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Outline

¨ Overview
¤ History at LANL

¤ Updated analyses

¨ Modern Green-function R-matrix formalism
¤ Bloch formalism: single-channel; multichannel

¤ Multichannel unitarity

¤ Relativistic parametrization
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An immodest proposal:
Consider the model independent 

S-/T-matrix poles for 
verification of analyses 



Overview of multichannel reaction analysis

¨ History of Energy Dependent Analysis
¤ Developers: D. Dodder, K. Witte, G. Hale, A. Sierk, MP

¤ originally motivated by hadronic analyses e.g. πN è πN
n Origin of relativistic parametrization

¤ EDA5 F77; EDA6 F90/95 (targeted for ‘17)

¨ Overview
¤ EDA5/6 implement Wigner/Eisenbud/Bloch phenomenological R matrix

¤ Handles large number of two-body partitions & channels, including EM

¤ Data: elastic, inelastic, reaction; diff’l, integrated, total, polarization

¨ Existing analyses to date…
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A System Channels Energy Range (MeV)

2 N-N
p+p; n+p,
g+d

0-30
0-40

3 N-d p+d; n+d 0-4
4H
4Li

n+t
p+3He

0-20

4
4He

p+t
n+3He
d+d

0-11
0-10
0-10

5

5He
n+a
d+t
5He+g

0-28 
0-10

5Li
p+a
d+3He

0-24
0-1.4

EDA Existing Analyses
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EDA Existing Analyses, Cont.
A System (Channels)

6 6He (5He+n, t+t); 6Li (d+4He, t+3He); 6Be (5Li+p, 3He+3He)

7 7Li (t+4He, n+6Li); 7Be (g+7Be, 3He+4He, p+6Li)

8 8Be (4He+4He, p+7Li, n+7Be, p+7Li*, n+7Be*, d+6Li)

9 9Be (8Be+n, d+7Li, t+6Li); 9B (g+9B, 8Be+p, d+7Be, 3He+6Li) 

10 10Be (n+9Be, 6He+a, 8Be+nn, t+7Li); 10B (a+6Li, p+9Be, 3He+7Li)

11 11B (a+7Li, a+7Li*, 8Be+t, n+10B); 11C (a+7Be, p+10B)

12 12C (8Be+a, p+11B)

13 13C (n+12C, n+12C*)

14 14C (n+13C)

15 15N (p+14C, n+14N, a+11B)

16 16O (g+16O, a+12C)

17 17O (n+16O, a+13C)

18 18Ne (p+17F, p+17F*, a+14O)
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Recent updates (listed by target nucleus)
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1H: (n,n), (n,γ) < 200 MeV
6Li: (n,n), (t,t), (t,n) Et<14 MeV; (n,n),(n,t),(n,d) En<4 MeV
7Be: elastic, (n,γ), (n,tot), (n,α) <20 MeV
9Be: angular distributions
10B: < 5 MeV
12C: elastic, (n,tot), (n,n’) < 6.5 MeV
13C: (n,tot), (n,γ) < 20 MeV
16O: elastic, (n,α), (n,tot), (n,γ) < 9 MeV



The canonical EDA “modern” R-matrix slide
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or equivalently,

(r " c ψc
+ = F " c (r " c )δ " c c +O " c (r " c )T " c c

Schematic of R-matrix Theory 

EI



Toy model example: single channel, s-wave, neut.
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R

First solve a problem with a simple BC:

Q: What is the spectrum?

A: The above defines a Sturm-Liouville eigenvalue problem 
implying Eλ are discrete – and so not a scattering problem

2. A simple example

We consider, to begin with, the case of the scattering of a particle of energy " in a state
s by a central potential V (r) having a finite range R. In the interior region

0  r  R,

the wave function satisfies the Schrödinger equation

("�H) (r) = 0, (1)

where the Hamiltonian is written2

H = � h̄2

2M

1

r

d2

dr2
r + V (r).

In the exterior region

R  r,

the wave function is a linear combination of the incoming wave function  (�) and an outgoing
wave function  (�):

 (r) =  (�)(r)�  (+)(r), (2)

with

 (�)(r) =
1

r
e�ikr,  (+)(r) =

S

r
eikr. (3)

The amplitude of the incoming wave is determined by the given incident beam. The
amplitude S of the outgoing wave allows the calculation of the scattering cross section; this
is the quantity that we wish to calculate.

The problem essentially consists of solving the Schrödinger equation (1) in the interior
region with boundary condition for r = R that the amplitude of the incoming wave is equal
to unity.

The operator H restricted to the interior region, which will play a central rôle, presents
the serious defect of not being hermitian. If  

1

(r) and  
2

(r) are any two functions we have
in fact3

Z
R

0

r2dr[ ⇤
1

(H 
2

)� (H 
1

)⇤ 
2

] = � h̄2

2M


r ⇤

1

d(r 
2

)

dr
� d(r ⇤

1

)

dr
r 

2

�

R

. (4)

2By (d2/dr2)r we designate the operator

d2

dr2
r (r) =

d2

dr2
[r (r)].

3The volume element is actually written 4⇡r2dr. It is also necessary to multiply the expressions (3) by
the spherical harmonic normalized as Y00 = (4⇡)1/2. All these factors of 4⇡ cancel when we calculate a
matrix element; we can omit them everywhere without inconvenience.

3

(H � E�) �(r) = 0

d

dr
r �(r)

���
r=a

= 0

Two essential points
1. Scattering states in general don’t satisfy the BC above
2. This implies that the Eλ are not simply related to resonance E



Toy model example: single channel, s-wave, neut.
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R

Now solve it with a more general BC: 

Caveat Emptor: No longer a S-L problem

The RHS doesn’t vanish: eigenfunctions not orthogonal

2. A simple example

We consider, to begin with, the case of the scattering of a particle of energy " in a state
s by a central potential V (r) having a finite range R. In the interior region

0  r  R,

the wave function satisfies the Schrödinger equation

("�H) (r) = 0, (1)

where the Hamiltonian is written2

H = � h̄2

2M

1

r

d2

dr2
r + V (r).

In the exterior region

R  r,

the wave function is a linear combination of the incoming wave function  (�) and an outgoing
wave function  (�):

 (r) =  (�)(r)�  (+)(r), (2)

with

 (�)(r) =
1

r
e�ikr,  (+)(r) =

S

r
eikr. (3)

The amplitude of the incoming wave is determined by the given incident beam. The
amplitude S of the outgoing wave allows the calculation of the scattering cross section; this
is the quantity that we wish to calculate.

The problem essentially consists of solving the Schrödinger equation (1) in the interior
region with boundary condition for r = R that the amplitude of the incoming wave is equal
to unity.

The operator H restricted to the interior region, which will play a central rôle, presents
the serious defect of not being hermitian. If  

1

(r) and  
2

(r) are any two functions we have
in fact3

Z
R

0

r2dr[ ⇤
1

(H 
2

)� (H 
1

)⇤ 
2

] = � h̄2

2M


r ⇤

1

d(r 
2

)

dr
� d(r ⇤

1

)

dr
r 

2

�

R

. (4)

2By (d2/dr2)r we designate the operator

d2

dr2
r (r) =

d2

dr2
[r (r)].

3The volume element is actually written 4⇡r2dr. It is also necessary to multiply the expressions (3) by
the spherical harmonic normalized as Y00 = (4⇡)1/2. All these factors of 4⇡ cancel when we calculate a
matrix element; we can omit them everywhere without inconvenience.

3

Bloch “fixed” this issue.

(H � E�) �(r) = 0

d

dr
r �(r)

���
r=a

= B



Claude Bloch’s 1957 paper modernized R-matrix
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U N E  F O R M U L A T I O N  U N I F I ] ~ E  D E  L A  T H ] ~ O R I E  
D E S  R ] ~ A C T I O N S  N U C L I ~ A I R E S  

CLAUDE BLOCH 
Centre d'l~tudes Nucldaires de Saclay, Gi/-su*-Yvette (S. & 0.) 

Regu le 13 avril 1957 

Abstract: The determination of the scattering matrix in the theory of nuclear reactions is 
essentially equivalent to the construction of the Green function for the Schr6dinger equa- 
tion in the internal region ot the configuration space with proper boundary conditions at 
the nuclear surface. This Green function can be expressed as the inverse of an operator 
involving the sum of the Hamiltonian and of a "boundary value operator" which is 
different from zero only on the nuclear surface where it has a singularity of the same kind 
as a Dirac function. A general operator expression for the scattering matrix is derived. 
This expression can be transformed into a matrix expression by introducing an arbitrary 
basis of orthonormal functions in the internal region. The Wigner-Eisenbud and the 
Peierls-Kapur formulations are obtained by an appropriate choice of the internal func- 
tions. When a large number of resonances contribute to the cross-section, the expansion 
of the scattering matrix in terms of resonances of the compound system is not useful, and 
a more appropriate starting point can be obtained from a perturbation expansion of the 
scattering matrix which is easily derived from the general operator expression. A simple 
statistical assumption is proposed in order to determine the dominant terms in such an 
expansion. It leads to the optical model for the elastic scattering and to the direct inter- 
actions for the inelastic scattering. 

1. I n t r o d u c t i o n  

Les  f o r m u l a t i o n s  de la  th6or i e  des  r6ac t ions  nuc l6a i res  c o n n u e s  ~ l ' h e u r e  
a c t u e l l e  se c l a s sen t  en  d e u x  ca t6gor i e s  n e t t e m e n t  d i s t i nc t e s :  

a) les f o r m u l a t i o n s  de  W i g n e r - E i s e n b u d  1 4) et  de P e i e r l s - K a p u r  5) qu i  
son t  p a r t i c u l i ~ r e m e n t  b ien  a d a p t 6 e s  ~ l ' 6 t u d e  des  r6 sonances  s6par6es.  Ces 
th6or i e s  p r 6 s e n t e n t  le d6 fau t  de ne  p a s s e  p r a t e r  f a c i l e m e n t  A l ' 6 t u d e  des  cas  
off le r61e e s sen t i e l  n ' e s t  pas  jou6 p a r  une  r6 sonance  isol6e. E l l e s  f o n t  en ef fe t  
a lo r s  i n t e r v e n i r  un  tr~s g r a n d  n o m b r e  de  p a r a m ~ t r e s :  n i v e a u x  d ' 6ne rg i e ,  
l a r g e u r s  pa r t i e l l e s ,  su r  l e sque l s  il es t  d i f f ic i le  de fa i re  des  p r6d ic t ions .  De  
p lus  ces p a r a m ~ t r e s  ne  son t  r a t t a c h 6 s  a u x  i n t e r a c t i o n s  nuc l6a i res  q u e  d ' u n e  
m a n i ~ r e  i n d i r e c t e  e t  c o m p l i q u 6 e .  Ces th6or ies  o n t  de ce fa i t  b e a u c o u p  de rea l  

fa i re  a p p a r a i t r e  les i n t e r a c t i o n s  d i r ec t e s  r ~ c e m m e n t  raises en 6 v i d e n c e  ex-  
p 6 r i m e n t a l e m e n t  e, ~). 

b) les f o r m u l a t i o n s  bas6es sur  l ' d q u a t i o n  in t~gra l e  de  la  d i f fus ion  8) 
6 t ab l i s s en t  au  c o n t r a i r e  une  l ia i son  tr~s d i r ec t e  e n t r e  les i n t e r a c t i o n s  nucl6-  
a i res  et  la  m a t r i c e  de col l i s ion  ou les s ec t ions  eff icaces .  Ces f o r m u l a t i o n s  se 
p r ~ t e n t  au  ca lcu l  des  p e r t u r b a t i o n s  et  c o n d u i s e n t  f a c i l e m e n t  a u x  i n t e r a c t i o n s  
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A unified formulation of the theory of nuclear reactions

Claude Bloch1

Centre d’Études Nucléaires de Saclay, Gif-sur-Yvette (S. & O.)

Abstract

The determination of the scattering matrix in the theory of nuclear reactions is essentially
equivalent to the construction of the Green function for the Schrödinger equation in the
internal region of the configuration space with proper boundary conditions at the nuclear
surface. This Green function can be expressed as the inverse of an operator involving the
sum of the Hamiltonian and of a “boundary value operator” which is di↵erent from zero
only on the nuclear surface where it has a singularity of the same kind as a Dirac function.
A general operator expression for the scattering matrix is derived. This expression can
be transformed into a matrix expression by introducing an arbitrary basis of orthonormal
functions in the internal region. The Wigner-Eisenbud and the Peierls-Kapur formulations
are obtained by an appropriate choice of the internal functions. When a large number of
resonances contribute to the cross-section, the expansion of the scattering matrix in terms
of the resonances of the compound system is not useful, and a more appropriate starting
point can be obtained from a perturbation expansion of the scattering matrix which is easily
derived from the general operator expression. A simple statistical assumption is proposed in
order to determine the dominant terms in such an expansion. It leads to the optical model
for the elastic scattering and to the direct interactions for the inelastic scattering.

1. Introduction

Known formulations of the theory of the nuclear reactions currently fall into two clearly
distinct categories:

a) the formulations of Wigner-Eisenbud[1, 2, 3, 4] and of Kapur-Peierls[5] that are par-
ticularly well suited to the study of separated resonances. These theories have the drawback
that they do not easily lend themselves to the study of the case where an essential rôle is not
played by an isolated resonance. In fact, they involve a large number of parameters: energy
levels, partial widths, upon which it is di�cult to make predictions. Furthermore, these
parameters are related to nuclear interactions in an indirect and complicated way. These
theories are therefore very di�cult to confront with recent experimental determination of
direct interactions[6, 7].

ITranslated from the original French by M. Paris, Theoretical Division, Los Alamos National Laboratory,
mparis@lanl.gov

1Original reference: Nuclear Physics 4 (1957) 503–528

Preprint submitted to Nuclear Physics December 3, 2015

2. A simple example

We consider, to begin with, the case of the scattering of a particle of energy " in a state
s by a central potential V (r) having a finite range R. In the interior region

0  r  R,

the wave function satisfies the Schrödinger equation

("�H) (r) = 0, (1)

where the Hamiltonian is written2

H = � h̄2

2M

1

r

d2

dr2
r + V (r).

In the exterior region

R  r,

the wave function is a linear combination of the incoming wave function  (�) and an outgoing
wave function  (�):

 (r) =  (�)(r)�  (+)(r), (2)

with

 (�)(r) =
1

r
e�ikr,  (+)(r) =

S

r
eikr. (3)

The amplitude of the incoming wave is determined by the given incident beam. The
amplitude S of the outgoing wave allows the calculation of the scattering cross section; this
is the quantity that we wish to calculate.

The problem essentially consists of solving the Schrödinger equation (1) in the interior
region with boundary condition for r = R that the amplitude of the incoming wave is equal
to unity.

The operator H restricted to the interior region, which will play a central rôle, presents
the serious defect of not being hermitian. If  

1

(r) and  
2

(r) are any two functions we have
in fact3

Z
R

0

r2dr[ ⇤
1

(H 
2

)� (H 
1

)⇤ 
2

] = � h̄2

2M


r ⇤

1

d(r 
2

)

dr
� d(r ⇤

1

)

dr
r 

2

�

R

. (4)

2By (d2/dr2)r we designate the operator

d2

dr2
r (r) =

d2

dr2
[r (r)].

3The volume element is actually written 4⇡r2dr. It is also necessary to multiply the expressions (3) by
the spherical harmonic normalized as Y00 = (4⇡)1/2. All these factors of 4⇡ cancel when we calculate a
matrix element; we can omit them everywhere without inconvenience.

3

This well known di�culty is usually avoided by imposing on the functions  to which we
apply the operator H certain boundary conditions for r = R. In fact, imposing that all
functions  are zero at r = R or have a given logarithmic derivative for r = R ensures that
expression (4) is zero. This method isn’t very natural in the case in which we are interested
because we can’t know in advance the value of the logarithmic derivative for r = R of the
solution function  (r) of the problem.

One way to better render H hermitian adapted to the considered problem consists of
adding a surface term chosen in a manner to compensate the expression (4). Thereby posing

H = H +
h̄2

2MR
�(r �R)

d

dr
r,

we immediately verify that whatever4  
1

and  
2

we have
Z

R

0

r2dr [ ⇤
1

(H  
2

)� (H  
1

)⇤ 
2

] = 0. (5)

In the surface term the factors �(r � R), d/dr, and r do not commute, but we easily verify
that only the indicated order assures the validity of Eq.(5).

Despite the singular nature the operator H has its matrix elements are well defined
between any two wave functions. Thus5

Z
R

0

r2dr ⇤
1

H  
2

=

Z
R

0

dr


h̄2

2M

d(r ⇤
1

)

dr

d(r 
2

)

dr
+ (r 

1

)⇤V (r 
2

)

�
.

This shows that the singular nature of H is linked to the position (r) representation and
that it disappears in other representations.

If  (r) is a continuous and di↵erentiable function, H  (r) is continuous for r < R, but
it may present for r = R a Dirac �-function singularity given by

h̄2

2MR
�(r �R)


d

dr
(r )

�

R

.

The equality of two quantities of this form, which presents itself as the sum of a continuous
function in the interval (0, R) and of a Dirac �-function singularity for r = R:

f(r) + A�(r �R) = g(r) + B�(r �R),

implies the separate equality of the singular part and the continuous part6

f(r) = g(r), A = B.

4We will always suppose that every wave function considered is continuous and that their first and second
derivatives exist.

5Note added in translation: We have corrected a typographical error of the original manuscript in the
following equation.

6Note added in translation: The proof is evident upon integration over the interval (R � ⌘, R + ⌘) with
respect to r of the above relation in the limit ⌘ ! 0 and recognizing the assumed continuity of f and g.

4

R

E

I

H = H +
~2

2MR
�(r �R)


d

dr
r � B

r

�NB: The quantity 
B must be a real 
constant, indep. 
of energy in 
order to obtain 
an orthonormal 
basis



Bloch method “builds-in” the finite radius BC
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Equivalent to:

[H � E] (r) = f(r), r < R

~2
2MR


d

dr
(r (r))

�

R

= A, r = R

Standard method: solve diff. eqn. in the presence of a BC

[H � E] (r) = F (r), F (r) = f(r) +A�(r �R)

H = H + L0, L0 =
~2
2M

�(r �R)

R

d

dr
r



Representation independence of Bloch operator

¨ The singular Dirac delta function is only present in the position 
representation (‘R’ is the channel radius)

¨ Equivalent to

¨ Bloch operator as a projection operator
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LB =
~2
2M

�(r �R)

R

✓
d

dr
r �B

◆

L̂B =
iR2

2M
|RihR|

⇣
p̂r + iB

⌘

hr|p̂r =
�i

r

@

@r
rhr|



¨ Solve Schrodinger:

¨ Scattering BC (single channel, s-wave, neutral):

¨ Solve for the scattering matrix

The scattering matrix
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R = a

|Oi = |+ ki |I i = |� ki

L̂L|+ ki = 0 L̂L|� ki = � ia2k

m
|aiha|�ki

hr|±ki = ei(±k)r

r

0 = [H � E] | i L̂L| i =
h
H � E + L̂L

i
| i

GLL̂L| i = | i GL =
h
H � E + L̂L

i�1

GLL̂L| i = | i

�i
a2k

m
GL|aiha|�ki = |� ki � S|+ ki

S =
ha|�ki
ha|+ki

⇢
1 + i

a2k

m
ha|GL|ai

�



Computing            in an orthonormal basis

¨ Solve for Schr. eq. for general BC (“B”) interior to CS
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ha|GL|ai

R

E

I

(H + L̂B)|�i = E�|�i L̂B =
ia2

2M
|aiha|

⇣
p̂r + iB

⌘

B⇤ = B

S =
ha|�ki
ha|+ki

⇢
1 + i

a2k

m
ha|GL|ai

�

L ⌘ S + iP

�� ⌘ 1p
2m

ah�|ai

��0� = ��0(B � S)��

��0� = ��0(2P )��

G�1
L = H � E + L̂L

ha|G�1
L |ai =

X

�0�

ha|�0iA�1
�0�h�|ai A�1

�0� ⌘ h�0|G�1
L |�i

A�1
�0� = h�0|

h
(H + L̂B � E) + (L̂L � L̂B)

i
|�i

= (E� � E)h�0|�i+ i
a2

2m
h�0|ai(iL� iB)ha|�i

= (E� � E)��0� + ��0(B � L)��

= E���0� +��0� � i��0�/2� E��0�

Poles, cutsHard sphere



Bloch/GF formalism: multichannel, charged case

¨ Solve Schrodinger knowing External solution (‘a’ chan. rad.)

¨ External Coulomb wave function relations
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O = I⇤ = G+ iF, 1 = GF 0 �G0F,

L = ⇢O�1 @

@⇢
O ⌘ S + iP, S = ⇢

GG0 + FF 0

G2 + F 2
, P = ⇢

1

G2 + F 2

 = GL , G = [H � E + L ]�1 , L = a�1
⇣
⇢
@

@⇢
�B

⌘

I �OS = R

✓
⇢
@

@⇢
�B

◆
[I �OS] , R ⌘ G

���
S
, ⇢

@

@⇢
O = LO

S = O�1I + 2i⇢O�1RLO
�1, RL =

⇥
1 +R(B � L)

⇤�1
R, ⇢

@

@⇢
I = LI � 2i⇢O�1

[H � E] = 0, [H � E + L ] = L ,  = r�1
h
I �OS

i

r�a



Bloch/GF formalism: multichannel unitarity
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S = O�1I + 2i⇢O�1RLO
�1

S†
= OI�1 � 2i⇢I�1R†

LI
�1

S†S = 1 + 2i⇢I�1R†
L

h
(R�1

L )

† �R�1
L + 2i⇢I�1O�1

i
RLO

�1

R�1
L = R�1

+B � L

B = B⇤
=) L� L⇤

= 2i⇢I�1O�1
or P = ⇢

1

G2
+ F 2

�
M†��1

=
�
M�1

�†

• Unitarity requires B real
• Energy independent level Eλ and reduced width γcλ require B 
constant

• Unitarity is lost if                   with constant Eλ, γcλB = S(E)

Rc0c = (c0|
⇥
H + L � E

⇤�1|c) =
X

�

�c0��c�
E� � E



Unitarity constraint on T matrix

Tfi � T †
fi = 2i

X

n

T †
fn⇢nTni

n Implications of unitarity constraint on transition matrix
1. Doesn’t uniquely determine Tij; highly restrictive, however

Elastic:                                        (assuming T & P invariance)
Multichannel:

2. Unitarity violating transformations
• cannot scale any set: 
• cannot rotate any set:
« consequence of linear ‘LHS’     quadratic ‘RHS’

3. Unitary parametrizations of data provide constraints that experiment may violate
« normalization, in particular

Tij ! ↵ijTij ↵ij 2 R
Tij ! ei✓ijTij ✓ij 2 R

/

NB: unitarity implies optical theorem                              ; but not just the O.T.�
tot

=

4⇡

k
Im f(0)

�fi =
P

n S
†
fnSni

Sfi = �fi + 2i⇢f Tfi

⇢n = �(H0 � En)

9
=

;

Observable / KF |Tfi|2
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Im T�1
11 = �⇢1, E < E2

Im T�1 = �⇢



Channel radius as regulator of the theory

¨ Simple example: single channel, s-wave, neutral

¨ f(k) is a familiar function – the phase shift 

IAEA 5-7 December 2016Paris & Hale (LANL)

S = O�1I + 2i⇢O�1RLO
�1, B = 0, ⇢ = ka

= e�2i⇢ 1 + i⇢R

1� i⇢R

@S

@a
= 0 =) 0 = ⇢R0(⇢) +R(⇢)� ⇢2R2(⇢)� 1

R(⇢) = ⇢�1 tan
�
⇢+ f(k)

�

f(k) = �(k)



Complete transition (T) matrix

¨ Wolfenstein formalism
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Of =
1

Tr(ρ f )
Tr(ρ f Of ) =

1
Tr(ρ f )

Tr(MρiM
†Of ),

 ρ = aa†,  and a f =Mai .

M fi =
4π
ki

φ !s
!µ T̂ φs

µ =
4π
ki

φ !s
!µ YJ !s !l

M

JM !l l
∑ T !s !l ,sl

J YJsl
M φs

µ .

Using the expansion ρi =
1

Tr(1i )
Oi

i
∑  Oi ,

and defining Tr(ρ f ) =σ 0 (θ ) gives finally

σ 0 (θ ) Of =
1

Tr(1i )
Oi

i
∑ Tr(MOiM

†Of ),
Oi =O1⊗O2
Of =O3⊗O4

"
#
$

%$

Lincoln Wolfenstein
1923-2015
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R = γλγλ
T

Eλ (s)− E(s)
,

λ

∑

s = ( p1 + p2 )
2 = ( p3 + p4 )

2 = (εrel +M )2.

Forms for E(λ ) (s) :

a)  s −M =εrel

b) s−M
2

2M
= 1+

εrel

2M

"

#
$

%

&
'εrel

c) (s−M 2 )(s−Δ2 )
8sµ

 (Layson)

d) εnr  (norel=1)

M =m1 +m2
Δ =m1 −m2

µ =
m1m2
m1 +m2

#

$

%
%%

&

%
%
%

Relativistic forms of EDA



Relativistic form: not a luxury
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Here is an example from the 17O system: There is a narrow 3/2+ resonance
at En = 3.0071 MeV having a c.m width of 0.33 keV. Relativistically, this
resonance would show up at a laboratory ↵-energy of E↵ = 0.802717 MeV.
Non-relativistically, it would be at 0.803041 MeV. So, the di↵erence is 0.324
keV, or 0.248 keV in the c.m., which is a significant fraction of the width of this
resonance.
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Assume that in the one-photon sector of Fock space, a “wave function” is 
associated with the vector potential 

Ak (r) = 2
πc

i
j

jm
∑ α jm

(e)A jm
(e) (r)+α jm

(m)A jm
(m) (r)"

#
$
%,

A jm
(e) (r) = 1

r
uee
j (ρ
kr
)Yjm

(e) (r̂)+u0e
j (ρ)Yjm

(0) (r̂)
"

#
&
&

$

%
'
'
, parity=(−1) j ,

A jm
(m) (r) = 1

r
umm
j (ρ)Yjm

(m) (r̂), parity=(−1) j+1.

The physical radial functions have the asymptotic forms

uii
j (ρ) = Fj

(i ) +Oj
(i )tii

j    (i = e,m),

with Oj
(m) = hj

+ (ρ),  Oj
(e) = −∂ρhj

+ (ρ), and Fj
(i ) = ImOj

(i ) .

In the usual approach,                                                 Oj
(e) =Oj

(m) = hj
+ (ρ).

EM Transitions and Photon Channels
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Energy Dependent Analysis Code

R-matrix:

calculate

T- (or S-) matrix elements

form

Scattering observables
using Wolfenstein trace
formalism.

compare (!2)

Experimental data for
all reactions

Adjust parameters
for minimum !2 

Rc"c =
#

c"$
#

c$

E$ - E!
$

Data-related
parameters:

normalizations
energy shifts

Capabilities and Features

1) Accomodates general (spins, masses, charges) two-body channels

2) Uses relativistic kinematics and R-matrix formulation

3) Calculates general scattering observables for 2 % 2  processes

4) Has rather general data-handling capabilities

5) Uses modified variable-metric search algorithm that gives 
     parameter covariances at a solution.

• Accommodates general (spins, masses, 
charges) two-body channels

• Uses relativistic kinematics and R-matrix 
formulation

• Calculates general scattering observables 
for 2è2 processes

• Has rather general data-handling 
capabilities (but not as general as, e.g., 
SAMMY)

• Uses modified variable-metric algorithm that 
gives parameter covariances at a solution

Scheme and Properties of the EDA Code



IAEA 5-7 December 2016Paris & Hale (LANL)

Uncertainties from Chi-Squared Minimization 

χEDA
2 =

nXi (p)− Ri
ΔRi

#

$
%

&

'
(

i
∑

2

+
nS −1
ΔS / S
#

$%
&

'(

2

Ri, ΔRi  = relative measurement, uncertainty
S, ΔS  = experimental scale, uncertainty
Xi (p) = observable calc. from res. pars. p
n = normalization parameter

"

#
$
$

%
$
$

Near a minimum of the chi-squared function at p = p0,

χ 2 (p) = χ0
2 + (p−p0 )

Tg0 + 1
2 (p−p0 )

TG0 (p−p0 )
= χ0

2 +Δχ 2.

χ0
2 = χ 2 (p0 )

g0  = ∇pχ
2 (p) p=p0

≈ 0

G0 =∇pg(p) p=p0

#

$
%%

&
%
%

cov[σ i (E)σ j ( !E )]= ∇pσ i (E)!" #$
T
C0 ∇pσ j( !E )"# $%

p=p0

= Δσ i (E)Δσ j( !E )ρij (E, !E ).

The parameter covariance matrix is                 , and so first-order error 
propagation gives for the cross-section covariances

C0 = 2G0
−1



Parameter confidence intervals
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It was proposed by Y. Avni [Ap. J. 210, 642 (1976)] to define confidence intervals
for the parameters of a fit by the condition

where            is chosen to give a particular confidence level (CL)

for a chi-squared distribution with k degrees of freedom.  Many statistical analy-
sis (not necessarily physical science) applications use this method to determine
parameter uncertainties (usually with CL = 95%, or 2-σ).  For CL = 68% (1-σ), 

This results in 1-σ parameter confidence intervals, *

that are           larger than the standard deviations (    ).

*  when the remaining parameters are adjusted to obtain a new chi-square minimum

P(Δχ 2 k) = 2
k
2Γ( k2 )#

$
%
&
−1

t
k
2−1e−

t
2

0

Δχmax
2

∫ dt =CL (e.g. ~ 0.68 for 1-σ ),  0.95 for 2-σ , etc.

Δχ 2 = 1
2 Δp

TG0Δp ≤ Δχmax
2 ,

Δχmax
2

Δχmax
2 ≈ k = Δχ 2 .

Δpi ≤ 2Δχmax
2 Hii = Δχmax

2 Cii
0 ≈ kCii

0 ,

~ k σ pi



7Li system analysis
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EDA 7Li System R-matrix Analysis 
 

G. M. Hale and M. W. Paris 
T-2, LANL 

 
The EDA R-matrix analysis included data for all reactions open in the 7Li system at energies up 
to En = 4 MeV (Ex=10.7 MeV).  The data set, which included more than 3900 experimental 
points, is summarized in Table I.  The χ2 per degree of freedom for the analysis is 1.36.  The 
original experimental uncertainties were not changed, but outlier points having χ2 > 10 were 
discarded from the fit. 
!
!

Reaction Energy Range # Pts. Observables 
4He(t,t)4He Et =0 - 14 1661 σ(θ), Ay(t) 
4He(t,n)6Li Et = 8.75 - 14.4     37 σint, σ(θ) 
4He(t,n)6Li* Et =12.9       4 σ(θ) 
6Li(n,t)4He En = 0 - 4 1406 σint, σ(θ) 
6Li(n,n)6Li En = 0 - 4   800 σT, σint, σ(θ), Py(n) 
6Li(n,n’)6Li* En = 3.35 - 4       8 σint 
6Li(n,d)5He En = 3.35 - 4       2 σint 

Total  3918 13 
 
Table I.  Summary of the 7Li analysis.  The upper part of the table gives the channel 
configuration and the lower part gives the data summary for the reactions included.  
 
The EDA fitting procedure, which has often been described before, uses the chi-square expression  
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nXi(p) − Ri

ΔRi
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in which Ri are the relative values, and S the scale, for a set of measurements.  For simplicity, we 
consider only one such data set in these expressions, although in general the chi-square expression 
is a sum of such terms.  The experimental (one-sigma) uncertainties for these quantities are denoted 
as ΔRi and ΔS, respectively.  This form of chi-square implies that the quantities Ri and S are 
statistically independent, which is a good approximation to the way most scattering measurements 
are made, and it takes properly into account the most important and best-known experimental 
uncertainties ΔRi and ΔS.  Calculated values of the experimental observables in terms of the R-
matrix parameters p are denoted as Xi(p), and n is an adjustable normalization parameter associated 
with the experimental scale S.  These normalization parameters can mitigate the PPP problem in 
codes such as RAC that minimize a “generalized” chi-square.!!The!EDA!expression,!however,!
does!not!seem!to!be!affected!by!the!PPP!problem.!
!
Some samples of the fits obtained for each reaction are shown in the following panels of figures.  
We start with differential cross sections and analyzing powers for t+4He elastic scattering (Figs. 
1,2).  These are by far the highest-quality data in the analysis, and we have obtained a very good fit 
to almost all of them (χ2 per datum = 1.13).  The dramatic changes in shape with energy, especially 
of the analyzing powers, indicate exquisite sensitivity to the resonant structure in the 7Li system.  

Channel ac (fm) lmax 
t+4He 4.02 5 
n+6Li 5.0 3 
n+6Li* 5.5 1 
d+5He 6.0 0 
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Angular distributions: 4He(t,t) DCS
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Reaction Energy range
(MeV)

# obs. 
types

# data 
points

4He(3He,3He)4He E3He = 1.7-10.8 2 1487
4He(3He,p)6Li E3He = 8.2-10.8 1 130
4He(3He,g)7Be E3He = 0-2.2 1 40
6Li(p, 3He)4He Ep = 0-2.7 2 488

6Li(p,p)6Li Ep = 1.2-2.5 1 187
6Li(p,g)7Be Ep = 0-1.2 1 28

Totals 8 2360

Channel lmax ac (fm)
3He+4He 4 4.4

p+6Li 1 3.1
g+7Be 1 50

IAEA 5-7 December 2016Paris & Hale (LANL)

7Be System Analysis
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Example: 3He+4He Scattering
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Resonances in the Cross Sections
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Channel ac (fm) lmax

n+16O 4.3 4
a+13C 5.4 5

Reaction Energies 
(MeV)

# data 
points

Data types

16O(n,n)16O En = 0 – 7 2718 sT, s(q), Pn(q)
16O(n,a)13C En = 2.35 – 5 850 sint, s(q), An(q)
13C(a,n)16O Ea = 0 – 5.4 874 sint

13C(a,a)13C Ea = 2 – 5.7 1296 s(q)
total 5738 8

17O System Analysis
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17O System: comparison with data
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17O System: 13C(a,n)16O S-factor



Recent development in EDA5 capability
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• R-matrix fit to 20 MeV: 6 partitions; 93 channels; largest analysis
• n13C,n1

13C*,n2
13C*,a10Be,n3

13C*,nn12C



EDA6: modern Fortran implementation

¨ Improved physics capabilities
¤ Enlarge channel space to extend energy range to >20 MeV

¤ Hyperspherical approach to multiparticle break-up (total x-sec.)

¨ Data handling
¤ Automated/integrated with CSISRS/EXFOR c4/c5 format

¤ Data covariance standardization

¨ Fitting
¤ Data covariance

¤ Bayesian event-based maximum likelihood approach

¨ Exchange
¤ ENDF-6 format/ACE/NDI/…

¤ Resonance parameters: Brune alternative; T-matrix poles

IAEA 5-7 December 2016Paris & Hale (LANL)



Brune parameters vs. T-matrix poles

¨ The Brune parameters are useful for exchange purposes

¤ But they depend on the channel radii; EDA & AMUR allow these to float

¨ As a check of the observable equivalence of various analyses, 
finding the poles of the T-matrix isn’t much more difficult

¨ ENDF-6 format
¤ Brune parameters (LRP=1, LRF=7): can be used to compute observables

¤ T-matrix poles (LRP=2, LRF=7): are used for analysis comparisons

IAEA 5-7 December 2016Paris & Hale (LANL)

A!1"e!E1!!!L!B"!T. !7"

The equivalence of these two forms for the collision matrix
is discussed in !LT, Sec. IX.1" and in the Appendix. In addi-
tion the elements of the collision matrix connecting open
channels in Eq. !6" can also be expressed as

Uc!c"#c!#c$%c!c#2i!Pc!Pc"
1/2!

c!
T
A!c& , !8"

using the definitions of the Coulomb functions.
An interesting feature of R-matrix theory is that the col-

lision matrix is invariant under changes in the Bc , provided
that the E' and ('c are suitably adjusted. This result remains
true even for the case of finite N' $4&. The transformation is
most easily described using matrix equations in level space.

Let us consider the transformation Bc→Bc! , E'→E'! , and
('c→('c! . One first constructs the real and symmetric ma-
trix C defined by

C"e!)
c

!c!c
T!Bc!!Bc", !9"

which is diagonalized by the orthogonal matrix K such that
D"KCKT, with D'*"D'%'* . The necessary transforma-
tion of the R-matrix parameters is then given by $4&

E'!"D' !10"

and

!c!"K!c . !11"

It is straightforward to verify by substitution into Eqs. !6"
and !7" that these transformations leave U invariant.

III. THE ALTERNATIVE PARAMETRIZATION

A. Definition of the parametrization

We begin by defining the real and symmetric matrix E:

E"e!)
c

!c!c
T!Sc!Bc", !12"

and consider the eigenvalue equation

Eai"Ẽ iai , !13"

where Ẽ i is the eigenvalue and ai is the corresponding eigen-

vector. Note that E is implicitly dependent upon Ẽ i through
Sc , so the eigenvalue problem is nonlinear. We will assume
for convenience that the eigenvectors are normalized so that

ai
Tai"1.
Before proceeding further we would like to point out two

important properties of this eigenvalue equation: !1" The ei-
genvalues Ẽ i are invariant if the Bc are changed and the E'
and ('c are changed according to Eqs. !10" and !11". This
result is easily shown by substituting Eqs. !9"–!11" into Eqs.
!12" and !13". !2" If Bc"Sc(E'), the matrix E is diagonal
for the energy E' and hence E' is an eigenvalue. For this

choice of Bc the R-matrix level energy E' is often taken to

be the ‘‘observed resonance energy.’’ This definition is par-
ticularly useful in the present context and we will thus adopt

the Ẽ i as the observed resonance energies. The Ẽ i also cor-
respond exactly to the level energies found using boundary-
condition constant transformations yielding Bc"Sc(E')
such as described by Barker $2& and Azuma et al. $5&.
In addition one can define a new set of reduced width

parameters (̃ ic via

(̃ ic"ai
T!c . !14"

These new reduced width parameters are also invariant under
changes in Bc . When Bc"Sc(E'), we have also (̃'c

"('c . The quantities Ẽ i and (̃ ic can be taken as an alterna-
tive parametrization of R-matrix theory. We will derive be-

low efficient methods to convert Ẽ i and (̃ ic into the standard
R-matrix parameters E' and ('c , or to the collision matrix

U. Also note that Ẽ i and (̃ ic are equivalent to the ‘‘super-
script (')’’ parameters of Barker $2&, and essentially equiva-
lent to the ‘‘observed’’R-matrix parameters described by An-
gulo and Descouvemont $1&.
Our Eq. !13" is closely related to the complex eigenvalue

equation introduced by Hale, Brown, and Jarmie $6& to locate
the poles of the collision matrix—in fact it is just the real

part of their eigenvalue equation. For bound states our Ẽ i are
thus equivalent to the eigenvalues discussed in Ref. $6& since
Pc"0. For these states we can also introduce the asymptotic
normalization constant Cic which is given by $7&

Cic
2 "

2*cac

+2Oc
2 ! (̃ ic

2

1#)
c

(̃ ic
2 " dSc

dE
#
Ẽi

$ , !15"

where *c is the reduced mass. This quantity is simply related
to the pole residues described by Eq. !4" of Ref. $6&. For
unbound states there appears to be no simple relation be-

tween Ẽ' and (̃'c and the pole parameters of Ref. $6&. One
may, however, define the observed partial width of a level in
terms of our parameters by

, ic"
2Pc(̃ ic

2

1#)
c

(̃ ic
2 " dSc

dE
#
Ẽi

!16"

!see LT, Eqs. XII.3.5 and XII.3.6". One should bear in mind,
however, that there are many different definitions of ob-
served resonance energies and widths in use; generally the
differences between definitions are significant only for broad
states.

B. Relation to standard parameters

We will next show the method to convert Ẽ' and (̃'c to
standard R-matrix parameters. It is assumed that the eigen-

values are distinct, so that Ẽ i-Ẽ j provided i- j . Note that if
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where Ẽ i is the eigenvalue and ai is the corresponding eigen-

vector. Note that E is implicitly dependent upon Ẽ i through
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the Ẽ i as the observed resonance energies. The Ẽ i also cor-
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lent to the ‘‘observed’’R-matrix parameters described by An-
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Our Eq. !13" is closely related to the complex eigenvalue

equation introduced by Hale, Brown, and Jarmie $6& to locate
the poles of the collision matrix—in fact it is just the real

part of their eigenvalue equation. For bound states our Ẽ i are
thus equivalent to the eigenvalues discussed in Ref. $6& since
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to the pole residues described by Eq. !4" of Ref. $6&. For
unbound states there appears to be no simple relation be-
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!see LT, Eqs. XII.3.5 and XII.3.6". One should bear in mind,
however, that there are many different definitions of ob-
served resonance energies and widths in use; generally the
differences between definitions are significant only for broad
states.
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