U=U,—0.011(I+1)—p(p+3)/2]/(p+3/2). (1)

Fits of p>° to 634 experimental values keeping the param-
eters previously obtained fop,—variation leaves them
unchanged—lead again to remarkable results: with
=5.6(2), u=23(1) we obtain rmsd= 11 mf in all cases.
Figure 2 gives an idea of the quality of the results: most o
the calculated points fall withifor very close tdthe experi- _
mental error bars. The exceptions are the light nueéiere & SUM ovem, with ZkE(p:“ 1)(p+2)=Dyp, Uy=U,, and
halo orbits are importajtand the region around the light Pt Vk=Vp) t0 formsa(Z—Db)". Exact values fol,, andV,
isotopes known for shape coexistence in the ground stategaeit;ept- Then we insert the factor in E4), to obtain(MeV
The test is passeg@:, makes sense. It should be noted that a _ _
fit of Eq. (2) to all nuclei makes little sense. (Ve Y~ 0.8582Yq (z—1/2)2 16— z1~1/6]

The Bethe WeisZar form for Vg is obvious. cm R

For V, the j dependence is more complicated. To leading
order in a p+x)"Y expansion the averages ard,
~1.522p+1.4)" ¥, andV,~0.93(p+3/2) 2

¢ To extract a smooth form, we fit separately the two terms
of Eq. (10) at thep closuregd(i.e., replacing the sum ovérby

(12

m
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13 - - - - - TR The HF displacements in the second panel of Fig. 4 indi-
12} Ty T i cate that theé (I + 1) effect leads to a dramatic improvement
il E Q//E LI for the A=15-17 andA=39-41 pairs, the two test cases
B 8 p T most extensively studied in the literatuf&0,16,23 and ref-
Tr [ | erences therejnThis gain is upset by a loss of regularity in
5 091 s the shell-effect patterns and tlapparent need for a too
3 08 = 1 strongVg. If we keepVy (and ¢=0.8) the rmsd becomes
D o7t . | large (330 ke\). The figure corresponds to a fit (rmsd
06 - . | =150 keV) that leads to a huge changeMp, at B,—Bq
' Tl w =425-180=245 keV.
0.5 -{ . 1 The situation is in all respects similar to that in Rgf4],
0.4 r I S T . 1 where a full HF description with the SKXcsb force also de-
0.3 U . . . . A e | mands a too larg¥g contribution(355 keV atA=17). The
0 1 2 3 4 5 8 7 agreement betwee(14] bottom Fig. 2¢, and the second
D panel of Fig. 4 is quite good, to within an overall shift of
some 100 keV for the lattg27]. A convincing indication
FIG. 3. The terms in Eq10). See text. that our approximation to a full HF result is sound. However,

it casts doubts on the very use of the HF approach: Near
The numerical uncertainties of the {jt=0.1%) allow the closed shells it is likely to be valid, and the improvement it
choice of the round numbers shovilfhis is the form used in  brings about is very beneficial. Elsewhere, HF produces mis-
the calculations. For clarity, in Eq®6) it has been very leading patterns through shell effects that should be treated
slightly (and innocuously simplified and the point radius in conjunction with those of multipole and CSB origin. Un-
parameteR,= \/5/3p,=1.219 replaced by its charged value less this is done, it is clearly better to keep the smooth

R$5=1.226, so as to change the overall coefficient, which@Pproximation. _ _
becomes the one for the classical charged sphere; 10 conclude, we examine what can be said about the

3e272/5R°~0.86472/R°~0.722/AY3. A pleasing result. Nolen Schiffer anomalyNSA), which we define as a sys-

The form of averaging we have used eliminates all shelféMatic failure to obtain good CDE withoad hocadjust-

effects, which show cleanly in the first panel of Fig. 4 the able parameters. The historical origin of the problem is clear
1 . d . .
difference between experimental and calculated values. FJfoM columnVe,, in Table I, showing that the Coulomb po-

clarity onlyt=1 and 2 cases are kept. They are sufficient tolential leads tq large di_screpancies for acceptable vglues of
indicate the secular nature of the deviations. the neutron skirj28]. It is also clear that th&/y potentials

Smooth filling can be replaced lyrderly filling, which, ~ though small(of the order of the Coulomb exchangere
using exact values fdd, andV, in Eq. (10), should be close crucial in moving the skin to a reasonable range. As a con-
to a Hartree FockHF) result, since Coulomb matrix ele- Seguence, the remaining discrepancies are the shell effects in

ments are quite unsensitive to details of the single particiéhe left panel of Fig. 4. .
wave functions, except in the case of halo orbits. As we have seen, for the classical test casesA=al5,

The difference between smooth and HF approximations id/ @hdA=39, 41—thel(I+1) term reduces the errofto

can be understood by noting that above a closed shell witRchieve greater precision, good quality shell model calcula-
Z=2Z.. it produces a single particle field tions are necessary, a difficult task, not undertaken so far for

the CDE. Therefore, at present, we cannot decide whether
1311 there subsists an anomaly or not.
—4. +1)— + L2 . . .
= 452;21(1+1)—p(p+3)] keV, (13 However, for nuclei with several particles in a major
Ecl 13 ’ . . . . .. . .

A*(p+3/2) shell, high quality configuration mixing is possible, and the
task has been undertaken, not for the CDE, but for the dif-
obtained from Eqs(4) and (10), using E,=0.383, and the ferences in excitation energies between mirror yrast bands

coefficient inU,~1.522(p+ 1.4)" Y4 mentioned after Eq. (CED or MED) [23]: Shell effects play a major role, and the

(10). CSB contribution is at least as important as the Coulomb
0.4t 1 0.4t
0.3 r 1 03t ///1 J
§ z'f | ﬁ /\ § 2'? | ;\ X\ | FIG. 4. Left panel: Experi-
= A s % \ mental-calculated CDE fot=1
g O ) 1 8 9 \A ] and 2 with smooth occupancies
< 0t I A /H (£=0.8). Right panel: As above
02 f 1 02 f ,Z . for Hartree Fock occupancies.
—a— Vg(smooth)+Vg, t=2 e Vg(HF)+Vg, t=2
0.3 [ —=— Vglsmooth)+Vp, t=1 T 0.3 [ —e— Ve(HFWVp, t=1 ]
4 8 1216 20 24 28 32 36 40 44 48 52 56 60 4 8 1216 20 24 28 32 36 40 44 48 52 56 60
A A
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one. The results achieve an accuracy=df0 keV on differ-  until the CDE calculations are done—a fairly safe bet is that
ences of up to 100 keV. This is the order of magnitude of théhe Nolen Schiffer anomaly will disappear.

discrepancies we want to correct. Furthermore, the CDE are

unlikely to demand better control of the wave functions and We thank J. Bartel for his patient coaching on Skyrme
the interactions than the MED do. As a consequence—ealculations, G. Marhez for his help, and R. Machtleidt, M.
though we cannot decide whether there remains a probletdorth-Jensen, and P. Vogel for their comments.
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