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ABSTRACT

The paper describes a technique developed for the calculation of the
isotropic and linearly anisotropic components of elastic and discrete inelastic
transfer matrices. Implementatidn of the technique is discussed in detail and
the numerical data obtained for some examples are compared with results published

in the literature or those generated with the help of several processing codes.

1. INTRODUCTION

In an earlier paper [1] a technique was proposed for the calculation of the
isotropic (k = 0) and linearly anisotropic (k = 1) components of elastic and discretely
inelastic transfer matrices, expressed by

'—1

o, (g'+g, k) = ”g' dE' W(E") o (E') F, (;', g) (1

where g' represents the initial group, with E'e (Eg,, Eg,_l); g is the final group,
with Ec(Eg,'Eg_l); ox(E') is the cross-section for the scattering mechanism x at
energy E', and W(E') is the weighting function with Wg, given by the integral of W(E')
,over group g'. The integration limits are given by E*g" = max (Eg" El) and E*g'—1=
max (Eg'-l’ Eg), where EE represents the threshold scattering energy and the function
Fk(E', g) is expressed by [1]
L
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where fx(E', %), with fx(E', 0) = 1, are the expansion coefficients for the

angular distribution of the scattered neutrons in the Legendre polynominals Pz (w),
and Xk;z (E',g) are the angular integrals [1] which can be calculated efficiently by
a semi-analytical technique [2] developed for k = 0 and 1.

In Section 2 we describe an algorithm developed specially for performing
the integration over the energy indicated in Eq. (1) in an efficient and accurate
manner. Although apparently trivial from the numerical point of view, the above
integfatiqn involves subtle aspects which, if not properly considered, can appreciably
affect the final accuracy of the results. 1In Section 3 we study several examples, )
give numerical results and compare them with data obtained by other methods. Section 4

summarizes the principal conclusions of the study.

It is important to point out that in the present paper we consider only the
smooth component of the cross-section; the resonant component can be treated similarly

after it is linearized.

2. ALGORITHM FOR ENERGY INTEGRATION

The integrand in Eq. (1) consists of a product of three quantities, of which
two make use of nuclear data supplied by evaluated data libraries, such as ENDF/B [3]:
cross-section ox(E') is given in file 3 of "ENDF/B in the form of pairs of points
(Ei’ox(Ei)] with a specified interpolation scheme, and the function Fk(E',g), in
accordance with Eq. (2), uses coefficients fx (E',%) supplied from file 4 of ENDF/B
in the form [Ej,fx(Ej,E)], where & = 1,2, ...,L < 20 with a specified energy
interpolation scheme. It is clear that this representation normally introduces
discontinuities into the derivative of GX(E’) at points {Ei} and into the derivative
of Fk(E',g) at points {Ej}. The third quantity appearing in the integrand of Eq. (1),
the weighting function W(E'), can also be used, for convenience, in the form of pairs
of points [Ek,W(Ek)] with a speéified interpolation scheme. Consequently, the derivatis

of W(E') may be discontinuous at pbints {Ek}.

Function Fk(E',g) can have still other discontinuities in its derivative,
which originate from the angular integrals Xk z(E',g). In order to explain the origin
b

of these discontinuities, we should note that by definition [1]

2
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wg(E )

vwhere w is the cosine of the scattering angle in the centre-of-mass system, and the



the angular integrals depend basically on the integration limits wg(E') = max
{-1, min [w(Eg,E'),i]} and wg_l(E‘) = min {1, max [w (E E'), -1]}, where

g-1’
E,E'") = — : —_— - -
w( ) =5 {[(A+1) 5 -] TED vy(E"} .
The parametef y(E') appearing in Eqs (3) and (4) is given by
. A+ Qi \1/2
Y(E') = A(l * -E—.—) . (5)

where A is the ratio betﬁeén the mass of the scattering nucleus and that of the neutron,
and Qi < 0,1i=0,1, ...,.I, is the exciyation energy at lgvei i of the scattering
nucleus, with QO = 0 representing elastic scattering. Thus, a possible discontinuity

in the derivative of any one of the integration limits of Eq. (3) in relation to E'

will cause a discontinuity in the derivative of Xk’z(E',g). As an example of this

type of discontinuity, we can see in Fig. 1 a point of discontinuity in the derivative
of Xk,l(E',g) which occgrs in the calculation of elastic t;;nsfervof group 5 (9.0484- .
10 MeV) of the GAM-II structure [4] for the same group in ~ Al. This discontinuity,
indicated by point P, is produced by the one in the derivative of the lower limit

wg(E') at E' = 9.7512 MeV.
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Fig. 1. Example of discontinuity in the derivative of wg(E') for " Al.



A simple way of avoiding these discontinuities is to sub-divide the energy
integration interval in Eq. (1) in a manner such that within each sub-division the
integrand of Eq. (1) and its derivative are continuous. Thus, Eq. (1) is written

initially as

]
M- Em+1(g »8)
-1 ’ ' t ' , '
E (g',8)
where Em(g',g), m=1,2, ..., M+ 1, are the limits of the sub-intervals located in
M + 1 possible discontinuities of the derivative of Xk p‘(1:‘.',3). To locate these
discontinuities, we have to determine the points of intersection between the sides of

i * * * *
the rectangle with vertices (E g',1:‘.8), (E g'-l’Eg)’ (E g"Eg-l) and (E g

'-I’Eg—l) and
the curves

E g__i'__? (1 + y €N
(A +1)” , (N

in the plane (E',E). The results of this analysis are presented below.

Case 1:
Lase 1 N A
| Egr 2~ (T:T) Q -
E,(g',g) = max {E* min [E*. re., 11} , (8a)
1 £.:8 g'’ g'-1° g 4 ‘
Ez(g',g)u nin {a, b} , , | (8b)
Ea(g',g)n max {a, b} , : (8¢)
E (' 0) e min {E-, . ,max (Eov, T (E ., =D} , (84)
4 \8 8 min g'-1’ g'’ g-1
where
e max (E°, , min [E* T ., D) , (9a)
a ma g' , g'-1’ g-1 | .
b = min {E:'-t’ max [E;., r (Eg’ -1)11} (9b)
and
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The results are identical with those of Case 1.

Case 2b:
* AY T
< - | s Ql e E < - ! .
Eg' ( A-1 ) i g-1 — A(A+1)
, * * :
E, (g',g) = max {Eg, , Min [Eg'-l’ I‘(Eg_,, D1}, (11a)
. * . *
E,(g',g) = max {Eg. , min [Eg'-‘l' r(lz8 » 101}, (11b)
. . . * ' ' )
E3(g gg) = min {Eg'-i‘max [ES' » r(Egl -1 )]} ] (llc.)
. x .k
Ea(g ,g) = min {Eg'-‘i’ max [Eg. , T (E8-1' -1)1) . (114)
C 2c:
ase 2c . . Qi | | Qi
Fgr © -(A-I )Ql 'Be-1” T T ¢ B ¢ T EGD
o |
E.' (g',8) = Egl ’ (12a)
Ez(g',g) = nin {c, 4} , ' : (12b)
E3(g',g) = max {c, d} , ' (12¢)
. * , )
E,(g",8) = min ng._, , T (Eg.-i)} , (12d)
. * - | '
Es(g',g) - min {l-:g,_1 , T (128_1 , =1)} . (12e)
where
* . * '
c = max {Eg. » min [Eg'—1 » T (Eg-1 » 1)1} (13a)
and

. - . .
d = max {Eg. , min [Eg'-1 » T (Eg » 1D 1) . _ - (13b)



Each of the M sub-intervals is then divided as many times as are necessary
so that the limits of each of their sub-divisions are the points of discontinuity
{Ei}’ {Ej

the discontinuities in the derivatives of ox(E'), fx(E',z) and, possibly, W(E') are

} and {Ek} which may be present within the sub-interval. 1In this manner,

avoided. Lastly, integration of Eq. (1) is carried out with the use of a low-order

Gauss-Legendre quadrature in each of the sub-divisions of each sub-interval.

3. NUMERICAL EXAMPLES

A program called TRAMA has been written and implemented in the CYBER 170/750
system of the Institute of Advanced Studies (Aerospace Technical Centre) in order to
test the algorithm described in section 2. Several examples treated earlier in the
literature were used, and the results obtained with the TRAMA program were compared
with those of several processing codes. Alfhough the numerical accuracy required for
the transfer matrices is in practice much lower than that obtained with the TRAMA
program in the examples studied (5 significant digits), we consider it important to
provide results with this degree of accuracy for two reasons: first, the search for
results of high accuracy may reveal poséible programming errors which are difficult
to detect and, second, publication of accurate results for well-defined problems
facilitates comparison with results obtained by other methods. The necessary nuclear

data were obtained from the ENDF/B library, version IV.[3].

3.1. Inelastic scattering of 160

This example was usedlby Brockmann to test the TRACS program [5]. It
involves calculating the inelastic scattering matrix involving the first excited level
(Q, = -6.052 Mev) of '°
the GAM-II code [4] with the weighting function of the form 1/E. The limits of each

0 (MAT = 1276) for the first 12 groups of the fine structure of

energy group considered were obtained by rounding off the values published in Ref. [4]

to four decimal places, and are given explicitly in Ref. [5].

In Tables 1 and 2 the results obtained with the use of four points of

- quadrature per sub-division in the TRAMA program for the isotropic and linearly
ﬁnisotropic components of the inelastic transfer matrix of 160 are compared with the
results of several processing codes. It is noted that the results of TRAMA and NJOY [6]
show satisfactory agreement, the maximum relative deviation observed in NJOY being 0.19%.
As for the results of XLACS [7] and ETOG3 [8], owing to the simplicity of the models
adopted in these codes for describing the discrete inelastic scattering mechanism [9],
they exhibit, as is expected, quite high deviations as compared with the more accuraté
results of TRAMA and NJOY. The agreement between the results published by Brockmann [5]

and those of the TRAMA program is excellent.



-7 -

3.2. Inelastic scattering of 7Li

This example consists of calculating the inelastic scattering matrix
for the first excited level (Ql = -0.478 MeV) of 7Li (MAT = 1272) with the same group
structure and weighting function as in the preceding example. Numerical results for
this example were published by Hong and Shultis [10] for several transfer matrix
components betweén-groups 1 and 5 of the above-mentioned structure, but with group
energy values differing slightly from those used in the preceding example owing to

the application of a different rounding-off criterion on the values published in Ref. [4].

In Tables 3 and & the re#ults obtained with the use of four points of
quadrature per sub-division in the TRAMA program for the isotropic and linearly
anisotropic components of the inelastic'transfervmatrix of 7Li for the first two energy .
groups of the structure considered are compared with those of several processing codes.
As in the preceding example, the ré5u1ts of TRAMA and NJOY show satisfactory agreement
(maximum relative deviation 0.17%), and the difference observed with respect to the
results of the XLACS and ETOG3 codes is still more evident since the simplified models
adopted in those codes for inelastic scattering do not give good results when applied
to light nuclei. An additional comparison using the TRAMA program with group energy
values exactly the same as those in Ref. [10] resulted in perfect agreement for the
component cx(l + 5,0) obtained with the TRAMA program and the best value reported in
Ref. [10], while the component ox(l + 5, 1) showed a difference of only 1 in the fifth
significant digit, considering a factor of 3, since the results reported in Ref. [10]
are multiplied by 28 + 1. _

3.3 Elastic scattering of 239Pu

This example was used by Henrysoﬁ and co-workers [11] in the evaluation of
some computational methods available in the MC%-2 code [12]. 1t consists in calculating
the elastic scattering matrix of 23.9Pu, with a constant weighting function, for some

groups of the ultra-fine structure [13] of the MC2 code shown in Table 5.

In Tables 6 and 7 the results obtained with the use of éight points of
quadrature per sub-division in the TRAMA program for the isotropic and linearly
anisotropic components of the elastic transfer matrix of 239Pu are cohpared with the
results of NJOY, XLACS and MCZ. The TRAMA and NJOY results again display satisfactory
_agreement (maximum relative deviation 0.28%). The results of the XLACS code obtained
with the use of 20 points in the initial group and 40 in the final group are lower,
.while those of the MCZ'code differ from the values foﬁnd with TRAMA and NJOY, as was

expected. Since the version of the ENDF/B library used to obtain the results published
in Ref. [11] was older than version IV, it was not possible to compare it with those

results.



3.4. Elastic scattering of 27A1

This exémple‘was used by Weisbin and co-workers [14] in the evaluation of
the MINX code [15]. It consists in calculating the elastic scattering matrix of
27A1 in a structure with 11 groups in the 0.414 eV-10 MeV range and a tabulated

weighting function, which are given in Ref. [14].

In Tables 8 and 9 the results obtained with the use of four points of
quadrature per sub-division in the TRAMA program for the isotropic and linearly
anisotropic components of the elastic transfer matrix of 27Al are compared with the
NJOY and XLACS results. The agreement between the TRAMA and NJOY results is excellent
(maximum relative deviation 0.03%). As for the XLACS results, although they were
obtained with the use of 80 points in the initial group and 160 in the final group,
they exhibit much greater deviations - above 10% for some of the values shown‘in

Tables 8 and 9.

4. CONCLUSIONS

The results obtained by the TRAMA program in the case of the examples shown
in the preceding section lead to the conclusion that the technique described in this
paper can supply numerical results with high accuracy for the isotropic and linearly
anisotropic components of the elastic and discrete inelastic transfer matrices. Thus,
the technique can be used, as in the présent study, to produce reference numerical
results for selected problems, and this facilitates evaluation of the accuracy of the
existing processing codes. Of the codes considered in the present work, the NJOY system
undeniably provided the best results, even though some anomalies were detected in the
scattering matrices for the higher- and lower-energy groubs. These difficulties were

brought to the notice of those responsible for the code.

In terms of processing time, although the angular integration algorithm used
in the TRAMA program is generally faster than the numerical integration used in NJOY [2],
we observed that the processing times for TRAMA were longer than those for NJOY (but
shorter than for XLACS). The reason is that the algorithm for integration over the
initial energy in TRAMA uses a separate energy grid for E' for each final group so as
to avoid the discontinuities in the derivative of Xk’z(E',g), which were discussed in
Section 2. The NJOY system, however, does not distinguish between the various final
groups and uses the same energy grid for E' in all cases. This undoubtedly makes the
NJOY execution time faster, alﬁhough the reliability of the results is lower as a result

of the NJOY algorithm being mathematically less rigorous.



For example, as regards the generation of transfer matrices for discrete
inelastic. scattering, it was found that codes which did not take account of angular
distribution of scattered neutrons, such as the XLACS and ETOG3 programs used in this
study, gave results with large deviations from the correct values, especially for
light nuclei. The influence of the approximations used by these codes on the reactivity
and some of the spectral indices for certain fast systems has been analysed [16];

however, a fuller study of these effects would be highly desirable.

Lastly, after generalization with a view to its application to resonances and
processing of all possible representations in ENDF/B file 4, the technique discussed in
this paper can be easily implemented, replacing older techniques which are used in the
existing processing codes, or be incorporated into the new processing code which is being

developed at the Nuclear Data Centre of the Institute of Advanced Studies.
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Table 1. The isotropic component 0*(3'*g, 0) of the inelastic transfer
matrix for the 6.052 MeV level of 90.

g g TRAMA NJOY XLACS - ETOG-3

.6 3,4629(-3) 3,462(=3) 0o 0

17 1,2888(~2) 1,289(-2) 4,5789(-3) 5,0744(=3)

1 8 1,3103(-2) 1,310(-2) 2,2848(-2) 2,3517(-2)

19 8,2994 (~3) 8,299(-3) 1,4635(-2) 1,3478(-2)

110 3,8343(-3) 3,833(-3) 0 0

11 4,8202(-4) 4,811(-4) 0 0

2 8 5,5013(-3) 5,506(-3) 0 0

2 9 1,3874(-2) 1,387(-2) 9,0062 (-3) 1,0016(-2)

2 10 1,3821(-2) 1,382(-2) 2,4096 (~2) 2,4722(-2)

2 11 9,8142(-3) 9,813(-3) '1,5779(-2) 1,4142(-2)

2 12 5,0077(-3) 5,006 (-3) 0 0

39 1,6156(-5) 1,616(-5) 0 0

310 7,2168(-3) 7,219(-3) 0 0

31 2,1737(-2) 2,174(-2) 1,0929(-2) 1,7321(-2)

3 12 2,5913(-2) 2,591 (-2) 4,2035(~2) 4,2600(-2)

4 12 4,4720(-3) 4,478(-3) 0 0




Table 2.
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The ;ineér1§ anisotropic component ox(g'+g, 1) of the
inelastic transfer matrix for the 6.052 MeV level of

g' g TRAMA NJOY
1 6 2,9883(-3) 2,988(-3)
7 8,5827(-3) 8,586(=3)
8 3,9849(-3) 3,983(-3)
9 -2,2956(-3) -2,297(-3)
10 -2,5254(-3) -2,525(-3)
11 ~4,3297(~4) -4,322(-4)
2 8 4,5548(-3) 4,558(-3)
2 9 8,5560(-3) 8,554 (-3)
2 10 3,2986 (-3) | ©3,297(-3)
2 1 ~2,9485 (-3) -2,949(~3)
2 12 =3,2433(~3) -3,242(-3)
3 9 i,6o1o(-5) 1,602 (=5)
3 10 5,9871(-3) 5,989(-3)
3 11 1,4015(-2) 1,402(-2)
3 12 8,0943(~3) 8,090 (-3)
4 12 3,7394(-3) 3,744(-3)

16

0.
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Table 3. The isotropic component ox(g’¢g, 0) of the inelastic transfer

matrix for the 0.478 MeV level of 7Li.

TRAMA NJOY XLACS ETOG-3
3,8568(-3) 3,854(-3) 0 0

1,5730 (-2) 1,574(-2) 0 0
1,5280(-2) 1,528(-2) 1,1772(-2) 1,2336(-2)
1,3826(-2)' 1,383(-2) 6,8592(-2) 6,8029(-2)
1,2510(-2) 1,251(42) 0 0
1,1320(~2) 1,132(-2) 0 0
7,4754(=3) 7,476(<-3) 0 0
3,6551(~4) 3,649(-4) 0 0
3,6155(-3) 3,620(~3) 0 0
1,6801(-2) 1,680(~2) 0 0
1,6653(~2) 1,666 (~2) 8,9821(-3) 9,9427 (-3)
1,5068(-2) 1,507(~2) 7,8327(-2) 7,7366(-2)
1,3635(-2) 1.364(-2) 0 0
1,2337(-2) 1,234(-2) 0 0
8,6151(-3) 8,615(-3) 0 0
5,8402(-4) 5,839(-4) 0 0
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Table 4.  The liﬁearly anisotropic component cx(g'*g, 1) of the
inelastic tramsfer matrix for the 0.478 MeV level of 'Li.
' TRAMA NJOY

! 3,5646(-3) 3,562(-3)

1 1,2017(-2) 1,202(-2)
6,7865 (-3) 6,785 (-3)

1 1,4714(=3) 1,472(-3)

1 ~2,8901(-3) ~2,891(-3)

1 _6,4420(-3) ~6,443(-3)

: ~6,2977(-3) -6,298(-3)

1 -3,5407 (~4) -3,535(=4)

2 3,3575(=3) 3,361(-3)

2 1,3038(-2) 1,304(-2)

2 7,6829(~3) 7,687(~3)

2 1,8735(-3) 1,873(-3)

2 ~2,8958(~3) -2,897(-3)

2 ~6,7804 (-3) -6,783(-3)

2 ~7,1609(-3) -7,161(=3)

2 -5,6225(-4) -5,621(-4)
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Table 5.. Group structure used in the calculation of elastic

- 'scattering of 239Pu.

Group Lower energy (MeV) Higher energy (MeV)

1 6,1160620 6,1672621

2 6,0653066 6,1160620

3 6,0149724 6,0653066

4 5,9650559 6,0149724
Table 6. The isotropic component ox(g'*g, 0) of the elastic tran#fer

matrix of 239PU.

g g TRAMA NJOY XLACS mc?
1 3,3656 3,366 3,3686 1,880
12 5,2051(~1) 5,203(-1) 5,2260(-1) 1,993
13 9,5879(-2) 9,585 (-2) 9,0836(~2) 1,081(~1)
1 4 2,7928(-5) 2,785(-5) 0 1,256(-3)
2 2 3,3765 13,377 13,3795 1,886
2 3 5,2300(-1) 5,228(-1) 5,2509(-1) 2,000
2 4 9,5864 (-2) 9,587 (-2) 9,0814(-2) 1,083(-1)
303 3,3877 3,388 3,3907 1,893
3 4 5,2554(-1) 5,255(-1) 5,2761(-1) 2,007’
L 4 3,3987 3,399 13,3971 1,900
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Table 7. The linearly anisotropic component ox(g'*g, 1) of the elastic

transfer matrix of 239Pu.

g' 8. TRAMA NJOY XLACS mc2
(I 3,1424 3,143 3,1454. 1,880
12 1,9883(~1) 1,986(-1) | 2,0058(~1) 7,479(-2)
1 3 -6,2996 (~2) - =6,299(-2) ~6,0840(-2) -3,162(-1)
1 4 -2,7665(-5) -2,759(-5) 0 -1,256(-3)
2 2 3,1522 3,152 3,1552 1,886
2 3 1,9968(-1) 1,995(~1) 2,0142(-1) 7,505 (-2)
2 4 -6,2636(-2) -6,264(-2) -6,0483(~2) -3,167(-1)
3 3 3,1623 3,162 3,1653 1,893
3 4 2,0053(~1) 2,005(-1) 2,0226(-1) 7,531(-2)

& & 3,1720 3,172 13,1708 1,900
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Table 8. The isotropic component ox(g'*g, 0) of the elastic transfer
matrix of 27Al.

g' g TRAMA NJOY XLACS

1 | 4,7788(-1) 4,779(-1) 4,7773(-1)
1 2 -2,0063(-2) -2,007(-2) -1,9117(-2)
2 2 6,2454 (1) 6,246(=1) 6,2413(-1)
2 3 -3,0460(~2) -3,047(-2) -2,7929(-2)
3 3 8,0954(-1) 8,096(-1) 8,0797(-1)
3 4 4,0843(~3) 4,083(-3) 5,4647(-3)
4 4 1,0634 . 1,063 1,0617

4 5 -3,1636(-2) -3,164(-2) -3,0285(~2)
5 5 3,3898(-1) 13,389(-1) 3,3813(-1)
5 6 - -2,3081(-2) -2,308(-2) -2,3051(-2)
6 6 1,0026(-1) 1,003(-1) 9,9983(-2)
6 7 -1,3617(~-2) -1,362(-2) -1,3600(-2)
7 7 5,1928(-2) 5,193(-2) 5,3383(-2)
7 8 -1,4343(-2) -1,434(=2) -1,5907(-2)
8 8 4,7044(~2) 4,704 (~2) 4,7023(-2)
8 9 -1,3468(-2) -1,347(=2) -1,3470(-2)
9 9 4,4128(-2) 4,413(-2) 4,4080(-2)
9 10 §1,osso(-2) -1,055 (-2) -1,0543(~2)
10 10 4,3949(-2) 4,395(-2) 4,3857(-2)
10 11 -1,0372(-2) -1,037(-2) -1,0334(~2)
1 11 4,3575(-2) 4,358(-2) 4,3577(-2)
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Table 9. The linearly anisotropic component ox(g'+g, 1) of the elastic

transfer matrix of 27A1.

g' & TRAMA NJOY XLACS
11 6,3721(=1) 6,373(-1) 6,3476(-1)
1 2 1,2429(-1) 1,243(-1) 1,2676(-1)
2 2 8,5505(-1) 8,551(-1) 8,4984(-1)
2 3 2,2224(~1) 2,222(-1) 2,2743(-1)
3 3 1,3205 1,321 1,3157
34 1,8801 (1) 1,880(-1) 1,9287(-1)
& & 3,0851 3,085 3,0843
6 5 1,3893(-1) 1,389(~1) 1,3983(-1)
5 5 5,0225 5,022 5,0224

6 6,3153(-2) 6,314(=2) 6,3213(-2)
6 6 3,4335 3,434" 3,4334
6 7 4,2925(-2) 4,293(-2) 4,3264 (-2)
17 1,4630 1,463 1,4579
7 8 4,5057(-2) 4,506 (~2) 5,0115(-2)
8 8 1,3050 1,305 1,3049
8 9 4,2191(-2) 4,219(-2) 4,2294 (~2)
9 9 1,3143 1,314 1,3143
9 10 3,2979(-2) 3,298(-2) 3,3015(~2)
10 10 1,3148 1,315 1,3149
10 11 3,2456 (-2) 3,246(-2) 3,2402(-2)
"ot 1,3161 1,316 1,3159




