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This document consists of two papers., The first " Mathematical
Theory of Experiments and Generalized Perturbation Theory - An
Effective Approach to Reactor Physics Investigations " is from
Fuclear Constants, Vol. 10, The second, " Determining the

Necessary Accuracy of Nuclear Data With Allowance for Integral
Experiments " is a paper presented at the Neutron Physics Con-

ference Kiev, June 1973,






CHAPTER I. NUCLEAR DATA

MATHEMATICAL THEORY OF EXPERIMENTS AND GENERALIZED
PERTURBATION THEORY - AN EFFECTIVE APPROACH
TO REACTOR PHYSICS INVESTIGATIONS

L.N. Usachev, Yu.G Bobkov

Part 1

Sequential planning of integral experiments and an
effective method of fitting constants with
allowance for correlation of the errors
of a set of microscopic measurements

l. Introduction

Generalized perturbation theory gives a linear relation which can
be used to express the relative variation of any reactor parameter
through relative variations of nuclear data and concentration of mattez~[hl_7.
The existence of this linear relation or, as it is called, the linear
response function of a reactor parameter to perturbation of the micro-
constants enables us to use some effective methods which have now been
developed in the mathematical theory of experiments for solving a number
of problems of theoretical and experimental reactor physics. From the
point of view of the mathematical theory of experiments the measurement
of any reactor characteristic may be considered to De an indirect measure-
ment of the nuclear constants. In this type of treatment one can use a
set of microscopic and integral measurements for predicting the para-
meters of a reactor design and the dispersion of these parameters. In
this paper we have overcome the main mathematical difficulty of this
treatment, which is the need tc invert a matrix, whose order of
magnitude is equal to the number of nuclear parameters and may, according
to existing sources, amount to 400. In this way, an algorithm can be
performed on a small computer. The information content of any experiment,
defined on the basis of its contribution to improving the accuracy of
predictions of significant quantities, can and must be checked before the
experiment is actually performed using the algorithm presented in this

paper. In this way the efficiency of expensive experiments on critical



assemblies can be greatly increased. The usual estimates based on
various specific applications of the experiment planning theory
indicate an increase in experimental efficiency by a factor of 3-5.
This estimate is confirmed in this paper by the results of an analysis
of the information content of a number of integral experimenis.

A. Existing methods of fitting group parameters on the

basis of a set of integral and
differential measurements

An excellent survey of work on the use of a set of microscopic
and integral experiments for fitting group constants and for pre-
dicting reactor characteristics with computable accuracy is provided
by Campbell and Rowlands in Ref. Z_5;7. Therefore in this section we
shall not consider the theory of the problem but shall follow the work
of Rowlands and MacDougall Z_2;7 for introducing fundamental concepts.
However, the method of allowing for error correlations in nuclear data
will be taken from our own work on planning an optimum set of differential
measurements and evaluations 1-8;7. The allowance for error correlations
is based on splitting up the relative error into components which differ
in their correlation characteristics. According to the simple model
adopted there are three such components. The first component is com-
pletely correlated. The statistical error is associated with this
component. The second error component, caused by the systematic measuring
error, for example, of the energy/cross—section dependence, is regarded
as completely correlated in a certain energy interval, designated the
correlation interval. This error component may be regarded as the error

in the normalizing of the curve.

The third error component derives from the application in the
measurements of a standard, the error in the value of which is transposed
to the quantity in Question and comprises its third component. Obviously
this error component will be identical for different quantities measured

with respect to the same standard.

The sensitivity of reactor parameters to variations in components

of the first type is determined by the quantities Zz = Saij’ where Saij
are the coefficients of the perturbation theory relation.
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a = the index of the isotope
i = the index of the process
j = the index of the energy group.

The sensitivity to variations of components of the second type
is determined by the values: [

= C
Zf / “Yaij (1a)

j=r

vwhere n and m are the numbers of the first and last groups of the
correlation interval; finally, the sengitivity to variations of components

of the third type is determined by the quantities:

le Z ; Z Sdi.j

J (1b)

Summation with respect to i and a is performed for three processes and
isotopes respectively, in the measurement of which the given standard

is employed.

The values of the error components listed above are statistically

independent and the covariant matrix of such a set of measurements and
evaluationsg will be diagonal. By definition in the mathematical theory
of experiments this procedure is edquivalent to constructing the orthogonal

plan of a set of differential measurements and evaluations.

The problem of fitting the group constants is reduced to finding

corrections for the cross-sections f = (b0 /0)x minimizing the functional:

| = i x"f/(ﬁ N Z”(EIC-_;')Z/G; (2)

T
x={ 1=

where ey and g, are the accuracies of the integral and differential

measurements respectively. N1 is the number of indspendent components

of the error in the differential measurements, NO = the number of integral



measurements., CI is the theoretical value of the integral characteristic
I, EI is the experimentally measured value of this characteristic;

Ci = CI(l +§3ZIxfx), 7 being the sensitivity coefficients determined
above. Here and subsequently we mean by sensitivity coefficients not
simply the coefficients of relation (1) but the coefficients taking into
account the correlation characteristics of the components. Finding the

minimum (2) reduces to solving the system of linear equations
™M - F = Y (3)

M is PFisher's information matrix, dependent on the perturbation theory

coefficients and the measuring accuracy
o= 2 S
MLJ szisz /er + H/gf (4)
bij is the Kronecker symbol ‘
\f _ (Ez-Cx) ! ZT
L Z [ Crx =k ra] (5)

L
I

The solution of the system (3) is the vector
-1
f-=™ Y = DY (6)

The matrix DNo is called the covariant matrix of the set of No measurements.
Displacement of the theoretical value R of the reactor parameter relative
to its initial value, caused by using the results of the set of integral

experiments, is written
AR R R
AE‘]N(): Z - f s Z D, Y (7)

ZR are the sensitivity coefficients of the parameter.

The dispersion of the prediction of this parameter on the basis of the

given set of measurements is determined by the value bNo

>

Sv. = £ D2 (8)



Thus, when solving this problem, we run up against several difficultiess
in the first place, it is necessary to convert the high order matrix M,
since the number of constants, on which the integral parameter depends,
is very high. In Ref. Z”§;7 it is as much as 200. We were only able

to reach 53 in Ref. Z”6;7 because of the low computer capacity. Nor is
it possible, on the basis of the above-mentioned considerations, to
investigate what type of experiment should be performed to establish

this reactor parameter more accurately. The shortcomings of the approach
discussed above can be overcome by employing the concepts of sequential
experiment planning.

B. Methods of seqQuential experiment planning
as applied to reactor physics

Using these methods it is possible to carry cut successive
analysis of each new experiment from the point of view of its information
content in relation to the preceding set. For this purpose it is necessary
to express the covariant matrix of the set of (No + 1) measurements by the
covariant matrix of the No measuremenis. As we know from Ref. Z~Z;7, this

has been done by Box and Hunter.

The information matrix of the set of No measurements M(No) takea the
form
No
Mug = & Wi Liar By (8a)
LA is the statistical weight of the ith measurement
2
w, = l/ei,

Zia are the sensitivity coefficients of this measurement.

Adding the new experiment with the statistical weight w and the

sensitivity coefficients G:

MlNevt)= Fw, 227+ w GG -

irt

(8b)
C;T
= M(N.,’ » w G
The covariant matrix D(N_ + 1) is now written

=1

DN 1) = [MWan] = [Dve) ¢ w GG ] (9



This formula, as shown in Ref. 1—147, page 6, may be converted to

WCD(NO)GGT ) ~
1 +w (G )G Dweo)

DINo+1)= (T - (10)

In addition ;

E-C
Y (mert) = Y (o) + (B )w G (1)
The displacement vector of the group parameters takes the form
Lroer)= DINot1) X (Not1) (12)

2. A new method of fitting the group parameters, based
on the combined use of the differential and
integral experiments

Formula (10) is a recurrent relation for the covariant matrix. Our
proposal is to commence the treatment with the whole set of differential
measurements, the information matrix for which is diagonal, so that the
covariant matrix can be simply obtained. Successive addition of one
integral experiment, based on the use of formula (10), enables us to
obtain the covariant matrix of any set of integral measurements together
with the differential measurements by simple multiplication of the
matrices. Thanks to the absence of the matrix inversion operation there
is no limitation on the number of parameters. It is then easy to observe
the information content of each experiment which is of course determined
as its contribution to reducing the dispersion of the predicted reactor

parameter.

It should be noted that, even with a set of purely differential
measurements, if we do not divide the error into components with different
correlation characteristics and do not proceed from coefficients S to Z,
correlations between the different quantities arise, resulting from the
methods of measurement and possible systematic errors, and this is bound

to destroy the diagonality of the covariant matrix.

Thus, with no orthogonal plan for the microscopic measurements, it

would be impossible to use the above method.

Moreover, since we can write the analytical expression for the dependence
of the accuracy of the predicted reactor parameter on the accuracy of the

new integral experiment, it is possible, even before a real formulation



of the experiment, to estimate its information content and formulate
requirements with regard to measuring accuracy. The only data needed

for this are the sensitivity coefficients.

3. Investigation of the information content of integral experiments

Formulae (10) and (11) can be used to obtain very useful relations

for the displacement of the predicted reactor parameter by virtue of the

N° + 1 measurement:

£ 4
(582 Z'DiveyYiver) = (8F), + (
. ; o 1
wi DINe)G _{E_C) w Z %(NO)GTG%(No)i(No) 3)
- -E- -

{ +WQ-%(N0)G7 I+ w (G D In) C(T

Here E and C are the measured and theoretical values of the No + 1

experiment. With this notation we can separate the part of the dis-

placement which depends on (Eég).

From formulae (10 and (8) we obtain the expression for the variation

in dispersion of the predicted reactor parameter
& T R1
82 g2 w £ hiny G G PN Z
No+1 - N, } 4+ W G D(No) GT (14)

Formula (14) shows that there is a simple analytical dependence of
the prediction accuracy on the accuracy of the new integral experiment

in the most general case. This dependence takes the form

Fig, 1
l
Su. e
SM.H‘ """""""
UZ o, & €XD,

accuracy of (No+l) measurement
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For specific calculations it is necessary to formulate clearly the
purpose of a given experiment or set of experiments and to analyse how
well they achieve this purpose. It may well be that the attainable
accuracy of the experiment is to the right of the limit o, 80 that no
increase in accuracy is achieved or, conversely, it lies to the left of
Opy 8O that further increase in the accuracy of the experiment is point-
less. It is also necessary to investigate the information content of
the given type of experiment, which we define as the increase in accuracy

A =0, -d
No "No+l
the given experiment. By the type of experiment we mean the measured

at the limit of the infinitely small measuring errors in

quantity, the composition of the assembly etc. The information content
of the experiment may prove insufficient to justify devoting considerable

time and effort to the experiment.

To illustrate what has been set out above, we shall present the
results of calculations of the information content of experiments on
¢ of BN-600 (Table 1). In the Table o  is

1l
of BN—600 from differential measure-

f
the accuracy of calculating K

ZPR-III concerning the Ke
eff
ments alone (diagonal covariant matrix), 52 is the accuracy of calcu-
lating Keff of BN-600 from the preceding set of differential measurements
and the corresponding integral experiment performed with "infinite"

(i.e. better than 02) accuracy. The quantity 62 characterizes the

information content of the experiment.

The quantities 0, and o, correspond to the symbols in the Figure.

1
All the values are given as percentages.

Table 2 shows the results of calculationg in the case where the
experiments are analysed succesgively and are included in the covariant

matrix with an accuracy of o _ .
exp

From Table 2 it can be seen that the refinement of LGP of BN-600
provided by five experiments for Keff is almost the same as for the
first two experiments and does not differ significantly from the re-
off o8 ZPR-II11-29, although

all these experiments separately give considerable refinement (Table 1).

finement provided by one experiment for K

A further increase in the accuracy of Keff of BN-600 is difficult to
achieve with Keff experiments on the assemblies and one must resort

to experiments of another type such as sample reactivity and lifetime.



The results of the calculations presented suffice to show that
it is better to carry out experiments of different type on a large number
of compositions and, having selected the most informative assembly, to
study in detail the different reactor functionals, after first determining
their information content with respect to the existing set of experiments

and the optimum accuracy with which to measure that functional.

Table 1
- Ty f 1
No,of assembly% yle);p(.) '| S ' | 52 ! s, i o
25 K ep 2,42 2,30 5. 0,5
23 K oep 2,42 1,6 5, 0,5
24 E orp 2,42 1,6 5. 0,5
35 Koer 2,42 1,2 5. 0,5
30 Eops 2,42 1,2 5. 0,5
29 K orp 2,42 1,0 5. 0,5
29 ? 2,4 2,31 8. 0,7
I t 2,42 2,38 8. 0,7
II sk, 2,42 1,8 20. 2
29 aks 2,42 1,8 20. 2
25 akyg 2,42 I,8 20. 2
25 aks 2,42 2,4
29 nKs 2,42 2,38 20. 2
II A Ks 2,42 2,39 20. 2
29 S 8/69 24,42 2,4 6. 0,6
29 GS5/69 2,42 2,1 8. 0,7
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Table 2
1No, of | Type of | ! i
! Assembly ! experiment ! ‘gl ! 82 ! O skec
I 25 R, op 2,42 2,3 0,5
2 29 Roer 2,3 0,93 0,5
3 23 Kype 1,06 1,055 0,5
4 24 Ropr 1,055 ;,043 0,5
5 35 Koo 1,049 0,94 0,5
6 25 Ak, 0,988 0,979 5
7 29 akg 0,983 0,929 5
8 II ankg 0,948 0,929 5
9 29 aks 0,942 0,90 5
10 25 o ks 0,940 0,68 5
II 29 4 0,92 0,82 ?
I2 25 2 0,91 0,66 7
I3 29 S8/c3 0,88 0,56 2
I4 11 aks 0,65 0,62 5
15 29 §5/59 0,63 0,62 0,5

b, 1s the accuracy of calculating Ke of BN-600 on the basis of

the while preceding set of experiments, 6Zfis the accuracy of calculating
Keff on the basis of the preceding set plus the given experiment with
infinitely small measuring error; the experiments are added to the
covariant matrix, it being assumed that they were performed with an

accuracy of o .
exp
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Neutron Physics Conference, Kiewv, June 1973

DETERMINING THE NECESSARY ACCURACY OF NUCLEAR DATA WITH
ALLOWANCE FOR INTEGRAL EXPERIMENTS

L.N. Usachev, Yu.G. Bobkov
Institute of Physics and Power Engineering

The problem formulated in the title of this paper will be considered
as applied to the dispersion of theoretical predictions of the conversion
ratio (CR) and the effective multiplication factor (Keff) for a simplified
model of a large plutonium reactor, described by the authors and V.N. Manokhin
in Ref. Z-;;7. The reactor has the following parameters: a core volume
of 5 m3, a capacity of 1000 MW(e), a plutonium charge of 1630 kg, and a
concentration of fuel (mixture of uranium and plutonium oxides), sodium
and steel in the core of 40, 40 and 20% respectively. The plutonium con-
centration in the fuel is 11.3 and the isotope composition of the plutonium
is 239Pu 61%, 240Pu 30%, 241Pu 6% and 242Pu ¥. Fission fragments account

for 4% of the amount of plutonium and uranium.

The permissible digpersions of the predicted CR and Kef due to errors

f
in the nuclear data are considered to be 4 and 1, corresponding to per-
missible errors of 2% and 1%. Dispersions of 36 in the CR and 10.4 in the
Keff’ i.e. errors of 6% and 3.85 respectively, correspondto the attained

level of accuracy of nuclear data described in Ref.J{-L;7.

The first three columns as well as the geventh column of Table 1
reproduce in abbreviated form the data in Ref. Z-l;7 for the isotope and
the quantity, the energy interval, the accuracy attained in the nuclear
data and the contributions of the errors of different nuclear data to the

dispersion of the CR.

The fourth column of the Table shows the required accuracy of the set
of microscopic values which provides the required accuracy of the reactor

parameters and the sixth and eighth columns show the corresponding contributions
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to the dispersion of Keff and CR, i.e. to unity and to four. The
contributions of the errors of the different values to the dispersion

of Ke at the accuracy level achieved are shown in column 5.

ff
The required accuracy of the different values, which is given in the
fourth column, was obtained using an algorithm described in Ref. [—2;7,
in which the problem of determining these required accuracies is
formulated as a problem of the mathematical theory of experiments which
involves finding the optimum plan for the measurements and evaluations

of microscopic nuclear data. The meaning of the errors in Table 1
follows from the simple and realistic model proposed in Ref. [—2;7 for
taking into account correlations between errors of different quantities.
The error in v is the component of the error in the measurements relative
to v of 2520f correlated over the whole energy range. The achieved and
the required error of v of 2520f, which is 0.3%, is not included in the
error values presented. The cross-section errors presented are the
components of the error in measurement relative to a particular standard
cross—-section and are fully correlated in the given energy intervals.

By the error in flux measurement we mean the error in the standard cross-
section (above 100 keV for op of uranium-235 and less than that for
boron-10). Here again we are concerned only with the error component

which is completely correlated over the given energy intervals.

It should also be noted that the required accuracy given in the fourth
column differs from the required accuracy which provides a dispersion in
the CR equal to 4 (see Ref. ZPL;7), in the more stringent requirements for
the fission cross-section of 239Pu and for the accuracy of the standard
cross-section (flux). The requirements of the fourth column provide

dispersions in the CR and Keff of 4 and 1.

As we can see by comparing the third and fourth columns, the accuracy
requirements for the microscopic experiments are on average three times
higher, which means that the experiments to be carried out will cost nine
times as much as those performed hitherto, if the cost of an experiment is

taken to be inversely proportional to the square of the error.
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The question arises whether it would be possible to use integral
experiments to reduce the accuracy requirement for microconstants and

under what conditions.

Let us consider the integral experiments on the BFS-23 assembly’[f};7
and the ZPR-3-48 assembly 174;7 which contain plutonium in the core.
The core volume, the plutonium charge and its concentration in the fuel
3, ~70 kg and 13 respectively for BFS-23, and 0.37 m3, 260 kg
and 17% for ZPR. The types of experiment are indicated in Table 2 and in

are 0.8 m

the remarks in Table 1. The methods of using integral experiments to
reduce the dispersion of the predicted reactor parameters is developed
by the authors in Ref. Zf5;7 in termms of the method of sequential
experiment planning, described by Fedorov in Ref. Zﬁ§;7.

Provided that all the experiments indicated in Table 2 are carried
out on both assemblies with an accuracy of 0 the requirements for
measurements of the microscopic constants are reduced to those given in
column 9 of Table 1, If only the experiments on the cross-section ratios
in the centre of the assembly are employed, the requirements are reduced

to those given in column 10 of Table 1.

The reductions in the requirements are very significant but at the
present time they cannot be considered of practical value, since the
errors in the integral experiments, which - apart from the errors of the
experiment itself - include the disparity between the theoretical model

and the experiment, are better characterized at present by the o, column

2
of Table 2. This means that, for all practical purposes, the requirements

for microscopic experiments are not reduced.

It is interesting to note the theoretically determined fact that the
various integral experiments on the ratios of processes in the centre of
the assembly actually affect only the contributions of the errors of the
cross—-sections which are included in the measured ratios. Thus, for
example, if the integral measurement of a = gg— in the centre of the
assembly is excluded, this merely has the effect of taking away the
reduction in requirements for microscopic measurements of a which has
practically no effect on the other values. It should also be noted that
the integral experiments investigated do not reduce at all the accuracy

2
38U and reduce only to

238

a small extent the accuracy requirement for capture by U; moreover,

requirement in respect of inelastic scattering by

the requirements for a of plutonium are not reduced either, since the
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integral experiment for a with the required accuracy is obviously
very problematical, and the Keff experiment does not affect the

requirements for a.

It should also be noted that the process for reducing accuracy
requirements by integral experiments on the various error components
obviously leads to a better plan than that described in Ref. Z—L;7,
which is based on uniform reduction of requirements for all values and
not just those which are most markedly affected by this integral
experiment. An illustration of this is the significant reduction
in accuracy requirements for the fission cross-section and the flux
measurement to the values already attained by virtue of the integral
measurement of Keff’ if the requirements are lowered in those components
which are most greatly affected by the integral experiment. If the
lowering of requirements is distributed all over components, as was

done in Ref. 1—147, thig effect will be less significant.

And, finally, it should be noted that it was possible to present
the requirements and the reductions in requirements due to the integral
experiments for both CR and Keff with good accuracy in one table (Table 1).
The requirements for fission cross-sections and flux measurements are
determined by the Keff’ a is determined by the CR and the remaining

values are determined by both of these in equal degree.



Table 1

fEnergy . Acc,y - of Keff

" Contr,to dispe

Contr.to

Accuracy requ.Accuracy requ,

disp,of CR .w/allowance fi.w/allowance only

Isotope - interval attain- Requ,d Attain- Re-

" integral ex- .f.cross-section

Quantity: MeV ed * Acc,y. ed quired:Att' Requ, . periments 'ratio experiments
I : 2 : 3 : &4 : S5 : 6 7 t 8 9 : 10
9 3¢ -
P(‘; - 7 0,8-0.1 I.5  0.85 0.09 0.0I  0.00 6 8 +2.5
' <0.I 1.5 0.20 0.I2 0.04 0.0I 6 3 ¢+ 2.5
PUZ39 0,8-0,I IS5 5 0.03 0.0I I.I5 0.I3 5(15%) 5 (I5%)
Sc <0.I 10 3.6 0.08 0.0I 3.I7 0.42 3,6{10%) 3,6 (10
Py 2%9 _ Keff of the assemb-
. 10,5-0.00 1.5 0.5 0.60 0.05 2.0 0.26 I, @.5 lios considered is
assumed to be meas-
ured with an accur-
acy of 0.5%
U233 0.8-0.I 10 3.0 0.83 0.04 I.42 0.I4 4,5 4,5 The ratio 0o8/0¢9
S ¢0.I IS 2.7 8.0I 0.07 I3.5  0.43 5 5 is assumed to be
measured in the
assemblies with an
accuracy of 2%
V238 Se 10,5-1.1 5 2 0.I6 0.02 0,54  u.09 5 5
{}2’,3 \)F IO.S-IOI 3 Ioo OQB 0.0I 0.43 0-08 3 I.O

¥ Provided that there is integral measurement
are not lowered,

of Gc9/df9, otherwise the requirements

- continued

_LI.—



Table 1 (continued)

1 P 2 1 3 &+ 4 + 5 & g i 7 i g i 9 : 10 :
U238 10,5-6.5 30 9  0.27 0.02 0.7 0.I0 9 9
Sin  2.5-L4 IS 8¢ I.03 0.04 I1.98 0.I7 3+ 4 8 ¢4
I.4-0.8 IO 3.0 0.46 0.03 3.42 0.22 3.0 3.0
Flux  10+5-0.8 6 I.5 I.49 0,05 I.6I 0.I5 6 2
0.8-0.1 3 I.5 0.I0 0.0 0.03 0.02 3 2
0.1~0.8 4.0 2.5 0.0  0.00 0.I3  0.04 4 2.5
Steel 10.5-0.8 50 17 0.I3 0.02 0.89 0.07 17 15
0.8-0.I 80 13 0,05 0.0 0.I19 0,05 13 10
0.1-0.0 30 IO 0.04 0.0I 0.40 0,08 10 10

* Provided that there is integral measurement of ©
are not lowered,

09/6f9, otherwise the requirements
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Table 2

Required accuracies of integral experiments

Type of experiment; A : ¥, : T,
Keff S+ 4 0.5 5
Sed/vkg 20 6 25
Te 3/Ck 0 6¢7 2 I0
Sedl /arg 9 3 12
Sec 9/5%0 I0 3 -

A The accuracy with which this experiment can be

calculated on the basis of the existing accuracies
of nuclear constants.

c Lower accuracy limit of the experiment, Performing
the experiment with an accuracy better than 61 does
not increase its information content,

02 Upper accuracy limit of experiment, Performing the
experiment with an accuracy less than 6, is point-
less, because the experiment becomes quite uninformative,
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