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Data Reduction

Nuclear reaction quantity q (e.g., cross section) is always derived
from primary observables x, vy, z, ... (data reduction) by a function f:

Example: Activation cross section (o4, 0,,..) may be derived from ...
* measured counting rate A, A,,...
e detector efficiency g, €,,...
e number of sample atoms N, N,,...
e beam flux density ¢,, ¢,,...

- o;=f(A, &, N, &) = (A/g)- (1/N) -(1/d)



Basic Data Reduction

* Addition z= x + y or subtraction z=x-y
Example:
Background correction to raw count: N’ =N —B

* Multiplication z = x-y or division z = x/y
Example:
Efficiency correction to raw count: N =N/ ¢

Real data reduction may be a combination of these operations,
e.g., N' = (N-B)/e
or more complicated, e.g., N[1-exp(-At)]/¢



Data Reduction and Error Propagation

Cross sections at n energies o, (i=1,n) derived from primary
observables A, €, N, ¢, (i=1,n)

Step 1: Measurements of primary observables

Determination of means and covariances for each primary
observable <A.>, AA, <g.>, Ag, ...

Step 2: Data reduction to cross sections by function f
<A>, AA, <g>, A, ... > <0,> and Ao,

Propagation of mean value
<0>= (<A><e>)- (1/<N.>) «(1/<d>)
Propagation of standard deviation
Ac= (AAAeg)- (1/AN) -(1/Ad.)? No!




Error Propagation (Linear Combination)

P=2_,,3X =a,X;+a,X,+... (x. is a random variable).
Mean:
<P>= 2i0p p A<K>
Variance:
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Error Propagation (Linear Combination, Summary)

p=2_.,a% (aisanexactly known constant).

Variance:

V=3, a2V, +23

op | aia.V..

i=1,n; j=1,n;i<j j Y
Covariance:
Derivation of this equation can be simply extended to covariance of
two functionsp=2%_, ja;x;andq=2,_,  byy;
Vo= <pg>-<p><qg>
=< (zi=1,n aiXi) (zj=1,n bjyj)> - <zi=1,n aiXi> <zj=1,n bjyj>

i=1,n; j=1,n



Error Propagation: z=x+y

z=x+y (e.g., background subtraction N’=N-B)
<Z>=<X>+<y>

V..=V. +V +2V Correlation coefficient
2z Uxx yy Xy c
= =V. /I(V. V. )2
(Dz)2=(Ax)2+(Ay)2+2c, AxDy Cuy™Viy/ (Vi Vi)

If x and y are independent (i.e., c,,=0),
Az = (V, )%=V, +V,, )/?=(Ax*+Ay?)/? (quadrature sum rule)

2 2_ 2
i=1n <X;>, Vo =<p>-<p>7=2i; (Vi +221 o1 nig i3V J




Error Propagation for z=x+y (Summary)

Z=X+Y

<Z>=<X>+<Y>
VZZ=VXX+Vyy+2VXY
(Az)*=(Ax)*+(Ay)*+2c, AxAy

=(Ax)*>+(Ay)?

(if xand y are independent, c,,=0)
=(AX)%2+(Ay)%+2AxAy = (Ax+Ay)?

(if xand y are fully correlated, c, =+1)
=(Ax)%2+(Ay)%-2AxAy = (Ax-Ay)?

- (if x and y are fully anti-correlated, c, =-1)




Measurements of Two Lengths by Three Gauge Blocks

X,

A

Xq

A4

(c.f. WM11 D.1).

0 35 60 mm
Measurements of x; and x, by 3 gauges L,,

L, and L.
Length SD  Variance v
L,, L, and L, are independent. [mm]  [mm]  [mm?]

L, 50 005  0.0025
X, was measured by L, and L, (x;=L;-L,) L, 15 0.3  0.0009

X, was measured by L, and L; (x,=L,+L;) L, 10  0.02  0.0004

How to obtain the covariance V,, ,,? 5D: Standard deviation
V, 1,0=<X1-<X1>><x2-<x2>>
=<X1Xx2>-<x1><x2>=...
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Correlation Due to Use of Same Gauge Blocks

X5
) Xy Length SD Variance V
) g [mMm] [mm] [mm?]
L ) .002
0 35 60mm L 50 005  0.0025

L, 15 0.03 0.0009

X,=L,-L, x,=L,+L
171752, 227173 L, 10 0.02 0.0004

SD: Standard deviation
L1, L2 and L3 are independent.
(i.e., Vi1 =V 311 =V 3,=0)

V,1,0= <(X-<X;>)(X,-<x,>)>
= <X, K> - <Ky><X >
= <(Ly+Lg) (L4-L,) > - <L j+L><L-L,>
=<l Ly>-<Li-Ly> + <Lj-L>-<LjL>

5 X1=L,-L,
- <L1> +<L1><L2> - <L3><L1> +<L3><L2>

X5=Li+L;

=VL1L1 B VL1L2 B VL3L1 B VL3L2
=V|1,; = 0.0025 [mm?]. Use of the same gauge L,
Introduced correlation!




Error Propagation (General Function)

P=p(X, X,,...X,): function of n random variables x,

15t order expansion of f around <p>=p(<x,,<X,>,...<X >):

P -<p>~ iy, 8 (X -<x>) with g=(dp/ 0X;),i—esi>

If we set p’=p-<p> and x.’=x.-<x.>, we obtain the linear combination
p’ = Zi=1,n gi'xi’

This is a linear combination, therefore
Vo=V ~ 21082V t22 . i=1n:i<j 8i&;Vii

(under the condition |x-<x>|~(v,)¥? << <x.>)

Note: V ,=<p’?>-<p’>?=<(p-<p>)*>-<(p-<p>)>?= <(p-<p>)*>=V

P=21,ar% > <p>= 2y, ai<x>, Vo =<p?>-<p>2=3_; a?V; +22 aaV

i=1,n i i i=1,n; j=1,n;i<j Y% Yij

N.Otsuka: 2013 EXFOR Compilation : : 4 v




Error Propagation (General Function)

P=p(X, X,,...X,): function of n random variables
Voo™ Ziz1,n8i" Vi 2211 ;21 niig 88}V (if 5 << <x>), g;=(3p/0x)

Xi=<xi>

This relation can be easily extended to more general case for two
functions p=p(x; X,,...X,), 4=A(Y1 Y2,--Ym):
Voo™ Zicin; j=1,m 8NV 8=(0P/0%)icekisr Ni=(00/0Y)) ey



Product Function

For two products of n primary observables, Hint: =(dp/dx.)=p/x
P=X1 X500+ Xnp

| 0=X14Xoqs++Xng

each parameter (e.g., x,,) has the standard deviation (e.g., Ax,,) and

correlation between x;, and x;, exists only when p=q (V,, ;,)-

Prove that
qu~ Zk=1,nck,|cm| fkpfkq ’
where v, =V ./(<p><g>) (fractional covariance)
Cipg=Vi po/ (DX, 8%, )2 (correlation coefficient)
fi o=BX o/ X Trq=DXi o/ Xiq (fractional standard deviation)

.....

¢ )\
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Product Function

p=X1pX2p' "'an, q=X1qX2q' "'an Hint: =((3 p/OXi)=p/Xi

qu = zi=1,n; j=1,ngihjvip, jq

= zi=1,n; j=1,n[a(leXZp'"'an)/axip]xlp=<><1p>

[a(xquZQ""X“q)/ Wiahyia-cyia-Vin,c Correlation exists only
= zi=1,n; j=1’n[p/ Xip]xip=<xip> [a/ yjq]yjq=<yj,>vip,jq when i=j
=<p><g> 2, jzlln(1/<Xip>)(1/<qu>) Vip,jq/
=<p><0> 2y (1/<xip>) (1/<Yig>) Vi i Fractional standard
qu=qu/(<p><q>) =241 n Vk,pq/ (<Xp><Yig™) deviation f=x/Ax

= 210 CipaDXiplie/ (Xp><Yie>) —

=Zi1n ck,|:><:|fi|ofic|

P=p(X X X)) Vo™ Zicy  jer.m 8iNVy 8=(0P/0X)ieciis» Ni=(00/3Y)) e JV,




Error Propagation for Product/Quotient Function

For two quantities

P=(X1,p%0 -+ X, o)/ (Xys1,p X042, X,
q=(x1’qx2’q,...xm’q)/ (xm,,l,quﬂ’q,...xn’q
fractional covariance between p and q is
qu~ Zk=1,nck,|rm| fk,pfk,q
if correlation between x, , and x, , exists only when k=l (V, ).
Vo=V (<P><0q>) (fractional covariance)
_ 1/2 i ici
Cipg=Vi pa/ (DX, A%, )2 (correlation coefficient)
fi o=DX o/ X s T o=DX, o/ X, 4 (fractional standard deviation)

This is probably the most important formula for people who want
to construct covariance from EXFOR entries.
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Error Propagation of Production Function in EXFOR

qu~ Zk=1,nck,|cm| fk,|:>fk,c|
Voq=Voo/ (<P><0>) (fractional covariance)

Cupg=Vicpol (DX A )2 (correlation coefficient)
fi o=0X o/ Xi o i =B%, o/ X, 4 (fractional standard deviation)

EN . [ERR1__ERR2 __|ERR3

MEV .. PER-CENT PER-CENT  PER-CENT
Voq~Zk=1nCk pg (ERR-K) (ERR-K), P (ERR-1), 7| (ERR-2), | (ERR-3), ]
Cy pq IS Usually assigned by q (ERR-1), J (ERR-2), J (ERR-3),

evaluators. (0 for ERR-S etc.)
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Quadrature Sum Rule for Product/Quotient Function

For two quantities

p=(X1’pX2’p) "'Xm’p)/(xm+1,pxm+2,p' ".anp

q=(X1’qX2’q) "'Xm’q)/(xm+1,qu+2,q, ".anq

fractional covariance between p and q is

qu zk=1,nck,|c>0| fk,pfk,q

When p=q, we obtain the quadrature sum rule for fractional
uncertainty:

(Bp/<p>)?=v .= Zig 1Chop (Fip) 2= Ziat n(B%y o/ <Xy 5>)?

(Note ¢, ,,=C

ip,ip=1)




What is “Total Uncertainty” (ERR-T)?

For a quantity p=(xy jX; pre-Xm p)/ (Xins1 Xz preXn o
, fractional total uncertainty is (Ap/<p>)*=Z,_; (BX, /<X, ;).

Source k propagated to the total uncertainty may depend on the
authors.

Minor sources could be negligible (e.g., 1.0%+5.0%—>5.1%).

Partial uncertainties and their correlation properties for major
sources are essential for evaluation.
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Product/Quotient Function: Activation Cross Section

Activation cross sections at two energies (0Io and oq) derived from
e counts A (corrected for decay)

* by the same detector (€) and sample (thickness N)

* under flux ¢, and ¢,

0,=A,/(eN¢,) and o,=(A./eN,)




Correlation Correlations in EXFOR entry

0,=A,/(eNd ) and o,=(A./eND,)

Voa=Vpq/ (0,0,)

=C o (DAJA YDA /A,)
+C, oo (BE /) (DE /)
+Cy po(AN/N_)(AN/N,)

+Cg g (ADL/ D) (Ad, /D)

New format:
F: Fully correlated (c, ,,=1),

ERR-ANALYS

ENDBIB
COMMON
ERR-1
PER-CENT
Ae/e
ENDCOMMON
DATA
EN
MEV
E

p

Eq

ENDDATA

(ERR-S) Counting statistics
(ERR-1,,F) Detector efficiency
(ERR-2,,F) Sample thickness
(ERR-3,,U) Neutron flux
ERR-2 ERR-3
PER-CENT PER-CENT

AN/N Ap/ @

3

DATA ERR-S
MB PER-CENT
s AAp/Ap
Oq AAq/Aq

U: Uncorrelated (c, ,,=1 for p=q, O for pzq).



Product/Quotient Function: Activation Cross Section

For number of products A with the same detector (€) and sample

(thickness N) under flux ¢, 0,=A /(eNd, ) and o ,=(A,/eNd,)

Voq=Voo/ (0,04) =Ca oo (BA/ANDBA/AHC, o (Be /e )(Dg [€,)
+Cpy,pq(ANL/N)(AN /Ny )+Cy, (DD, /D) (Ad, /D)

A (Uncorrelated): c, ,,=1 if p=q, =0 if pq.
g, N (Fully correlated): c ,,=cy ,o=1 (<-€,=€,=€, N,=N =N)
¢ (Uncorrelated?): ¢, =1 if p=q, =0 if pzq.
Then
Vog=Voa/ (0,0,)=(0E, /) 2+(BN/N,)? (pa)
Voo =(80,/0,)2=(DA/A)2+(De, £ ,) 2+ (BN /N, 2+ Db, /b, )2
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Typical Assumption on Correlation Coefficients

ERR-ANALYS (ERR-S) Counting statistics
ERR-1,,F) Detector efficiency
ERR-2,,F) Sample thickness

ERR-3,,U) Neutron flux

—_~ o~ o~ o~

ENDBIB

COMMON

ERR-1 ERR-2 ERR-3
PER-CENT PER-CENT PER-CENT
Ae/¢e AN/N Ao/ @
ENDCOMMON 3

DATA

EN DATA FERR-S

MEV MB PER-CENT
Ep O AAp/Ap
Eq Oq AAq/Aq
ENDDATA

Correlation information ¢, ,, is rarely reported by experimentalists.
Typical assumption:
F for constant uncertainties, U for energy dependent uncertainties.




Source of Correlation in Primary Observables

Example 1: N measured
Corrected counts N’=N/g at two incident 1 . Te true
energies E; and E; by using the same

detector and by assuming that g=¢.. Ei' E'j E
Example 2:

measured

Background B at two incident energies E,
and E; by based on the interpolation from | |
the same fitting. Ei Ei E

Correlation and uncertainty may depend on data reduction procedure.
(c.f. Mean values from two measurements should be unique.)
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Correlation: Two Reactions and Two Energies

o=A/(eN¢) A: measured counting rate (independent)
0,i= A/ (€, Ny ;) g: detector efficiency (2 values for x and y)
0,;= A/ (N, d) N: number of sample atoms (2 values for x and y)
o,=A,/(e,N, b)) d: beam flux density (2 values for i and j)
4 Oy~ ij/(sy'Nv'd)j)
OX
Source of correlation
° between two cross sections
° due to assumption of equality
R E E E
i j O, All €. N, cIJi (|nd )
c)-Y
Oy Al (ind.) o
. o, All e, N,
' ' > ind.: independent
E
E E
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“Uncertainty due to” or “Uncertainty in”?

0,=A,/(eND,)
(Bo,/0,)*=(AA /A ) +(Ae /e, )*+(AN /N, )2 +{Ad /b, )*

Thanks to this quadarture sum rule, the following description under
the keyword ERR-ANALYS are equivalent:

“Uncertainty due to counting statistics is 5%”

“Uncertainty in counting statistics is 5%”.




Non-Linear Term (Decay Term)

Quadrature sum rule

0,=A,/(eND,)
(Bo,/0,)*=(AA /A ) +(Ae /g, )*+(AN /N, )2 +{Ad /b, )*

In real activation measurement, number of products is derived
from the number of activity count C; which may depend on decay
time during irradiation (t;), cooling (t.) and measureing (t,,):

A,~>C At/ [1-exp(-At, )]-exp(-At.)-[1-exp(-At)] }.

If the uncertainties in decay constant, irradiation/ cooling/
measuring time are not negligible, the quadrature sum rule is not

valid.

2
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Non-Linear Term (Decay Term)

For measurement without cooling (i.e., exp(-At_)—>1) after very long

irradiation (i.e., [1-exp(-At;)]>1)
0, CAt{[(eNd, ) [1-exp(-At )]} = CA/[1-exp(-At )] (C'=eNd /C t)

If the uncertainties of parameters are negligible except for A,
V,,=(80,)*~ (00,/0N)*(AN)?

= {C[1-exp(-At, )+At, exp(-At, ) ]2/[1-exp(-At, )]*}2(AN)?

= 0, {[1-exp(-At )+At exp(-At,)]/[1-exp(-At, )]} (AN/A)?
(Ao, /0,)*~{[1-exp(-At,,)+At exp(-At, )]/[1-exp(-At, )]} (AA/A)?
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Non-Linear Term (o, with Am-Be Source)

Resonance integral of e [mm_ n,,,n]‘ [m] | [G,ﬂ | [ c,,,,E.,]

170Er(n,y) 71Er relative to e e d Lo LG L LG

>>Mn(n,y)>®Mn with Am-Be e — V}ql:fu—{}.rfuggm]_'_ 0.4290, }
e ()" 2a + D) (Ec)

source + paraffin moderator

TABLE IV. Typical experimental uncertainties for the resonance integral cross section measurements.

Uncertainties due to (x;) Relative uncertainty, | Error propagation| Relative uncertainty on the resonance
5; (%) factor. Zix;) integral value, s; = Z(x;) (%)

a-shape parameter 19 0.06 1.2

Cadmium cut-off energy 15 0.03 0.45

Cadmium ratio of *Mn l.& 1.10 1.8

Cadmium ratio of ""'Er 23 1.25 2.9

Thermal neutron self-shielding factor for Mn sample 0.1 1.00 0.10

Thermal neutron self-shielding factor for Er sample 0.5 1.00 0.50

Epithermal neutron self-shielding factor for Mn sample 0.2 1.00 0.20

Epithermal neutron self-shielding factor for Er sample 23 1.00 2.30

Reference resonance integral cross section of *Mn 22 1.51 + 1 OO | 33

Reference thermal neutron cross section of *Mn 0.75 1.51 : M .

Reference thermal neutron cross section of "Er 6.9 1.00 6.9

Effective resonance energy of “Mn 11 0.04 0.44

Effective resonance energy of '""Er 23 0.07 0.16

Total uncertainty, Sy (%) 2.8

H.Ylcel et al., Phys.Rev.C76(2007)034610 (in compilation)




Summary

e Error propagation depends on combination of random variables
= |inear combination
= non-linear combination (Taylor expansion around mean value)

= Product/quotient combination (fractional covariance and standard
deviation)

e Quadrature sum rule
The formula (Ay/<y>)*=_, ,(Ax/<x>)* is applicable when
* yisa product/quotient combination (X;X,....X )/ (X .1 Xm49---Xp)
= Ax is enough smaller than <x.> (for 15t order approximation)
* Correlation in EXFOR

= Proper error propagation requires correlation information on primary
observables.
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Exercise (~18:00)

Choose the following tasks as you like:

ePaper 1.2 (Error propagation of linear combination)
ePaper 1.3 (Error propagation of product combination)
ePaper 1.4 (Error propagation of product combination)

eCalculation of matrix elements of “macro-correlation coefficient”
(i.e., correlation coefficients of cross sections between two incident
neutron energies) for a revised EXFOR 23114.002.

See “sagel.pdf” and “sage2.pdf” available at
ftp://napc-ftp-ext:gubuvASWeW4Jasw@ftp.iaea.org/ws2013/.
eReturn to hotel. Go for dinner. Etc.
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