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        Displacement cross-sections were calculated for 
iron, copper, and tungsten at incident proton energies 
from several keV up to 100 GeV. Recoil energy 
distributions were obtained using various approaches 
including the nuclear optical model and the intranuclear 
cascade evaporation model. The number of defects was 
calculated using the binary collision approximation 
model and results of molecular dynamics simulations. 
Obtained displacement cross-sections are compared with 
available experimental data. 
 

 
I. INTRODUCTION 

 
Traditionally, the NRT model1,2 is used for the 

calculation of displacement cross-sections for structural 
materials. Its relative simplicity and implementation in 
popular codes (NJOY, MCNPX, SPECTER) allows to 
perform the quick evaluation of the number of defects 
produced under the irradiation. At the same time, 
available experimental data3 and more rigorous 
calculations show the difference with NRT evaluations. It 
makes essential the calculation of displacement cross-
sections for structural materials using advanced models, 
which predictions are close to available measured data. 

The goal of this work is the calculation of 
displacement cross-sections for a number of structural 
materials in a wide energy range of primary protons. The 
number of defects produced by primary knock on atoms 
(PKA) in materials is calculated with the help of the 
binary collision approximation model (BCA) using the 
results obtained by the method of the molecular dynamics 
(MD). Calculations of primary recoil spectra are 
performed using various models, including the optical 
model and different versions of intranuclear cascade 
evaporation model.  
 
II. THE METHOD USED FOR DISPLACEMENT 
CROSS-SECTION CALCULATIONS 

 
The total value of the displacement cross-section is 

calculated as the sum of the proton elastic displacement 

cross-section σd,el and the displacement cross-section for 
proton nonelastic interactions σd,non.  

The general formula for the calculation of the 
displacement cross-section is as follows 
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where Ep is the incident proton energy; dσ/dTi is the recoil 
atom energy distribution; ZT and AT are the atomic 
number and the mass number of the target, 
correspondingly; Zi and Ai are the same for the recoil 
atom (for the elastic scattering Zi = ZT, Ai = AT); ν(Ti) is 
the number of Frenkel pairs produced by PKA with the 
kinetic energy Ti, max

iT  is the maximal kinetic energy of 
the PKA produced in i-th reactions; the summation is over 
all recoil atoms produced in the irradiation. 

The number of defects produced in irradiated 
material is calculated as follows 

 
 ν(Ti) = η⋅NNRT, (2) 

 
where NNRT is the number of defects predicted by NRT1,2: 
NNRT = 0.8⋅Tdam/(2Ed); Tdam is the “damage energy” equal 
to the energy transferred to lattice atoms reduced by the 
losses for electronic stopping of atoms in the 
displacement cascade; η is the defect production 
efficiency3; Ed is effective threshold displacement energy. 
 
I.A. Calculation of the Number of Displacements in 
Irradiated Materials  

 
For an ion moving in the material the simulation of 

atomic collisions was performed by BCA up to a certain 
minimal “critical” energy (Tcrit) of the ion. Below this 
energy the BCA calculation was interrupted and the 
number of defects was estimated using results of MD 
simulations. The procedure was performed for all PKAs 
formed in atomic collision cascades4,5. 



The number of Frenkel pairs created by ions with the 
energy below Tcrit has been estimated according to 
empirical equations for the defect production efficiency 
obtained in Refs. 6, 7, and 8, which approximate results of 
the MD simulation 
 
iron6,7: 

dam
33029.0

dam T10227.3T5608.0 −− ×+=η , (3) 
 
copper8: 

dam
3437.0

dam T1028.2T7066.0 −− ×+=η , (4) 
 
tungsten8: 
 

dam
3667.0

dam T1006.5T0184.1 −− ×+=η , (5) 
 
where Tdam is taken in keV and it is supposed that the 
initial energy in the MD simulation is close to the damage 
energy. 

The use of Eq.(3)-(5) is justified up to a certain 
maximal damage energy Tdam, which is shown in Table I 
together with the corresponding critical energy. The same 
Tdam value has been used in the present work for the 
transition from MD to BCA calculations. 

 
TABLE I. The critical energy (kinetic energy of ion) and 

the corresponding damage energy for the self-ion 
irradiation of iron, copper and tungsten 

Material Tcrit(keV) Tdam (keV) 
Iron 61.2 40 
Copper 28.3 20 
Tungsten 40.8 31 

 
Numerical calculations of the number of defects 

produced by ions in materials were performed using the 
IOTA code9. 

The ratio of calculated number of displacements ν(T) 
to the NNRT value (efficiency of the defect generation, 
Eq.(2)) is shown in Fig.1 for the Cu-Cu irradiation10 and 
in Fig.2 for W-W irradiation. The value of the efficiency 
η is shown as a function of the damage energy Tdam in the 
energy range which corresponds to the primary kinetic 
energy of Cu- and W- ions up to 5.0 GeV. Values of Ed 
adopted for copper and tungsten are equal to 30 eV and 
90 eV correspondingly. The result of the joint BCA-MD 
simulation for self-ion irradiation of iron is demonstrated 
in Ref.11.  

Presumably, the growth of the defect production 
efficiency at energies Tdam above ~ 20 keV (Fig.1,2). 
results from the decrease of the averaged energy 
transferred in ion-ion collision with the increase of the 
projectile energy. Small energies correspond to the part of 
η(Tdam) (Fig.1,2) with a relatively high values of η.  
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Fig. 1. The efficiency of the defect production for the Cu-
Cu irradiation obtained using the combined BCA-MD 
method10 (histogram) and results of the MD simulation8 
(dots). 
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Fig. 2. The efficiency of the defect production for the W-
W irradiation obtained using the combined BCA-MD 
method (histogram) and results of the MD simulation8 
(dots). 
 
I.B. Elastic Proton Scattering  

 
The correct description of the recoil energy 

distribution in the proton elastic interactions with atoms 
includes the consideration of the screened Coulomb 
scattering in material, the nuclear scattering and their 
interference. 

At the proton incident energy below 1 MeV the 
screening effect plays an important role in the proton 
elastic scattering on atoms. The recoil energy distribution 
can be written in the following form 

 



 
2/3

2/12
p t2

dt)t(fa)T,E(d π=σ , (6) 

where the f(t1/2) is the screening function12-15, “a” is the 
screening length, and “t” is the reduced energy. 

Fig.3 illustrates the difference of σd,el values 
calculated using various screening functions for copper. It 
shows the ratio of elastic displacement cross-sections 
obtained using f(t1/2) from Refs.12, 14, and 15 to σd,el 
calculated using the screening function from Ref.13. 
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Fig. 3. The ratio of proton elastic displacement cross-
sections obtained using various screening functions12,14,15 
to the elastic displacement cross-section calculated using 
f(t1/2) from Ref.13 for copper. 
 

The contribution of the nuclear scattering in the 
recoil energy distribution becomes appreciable for the σd,el 
calculation at energies above ~ 5 MeV, where the 
screening effect is small. It allows applying the nuclear 
optical model for elastic displacement cross-section 
calculations (see details in Refs. 4,10). 

Fig.4 shows the proton elastic displacement cross-
section for tungsten at the energy range from several keV 
up to 100 GeV. The dσ(Ep,T) has been calculated using 
Eq.(6) with f(t1/2) from Ref.13 for the proton energy up to 
2.5 MeV, the optical model with parameters from Ref.16 
up to the proton energy 50 MeV and optical model 
parameters from Ref.17 up to Ep=0.4 GeV, and using the 
relativistic formula from Ref.18. The σd,el values for 
copper are discussed in Ref.10. 
 
I.C. Nonelastic Proton Interactions with Nuclei 

 
I.C.1. Calculation of the number of defects using 
combined BCA-MD approach 

 
To calculate the value of the displacement cross-

section for nonelastic proton interactions with atoms 
(σd,non) collision cascades were simulated for all residual 
atoms produced in nuclear reactions induced by primary 
protons using the method described in Section I.A. 
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Fig. 4. Displacement cross-section for elastic proton 
interactions with natural tungsten calculated using the 
combined BCA-MD method (solid line) and the NRT 
model (dashed line). 

 
Calculations of recoil energy distributions were 

performed using various nuclear models implemented in 
MCNPX19, CASCADE20, and DISCA-C21,22 codes. The 
number of defects has been calculated by the BCA-MD 
approach using the IOTA code9. 

Examples of displacement cross-sections calculated 
for the proton nonelastic interaction with 184W at various 
incident energies are shown in Tables II-V. Data for 
copper are discussed in Ref.10. 

 
TABLE II. Displacement cross-sections (b) for nonelastic 

interactions of 20 MeV- protons with 184W. The 
nonelastic cross-section is equal to 1.465 b. 

Nuclear model BCA-MD NRT 
CEM03 219 550 
DISCA-C 231 577 
Average value 225  564  

 
TABLE III. Displacement cross-sections (b) for 

nonelastic interactions of 150 MeV- protons with 184W. 
The nonelastic cross-section is equal to 1.64 b. 

Nuclear model BCA-MD NRT 
Bertini/Dresner 982 2460 
Bertini/ABLA 1070 2660 
ISABEL/Dresner 925 2330 
ISABEL/ABLA 1020 2540 
CEM03 879 2220 
INCL4/Dresner 886 2260 
INCL4/ABLA 957 2420 
FLUKA/Dresner 1080 2720 
FLUKA/ABLA 1160 2900 
CASCADE 1070 2660 
DISCA 932 2360 
Average value 997 ± 91 2500 ± 210 

 



There is a significant scattering of displacement 
cross-sections calculated using various nuclear models 
(see Tables II-V and Ref.10). An accurate evaluation of 
σd,non can be done by the averaging of cross-sections 
obtained by nuclear models with weights proportional to 
the predictive ability of each model. Neither new 
algorithms implemented in codes nor new fittings of 
model parameters can guarantee the best description of 
experimental data for all nuclei and incident energies (see 
examples in Ref.23). The question about the predictive 
power of different models is still open especially for 
recoil spectra calculations5. For this reason the average 
value of σd,non presented in Tables II-V has been obtained 
using equal weights for all models.  

 
TABLE IV. Displacement cross-sections (b) for 

nonelastic interactions of 1 GeV- protons with 184W. The 
nonelastic cross-section is equal to 1.659 b. 

Nuclear model BCA-MD NRT 
Bertini/Dresner 3620 7650 
Bertini/ABLA 3950 8490 
ISABEL/Dresner 2690 5910 
ISABEL/ABLA 3000 6640 
CEM03 3580 7580 
INCL4/Dresner 2970 6560 
INCL4/ABLA 3280 7280 
FLUKA/Dresner 5150 10770 
FLUKA/ABLA 5630 12020 
CASCADE 3640 7750 
Average value 3750 ± 950 8100 ± 1900 

 
TABLE V. Displacement cross-sections (b) for nonelastic 

interactions of 100 GeV- protons with 184W. The 
nonelastic cross-section is equal to 1.712 b. 

Nuclear model BCA-MD NRT 
FLUKA/Dresner 5880 10740 
FLUKA/ABLA 8180 16000 
Average value 7030 13370 

 
 

I.C.2.The use of other approaches for the calculation of 
the number of defects in irradiated materials 

 
Three various approaches for the evaluation of the 

number of defects are discussed in this Section: the 
“constant efficiency” approximation6-8, NRT1,2, and the 
LSS model24.  

The crude evaluation of the displacement cross-
section can be done using the “constant efficiency” 
approximation6-8. Results of MD calculations are used up 
to the maximal energy available in the simulation (see e.g. 
Table I). Above this energy (20-40 keV) the efficiency of 
the defect generation is taken to be a constant.  

Table VI shows the displacement cross-section σd,non 
calculated using the BCA-MD approach and the “constant 

efficiency” approximation for 184W. In the last case, the η 
value was taken equal to 0.26 at the Tdam above 31 keV. 
At energies below 31 keV Eq.(5) was used to get the 
number of defects generated. Values of σd,non shown in 
Table VI were obtained by the averaging of results of 
calculations with different nuclear models (see examples 
in Tables II-V). 

One can see that the assumption about the constant 
efficiency results in 30-50 % lower values of σd,non 
comparing with BCA-MD (Table VI). The “constant 
efficiency” hypothesis is in the contradiction with 
measurements from Ref.25 showing the relatively high 
values of η at intermediate ion energies compared with 
the MD simulation in 20-40 keV region. 

 
TABLE VI. Displacement cross-sections (b) for 

nonelastic proton interactions with 184W. Calculations 
were performed using the BCA-MD approach and the 

“constant efficiency” approximation. Data were obtained 
by averaging of results of calculations performed using 

different nuclear models. 
Proton energy BCA-MD MD below 31 

keV, constant 
η value above  

10 MeV 36.9 25.7 
20 MeV 218 143 
30 MeV 340 232 
50 MeV 505 355 
70 MeV 630 436 
100 MeV 788 532 
150 MeV 997 651 
300 MeV 1570 974 
600 MeV 2630 1540 
1 GeV 3750 2100 
2 GeV 5070 2670 
10 GeV 7100 3560 
50 GeV 7410 3670 
100 GeV 7030 3480 

 
At high energies of ions the number of defects 

evaluated using NRT formulas1,2 differs from one 
calculated by the LSS approach24 with the accurate 
consideration of the energy dependence of electronic and 
nuclear losses in materials26. The number of defects is 
calculated as follows 
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where E0 is the primary ion energy, (dE/dx)el is the 
electronic stopping power and (dE/dx)n is the specific 
energy loss for the elastic scattering (nuclear loss) and 
(dE/dx)dam is the specific energy loss for the damage 
production: 
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In the present work the electronic and nuclear 

stopping power in Eq.(7) was calculated using the SRIM 
code27. The value of dσ/dT from Eq.(8) was taken from 
Ref.13, The Tdam was evaluated according to Refs.1,2.  

The displacement cross-section σd,non calculated using 
Eq.(7),(8) and the NRT formulas for 184W is shown in 
Table VII. It is seen that the nonelastic displacement 
cross-section predicted by Eq.(7),(8) with the accurate 
consideration of electronic and nuclear losses results in 
higher values of σd,non comparing with NRT and other 
approaches. It increases the difference between 
calculations and experimental data (Section III). 
 

TABLE VII. Displacement cross-sections (b) for 
nonelastic proton interactions with 184W. Calculations 

were performed using LSS model with correct electronic 
and nuclear stopping power and NRT model. See other 

comments to Table VI. 
Proton energy LSS NRT 
10 MeV 110 99.7 
20 MeV 600 550 
30 MeV 975 894 
50 MeV 1500 1370 
70 MeV 1850 1680 
100 MeV 2280 2050 
150 MeV 2830 2500 
300 MeV 4330 3750 
600 MeV 7090 5940 
1 GeV 10140 8060 
2 GeV 13970 10270 
10 GeV 20110 13680 
50 GeV 21140 14100 
100 GeV 20120 13370 

 
 
III. COMPARISON WITH EXPERIMENTAL DATA 

 
Experimental data for copper and tungsten are 

available at proton incident energies 1.1 and 1.94 GeV28. 
At low proton energies there are data derived by Jung29,30 
from experimental electron, light ion, and neutron damage 
rates. 

Table VIII and IX show the total displacement cross-
section (σd,el + σd,non) calculated for copper irradiated with 
1.1 and 1.94 GeV protons10. The elastic component of the 
cross-section has been obtained as described in Sect ion II.  

Table X and XI shows the total displacement cross-
section obtained for tungsten irradiated with 1.1 and 1.94 
GeV protons.  

 

 
TABLE VIII. Total displacement cross-section (b) (the 
sum of elastic and nonelastic components) for natural 
copper irradiated with 1.1 GeV protons10. The elastic 

displacement cross-sections σd,el calculated by BCA-MD 
is equal to 191.3 b and by NRT is 291.9 b.  

Nuclear model BCA-MD NRT 
Bertini/Dresner 2170 3890 
Bertini/ABLA 2360 4260 
CEM03 2180 3890 
INCL4/Dresner 2590 4620 
INCL4/ABLA 2750 4920 
FLUKA/Dresner 2790 5190 
FLUKA/ABLA 3090 5790 
CASCADE 2290 4140 
Average value 2530 ± 330 4590 ± 680 
Measured value28  1440 

 
TABLE IX. Total displacement cross-section (b) (the sum 
of elastic and nonelastic components) for natural copper 

irradiated with 1.94 GeV protons10. The elastic 
displacement cross-sections σd,el calculated by BCA-MD 

is equal to 191.4 b and by NRT is 291.8 b.  
Nuclear model BCA-MD NRT 
Bertini/Dresner 1940 3420 
Bertini/ABLA 2170 3870 
CEM03 1880 3270 
INCL4/Dresner 2510 4470 
INCL4/ABLA 2660 4760 
FLUKA/Dresner 2550 4710 
FLUKA/ABLA 2860 5380 
CASCADE 2210 3970 
Average value 2350 ± 350 4230 ± 730 
Measured value28  1830 

 
 

Displacement cross-section for tungsten were derived 
in Ref.27 from experimental data using the Frenkel pair 
resistivity equal to 14 µΩ m (Ref.31). This value seems 
questionable taking into account the later analysis30,32,33, 
which gives ρFP = 27 ± 6 µΩ m. Displacement cross-
sections recovered using both these values (14 and 27 µΩ 
m) are shown in Table X,XI. 

There is a rather big difference between measured 
displacement cross-sections and σd calculated using the 
NRT model (Tables VIII-XI). The agreement with cross-
sections obtained from BCA-MD calculations is better.  

Fig.5 and Fig.6 show the total displacement cross-
section obtained for copper and tungsten at proton 
incident energies from several keV to 100 GeV. 
Displacement cross-sections for nonelastic proton 
interactions included in σd were obtained by averaging of 
σd,non values calculated using different nuclear models.  
 



TABLE X. Total displacement cross-section (b) (the sum 
of elastic and nonelastic components) for natural tungsten 
irradiated with 1.1 GeV protons. The elastic displacement 
cross-sections σd,el calculated by BCA-MD is equal to 109 

b and by NRT is 164 b.  
Nuclear model BCA-MD NRT 
Bertini/Dresner 3900 8060 
Bertini/ABLA 4390 9270 
CEM03 3930 8160 
INCL4/Dresner 3180 6900 
INCL4/ABLA 3510 7670 
FLUKA/Dresner 5450 11240 
FLUKA/ABLA 6010 12680 
CASCADE 3890 8160 
Average value 4280 ± 970 9020 ± 1970 
Measured value28 
original 

4715 at ρFP = 14 µΩ m (Ref.31) 

Measured value28 
corrected  

2445 at ρFP = 27 µΩ m 
(Refs.30,32,33) 

 
TABLE XI. Total displacement cross-section (b) (the sum 
of elastic and nonelastic components) for natural tungsten 

irradiated with 1.94 GeV protons. The elastic 
displacement cross-sections σd,el calculated by BCA-MD 

is equal to 124 b and by NRT is 200 b.  
Nuclear model BCA-MD NRT 
Bertini/Dresner 4430 8710 
Bertini/ABLA 5350 10860 
CEM03 4990 9830 
INCL4/Dresner 3580 7520 
INCL4/ABLA 4020 8550 
FLUKA/Dresner 6550 12780 
FLUKA/ABLA 7550 15300 
CASCADE 4550 9300 
Average value 5130 ± 1330 10360 ± 2560 
Measured value28 
original 

7895 at ρFP = 14 µΩ m (Ref.31) 

Measured value28 
corrected 

4094 at ρFP = 27 µΩ m 
(Refs.30,32,33) 

 
IV. DISPLACEMENT CROSS-SECTIONS FOR 
IRON 

 
Displacement cross-sections were calculated for iron 

taking into account its special interest for various 
applications. 

The recoil energy distribution for elastic scattering 
has been calculated using Eq.(6) with the screening 
function from Ref.13 at incident proton energies up to 2.5 
MeV, the optical model with parameters from Ref.16 up 
to the proton energy 50 MeV, the optical potential from 
Ref.17 up to Ep=0.4 GeV and using the relativistic 
formula18. Effective threshold energy was taken equal to 
40 eV. 
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Fig. 5. Total displacement cross-section (σd,el + σd,non) for 
the proton irradiation of copper calculated using the BCA-
MD approach10 (solid line) and the NRT model (dashed 
line), displacement cross-section obtained by Jung29,30 
(triangle) and data measured in Ref.28 (circle). 
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Fig. 6. Total displacement cross-section for the proton 
irradiation of tungsten calculated using the BCA-MD 
approach (solid line) and the NRT model (dashed line) , 
displacement cross-section obtained by Jung29,30 (triangle) 
and measured in Ref.28 (circle). Data from Ref.28 
correspond to ρFP = 27 µΩ m. 

 
Displacement cross-sections for nonelastic proton 

interactions were obtained by averaging of σd,non values 
calculated using different nuclear models. The set of 
models suitable for the σd,non calculation is different at 
various proton energies. Examples of appropriate models 
are shown in Section II and in Ref.10. 

Displacement cross-sections calculated for iron and 
Jung data are shown in Fig.7. Numerical values are given 
in Table XII. The statistical error of σd concerned with the 
use of various nuclear models is equal to ~ 7 % at the 



proton energy 150 MeV, 12 % for Ep= 1 GeV, 40 % at 50 
GeV and ~ 60 % at Ep= 100 GeV. 
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Fig. 7. Total displacement cross-section for the proton 
irradiation of iron calculated using the BCA-MD 
approach (solid line) and the NRT model (dashed line) , 
and displacement cross-section obtained by Jung28,29. 

 
 

TABLE XII. Total displacement cross-section (b) for the 
proton irradiation of natural iron calculated using the 

BCA-MD approach and the NRT model.  
Proton energy BCA-MD NRT 
570 eV 6020 4780 
580 eV 11900 9440 
610 eV 2.89×105 2.30×105 
630 eV 4.57×105 3.64×105 
650 eV 6.11×105 4.86×105 
680 eV 8.18×105 6.51×105 
730 eV 1.11×106 8.83×105 
810 eV 1.47×106 1.17×106 
970 eV 1.92×106 1.53×106 
2.0 keV 2.48×106 2.04×106 
5.0 keV 2.01×106 1.83×106 
11 keV 1.34×106 1.34×106 
19 keV 9.35×105 9.95×105 
31 keV 6.53×105 7.33×105 
49 keV 4.56×105 5.36×105 
76 keV 3.18×105 3.89×105 
120 keV 2.15×105 2.75×105 
190 keV 1.44×105 1.91×105 
290 keV 98200 1.35×105 
430 keV 68600 96900 
640 keV 47600 69000 
950 keV 33000 48900 
1.4 MeV 23100 34800 

TABLE XII continued  
Proton energy BCA-MD NRT 
2.1 MeV 15800 24200 
3.5 MeV 9910 15300 
5.5 MeV 6480 10100 
8.5 MeV 4430 7010 
10 MeV 3910 6270 
15 MeV 2990 4920 
20 MeV 2660 4540 
30 MeV 2330 4170 
40 MeV 2100 3900 
50 MeV 1960 3720 
75 MeV 1610 3140 
100 MeV 1390 2750 
150 MeV 1290 2600 
200 MeV 1240 2530 
300 MeV 1220 2550 
600 MeV 1220 2610 
1 GeV 1210 2610 
2 GeV 1120 2380 
5 GeV 1060 2160 
10 GeV 962 1810 
20 GeV 984 1820 
50 GeV 925 1670 
75 GeV 873 1540 
100 GeV 803 1380 

 
 

V. CONCLUSIONS 
 
Displacement cross-sections were obtained for iron, 

copper, and tungsten irradiated with protons at energies 
from several keV up to 100 GeV using the binary 
collision approximation model and results of molecular 
dynamics simulations. Recoil energy distributions were 
calculated using various approaches including the model 
for screened Coulomb scattering, the optical model and 
the intranuclear cascade evaporation model. Resulting 
displacement cross-sections are in better agreement with 
available experimental data than cross-sections calculated 
by the NRT model. 
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