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FOREWORD

It is generally agreed that the ultimate economic advantage of power produced
by nuclear fission over that produced by conventional sources depends on the
ability of a certain type of reactor to breed precious nuclear fuel out of the plenti-
ful but not readily fissionable isotope of uranium. This fact is mainly responsible
for the importance attached to the development of fast power reactors, but
many other interesting properties of unmoderated or weakly moderated reactor
systems have also been brought to light by reactor physicists.

In August 1961 the Agency organized in Vienna a Seminar on the Physics
of Fast and Intermediate Reactors, at which all the topics relating to this im-
portant branch of reactor science were discussed. The main feature of this meeting
was extensive discussion of the 66 written contributions, which set the
stage for a wide exchange of experience and ideas throughout 13 half-
day sessions. The Seminar was attended by 132 scientists from 22 Member States
and two international organizations.

It is hoped that these Proceedings of the Seminar, which include both the
papers presented and a record of the discussions, will be useful as a reference
work both to research workers in the field and to newcomers to it for many
years to come. The Agency’s thanks are due to all the participating scientists
for their written or oral contributions and especially to those among them who,
as session chairmen, led the discussions and contributed greatly to the success
of the meeting.

March 1962 Scientific Secretary
Seminar on the Physics of Fast
and Intermediate Reactors
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The papers and discussions incorporated in proceedings published by the Inter-
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METOJIbI PACYETA AJEPHBIX PEAKTOPOB
HA IMTPOMEXYTOYHBIX
N BBICTPEIX HEUTPOHAX

I'. 1. MAPUYYK
AKAOEMUS HAYK CCCP, MOCKBA,
CCCP

Abstract — Résumé — Amnnorauuss — Resumen

A review of calculation methods for fast and intermediate reactors. This paper
discusses the development of methods for calculating intermediate and fast reactors.
It deals with various approaches to the problems of physical calculation. The cal-
culation of resonance effects is discussed. Consideration is given to multi-group
systems of fundamental and conjugate equations, various applications of perturbation
theory to the problems of physical reactor calculation, and numerical methods of
solving fundamental and conjugate reactor equations, which approximate the method
of spherical harmonics.

"The paper describes an application of the response method to the solution of critical-
mass problems, and methods of calculating reactors with hydrogeneous moderators.
The fundamental features of an effective one-group reactor model are described.

Exposé des méthodes pour le calcul de réacteurs a neutrons rapides et intermédiaires.
L’auteur examine la mise au point de méthodes pour le calcul de réacteurs & neutrons
rapides et intermédiaires. Il décrit diverses maniéres d’aborder les problémes des
calculs sur la physique des réacteurs, notamment le calcul des effets de résonance.
11 s’attache particuliérement aux points suivants: systémes d’équations fondamentales
et conjuguées & plusieurs groupes; diverses applications de la théorie des pertur-
bations aux problémes de calculs sur la physique des réacteurs; méthodes numériques
pour résoudre les équations fondamentales et conjuguées, voisines de la méthode
des harmoniques sphériques.

L’auteur décrit ensuite une maniére d’appliquer la méthode de la réponse aux
problémes de la masse critique ainsi que des méthodes pour le calcul de réacteurs
ralentis & lhydrogéne. Il décrit les caractéristiques fondamentales d’un modéle
de réacteur & un groupe effectif.

(Q0630p METOAOB pacyeTa PEAKTOPOB HA MPOMEKYTOUHBIX H OBICTPLIX HeliTponax. OOcyxnaercs
pa3BUTHE METONOB pacyeTa sSAEPHBIX PEAKTOPOB Ha IIPOMEXYTOYHBIX M OBICTPHIX HEHTpPOHaX.
PaccMaTpuBaIOTCS Pa3NMYHbIE MOCTAHOBKM 3aJay (usmueckoro pacyera. OOcyxmaeTcsi yueT
pe30oHaHCHBIX 3(0(eKTOB. BBOISTCS B DACCMOTPEHHE MHOTOTDYINIOBBIE CHCTEMBI  OCHOBHBIX
M CONPSDKEHHBIX ypaBHeHWil. [laeTcs pa3NnuyHOe NMPUMEHEHWE TEOPHH BO3MYIIEHHH K 3amadam
(u3MYECKOro pacyera peakTopa. PaccMaTpuUBalOTCsl MHCICHHBIE METOIbI PEIICHHS] OCHOBHBIX
¥ CONpPSDKEHHBIX YPAaBHEHHMIl peakTopa B NPHOMMKEHUM METONa CHEPHYECKNMX TapMOHMK.

Jlaetcst mpMEHEHME METONA XapaKTEPHCTHK K PELICHUIO 3a/1ay Ha KPUTHYECKYIO Maccy peak-
Topa. M3naraioTcs MeTOObI pacieTa PEaKTOPOB C BOAODOACOACDKAIUAMY 3aMEIJINTENISIMH.
Wznaratorcs oCHOBBI 3h¢eKTUBHOM ONHOTPYIINOBOM MOIENH DEaKTOpa.

Estudio panoramico de los métodos de ealculo de los reactores rapidos e intermedios.
El autor analiza el desarrollo de los métodos de calculo de los reactores nucleares
que trabajan con neutrones rapidos y con neutrones intermedios. Examina diversos
planteos de los problemas del céleulo fisico. Indica la forma de tomar en cuenta
los efectos de resonancia y menciona los sistemas de ecuaciones fundamentales y

1%



4 I'. 1. MAPYVK

conjugadas de la teoris de los multigrupos. Expone luego diversas aplicaciones de
la teoria de la perturbacién a los problemas del calculo fisico del reactor. Examina
los métodos numeéricos de resolucién de las ecuaciones fundamentales y conjugadas
que expresan el funcionamiento del reactor sobre la base del método de los arménicos
esféricos.

Explica asimismo cémo se utilize el método de las caracteristicas en la solucién
de problemas relativos a la masa critica del reactor. Describe los métodos de célculo
de los reactores con moderadores que contienen hidrégeno y, por fin, expone las bases
de un modelo efectivo fundado en la teoria de un solo grupo, aplicable al reactor.

Breenue

lilmpoxoe IpHMEHEHHE B pPACYeTaX OBICTPOAEHCTBYIOLIEH BBIYMCAHTEILHON
TEeXHUKH CO3IAJI0 OJarompusiTHBIE YCIOBHS [UIS PasBUTHS MHOTHMX o6jacrei
Hayky ¥ Texuuku. Hoselmme TOCTHXEHWS BBIUMCIUTEIBHOW MaTeMATHKH IIO3-
BOJIAIM JTIEPECMOTPETh AJITOPHTMBI PEIEHMS MHOTHX 33034 MaTeMaTHYeCKOH
(Gu3UKK M pa3paboTaTh HOBBIE aJITOPHTMBI, OCHOBAHHbIE HA HCIIOIL30BAHUM YHC-
JIEHHBIX METOJI0B, oaaromuxcs 3P QekTHBHON peannzarmy Ha BHIYHCIUTEIbHBIX
MaXIHaX.

Taxum o6pa3oM, aHATUTHYECKHE METOIBL PELIEHUS 32124, BO MHOTHX CIy4asx
YCTYIUIH MecTo HoJtee 3pGeXkTHBHBIM YHCICHHBIM METOAAM.

Hcnmonb3oBande B pacieTax OBICTpOACHCTBYIOLICH BEIMMCIMTEIBHON TEXHMKH
MO3BOJIMJIO IIOCTaBHTh M PELIATh HOBBIE 3aaydl HAYKH M TEXHUKH, pPEIICHUE
KOTOPBIX, BCICACTBAU OOJBIIOIO 00beMa BBIYHCIMTENBHBIX paboT, Ka3anock pa-
Hee IPaKTHYECKH HEOCYIIECTBUMBIM.

B pe3ynbpTaTe cO3ZIANUCh TaKUE YCIOBUSA, IIPH Koropmx 0Ka3aJ10Ch BO3ZMOXHBIM
peiaTh CIIOKHEWIIHe MaTeMaTHYeCKhe W JIOTHYECKHe 3aJadyd. B CBA3M ¢ 3THUM
OCHOBHOE BHMMAaH¥e TIPHOOPES M BONPOCH, CBA3AHHBIE ¢ MATEMATUYECKOM TIOCTa-
HOBKOHM 3amay M pa3paboTkoil 3pexTHBHBIX BHIYHCIHUTENBHBIX alrOPUTMOB:

Vcnexu B 067aCTH BBIYACIUTEILHON MATEMAaTHKN OKa3aJIiH OOJIBIIOE BIIHMSHUHE
Ha pa3sBUTHE TEOPUH ¥ METOJOB pacueTa SIEpHBIX peakTopoB. Ilocie kHUTH
C. I'meccrona 1 M. Dmnyrana [1], B xoTopoil ObUIH H3JI0XKEHB! 3JIeMEHTAPHEIE
OCHOBBI TEOPHM PEAKTOPOB HA TEILIOBHIX HEWTPOHAX, MOSBHUIACH MOHOTpadus
A. 1. Tanaauna [2], mocBsmeHHas BONMpocaM TEOPHH peakTOPOB Ha TEIUIOBBIX
HeiiTponax. TeopeTuuecrue OCHOBHL ATOMHOM SHEPreTHKH B JaJIbHEHIIEM
Obijd U3NOXeHb! B KHUrax A. BeiiuCepra u E. Burrepa [3], a Takxke B. JI3Bucona
[4]. B nonorpadusix I. 1. Mapuyka {3], [6] paccMoTpeHsl MeTOABI pacyera
SIAEpHBIX peakTopoB. B mocnenHee Bpems Bwina xuura P. Merpebamana u
. Xonmea 7], KOTOpas Takxke NOCBALIEHA BOIIPOCAM TEOPUH W METO/IaM pacyeTa
SIIEPHBIX PEAKTOPOB.

K HacrosineMy BpeMEHH HE YTPATHJIM CBQOEro TEOPETHUUECKOro 3HAYEHHUS
paboThl paHHEro MEpHOIA Pa3BUTHs aTOMHOH 3Hepretuku. 1o paborsr E. Bur-
mepa [3), E. Iakiepaca [8], P. Mapmaka [9], [10], H. H. Boromo6osa [11],
U. U. I'ypesuua, U. . Tlomepandyka [12], I'. I'ypsutna [13], [14], A. Beitnbepra
(3], [15] = mp.

JanpHeiilllee pa3BUTHE TEOPHH AJEPHBIX PEAKTOPOB M METONBI pacdeTa HOIy-
YU B JOKJaJaxX Ha NMepBOi M BTOpoi JKeHEeBCKU KOH(EPEHIUIX O MUPHOMY
HCIOJIb30BAHUIO ATOMHOM 3HEpruH.

Bonbnioe pasBUTHE TeOpHS M METOIBI pacyeTa SIepHEIX pPeakTopoB MHOJIY-
g B Coserckom Coro3e.
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CylLeCTBEHHBII OPOrpecc HMeI MECTO B TEOPHH H METOJax paciera TEILIOBBIX
peakTopos B paboTax M. B. Kypuarosa [16], A. IT. Anekcagaposa [17], A. 1. Ann-
xanoBa [18], . Y. Bnoxunuesa [19], [20], B. C. ®ypcosa [21], K. 1. I'ypeBuya u
H. A. Momepanuyka [12], C. M. ®eitabepra [22], [23], [24], A. O. I'anannna (2},
[25], B. B. Opnosa [26], [27] u xp. Ha ocHOBe 3THX paGoT HayYyHO 0DOCHOBAHBI
OpPOEKTHI SJIEPHBIX PEaKTOPOB s 6OJNBIIOrO YHC/A SHEPTETHYECKHX YCTaHOBOK,
TakMX Kax TepBas aromuas anexrpoctanuus CoseTckoro Coro3a, BopoHexckas,
Benospckas aTOMHBIE 3JIEKTPOCTAHINH, Jenokon ,, Jlennn™ u map., a Taxxke 60JIb-
IIOTO YMCIA HKCHEPUMEHTAJLHBIX PEaKTOPOB C PAas3IHYHBIMHU 3aMeITHTENIMHE A
TeNnJIOHOCUTEISIMHA.

Teopus ¥ METOOLI pacyeTa PeakTOPOB HAa IPOMEXYTOYHBIX HEHTpOHAaX IOJY-
yuaM pa3suTHe B paborax A. U. Jleitmynckoro, A. C. Pomanosuuya, JI. H. Yca-
yepa [28], B. 5. Ilynko [29], [30], B. A. Ky3renosa, b. @. I'pomosa, I'. 1. To-
wuHcKoro, B. B. Hekynosa. B. B. Opiosa [26]—[31] u np.

B 1949 roxy A. Y. Jleiimyrckuii yxa3aj Ha BO3MOXHOCTh MCIIOJIb30BAaHAS Peak-
Topa Ha OBICTPEIX HEUTPOHAX C IEJTBIO MOJIYYEHNS SHEPTHH TP OJHOBPEMEHHOM
3HAYMTEILHOM BOCIPOM3BOCTBE aTOMHOTO TOprovYero. B mampHeliueM Teopus u
METOIEI PACUeTa PeakTOPOB Ha OBICTPHIX HEMTPOHAX COBEPIICHCTBOBAIMCH M
pasBuBajuch B paborax A. U. Jleiimynckoro [32], [33], [34], . . Biaoxunuesa
[20], [34], JI. H. Vcauesa [28], [35], O. A. Kazaukosckoro [36], . V1. BormapeHxo
[37], [38], C. B. Illnxosa [39], [40], FO. A. CraBucckoro [32], [33], a Taxxe B. C.
Bnamumuposa [41], [42], FO. A. Pomanosa [43] u np.

Vkasanuble paboTHI TO3IBOJIMIH HAYYHO. 000CHOBATH TIPOEKTHI AaTOMHBIX BHE-
reTnieckux ycranopox BP-1 u BP-2, IocTpOoeHHBIX M IMYIIEHHBIX B 9KCTUIYaTaIluIO
COOTBeTCTBEHHO B 1957 1 1959 rT.

0630p paboT UHOCTPAHHBIX YYEHBIX II0 TEOPUH X METOJAM pacyeTa peaKTOPOB
JaH B JOKJaJax Ha DepBoil m BTopoi M eHeBckHMX KOH(bepeHIHX.

CyliecTBEeHHOE Pa3BUTHE 3a TIOCJIEOHHE TOMABI TMOJIy4Ma Takke M BBIYHCIM-
TeIbHAA MaTeMaTHKa, OCHOBHEIE PE3YJIbTaThl KOTOPOi OBUIM HOJIydeHHB! XOJLIeK-
tHBOM Martematrdeckoro Hucruryra uMm. B. A. Crexnosa AH CCCP mon
HAaYYHRIM PYKOBOJACTBOM akameMuka M. B. Kengeina. HauGonee cymecTseHHbIe
pe3yNbTATHI 3THX PabOT OTHOCATCS K PEIEHMIO KOHEYHO-PA3HOCTHEIX YpaBHEHHH
JUTANTHYECKOTO THIIA, a TAK)Xe K MOCTPOCHUIO KOHEYHO-PA3HOCTHEIX YpaBHEHMIA,
aNmMpoKCUMUpPYIoINX mubdepeHInadbHble YPAaBHEHU ¢ Pa3pBIBHBIMH X03ddu-
IEHTAMH.

751 pertieHus TPEXTOYEYHBIX KOHEYHO-PA3HOCTHBIX YPAaBHEHUH 3IHITUYECKOr O
tuna Y. M. Tensangom u O. B. JloxynueBckuM (cMm. [5]) u, HezaBucumo, A. C.
KponpoaoMm (cm. [2]), a Takxke IHTapxom [44], [45] Oput chopMyIHpOBaH METO
JMHERHON (pakTOpH3anMM, KOTOPLIA IO3BOJHI KPaeBYIO 3amady CBECTH K IIO-
CIeOBAaTEIbHOMY PELUCHHIO TpeX KOHEYHO-PAa3HOCTHBIX YpaBHEHHEH I€PBOro
nopaaxa. B naneaelimuem M. B. Kenapiur, Y. M. Tenbdann u O. B, Jloxyuuesckuit
sMecTe ¢ K. WM. babenko u H. H. YeHNOBBIM CYIIECTBEHHO DPa3BUIM METOJIBI
peIeHNS KOHEYHO-Pa3HOCTHBIX YpaBHEHHU, pa3paboTaB ammapar MaTpUYHOM
¢bakTOpH3aLUMH NPUMEHUTENHFHO K CUCTEMaM pPa3HOCTHBIX ypaBHeHmH. B vact-
HOCTH, 3TO IIO3BOJIHIO CHOPMYIUPOBATH HOBLIH METOH PElIeHUS MHOTOMEPHLIX
IuddepeHIHANBHBIX YPAaBHEHUH 3IUIMNTHYECKOTO THIA. MeToa MaTpHYHOH
daxTOopH3anUH OKazall pelualoliiee BIMSHHE Ha Pa3BUTHE YHUCHEHHBIX METOROB
peilicHns ypaBHEHHH MeToma cepnyecknx rapMOHHK MPUMEHUTEILHO K 3a1a9aM
aTOMHO¥ 3HEPreTUKH.



6 I'. 1. MAPYYK

V3yuennio XOHEYHO-PA3HOCTHBIX YpaBHEHWH, aNmpOKCHMHUDYIOWIAX Oudde-
PEHUMANBHEE YPABHEHHS JUTMITHYECKOTO TANA, OcBALIeHs! pabornt A. H. Tuxo-
HoBa U A. A. Camapckoro [46], [47]. B paboTtax A. H. Tuxonosa u A. A. Camap-
CKOTr'0 BeCbMa MOJIHO HCCHIENOBAHBI BOIPOCH! IOCTPOSHUS TPEXTOYEYHBIX KOHEYHO-
Pa3HOCTHBIX CX€M, [JaHBEI NPAKTHYECKHE aNTOPUTMbI HauboJiee palHOHAILHOM
annpokcumManny AubdepeHIMaIbHBIX YpaBHEHMH KOHEYHO-PAa3HOCTHBIMM, a
TaKXe YCTAHAaBJIMBarOTCS OOILME CBOMCTBA PpeILeHH pa3sHOCTHBIX YpaBHEHWIA.
MU BBOAMTCA B paccMOTpeHHEe IOHATHE MHTETPajbHOM TOYHOCTH PEUIEHHS
KOHEYHO-Pa3HOCTHOTO ypaBHEHHS 1O OTHOILUECHWIO K pelieHHIo AngdepeHIHab-
HOTO YpaBHEHHMS M JOKA3aHbl TEOPEMBI O CXOIMMOCTH PEIUEHUR KOHEYHO-pas-
HOCTHOTO ypaBHeHus. B 9YacTHOCTM [0Ka3aHO, YTO IIOCTPOEHHbIE PA3HOCTHBIE
ypaBHEHUS B KIIacce Pa3pHiBHBIX K03dduumeHTos 00520a10T BTOPHIM UHTEr pajlb-
HBIM MOPSAIKOM TOYHOCTH.

JocTuxeHus BHIUNCIUTENBbHOM MaTeMaTHKH LINPOKO 0OCYyXAeHBI B HayyHOHU
JIUTEepaType, 2 Takke Ha KOH(epeHLMsIX W Che3max.

B nacTosniemM 0630pe Mbl OCTAHOBUMCS HA PACCMOTPEHHUH HEKOTOPHIX NIPUHLH-
MHaJIbHBIX BOIPOCOB TEOPHH U METOZIOB pacueTa PeakTOPOB, MOIYYUBIIMX IUHPO-
KOE€ pACIPOCTpaHeHUe B INPAKTHYECKOH HEeATebHOCTH HAyYHBIX KOJIJIEKTHBOB
Coserckoro Coro3a.

1. OcnoBHBbIE H CONpIKEHHBIE YPaBHEHHs

Haubonee obuias MaTemaTnyueckas GOpMYIHpOBKA 3a[a4H HA pacueT KpUTH-
YeCKOT'0 peXkiMa paboThl peakTopa AaeTcs C MOMOLIbIO MHTET po-auddeperLinaib-
HOTO ypaBHEeHHs BoJibliMaHa IpH COOTBETCTBYIOLUEM I'DAaHHYHOM YCJIOBMH Ha
BHEIIHEeH TOBEPXHOCTH peakTopa S:

9v<p+2¢“fdv'fd9'¢(n Q) W (g, v —> ) =0 1)
@(r,R,v)=0 HaS, Qn<0 (2)

e @==nv — HNOTOK HCﬁTpOHOB B TOYKE ¢ paauyCOM —BEKTOPOM I, HUMEIOLIUX
cKkopocTh v=vS2, § — eIMHWYHBEI BEKTOp HAIpaBIEHWs NOJeTa HEHTPOHa,

2 — IOJHOE MaKpOCKOIIMYECKOE CEeUeHHe B3aMMOJIEWCTBUSI HEHTPOHA C BEILECT-
BOM, o= Q. IlITpuxaMu OTMeueHbI BEJHYHHBI ¥, £, XapaKTEpH3YyIOIME
CKOpPOCTb HEWTPOHA 0 CTOJKHOBeHMUS ¢ AnpoM. DyHxuns W (uq, v'—>v) aBageTcs
b depeHIHANLHBIM CeUeHUeM SepHOTO Mpoltecca B3aUMOICHCTBHS HEHTPOHOB
C BElLECTBOM. '

I'paunynoe yciosue (2) BbipaxaeT TOT (hakT, YTO BBUICTEBUIME U3 PEakropa
HEHTPOHBI, eJUHUYHBIE BEKTOPBI CKOPOCTEH KOTOPHIX CBSI3aHbI C BHEINHEW HOP-
MaJIbIO 0 K IOBEPXHOCTH cooTHOLIeHHeM £ n< 0, He BO3BpAILAIOTCS CHOBA B
peaktop. Ycnosue (2) paBHOCHNBHO NPEANIONOXKEHHIO, YTO PEakTOp IPaHMYUT
C BaKyyMOM MJIA C aOGCONFOTHO YEPHBIM TEJIOM.

TakuM 06pa3oM, IPOCTPAHCTBEHHO-3HEPTETHYECKOE U YIJIOBOE Paclpe/IeJicHAE
HEHTPOHOB B KPUTHYECKOM DEaKTOpe ONMHCHIBAETCA OXHOPOAHOMH 3anayeit (1), (2).
M3BeCTHO, YTO HEOTpULATENBHOE perrenne 3aayH (1), (2) BOSMOXHO NPH BIIOJHE
OIIpeeJIeHHBIX pa3Mepax peakTopa, KOTOPHIE Ha3bIBAIOTCA KPUTHYECKUMH Dpa3-
Mepami. B GonbiuvHcTBe cayyaes peierne 3agayd (1), (2) COCTOUT B OTHICKAHMH
KpHUTHYECKOTO pa3Mmepa peaktopa. OOHAKO, BO3IMOXHLI Pa3JINYHbIE BHIOM3ME-
HEHMS 3aHa4M Ha pacyeT KpUTHYECKOTo peakTopa. Tak, Hampumep, IpH GUKCHpO-
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BaHHBIX Pa3Mepax peakTopa MOXHO M3MEHSATH KOHUCHTPALHIO AAEP ACIALUETOCT
H30TONA MM 3aMelUTHTeNs TaK, YToObl 00ecHeuuTh CyLIeCTBOBAHHE HEOTpPHIA-
TenbHOro pewenus 3amayu (1), (2). Bo3aMoxHEBI Taxke W Apyrde comocober ocy-
LIECTBIIEHUS KPUTHYECKOTO pexkMMa paboTH peakTopa.

JanpHeiilliee pACCMOTPEHHE CBOTUTCS K PA3JIMYHBIM YIPOIIEHHAM B IOCTAHOBKE
u pewieHnn 3amauu (1), (2) mMpUMEHHTENBHO K TeM N MHBIM KOHKPETHBHIM
YCIOBUAM (DH3UYECKOro pacyeTa peakTopa.

Ognaxo, mpexne 4eM cHOpPMYJIUPOBATh NPUOJUKEHHBIE METOIBI PELUCHHUS
ypaBHEHHMiA peakTopa, MBI OCTAHOBMMCS Ha OIHOM (yHZaMEHTAIBHOM BOIpPOCE
TCOPUH SAJEPHBIX PEAKTOPOB, a MMEHHO, Ha IPHMCHEHHH conp;mennmx ypaB-
HeHM B Qu3KUecKOM pacueTe peakTOpPOB.

JAg mOMydeHus CONPKEHHOTO YPABHEHHS II0 OTHOIIEHHIO K OCHOBHOMY
ypaBHeHMIO peakropa (1) BBOOMTCA B PpacCMOTpEHHE MOHITHE CKaISpHOro
npousBeneHns. PaccmorpmMm mse dyukuum f(r, £, v) 1 f* (r, £, »). Torma
CKaJIIPHOE IPOM3BEIeHUE ITUX (YHKUME onmpedeinM CleAyrolEM obpasom:

(%)= [ar[a@ favf s, (3)
Ine MHTErpHPOBAHUC NPOU3BOJUTCA IIO BCel 00nacTH M3MEHECHHS NEPEMEHHBIX

r, 2, v).
Vpasuenue (1) 3anumieM GopManbHO B BHIE

Lp=0 (4)
rae L — omepaTop, ompeneieHHbIH GopMyon

L=QV + 2~f dv'f A W (g, v — v) (5)

IlpeamonoxuM, yro ¢yukmus f (r, &, v) yAOBIETBOPAET IPAHUYHOMY YCIOBHIO
(2), a Taxxe 4ro omeparop L koHeveH. Toraa MOXHO COCTABWTE CJIETYFOUTHit

$yHKOHOHAN
I=(f*Lf) (6)
Ecmu ¢dyskumonan (6) ¢ MOMOIBIO PA3IMYHBIX Npeo6pa3oBaHHi HpHBeIICM
K BHXY
(f*, Lf) = (f, L* *) (7)

TO onepaTop L* Ha3piBaeTCHd COMPAXKECHHBIM ONEpaTOpOM IO OTHOIIEHHIO X L.
HenocpencTeeRHOl mpoBepKoil MOXKHO YOEAUTECS, YTO COMPSKEHHEIA ONEPaTOP
L* umMeer BULI

L¥ =—QV .43 f‘dv’fdﬂ’ Wi, v —v') ’ (8

npu 3ToM Tpebyercs, 9To6b Gynkmus f* (r, 2, v) yIOBAETBOPANA CAeAyIONIeMY
YCIIOBMIO HA BHEIIHEH IOBEPXHOCTH peakTopa S:
f*(r,R,v)=0Ha$, &n>0 (9)

Ecnu B xauectse ¢yHkmmm f(r, &, v) B cooTHOWEHHHN (6) BHIOPATH pellieHHe
ypaBHeHHs (5), T.e. IOJOXUTH .
.f =@ (l', Q: ’U)

a COOTBETCTBYIONIYIO 3TOMY ciydato dyHKmuro f* (r, &, v) 0603HaUNTh Yepes
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* (1, &, v), To paBeHCTBO () NPHBOMKUT K CONPSIKEHHOMY YPaBHEHHIO PeakTopa
L*p*=0 (10)

B pezynbTaTe MBI IPHXOAVM K CIISAYIOLIEH COMPSXEHHOM 3a1aUe, 10 OTHOLIEHUEO
x 3amave (1), (2):

—QVe* 4 Zp* — f dv'f dQ’ @* (r, Q',v") W g, v —v) =0 (11)

@*(r,R,v)=08a8,Qqn >0 (12)

Bnepsrle npocTedIiMe cOnpsyKEHHbIE YpaBHEHUS peakTopa B 3ajavax Ha
KpUTHYeCcKMil pasMep Obuix BBedeHbL B paccMmoTpenue E. Burrepom [3]. Has
OIHOCKOPOCTHOM 3aJauyl CONPSKEHHOe ypaBHEeHWe B BecbMa OOIed TIocTaHOBKe
6pu10 copmynmuposano K. Pykcom [48] m H. A. JImurpueBbiM (cM. [28]).
Haubonee mosHas 3amich CONPSKCHHOTO YpaBHEHHS PEakTopa ¢ yYeTOM 3aMed-
nenus paHa JI. H. YcayesbiM [28]; mM Takxke naHa dbusnyecky HarJsgHas HHTEp-
OpeTanysi CONpsKeHHOM (yHKIMH, Kak IEHHOCTH HeMTpoHOB. B manmpmeiinrem
TEOpHUs CONpPSDKEHHBIX YpaBHeHHH Obuia 06o6mena b. B. KamomuesbiM [49] Ha
cilyvail HeOMHOPOIHEIX ypaBHeHMH mepéHoca yactum. B pabote I'. Y. Mapuyka
K B. B. OpnoBa [27] pa3paboTaH MeTOX IOJYUEHHS CONMpPSKEHHBIX YpaBHEHHI
IUTSL IIMPOKOTO Kjlacca HEONHOPOAHBIX JIAHEHHBIX 3a/1a4, a Takke B oOIlleM BHae
chopMynMpoBaHa TEOPHS BO3MYINEHWH U pPa3JIMYHBIX JIMHEHHBIX (YHKIUO-
HaJIoB.

IIpu pacuere KpUTHYeCKOH MacCchl H IIPOCTPAHCTBEHHO-3HEPTETHYECKOTO
pacnpezesicHus] TOTOKa M LEHHOCTHM HEHTPOHOB B PEakTOpe TOYHOE pelleHHe
KHHETMYeCKOro ypasHenus (1) mpu rpaHuvHOM ycnoswmd (2) NpeAcTaBisieT 3a-
Jayy BecbMa cJOXHylo. [1o3TOMy B GOJILINMHCTBE CIIy4aeB OIPAaHUYHBAFOTCSA
OTEICKAHHEM HUPUOIIMKEHHBIX pemienuil. Cpeid WCTIONB3YEMBIX IS DTOHU NesH
NpUOIMKEHHBIX METONOB 0C000e MecTo 3anumaer muddysmonHoe mpubin-
xenue. CylHOCTh MeTOZa COCTOMT B TOM, 4TO pemienre 3axaud (1), (2) umercs
B BHIE psAla MO chepryecKuM (QYHKIHUSIM, OTPAaHHYHABAACH B PA3OKEHHH OBYMS
niepBbIMM uneHaMmu [10]. :

Wrax, myctb

¢ (1,8,9) =4 [9y (1, 0) + 3Qep; (r,0)], (13)

rne GyHKUns @, SBISETCS TOJHLIM DOTOKOM HEHTPOHOB Yepe3 eqMHUYHYI0 chepy
C LEHTPOM B TOYKE X, a ¢; — BEKTOPHBIM TOKOM HEHTpPOHOB B TOYKE T.

Oyukmuio W (g, v/ — v) passioxkuM B pAA 10 nojuHOMaM Jlexannpa u orpa-
HUYMMCSL JABYMs NMEPBHIME 4ileHamu. Torma 6ymeM MMEThH

W (ttg, 0" — v) = 5 [Wo (" = ) + Buto Wy (07 = )] (14)

Honcraensas seipaxenus (13) u (14) B ypaBHenHe (1), mpUXOAMM K CHCTEME
uHTer po-IMdpdepeHNMaNbHbIX ypaBHEHMA

e+ Zpy— f dv' W (v — v) @, (r,0") =0, 15)
1
5 790+ Zpy— [ Q' Wy (" > v)epy (r,0) =0.
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I'paHMYHOE YCIOBUE IS CHCTeMBI ypaBHeHuit (15) Haitmem cnemys P. Map-
waky [10]:
2¢,n—@,=0Has (16)

Cucrema ypasuenuii (15) BMecte ¢ TpaHHYHBIM ycinoBHeM (16) obpasyeT 3am-
KHYTYIO CHCTEMY OCHOBHBIX ypaBHeHHMII peaxTopa B Aubdy3monHoM mpubim-
JKEHUH. '

AHANOTMYHO, CHCTEMa CONPSKEHHBIX YpaBHeHWi peakTopa B muddy3uoHHOM
npubMKEHMH MOXKET OBITh HOJYYeHA B BHJE

— pe* + gt — f dv’ Wy (v—>v") @™ (1, v') =0

1 (17)
—73 Ppe* + Zep*— f dv' Wy (v—>v") @ *(r,v') =0
I'paHuutoe yciaoBue mJS cucTeMbl ypaBHeHWd (17) mmeeT BHO
2¢,%n+ pp*=0HaS (18)

Cuctema ypaprenuit (17) BMecTe ¢ rpaHnyHbBIM ycioBueM (18) oGpasyroT 3am-
KHYTYIO CHUCTEMY COTPSAXKEHHLIX ypaBHEeHHN peaktopa B muddysmnonHoM npubim-
KEHHH. ’

AHaJOTHYHBIE YpaBHEHHS M TPAaHMYHBIE YCJIOBHS MOIYT OBITH TOJY4YeHBI B
pasmmyHbIx Gojee TOYHBIX, 4YeM P;—npubmibxeHusx Meroma chepryecKux
TapMOHHK.

B cBs3u ¢ TeM, YTO pelleHye OCHOBHBIX M CONPSIKEHHLIX YpaBHEHUH peakTopa
B HauOojiee o6lell MOCTAaHOBKE HpeACTaBJIgeT co0OH 3aJaiyy OYeHb CIOXKHYIO,
noinaromIyrocs 3¢GeKTUBHOMY PpEIIEHHIO TOJBKO B KpaiHE peiKHX CiIyvasX,
MOSIBJISIETCS. HEOOXOIUMOCTD B Pa3paboTKe pa3IUYHBIX NPUOIHKEHHBIX METO0B.
OmuuM u3 Hambonee pacHmpoCTpPaHEHHBIX NPUOMIDKEHHBIX METOHOB PELICHHS
OCHOBHBIX W CONpPSKEHHBIX YPaBHEHMI peakTopa SBISCTCS MHOTOrPYNHOBOH
MeTol. CylqHOCTH MeTO/a COCTOWT B TOM, YTO BECh MHTEPBAJ CKOPOCTEH Hel-
TpoHa B peakTope pa3duBaeTcsl HA YaCTHYHEIE UHTEPBAJLI, B Npedelax Kaxaoro
M3 KOTOPBIX NpeafojiaraeTcs, YTo (u3mieckue KOHCTAHTBI HE M3MEHAIoTCd.

Torzxa na KaxkaoM HHTepBaJe, The (HU3NUECKHe TapaMeTPhl 3a1a4M CYNTAIOTCS
IIOCTOSIHHBLIMM, MOXHO TNPOMHTEIpHpoBaTh ypaBHenue (1) B mpeneilax HaHHOM!
SHepreTHYecKOi TpyHnsl M B KadeCTBE HEW3BECTHHIX BHIOpAaTh WHTETpajibHBIE
TIIOTOKH HEHTPOHOB IIQ TPyIIaM.

B pesynprare dopmaibHO MBI UPUXOIMM K MHOTOTPYIIIOBHEIM CHCTEMaM
ypaBHEHHl peakTopa. Tak, MHOTOrpynmmoBas CHUCTeEMa OCHOBHBIX YpaBHEHUN
npusuMaet Bug [5], [6]

Qpei + Zipi— Z f A I () @' (r, ) =0 (19)
1
@/ (r,R)=0Ha S, R2n<0, (20)
rae

vj
! (1, sz)zfdmp(r, Q,v), (1)

v]-_l
a 29w X/ (uy) — TpynmoBbIE KOHCTAHTBI, KOTOpHIE OYAYT ONpeseieHbl B

JaJIbHEHINEM.
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ConpsxenHas 3ajaya N0 OTHOLICHNIO K MHOTOTPYNMOBO# 3anade (20) Moxer
ObITh cHOPMYJIHPOBAHA C MMOMOILBIO U3JIOKEHHOTO BBILIE METONA C TOM TONBKO
pasHuIe, 4To n7s GYHKIMHA AUCKPETHOTO arpyMeHTa CKAJSIPHOE [IPOM3BEHCHHE
clenyeT OmpenesuTs (HopMyJIoi

(t 1) = Z [ar[a@pir, e

riae CyMMHPOBaHHE NPOM3BOMUTCS IO BCEM IPyNNaM, & WHTETPHPOBaHHE — II0
Beell 00nmacTH M3MeHeHHs TepeMennuix I u . B pesynsTate mpHXoguM K cie-
IYOLIEH COTIPSDKEHHOM 3amaue:

—Qpp* + Zigt — 5 [ AQ T (ug) ¥ (r, Q) (23)
I

p*i(r,2)=0na8,Qn >0 (24)

J1st HOJTyuyeHHst CUCTeMbl MHOTOIPYIIOBBIX KOHCTAHT XV u dynkumit X7 (u,)
HeoOX0AUMO BOCTIONBL30BaThC Teopuei BoaMyluenui. C 3To# Leibio moTpedyem,
uToOBI IIpH mepexone oT 3amaud (1), (2), koTopyro OyneM Ha3hIBATH HEBO3MY-
LUEHHOH, K MHOTOTPYNIIOBOi BO3MYLIeHHOH 3amade (20), (21), kpuTHYeCKHit pa3-
Mep peakTopa WIH J00O0H Npyroii XapaKTepHCTHYECKHI TapaMeTp 3ajadd He
u3MeHnsIcd. B pe3ynpraTe HeTpyAHO NPHATH K GopMyaam ycpem{enpm KOHCTaHT
(5], [6).

Ecny mpeamosIoXHTh, YTO PEIIEHHWS OCHOBHBIX U CONPSAXEHHBIX YpaBHECHHH
He 3aBHCAT OT a3UMyTa, TO TPUXOAHMM K CIEAYIOIIUM (GopMysiaM Ijis IpYMHIo-
BBIX KOHCTAHT:

v

( ar J quz*ffdu e

Zj: Gy v j_ij ’ 25)
fdrfdaq;*ifdmp

11]'_1

I— 2 1
Z J(/‘o)=A”f‘Z P W - Py,

n

m=0
rae
vy 11'
fdrqa fdv Pm fdv W (v— )
. G,
Wlm_)j _ o Y1 ”j—l (26)

jdl‘tp fd’U(pm

v 1-1

3peck Avj=v;— vj—;,Gn — 30HA peaxTOpa, B KOTOPOil MIYTCA I'DYIIOBBLIE
KOHCTAHTHY, @™ U @ (T, v) — Xodddumuentst ®ypbe B paszmoxeHuu ¢(yHKIUA
<p*f (r,u) u @(r,u,v) — B psagbl N0 nomuHomaM JlexaHzapa.

Ananus gopmyn (25), (26) moka3sBaeT, YTO OHH MPEACTaBIAIOT COG0H Apob-
Hble (QYHKUMOHAJNBI €O CTATUCTMYECKUMM BECAMH, B KaUeCTBE KOTOPBIX BBHICTY-
MArOT pelleHuss MHOTOTPYITOBBIX CHCTEM OCHOBHBIX M COIPSKEHHBIX YpaBHEHHUH



PACYET PEAKTOPOB HA INMPOMEXVYTOYHBIX U BBICTPBIX HEMTPOHAX 11

peaktopa. Ecnu B gopmynax (25), (26) TpuHATE @u*/=1H gmn=1, TO ApuxoIUM
K npocrefiuleMy aJrOpWTMy YCPEAHCHHS TIDYNIOBBIX KOHCTAHT. YKa3aHHBIA
npoctedumi CHOCO0 ycpeIHeHHs T'DYNITOBBIX KOHCTAHT LTHPOKO‘ HCIIONB3yeTCs
B pacuertax [5], [6], [39].

AHaJormyusIM 06pa3oM MOTYT GBITH NOJYYEHBI CHCTEMBl OCHOBHBIX M COTIPS -
XEHHBIX ypaBHeHHH peakTopa B P,—mnpnOmmxerun. Tak MHOTOrpyHIoOBas
CHCTEMa OCHOBHBIX ypaBHEHWH peakTopa NPHUHUMAeT BUI

1—j
v + 2y %’"‘Z Zo Py = 01
! 1—j '
1 , , ,
3V + 21"?1""221‘?112 l
1

IpH YCJIOBHH, 4TO
2N — @y =0mnaS. (28)

MHororpynnopasi cucTeMa CONPSKEHHBIX YpaBHEHMii NPENCTABIACTCA B BHUOE
. . . j=>
— Ve + L gt — Z Zopo™ = Ol
1 e 2
— 3 VP* + 2y * ‘“Z 2y M= 0]
I

npu4yeM, rpaHnuvyHbIM YCJIOBHEM Ha BHELIHEHA ITOBCPXHOCTH 6YIICT caeayrouee: -
2¢* N+ @y* =0 HaS. (30)

I'pynnoBble KOHCTAHTBHI B CHCTEME OCHOBHBIX U CONPSKCHHBIX YpaBHEHMIH
HaxXOAATCS ¢ TIOMOIIBIO CIeyIonMx GopMys ycpemaHeHHS :
v;

i
J dr(po*ifdvz'%

’. G, v
Z:01 - vj ’
f dr‘Pn*jf dv g,
Gn Yj1
Yj
fdl‘(pl*jf dr Z e,
. G, Vi
2= v ,
fdrwl*jfdrwt
Gn Vi1 (31)

1/[ llj
f dr %*ff dv g, f dv’ W, (v—2')
. G v v
1 n 11 -1
20—)] = A\lj L

vi
fdr%*jf dv @,
Gn

v.n
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1)[ v
fdr o *ff dv ¢, f dv’ W, (v—>27)
. v G, vy v;.
T = Ay 2 1 ’;I . (31)
. fdrwl*ffdel

G,

n .

J1

Popmyart (31) mpemmonararoT, YTO CHEKTP MOTOKA HEHTPOHOB B KaXIOM
TOYKE PEaKkTOpa M3BECTEH M H3BECTHA MHOTOIPYHNIOBAA LEHHOCTL HEHTPOHOB.
Crporo ropops, HH NOTOK4 HEHTPOHOB HH MHOTOTPYINIOBOM LEHHOCTH MBI
3apaHee HE 3HaeM, TaK YTO TOYHOE 3HAYeHHE IPYMIOBLIX KOHCTAHT, OUpeaesieMblX
dopmynamu (31), HAM HEM3BECTHO.

TeM He MeHee yKa3aHHbIe GOPMYIEL C ycnex0M MOTYT OBITH MCIONB30BAHBI
VIS IpUOIVXEHHOTO TIOJyYeHUs TPYINOBLIX KOHCTAHT. Tak, HanpuMmep, B aKTHB-
HOH 30He peakTopa ycpeaHeHHe KOHCTAHT MOKHO IPOU3BOAUTH C YUETOM CIEKTpa
3KBHBaJICHTHOTO peakTopa Oe3 oTpaxareis, a B OTpaxaTele YCPeXHEHHWE KOH-
CTaHT IPOM3BOJUTH HO HHTETPAJLHOMY IOTOKY HEHTPOHOB, HpeABapHTENLHO
HAaHOEHHOMY H3 COOTHOWEeHUs OanaHca HeliTpoHoB. Takue mnpuOIMKEHHBIE
MeTonn! paspabotansr C. B. Muxoesm [40].

Bo3MoXHBI H Ipyrme METOXNBL yCpemHEHHWs, Oojiee TOYHO YYHTBHIBAIOLIWE
KOHKpETHBIE OCOOEHHOCTH peakTopa. MBI OCTAHOBHMCS 31eCh HA OXHOM 3(dek-
THBHOM METOJE, CYLIHOCTb KOTOPOI'O COCTOMT B CIIEAYIOUIEM.

PaccmoTpuM oCHOBHEIE ypaBHeHHs peakTopa. B muddy3nOHHO-BO3IPACTHOM
OpUOIMKEHAN 3Ta CHCTeMa MNPEeACTaBUTCH B CICHYIOUIEM BHIEC

7 Py
“a‘?q; g ;s 4=vDvg, + 1 () Q (1), (32)
Tae
Q(r)=fduvf,2f(p0, q:&ZS(PO (33)
a4 u — Jjeraprus, CBA3apHas ¢ MEPEMEHHOM v COOTHOIeHMeM % = 2ln (vyfv),

vy — HeKoTopas (puKcmpoBaHHas ckopocTb. [Ipenmonarast mpaByro 4acTh ypas-
HeHus (33) U3BeCTHOMH, pelIMM ero B Ipefeiax IpyHNbl (vj_j,vj) Kak JHHEHHOE
HeomHOpomHOe mibhepeHnaNbHOe YpaBHEHME IIEpBOTO MopsAaka. B pesysabraTe
HETPYIOHO NPUATH kK pemenuro [5], [6] ypasuenus (32).

o (1,0 = 3 {[ P10 — P € 5 () o ) +
3 AT )y (1) + 2 1 Q () (34)
rue
Zo
fEZ's %
Piwy—e iy = (i P g, (35)

NEZ(w) Piw)

uj_l
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Pi=Pi(y), 4i=4)(w), n=[(u)du

~o0

3HaveHusa APYTUX PHU3UYECKHX KOHCTAHT OOIEM3BECTHBI

TaxuMm 06pa3om, CIEKTp HEHTPOHOB B Ipelejax rpymi 6yReT H3BeCTeH, eClin
M3BECTHBI 3HAYEHWS IOTOKa HEHTPOHOB Ha I'paHUIaX TPYNNOBBIX MHTEPBAJIOB.
Kax moxaszano B pabotax [S5], [6] 3HaueHHA MOTOKA HEHTPOHOB HA IPAaHMLAX
MHTEPBAJIOB ONpENEINAIOTCS 3aJadveit:

vDive, (r, %) — 2V g (x, u) = —f/, (36)
rae

; D Pi

n
T P
Di= 1

u; pi ?
7

[+% Priay (37)

uj_l

Zi = £ 5, (w)] 49

F= 7 [P Ze ) g0 (1) + Q)]

B pesynbTaTe pellenus ypaBHeHuil (36) moiyyaeM NMOTOKH HEHTPOHOB IpHU
JIETaprHsx uj, COOTBETCTBYIOUINX CKOPOCTSAM HeliTpoHOB /. [asee, ¢ MOMOILBIO
HMHTEPHONANKOHHOH dopmyibl (34) HaX0mMM CEKTp HEUTPOHOB B JH000i ToUKe
peaxtopa. ITociie TOro, xak CHEKTp HEHTPOHOB HailieH, aJITOPUTM YCPEIHEHUs
(pU3HIECKMX KOHCTAHT IS PEaKTOPa OJHOMEPHOH TeoMeTpHH OyIeT ClIe Ty oI,

ITonmaras B8 dopmynax (32) ¢,*;=1, ¢,*=k, rue k, copmapgaronmit mo Ha-
IPaBJIEHUIO ¢ HOPMAJIbi0 K KOOPAWHATHOMN TMOBEpXHOCTH, IIPHXOAUM K IIpOCTeii-
el CHCTeMe IPYNIOBBIX KOHCTAHT, KOTOPBIE MCIONB3YIOTCA U PpeIleHHs
conpsikeHHOU MHororpymnnoso# 3anaun (30), (31). Ilocie 3TOro CHOBa pacCYMTHI-
BAaIOTCS I'PYIIIOBLIE KOHCTAHTHI ¥ Tak Jajee. DTOT IPOLECC CXOTUTCI OYeHb
OBICTPO, Tak YTO yXe mocje 2-X—3-X MTepaldil TpynnoBble KOHCTaHTHI Goliee
He yTo4HSIOTCS. Jlajlee, C IOMYYEeHHON CHCTEMOM TPYNMOBLIX KOHCTAHT IPOU3BO-
IUTCSA pellleHHe MHOIOTPYNIOBOM CHCTEMBI OCHOBHBIX YpaBHEHHH peaxTopa
(28), (29).

Ecmu mmpuHA Ipynm Tak Maja, 4TO B Ipefenax KakIOH W3 Ipynn HOTOK
HeTPOHOB m3MeHseTcst ¢nabo, To cnocob yCpemHeHWs (PU3HYECKUX KOHCTAHT
OKa3bIBaeTCsA HECYLIECTBEHHBIM H B STOM Clly4ae MOXHO ONpeHelMTb YHUBED-
CaJIbHYIO CHCTEMY I'DYNIOBHIX KOHCTAHT, HE 3aBUCALIYIO OT CIIEKTpa HEUTPOHOB
B peakTope. OIHAKO, €COM MHTEPBAJBI TPYII BEJMKH, TO U MPOMEXYTOYHBIX
M OBICTPHIX PEAKTOPOB HEOOXOIMMO BOCIOJIB30BATHCS METOAOM YCPEIHEHHS,
H3JIOKEHHBIM BBILIIE.

B 3axnrouyenne HeoOXOOMMO CKa3aTh, YTO B Oojiee BBICOKHX MPHONMKEHHAX
MeTona chepHyecKNX TapMOHMK, 4YeM P;—INpuOiiikeHHe MOXHO TOJYYHTH
¢bopMynBI TPYNIIOBOTO ycpedHeHWs aHAlOrWuHble popmyiam (32). Hus mony-
YeHMs YCpeTHEHHbIX KOHCTaHT IO 3TUM popMynaM Heo6XoauMo 3HaHHE CIeKTpa
HEHTPOHOB B KaXHOM TOYKe peakTopa, KOTOPBIH HAXOMUTCA ¢ IIOMOILBIO pas3iny-
HBIX TIpMOJIMKEHHBEIX METOMOB, B TOM 4YHclie U B P, —IpHOImxeHUn.
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2. Yncaennsie MeTOIbl pelieHAsl YPaBHeHHil cdepuuecKHX I'apMOHHK

Cpenyt mpuONDKEHHBIX METOJOB PEIUCHHS KUHETHUECKMX YpaBHEHWH BHIHOE
MECTO 3aHUMaeT MeToX chepUuYecCKUX IapMOHUK, paspaboraunbii Bukom m
pa3BuThIid majiee B paborax P. Mapmaka {10], JI. H. Vcauesa [35], B. d3BucoHa
[4], I". Mapxka [40], B. C. Bnagumuposa [41], [42] u np. CyumHocTs Merona
COCTOMT B TOM, 4YTO pelieHHe KMHETMYECKOro ypaBHEHHs HILETCA B BHIE pAaa
®ypbe 10 chepuuecknM GyHKIEAM. B pesynpTaTe mig NOJYYEHMS HEM3BECTHBIX
ko3ddunmenTos dypre Haxomurest OeckoHeunas cucTeMa AMpdepeHIMaIbHBIX
YpaBHEHMH OT IeOMETPHYECKOH KOOpPAWHATEHL

PaccMoTpuM mif WpOCTOTHI OJHOCKOPOCTHOE KHHETHYECKOE YpaBHEHMHE,
KOTOpO€ ABIIAETCS 3JEMEHTOM IPYNNOBOro pacueTa. Eciam IpeanoyoXHTh, YTO
paccessHHe HEHTpPOHOB B JIabOpaTOpHON cuCTeMe KOOPAMHAT OmIpeaeNseTcs
GbyHKIMeR g (4,) 3a1a4a IIIOCKO-NIapallieNbHa, TO ypaBHEHHe TIepeH0ca HEATPOHOB
OyneT MMeTh BU

+1
pt Tp=2 [ A g () ¢’ o ) +1 (2 ), (38)

-1
THE po==pup ++/1— 2 /1= p'2cosa«, & — a3UMYT.

Peurenue ypaBHenns (38) Oynem uckaTh B BHIE

1 o
=5 > @+ g Piw), (39)
1=0
roe Py (u) — nommHomer Jlexanmpa. Torma mpuXoduM K CHCTeMe OOBIKHO-
BEHHBIX IuGdepeHInaIbHBIX ypaBHEHUN
dgm- dem
m 2L 4 (n 4 1) I 4 (9m 4 1) S = (2m + 1) fo, (40)
roe '
2 :Z—gm ZS:

a gm 1 frn — xodbdpunmentst ®ypoe Gynxumm g (u) v f (z, #) B psaasl 0o moNu-
HoMam Jlexannpa.
Ha sHewmHe# rpaHMue o0macT¥ nOCTaBUM ycjosus Mapiiiaka

0
fdu-y2f+1¢=0HaS (i=0,1,2,...) (41)

-1

Ioncrapnssg B ycmoBus (41) pelnenue (39) NIPUXOTUM K TPaHUYHBIM YCIOBHAM
ko3ppumenToB dypre

o

Z Gim Pm =0 (42)

m=0

A€ aim — 3allaHHBIE YHCIIA.

Jins perienusi CHCTeMBbI OOBLIKHOBEHHBIX IuddepeHnHansHbIX ypaBHeHui (40)
npu yciaoBun (42) BOCIOJIb3yeMCsl annapaToM MaTpuyHOro ucumciicHus. C sroit
LieJIbI0 BBENEM B PAacCMOTPEHUE BEKTOPLI
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Po P1 fa f1
P2 Ps3 fo £

U paccMOTpHMM OTHAENbHO ypaBHeHMA (40) Iuia 4YeTHHIX uHAekcoB m=0, 2, 4 u
HeveTHBIX m=1, 3, §5, ...
Torga MOXHO IPUATH K CIEAYIOUIMM MaTPHYHBIM YpaBHCHHMAM

dJ
o+ o= f,

. 43)
de (
—+ bJ=F
B, + bI=F,
Iae o, f, a ¥ b — N3BeCTHBIE MATPHUIIBI, OTIpeesisieMble KOIQPUIEHTAMH CHCTEMBI
ypaBHenu# (40).
OHOBpEMEHHO, TPaHWYHOE YCIIOBHE MOXET ObITh 3amHCaHO B BHIE

Ae@ + BJ=0 nal. (44)

Hansuelitas 3aa4a COCTOMT B PeUIeHUH CUCTeMbI ypaBHeHUH (43) Ipn rpaHuy-
HBIX yCHOBUSX (44).

MeTomamu Xopomio pa3pabOTaHHEIMH B MCYMCIEHMHM KOHEYHBIX Pa3sHOCTEH
crucrema ypasrenui (43) MoxeT GbITh IpeICTaBIeHa B Cllydae KyCOUHO-HEIPEPHIB-
HBIX K03 }UIMEHTOB B BIJEC €MHOM TPEeXTOYEYHOH MaTPUYHON KOHEYHO-Pa3HOCT-
HOHl CHCTEMEI ypaBHEHHil.

@x+1— Brx ok + Ok @y = — 8k (45)

e xk — HOMED Y3JI0BOH TOYKH IO OCH z, Bx 1 Cx — MaTpHIbl, a gk — BEKTOP.
Pemrenue ypaBHeHus (45) ‘maeTcst MeTOIOM MaTpUYHOH (aKTOpH3alnKl B BHAE
TpeX pa3HOCTHHIX yPaBHEHMH MEpBOrO MOpAIKa

Bx+1=Cxi1 (Bxk — Bk)™?
Zi+1 = Br+1 (Zx + 8k) (46)
@k =Ck1y (Brr1 Pxt1+ Lryy)

Cuctema ypaBueHuit (46) OOTMOJHSETCS 3alaHUEM ,HAYAJNLHBIX YCIOBHIA,
HMCX0s M3 BUAA TpaHWYHBIX ycioBuit [5], [6]. '

MeTton MaTpuyHO# (akTOopu3amuMM B NPHUMEHEHMH K PEUICHHIO ypaBHEHHM
cpepuyecKUX TAapMOHUK OKkasajcs Haubonee 3G eKTUBHBIM YUCIEHHBIM METOLOM
pelueHns, MO3BOJAIOIIMM pelaTh Jro0ble 3afayd B OJHOMEPHBIX T€OMETPUIX,
KaK IJIOCKOH, HMJIHHApPHIECKOH Tak u cdepuyeckoil. B kavecTse mimmrocTpauuy
MOXHO OTMETHTb, YTO pELUeHUe KMHETUYECKOro ypaBHeHHs I GeCKOHEHHOTo
LMIMHApPa B P, —npubmmxenun it ot 30H 60 y3JI0BBIX TOYEK HPOU3BOIAMTCS
3a 7 cexyHn. PemeHne MHOTOTpynmoBoif 3a1auy Ha KPUTHYECKUH pa3Mep chepn-
YeCKOTro peakTopa B Py;—npubiikeHNH Ha BBIMUCIMTENBHOM MaIiMHE IPOH3-
BOJHUTCS 32 BpeMs, JIMIITb B YEThIpe paza MpeBLIIIAOILIEe BpeMS pellieHUs COOTBeT-
CTBYIOLIEH 3aiayu B P, —npubiauxeHuy.

IToBUANMOMY, MOXHO YTBEpXIaTh, YTO 1O KpalHedl Mepe AN OOHOMEPHBIX
3afa4 pelleHHe KHHeTHYECKMX YpaBHEHHWH C NOMOILBIO MeToda cheprdecKHx
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FAPMOHMK B KOMOHMHAIMY € YMCICHHBIM METOAOM MATPHYHOM (aKTOpH3aIMU
sBIsieTcs Hanbosee 3(Q(EKTUBHBIM O CPAaBHEHMIO C APYTMMHM YHCIEHHBIMK
MeTOaMH.

OTOT mpouecc CXOAUTCA OYeHb GBICTPO, Tak 4TO yXe mocie 1—2-x urepaimii
TPYOIIOBEIE KOHCTaHTHI OoJjice He YTOUHSIOTCH. [anee, ¢ MOJy4YeHHOM CHUCTEMOM
TPYNIOBEIX KOHCTAHT MPOU3BOAUTCS pPEIICHNEe MHOTOTPYIIIOBOM CHCTEMBI OCHOB-
HBIX ypaBHeHMH peaktopa [28], [29]. -

Ecam nmpwna rpynn Mana Tak, 4TO B NpefeNiaX KaXAOH M3 IPyII IOTOK
HEATPOHOB M3MeHsieTcs €Jlabo, To cnocob ycpenHeHUS (GU3MYECKMX KOHCTAHT
OKa3bIBACTCA HECYMICCTBEHHBIM U B 3TOM Cliy4ae MOXHO ONpEHEIUTH YHUBED-
CalIbHYIO CHCTEMY IDYNIIOBBIX KOHCTAHT, HE 3aBUCAILYIO OT CIEKTpa HEATPOHOB
B peakrope. OnHaKo, €ClIM HHTEPBAJIBl IPYII BEJIHKH, TO IS MPOMEXYTOUYHBIX
M OBICTPHIX PEaKTOPOB HEOOXOOWMO BOCIHOJIL3OBATHCA METOJOM YCPEOHEHHS,
U3JI0XKEHHBIM BBILLIE,

B 3akmroyeHMe HEOOXOAUMO OTMETHTH, YTO B 0OJiee BBHICOKMX HPHOIMKEHAIX
METOJA CQEPUYECKHX TapMOHMK, 4YeM P,—npHONMXeHME MOXHO MNOJYYHTH
¢GopMyJIBl TPYHIIOBOTO yCpenHEeHWs, aHajoruynpie Gopmynam (32). Jnda momy-
YEHMS YCPEIHEHHBIX KOHCTAHT IO 3TUM (popMylilaM HeoOXOaMMO 3HAHNE CIEKTPa
HEHTPOHOB B KaXX IO TOYKE PeaKToOpa, KOTOPHIA HAXOOUTCH C TIOMOIIBIO Pa3JIHy-
HBIX IpUOIIMXEHHBIX METOJOB, B TOM 4Yuclie M B P, —npubivkeHnH.

3. 3agaun (u3MIECKOro PacYETa PeaKTOPOB

TIpmveHeHne B MaTeMaTHYECKHX pacuyeTax OLICTPOIEHCTBYIOLIEH BBLIYUACIHU-
TeJIbHOM TEXHUKH CO3/aJI0 He0OX0AMMble MIPEANOCHIIKU IS BCECTOPOHHEro pu3H-
YEeCKOro pacyeTa sIICPHBIX pPEaKTOPOB BCEBO3MOXKHBIX CICKTPOB, pa3jMYHEIX
KOMIIO3HIMHA HeNSIHUXCs JIEMEHTOB M 3amMemreneit. [1s npoBeneHus ykazaH-
HBIX BHIIIIE PACYETOB HEOOXOAMMO BOCIIONB30BATHCS TAKUMHE METOIaMHU, KOTOPbIE
TIO3BOJMNIA OBI C €MHOM TOYKH 3peHHs PacCMOTPETh TOMOTICHHBIE PEaKTOPEI
BCEBO3MOXHBIX CIHEKTPOB OT OBICTPHIX A0 TemIoBbIX. EcTecTBeHHO, 4TO TaKoii
mOJAX0[ BO3MOXEH TOJBKO B TOM Cllyvdae, Koria pa3pabaTriBacMblii METO/L YUUTHI-
BaeT BCE OCHOBHbIE OCOOCHHOCTH MEXaHN3Ma 3aMeJIeHUs. HEHTPOHOB Pa3iM4HbIX
JHEPTHH, a TaKXe. CTPYKTYpy CeYeHMH sAepHBIX TponeccoB. s yka3aHHBIX
nene#t HeoO6xommMO cHOPMYIHPOBATL B M3BECTHOM CMBICIE YHHUBEPCAJIbHBINA
METOJ pacyera. :

B OonplIMHCTBE CllydyaeB pacyeT KPHTHYECKOM MacChl M CHEKTpa HEHTpPOHOB
BO3MOXEH B paMkax P, — mpubsnmxenuns. VckirodeHHeM SBIAIOTCA PEaKTOPSI,
cpeaHss IUIMHA CBOOOAHBIX MPOOETOB KOTOPHIX OAHOTO MOPAIKA ¢ XapaKTePHBIMHU
pa3MepaMU peakTopa, pacyeT KOTOPhIX B P; — mpHOIMXEeHUN MOXEeT IPUBECTH

" K CYII€CTBEHHBIM OHIMOKXaM Kak B KpUTHYECKOH Macce, Tak ¥ B CIIEKTpe HEHTPOHOB.
B sTOM ciydae nst pacyeTOB HEOOXOOMMO BOCIIOJIB30BaThCsA 0OJiee BBICOKMM
npubmmwkenvieMm, udeM P;. Taxum mpunOmxenneM MOXHO B3STh, HANPUMED,
P,— npubnunxenne.

IIporenenne cepuifHEIX MHOTOTPYNIOBLIX PACHETOB PeakTopoB B Py—mnpubin-
JKEHHHM CBs3aHO ¢ OoJiee MIIM MeHee CYLIECTBEHHOMN 3aTpaToil BpeMEHH Ha BBIYHC-
JUTeNBbHEIX MalunHax. [1o3ToMy Il nenedl pacyeTa KPpUTHYECKHX MAacC MOXKHO
BOCIIOJIB30BaThCA 3(EeKTUBHON ONHOIPYNIOBOH Teopued, chopMyIMpoBaHHON
U pacyeToB B P, —npHOMIKEHNN. .

BecbMa cyllecTBeHHOE 3HaYE€HHE B pacueTax MMEET y4eT Pe3OHaHCHOM CTpyK-
TYpBl CEYEHHH, a Takxe TepMAaJIM3alMM HEHUTPOHOB.
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Bce yxasaHHble BbIe OCOOEHHOCTH IOJIKHBEI OBITh YYTEHBI IPHM IIOCTPOCHHH
MaTeMaTH4YeCKOTO aliTOPUTMa pELIeHUs 3ajayd Ha KpHTHUYECKHH pasMep peak-
TOpAa.

B nanvueiinueM OymeT chopMyIHpoBaHBl HEKOTOpPHIE AJITOPHUTMBI PEIICHMS
OCHOBHBIX 3a/1a% (GPH3MYECKOTO pacyeTa IAEPHBIX PEaKTOPOB Pa3IMYHBIX CIIEKTPOB,
Ha OCHOBE KOTOPBIX COCTaBJIeHbI IPOrPaMMBbI Ha BBHIYMCIMTEIBHBIE MAIINHBL.

B CIIA ocHOBHBIE NpOrpaMMBI MHOTOTPYIIMIOBOIO pacyeTa OCHOBAHBLI Ha
anroputMax, paspaboranusix I'. TypsurneM u P. Opmixom [44], [45].

3AJAYA HA KPUTUYECKUM PAZMEP PEAKTOPA B P; —IPUBJIVXEHUN

HelTpoHEI BCEBO3MOXKHEIX 3HEPrHH pa3sGUBAIOTCS Ha TPYINBI, OPH 3TOM Held-
TPOHBI FHEPTAH HIDKE ¥,, 00BE AUHAIOTCS B OJ(HY TPYIITY, KOTOPOH IPUIMCHIBAOTCS
3¢ dexkTHBHbIE KOHCTaHThI. B mporecce paccesHUs HEWTPOHOB YYHTHIBAIOTCHA Kak
ynpyrue, Tak 1 Heynpyrue a¢dexrsl. Ipu 3aMeyieHuy HEHTPOHOB NPUHUMAKOTCS
BO BHUMaHWE Pe30HAHCHBIM XapaKTep CeueHHIA 3aXBaTa U paccessHUA. PoxaeHHBIE
B IIpoliecce JieJIeHWs sSjiep HEHTPOHBI pacIpeleIsioTCs IO I'pylnnaM B COOTBET-
CTBHHM CO CIEKTPOM AejeHusa. B QyHKUMH paccessHHS HEHTPOHOB yYMTHIBAIOTCH
HYJEBOJ W TEPBHIE MOMEHTHL.

Pelienne cucTeM OCHOBHEIX M COTPSIKEHHBIX ypaBHEHHH peakTopa HaxoIuTcs
C TIOMOIIBI0 METOMA MOC/IEIOBATENBHEIX MTpubIIKeHuit [5].

Pemenue ypaBHeHMH peakTopa B OJHOMEPHOM M IBYMEDHOM Ciydasx IUis
KaXk[0# TPYHIB TPOU3BOIUTCS C MOMOIIBIO METOJa KOHEYHBIX pasHocTed. s
pacyeTa yIoGHO MCIOJIB30BATE HPOCTEMIIIE PA3HOCTHEIE CXEMBI, KOTIA Pa3phIBBI
ko3¢ hunmeHTOB YpaBHEHHH COBIANAIOT C PACUETHBIME y3naMu [5], [6], [46], [47].
Penienve moyvYeHHBIX XKOHEYHO-PA3HOCTHBIX YPAaBHEHWH B Cly4yae OJHOMEPHBIX
obyacTeil MPOM3BOAMTCS C IIOMOIIBI0 MeTOHa (pakTopHU3auwd, a B ciIydae IBY-
MepHBIX 00JiacTeit ¢ oMoulpko petakcauuonnoro Merona H. U. Byneesa [50].

3AJAYA HA KPUTUUECKUM PASMEP PEAKTOPA B P; — IIPUBJIMDKEHUU

B tex cimyuasx, Koraga pacyeT KPHTHYECKOW MACCHI OJHOMEPHOTO peakTopa B
P, — mpubnuxeHHH HeTOCTATOYEH, MOXHO BOCIOJIL30BaThLCS pacyeToMm B Py —
npuoauxeHnn. /s 3Toro GopMyIMpyIOTCS MHOTOTPYIIIOBBIE CHCTEMBI OCHOBHBIX
¥ COIIPSIKEHHBIX YpaBHEHMH JUIsl JaHHOM OTHOMEpPHOH reoMeTpHH.

B GonpmiHCTBE CyuaeB XpUTHYECKAs MAcca yIOBJIETBOPUTENLHO ONHCHBAETCS
IIpH y4eTe OBYX INEepBHIX MOMeHTOB B dyHkimu paccesuus. Cremyer, OOHAKO,
OTMETHTh, YTO pacyeT COeKTpa HEHTPOHOB Ha OONBIINX PACCTOSHHUAX OT aKTHB-
HOM 30HBI NPEANOYTHTENILHO OCYIIECTBIATH TPH Y4eTe YeThIpeX MOMEHTOB B
GYHKIME paccesiHuS, T.K. B 3TOM cilydae 60Jiee TOUYHO YUHTHIBACTCS AHU3OTPOIHUS
HEHTPOHHOTO MOTOKA.

PACYET KPUTUYECKOW MACCHI U CHEKTPA HEWTPOHOB JBVMEPHBLIX
LTMINHIPUIYECKNX PEAKTOPOB

PaccMOTpUM pellieHHE MBOTOIPYIUIOBOM CHCTEMbI OCHOBHBIX M COIPSIKEHHBIX
ypaBHEHHUI peakTopa METONOM XapakTepucTvk Bramumuposa u Sp — MeTOmOM
Kapncona.

PaccMmaTpuBaeTcs MHOTOIPYNNOBAs CHCTeMAa KMHETHMYECKHX YpaBHEHUN peax-
TOpa B TPaHCIOPTHOM MNpHOIMKeHMHM, Tae 2Jg 3aMeHeHO Ha g (l— pg) M
paccesiHfe CYMTAETCS M30TPONHEIM B J1aGOPATOPHON CHCTEME KOODAUHAT. Peak-
TOp O BBICOTE pa3buBaeTCa Ha CJIOM TOMIIHMHON Az, B mpemenax xaxmoro cjios
MPEAMONATAETCS, YTO (PU3MYECKHE KOHCTAHTHI M PELUCHUE 3a[a4d, YCpeIHeHHbIe
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IO JaHHOMY CJIOO, He 3aBHUCAT OT KoopAauHatsl Z. B pesynbTate AN KaxkOOH
FPYNNBEl MBI NPAXOIMM K CHCTEME ONHOCKOPOCTHBIX KMHETHYESCKMX ypaBHEHHH,
CBSI3aHHBIX Apyr ¢ ApyroMm. Kaxaoe Takoe ypaBHeHHE 3aBUCHT OT KOOPOMHAT F,
YU v, TIe r — PACCTOSHUE OT OCH CHMMETPHUH, 9 — BBICOTHBIN U ¥ — a3MMYyTalb-
HBIH yraeL BeedeM B pacCMOTpeHHe raycCOBBI TOYKH 9 HA HHTepsajie [0,27] u
CHCTEMY ypaBHEHMH Ui JaHHOM IPYIIIBI 3alIHILEM NPUMEHATENIBHO K FAYCCOBEIM
TOuXaM. B pesynbTaTe NMPHXOAUM K CHCTEME OJHOCKOPOCTHBIX KMHETHYECKHX
YPaBHEHUI, KaxI0e M3 KOTOPBIX IO (opMe COBNAmaeT ¢ KHHETHYECKAM YpaB-
HEHUEM Ui cepHdecKol CUCTeMBbl. B JieBOH 4acTH Kak[OOTO M3 IOJYyYEHHEBIX
ypaBHEHMH COXpaHHM 4JICHBI, OTHOCSIINECS K JAaHHOMY Clnoto AZ u JaHHOW TOY-
ke I"aycca, a Bce ocTajdbHBIE WIEHBI OTHECEM K NpPaBOil Y4CTH ypaBHEHHMH, cuuTas
HX 33JaHHBIMM JJI Kaxaoil urepauuu. IlosydeHHBIe ypaBHEHHS IS KaXIOro
CII0s1, Ha4MHas € NIEPBOro, IPUMBIKAIOIIETO K TOPIY, PELIarOTCA MOCICAOBATENBHO
Ins Bcex Touek I'aycca. PemieHue COOTBETCTBYXOILUMX YpaBHEHHMIl MOXET OBIThH
Opou3BeAeHo 60 METONOM XapaKTepHCTHK Buamumuposa [42], qubo S, —
MetronoMm Kapncona [51] ¢ npumeHenreM MeToaa YAy4UIEHHS CXOAMMOCTH HTe-
panyMoHHOTO npolecca, chopmyaupoBanHoro B. H. Mopososeim [52]. CymmocTts
MeTosa Mopo30oBa COCTOMT B CIIEAYIOIIEM.

Panu n1pocToTh pacCMOTPHM 0FHOCKOPOCTHOE KHHETHYECKOE ypaBHeHue Bobil-
MaHa B Cllyyae M30TOIHOTO PACCESHUA

9V¢+Z<p=£%fd9<p (.8 + 4= S (1), 47)

NpH YCJIOBHHM, YTO .
p(r,)=0 ual, n<0 (48)

Hrepanuonnsiil npomece onpeleiM OOBMHBIM CIIOCOOOM

Z 1
QU™ 4 Zpt =5 f ARt (r,R) + S (1)
@™ (r,2)=0 Ha S mpu n <0
Pewenue 3amaun (47), (48) npencrasuMm B BUAE
@ (r, Q) = o™ (r, Q) + &M (r, Q), (50)

rae & nonpaBOYHEI YieH K n—OH HTepalliy.

Jnsa npubmixenHoro Haxoxnenus monpasku £ B. H. Mopo3os npeanaraet
CIeOYIOILMH METOL.

CoorHowenne (50) moacrasum B ypapHenue (47) u TpaHndHbie ycnosus (48).
Torma ¢ yuerom (49) monyumm

QVet) 4 Tetr)— T2 g0 = 25 [po(n) — gy(n1)]
e (r, Q=0 waS, @n<0

(51)

e @™ (r) 1 g, (r) — ra06anbHbIC NOTOKHU.

VpasHenue (42) 6yaeM Ha3plBaTh YPABHEHHEM HTEPAlMOHHBIX IpOueEcCoB [52].

Onuaxo, peruenne 3anaqn (51) ewie He ympoimaercs 10 CpaBHEHHIO € PEIUCHUEM
3ana4u (47, 48), Tak Kak B JEBOW YACTH KMHETHYECKOI'O YpaBHEHUS AN &) CTOMT
BeIMUMHA &,("), TIONydaemash HUHTEIPHPOBaHMEM pellieHHs £ (r, &) I0 BceM
yriam.

PaccMoTpumM panee BeIHYMHY
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1 1
™ (1) = f dQ e (r,Q) (52)

Ecnn pemenne 3amauu (51) npeactaBuTh B BuIE psga mo cheputeckum hyHk-
UM

e (r, Q) = % [6g™ () + 3R €™ (r) + ...] (53)

TO B Ka4€CTBE IEPBOIO HpI/I6HPI)KCHI/Iﬂ MOXHO IIPUHATDH

1
- o (r) = &M (r, ) (54)
Ecnu peuienue 3amaud M30TPOMHO, TO HOCHAENHEE COOTHOILEHWE SBJAETCH
TOYHBIM.
Ucnonp3ys Teneps npubnmxenHtoe paBeHcTBo (54), 3agavy (51) nepenuiuem B
CIEYIOTEM BUIE
~ ~ Z‘
n n) — 8 ") — g, (1-1)
Q Vel )+Zc({( ) P [®o Py 1, I | (55)
™ (r, Qj=0 HaS, Qn <0 [

Ovuesnnno, Gpyukuus ™) (r, ) 6yner npubIKeHHEIM pelueHreM 3anayn (51).

Takum o6pa3oMm, uYHMCHEHHBIH anTopuTM pelueHus 3amayun (47), (48) dopmy-
nupyercd cieayrommM o0pa3om.

Bribupaerca dynxums @,* (r) u pewaercsa 3anaua (49). B pesymsraTe pe-
LieHHs HaxoOMM (QyHKIMIO @) (r). JJasee cocTaBisieTCsl BBIpakeHUE

Z
Q0 == [0 — g1

M IIPOM3BOAMTCH peilienue 3aaaun (55). B pesynbraTe NpUXOAUM K BEJIHYMHE gm),
Torma mpubnwmxennoe pewenue 3amavu (47), (48) Halimercs B BHIE

@ (r, Q) =™ (r, Q) + ™ (r, Q) ' (56)

IIpuaumas, nanee, moiydYeHHOEe NPHUOJIMXKEHHOE pelleHue 3amavun (47), (48) 3a
et B (49), u poacuuTeBas @y(*1) (I), MBI MOXeM BeCh LMKJI BBIYHCIIEHHI
MOBTOPHTH M T.A.

O6paTtM BHHMaHHe Ha CICAYIOUIEe BaXHOe OOCTOATENHCTBO. A MMEHHO,
METOJ YIyYLIEHUs] CXOJUMOCTH, IpeasioxeHHblii B. H. Mopo3oBbiM, He Hapy-
maeT GanaHca HEHTPOHOB B peakTope, T.e. ABJISETCA GANAHCHBIM IIPH KaXHOM
MTEpaly ¥ B 3TOM CJIyyae BBHITOJHO OTJIMYAETCS OT METOHa WTepalui UCTOYHH-
KOB MO CTOJKHOBEHHMSM, KOTOPHI Ha KaXAOM HIare WTEPAlMOHHOTO Ipolecca
He sABJIAETCSl GaJIaHCHBLIM.

4. Majorpynnossie npuéJmxenus

IIpu pacueTax smCpHBIX peaXTOPOB Ha BLIYUCIUTEJLHBIX MAIIHHAX 3a4aCTYIO
CO3Ja10TCH U3BECTHBIC TPYOHOCTH, CBA3aHHBIE C OTPAHNYEHHBIMH BO3MOKHOCTSIMH
MatnyH. TIpexxae Bcero 3T0 OTHOCHTCS K TAMATH MalIMH ¥ UX OBICTPOAEHCTBHIO.
Otm nBa HamboJjiee CyIIeCTBEHHBIX (hakTOpa HeOOXOAMMO MPUHHMATHL BO BHH-
MaHue NpH GopMyIMpPOBaHUM MaTeMAaTHUYECKHX 3aAady, CBA3AHHBIX C' PACYETOM
peakTopoB. B CBA3M € 3TMM BO3HHMKAET BOIPOC O Hambojee PalMOHAJILHOK B
JaHHBIX YCJIOBHAX MaTeMaTH4YeCKO# IOCTaHOBKe 3a5ay, obecneynBaroeil MakcH-

2%
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MaJbHYI0 WH()OPMALHUIO B pEIUeHHH. 3aMETHM, 4TO m{(bopMaunﬂ JOJDKHA OBITH
HE TOJBKO NOJHOHW, HO ¥ IOCTOBEPHOM.

ITpn q)nmqecmM pacieTe peaxrTopa KelaTesleH MHOTOIPYIIIOBOM pacueT
JBYX- WIK TPEXMEPHOTO IMUIMHAPHYECKOTO PeaKTOPa, BLINOJHEHHBIH ¢ BOZMOXKHO
MajbsiM 1IATOM € Y4eTOM pe30HaHCHBIX 3(dekToB, TepMaau3anud H T.H., B
pamkax Pp,—npubnmxenuit. OmHako, SICHO, YTO COBPEMEHHBIE BLIYMCIHTETb-
HBIC MAIUMHBI HE MOTYT OIEPATHBHO OCYIIECTBUTEL PEIICHME IIOCTABICHHOM
3a/lauy, JaXe OpPH HaJIM4UH COOTBETCTBYIOLICH IPOTPaMMEl pacyeTa.

Penienve ymomaHyTo# 3aiaui noTpebyer crosib 6OIBLUIMX 3aTPAT MALIMHHOIO
BPEMEHH, YTO YKa3aHHBIH PACYET B Pe3yNbTATE OKAKETCS SKOHOMMYECKH He-
BBITOJHBIM H HEOIpaBIAHHBIM.

Bmecte ¢ TeMm, paccmarpHBaeMasi 3ajaua MOXeT ObITh pacuficHEHa Ha DA
NpPOCTEHINMX 3a7aY, PelIeHNe KOTOPBIX He IpeacTaBiseT Tpyna. Habop pemrenmit
COOTBETCTBYIOHIMX OJHOMEDHBIX 3aJa¥ B KOMILIEKCE C TEOpHeH BO3MYIIEHHIM
MIO3BOJIAET NOTYYHTh BeCbMa TOJHYI0 HHGOPMANUIO, HEOOXOANMYIO A POEK-
THPOBaHMUS PEakToOpa.

Taxum 06pa3oM, CII0KHAA 3af[ada MOXeT ObITH 3aMeHeHa HabopoM Goilee MM,
MeHee MPOCTHIX 3aJaYy, MOAJAIOIIUXCS ONEPATHBHOMY DEIICHHWIO HA BLIYMCIIH-
TEIbHBIX MAIIMHAX.

OTO 3HAYMT, 4TO B KaXIOM KOHKPETHOM Cilydyae HeoGXOOMMO OmpeuesiiTh
Takoii Habop npocreﬁmnx 3aa4, KOTOPBIH JOCTaBISUT GBI He0OX0 MuMys0 HHDOP-
MalWo A7 leled IMpoeKTUpPOBaHU.

B cBa3u ¢ cooOpakeHHAMH, H3JI0XEHHBIMH Bmme OKa3pIBaeTCs BeChMa
aKTyalbHBIM BOIPOC O MAaJIOIPYNIOBOH CHCTEME ypaBHeHnﬁ peakTopa. B nmanb-
HeWIeM MBI OCTAHOBAMCH HA PACCMOTPEHUM OHOTPYNIIOBOIO M TPEXIPYNIHOBOTO
METO/IOB.

Kpurtnyeckas Macca peakTopa MOXeT OBITh HalfIeHa ¢ MOMOIIEIO 3 ek THBHOM
OAHOTPYNIIOBOH TEOPHH, KOTOpast MOXKeT ObITh IOJIy4eHa C IOMOILBI0 GopMyT
(19—31) B mpenmoONOXeHHH, YTO BCE HEMTPOHBI OOBEINWHEHHI B OAHY IPYIILY.
Jis 3TOM 1Enu OpUI0 HPEeUTOKEHO HAXOAWUTh CHCTeMY 3(Q(EeKTHBHBIX OMAHO-
I'PYNIOBBIX KOHCTAHT € MCHOJIb30BAHUEM pELUCHUS MHOTOTPYNIIOBOW 3aAadu B
P,—npubmmkerun. ITormydeHHoe TakuM o0pa3oM OJHOTPYIIOBOE KHHETH-
YECKOEC YpaBHEHWE B [AaJIbHEHINEM MCHONB3yeTcd IJIsl YTOYHEHHS PpacyeTOB
KPHTHYECKHX TlapaMeTpoB peakxTopa B P,—npubmixenun. Taxum oGpazom,
ApOCTEHUIMA METOJ y4eTa KHMHETHYeCKHMX 3(QQEKTOB COCTOMT B CIEAYIOLIEM.
PemaeTcst MHOTOTPYHIIOBAs CHCTeMa YPaBHEHMiI peakTopa B P, —IpHGmkeHun,
3aTeM IpPOM3BONUTICA YCpefHEHHEe KOHCTAHT I OIHOTPYNIOBOH TEOpHH M,
HaKOHENl, pelaeTcs ONHOIpYNmoBas 3amava B P;—npubmokxenwn. ComocTaB-
JICHHE DPAcyeTOB KPUTHMECKHX MacC B P;—IpuOMXeHWM B paMKaX MHOIO-
TPYOIOBOrO MeTOAa C COOTBETCTBYIOIIUM pacue€TOM OJHOTPYHIIOBOM TeOpHUMN
yka3blBaeT Ha BECbMa BBICOKYIO TOYHOCTh OAHOIPYNNOBBIX PACYETOB, BIIOJIHE
NOCTaTOYHYIO JUiA IpakTWdyeckux neneit (cm. pume. 1, 2).

Ecnit OmHOTpYNIIOBAas TEOPHA IO3BOJAET YTOYHHTH TOJNBKO KPUTHYECKYIO
Maccy peakropa, TO TpeXIPyIIOBOH METOH TO3BOJIET CYIIECTBEHHO YTOUYHHTh
TOJIC 3HEPIOBBINENICHUS B AaKTHBHOH 30He peakTopa. B paccMmaTpmBaeMOM
MeTone ObICTpble HEHTPOHBI OOBEOWHAIOTCA B OOHY IDYNNy, HEHTPOHBI IpO-
MEXYTOYHBIX JHEPIHif — B JPYIYEO M HEHTPOHH! TEIJIOBBIX 3HEPIUil — B TPETDIO.
B pesynbraTe pemuenme 3aJa4M CHOBAZ HAYMHAETCS C DELICHAS ONHOMEPHBIX
MHOI‘OprHHOBHX ypaBHEHH peaxtopa B P,—npubimkenmu. ITorydyeHHBIE
MIOTOKM HEMTPOHOB MUCIOJIb3YIOTCS Aajiee JJIA MOMy4eHHs 3bheXTUBHBIX KOHCTaHT
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TpexrpynmoBoro Meropna. IlonydeHHas cucTeMa YpaBHEHHH HCIOJIb3YETCHd Kak
IS YTOYHEHHBIX PAcYeTOB XPHTMAcC M OSHEproBbimeseHuit B Py—rmpubnu-

* JKeHWH, TaK ¥ IUIs pellleHys YpaBHEHA peakTopa B ABYMePHOH WM TPpeXMepHOH
reoMeTpUsX.

o ;

£ 7

85 e

= ﬁ'* |-

L3

= Ayl BY

= 10( i =

= ¢ [}

s | W af ot 1IN

=, e st N -1~

£ ° % g - T = R

14 =t "[nv,w
0 2 4 680° l6e0 2 4 68 4 680° 4 680"
KPHTHYECKHH OBbEM (M
Puc. 1
Kpntnyeckne maccel pacrBopoB UO,F,+H,0 ¢ 6eCKOHEYHBIM BOOSHBIM OTpPa’kaTeleM

(25 rpynm).

MHOTOrpynnoBoil pacyer 8 P,—mprbamxedun.
-~ —- — MHOTOrpynnopoii paciyer B Py—npubnmxennwn.
ONHOTPYNNOBOI pacyer B Py—npnGnumxenns.

’ l
=
e ]
RD
= 5
g, [
2 /
£3 v =
£
& 53 A
2 XE
LT
1 /{’ﬁqw\__ ><"</
LA 000 macz ™)
| |
01234 78910 1 1% 1% B 20
KPATHYECKWA OBbEM 1Ny -
Puc. 2

Kpnruveckue Maccsl chepiyeckux ypaH-rpaduTOBBIX PEAKTOPOB ¢ HECKOHEYHBIM TPa(dHUTOBHIM
orpaxarenem (25 rpymmn).
MHOTOTPyANOBO# pacuer B P,—npubnmxkenun.

— — — MHOTOTPYNNOBOMK pacyer B P;—nprGianxeHud.
OnHOrpynnosoii pacier B Py—npuGnmxenuy.

5. Pacyer rereporeHHbiX peakTOpoOB

- Teopust pacyeTa ITeTEPOI€HHBIX PEaKTOPOB HAa TEINIOBBIX HEUTPOHAX CO3JaHA
C. M. Qaiinbeprom [22], A. [I. 'ananvmuemv [25}, [54], T. A. Bate [53] u np.
JTa TEOpHs NO3BOJISET NPOM3BOIUTEL NPAMOR pacyeT KPUTHUECKHX [IapaMETPOB
TeTepOreHHOI0 peakTopa H CNeKTpa HEHTPOHOB. B OCHOBY TeOpHM HOJIOKEHBI
CJIe Iy IOILue npennonoxcenm [22].

Ilose TemyOBHIX HEWTPOHOB B OXPECTHOCTH 6noKa ¢ AendmpMcs H30TOIOM
OCECHMMETPUYHO TaK, 4TO MCTOYHMKH HEATPOHOB M X CTOKH MOXHO PaccMaTpH-
BaTh KaK HUTeBUAHble. st omucanns muddy3un TEMIOBBIX HEHTPOHOB MEXIY
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OnoxaMM MOXHO TIpUMEHATL 3JIEeMEHTAapHOe ypaBHeHuMe auddysuu. Haxomern,
NOTJIONIAIOINE CIIOCOOHOCTH YPaHOBBIX GJIOKOB XapaKTepH3YyIOTCS Jiorapupmu-
4eckoil MPOM3BOJHOM MOTOKA HEHTPOHOB HA NOBEPXHOCTH Oyoka. B aTmx mpen-
MOJIOXKEHUAX 3ajada Ha KPUTHYECKYI0O MacCcy IETepOTEHHOTO peakTopa ¢ Mo-
MOIbK (GYHKIMA BIHAHHUS CBOJUTCS K CHCTEMe OJHOPOIHBIX JIMHENHBIX
anrebpaniecKux ypaBHEHHMH.

Ilpu pacyeTax KPHTHYECKMX MAcCC PeaKTOPOB MOXHO TakXe BOCHOJb30BATLCS
3¢ ek TUBHBIMU METOOAMH TOMOTE€HH3aLMH. MeTOIbl FTOMOTE€HM3ATIMT BKIIIOUAOT
B ce0st pacueT 3QPexTHBHBIX KOHCTAHT U OBICTPBIX, MPOMEXYTOUYHBIX U TEIIO-
BBIX HEUTPOHOB.

PaccMoTpuM cHavasia pacueT 3(GeKTUBHBIX KOHCTAHT HPHU SHEPTUAX CHEeKTpa
neneuns. B aToM cnydae ocofoe 3Hayenwe umeeT pacueT 3¢ ek TUBHOTO 3axBaTa
c AeneHweM Ha ypaHe-238, Tak KaK COOTBETCTBYIOLEE CeYCHHE HO3BOJIAET BEHI-
YUCIANTD KOG OHUIMEHT pa3sMHOXERNS peakTopa Ha OBICTPBIX HeliTpoHax. Pacuer
3¢ ek TUBHEIX CeYCHUIT 3aXBaTa HEHTPOHOB C JeNICHNEM IPOHU3BOAMTCS C YYETOM
B3aUMHON 3KPAHUPOBKHA YPaHOBLIX OJIOKOB METOJOM ITOCJIEAOBATEIBHBIX CTOMNK-
HoBenu# [1]. Pacyer apyrax KOHCTAHT OPOU3BOAUTCS € IOMOILBIO (HOPMATBHOIO
meTona roMoreHusanuu [55].

Pe3onancHbie 3¢ GhekThl B 06J1aCTH IPOMEXKYTOUHBIX 3HEPIHil YYHTHLIBAIOTCA C
MOMOILBIO 3P(PEKTHBHBIX PE30HAHCHBIX MHTETPANIOB, 4 CEYCHHs TJIABHO-M3MEHS-
FOILMeCs C 3HEpruell moiaBepraroTcss mpoueccy (GopMalbHOH TOMOTeHH3AIUH.
Ecnu 610k-3¢ekT CylmeCTBEHEH, T.e. €CJIH IOTOK HEHTPOHOB CYyLIECTBEHHO
H3MEHSETCA IO sYeiiKe peakTopa, TO HeoOXOOUMO BOCIONb3OBAThHCH 3ddexTHB-
HBIMH METOOaMH FOMOTeHU3ALUH, PaCCMOTpPEHHBIMH B IyaBe 26 [6].

[Tpu pacyeTe OAHOTPYNMOBBIX KOHCTAHT JUIS TEINOBOH TPyNnbl HEWTPOHOB
CHayaJia paccMaTpHBaeTCAd 3aJaya O HAaXOXACHWH IPOCTPaHCTBEHHO-3HEPreTH-
YeCKOro pachpejesieHts HEHTPOHOB B sUeHKe peakTopa ¢ yYeTOM TepMasIu3al(iu.
Pacyer npoussomutcs B P,—npubmikenun. 3aTeM OCyIIECTBISETCS OJIHO-
TPYNOBOe yCpeAHEHNe KOHCTaHT. I1oJlydeHHble KOHCTAaHThl MCIONb3YFOTCS IJIst
OJHOTPYNIIOBOTO pacyeTa WHTErpajJlbHOI'O CIEKTPa MEIJICHHBIX HEHTPOHOB B
P, u P;—opubmmkenusax mo obwemy syeliku. B 3axirodyenwe npou3BOOUTCS
yCpenHeHHe CCUeHMH MO fdeiike ¢ Lebio ToJryvyeHUs 3(QEeKTHBHBIX KOHCTAHT
IUIS 3KBHBAJICHTHOTO TOMOTEHH3HPOBAHHOTO peakTtopa. Ecimm pacder B P, u
P,—npubnnxenusx B paMKax OTHOTPYNIIOBOH MOIEIM IPUBOAUT K CYLIECT-
BEHHOI pa3HULIE B pe3yiabTaTaXx pacyera TOMOTEHH3HUPOBAHHBIX KOHCTaHT, TO
HeoOXO0UMO BOCIOJIB30BATHCA PACUIETOM HNPOCTPAaHCTBEHHO-IHEPreTHYECKOro
pacnpeiesicuss HEUTPOHOB B A4EiKe HEMOCPEACTBEHHO P;—npubmixeHus c
y4eTOM TepMAaJIH3aLHH.

Tlociie Toro xax 3h¢eKTUBHBIE TOMOT€HU3HPOBAHHBIE KOHCTAHTBI IOJY4YEHBI,
pacueT reTepOTeHHOTO PeaKTopa HUYEM He OTIMYAeTCs OT pacyeTa peakTopa
TOMOTEHHOI'O ¥ NMPOU3BOIMTICS C IMOMOILBIC NPOTPaMMBbI pacyeTa TOMOTE€HHOIO
peaxTopa. :

6. Pacuer xoMmencHpyIome#i cCIOCOOHOCTH PeryJMpyIOIHX crep:kHei

PacyeT CHCTEMBI KOMIIEHCAIIMM pPeakTopa OTHOCUTCS K Hamboyiee CIOXHBIM
ponpocam (u3uueckoro pacyera. bonee Win MeHee IPOCTO 3TOT BOIPOC PEIIAETCA
TOJABKO B CJyvYae, KOTJAa KOMIEHCHDYIOILIHIl CTepKeHb IIOJHOCTHIO BBEICH B
peakTop 0e3 TOPUEBHIX oTpaxarenel (KOTopkle MOTYT OBITH 3aMCHEHBI BBEIC-
HyeM 3¢ ek THBHBIX [00aBOK IO BBICOTE) H COBIAAET C OCbIO peakropa. B aTom



PACYET PEAKTOPOB HA ITPOMEXYTOUYHBIX U BBICTPLIX HEMTPOHAX 23

ciiyyae MBI MPUXOOMM K OOHOMEPHOMY peakTopy. 3ada4a pelllaeTci B MHOTO-
IpYNNOBOM TNPHONIWKEHAN C MCIONb30BaHHEM 3b(PeKTHBHOIO TIPaHHYHOTO
YCIIOBHS HA MTOBEPXHOCTH KOMIIEHCHPYIOWIETro cTepxHs. ITycTh BBeAeHHE CTEPKHS
NpUBEI0 K W3MEHEHHIO XapaKTepHCTH4eckoro uucia 3ajayn A=1/K,,s Ha
penuunay J4. B mudpy3uoHHOM NPHONMAKCHWH IJs UWIHHIPHYECKOTo Ojioka
sta ¢popmyna 6puta moaydeHa JI. H. YcaueBrim

2 D I

530=_ﬂ“'27%*’%”
[arerq 5

G

rae y; — Jjorapupmuyeckas Npou3BOAHAS HA MHTEpBaJe IPYNIBI (vj.1, vj), Tg —
pamiyc 6iaoka, G — o6beM peakTopa, @ (r) — IOJHOE YUCIO BTOPHYHBIX HEH-
TPOHOB, a @* (r) — LEHHOCTH HEHTPOHOB HEJEHHS.

OueHka BeNUYMHBL OA IS CTEpXHs, NOMEIIEHHOTO HA PAcCTOSHMM 7j OT
LeHTpa HaiimeTcs ¢ NoMoubio (GopMysbl TeopuM BO3IMYLICHMH, MOJY4YEHHOH
JI. H. VYcaueBsm [35]

Sdj= 82y Q:(TJ)Q {r)
Q* (0)Q (0)

roe Q*(r) u Q (r) — HeBOIMyUICHHbIE (QYHKUHH, HalifcHHbLIE B OTCYTCTBHE
cTepkHell. 3aMeTHM KCTaTH, YTO TEOpHS BO3IMYLIEHMH JaeT OLEHKY TOJBKO
BEJIMYMHEL 04, HO OHA He IO3BOJISET BBIYUCIUTL MOTOKH HEUTPOHOB WM (YHK-
miro Q (r) npu Hanuydd crepxkHeil. g HaXOXISHUS TOTOKa HEUTPOHOB Haxe
B TaKOM INPOCTEHIEM Clyyae, KOrJa CTEpXKEHb IOMEIIEH Ha pPACCTOSHHH 7j
OT LeHTpa UWIMHAPA CBA3AH C pelCHHEeM ABYMEpPHOH 3afa4d B ILUTOCKOCTH (7, 2).

AHaJIOTHYHEIM 00pa3oM, MBI IPUXOJAM K HeOOXOIUMOCTH penieHus IByMep-
HBIX 3a7ay, KOTAa CTepKeHb, IOMEIIEHHBIH B ,, TOYKY" =0, YaCTHYHO BHIBEJICH
U3 peaKkTOpOB. AHAJIOTHYHBIA CIydali MMeEET MeCTO INpU PACCMOTPEHHH KOM-
MEHCUPYIOLIETO LWIMHIAPA WM CHCTEMBl KOMIICHCHPYIOLIMX LWJIMHIPOB, pac-
NOJIOKEHHBIX CHMMETPHYHO OTHOCHTEIBHO Havajia KOOpAHHAT.

Pacuyer ewe Goiyee ycrmoxHseTcs B TOM ciiydyae, KOLAa DPacCMATPUBAETCH
crcTeMa KOMIECHCHDYIONIMX CTEpXHEel B peakTope IpH Pa3IM4HBIX crocobax
BBIBEJEHMS CTepxkHell U3 peakTopa IO Mepe BHIFOPaHUs ACILALIETOCS M30TOIA.
B aToM cityyae HEOOX0mMM pacueT cepHH TPEXMEpPHBLIX PeakTOPOB, C Pa3IMYHBIM
TIOJIOKEHNEM CTEepXHell B peakTope.

Vka3aHHBIE BBILIE IBYMEPHBIC ¥ TPEXMEPHbIE 3aa4 MOXKHO pellaTh B paMKax
3¢ (eKTUBHOTO TPEXTpyHHOBOr0 MeToga B P;—npuOiKeHHH IpH UCIOIB30-
BaHNM 3(h(heKTUBHBIX I'PaHUYHBIX YCIOBH Ha TIOBEPXHOCTH KOMIEHCHPYIOLIHX
CTCpXKHEN WIH LHIMHIPOB.

7. OcHoBHble NPOrpaMMbl GH3HIECKOr0 pacieTa peakTopa

Pa3zpaboTaHHble aNropUTMBI pelueHMA 3ana¥ (U3IMYECKOrO pacyeTa ObUIH
MOJIOXEHLI B OCHOBY IIPOTpaMM HA BBIMUCIMTENbHBIE MAIIuHLL ,,BOCM-2°,
»CTPEJIA®, ,VPAJI“ u mp. Beuoy TOro, 4ro HeBO3MOXHO OXBATHThL BCEro
KOMILIEKCa Pa3sHOOOPa3HBIX MPOrpaMM, COCTABJIEHHBIX I Lieseif Ppu3ndeckoro
pacueTa, OCTAHOBMMCSI Ha HauboJsiee XapaKTEPHBIX IIPOrpaMMax pacyeTa KpUTH-
9ECKHX MAcC PeaKTOpOB, NOJNYYMBIIMX LUIHPOKOE PACHPOCTPAaHEHHE B HAYYHBIX
yupexneanaax Coperckoro Corosa.
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1. TIporpamma 25-TpynmoBOro pacyeTra peakTOpOB B Jr06GOH ONHOMEpHOM
reoMeTpHH B P, —npubnmxeHun. YUuThBaroTcsl 3¢dekTst ynpyroro H He-
YIIPYTOTO paccessHus HEHTPOHOB, pe30HAHCHBIE 3P (e TH Ha AeMIINXCS IpOTOHAX
K KOHCTPYKIMOHHBIX 3JIEMEHTaX, TepMaln3auusd HEeHTPOHOB YUYHTHLIBACTCH B
paMkax ra3oBoil Moznend. B QyHkuuM paccesHMsS YYHMTHIBAIOTCS ABa IIEPBHIX
MoMeHTa. Uncno 30H no 9. Uncno Touek no mpocrpascTsy xo 200. Pacuer no
IporpaMMe HauyMHAETCS C pelieHWs 3alayd Ha KPUTpa3Mep OSKBUBAJIEHTHOrO
peaxTopa 6e3 orpaxarens. [lociie HAXOKAEHU KPUTUIECKOTO pasMepa peakTopa
C oTpaxaTeJieM IPOM3BOJAUTCA yCpeAHeHHe (GH3MYeCKMX KOHCTaHT IS OXHO-
rpynmoBoit Mopnenu. Jlanee NPOM3BOAMTCS YTOYHEHHBIH pacyeT KPUTHHYECKOTO
pa3Mepa peakropa B P;—npubmmkenun. ITomHpH pacyer peakropa Ha KpHTH-
YeCKUH pasMep Npou3BOAMTCS 3a 15 MHREYT.

2. Ilporpamma pemreHus 25-TpyHNIOBOM CHCTEMEBI CONPSIKEHHBIX YDaBHEHUi B
P,—nprOumxeHn I OAHOMEDHBIX PEaxTOPOB IJIOCKOHM, NMIUHIPUIECKOH
U chepryeckoit reoMeTpu. YURTHIBAKOTCS T€ ke 3 deKkTh, 9TO U B TIporpaMme
Il OCHOBHBEIX ypaBHeHWH. IIporpamma TpebyeT 3aTpaThl BpeMeHH Ha OIWH
BapHaHT 15 MuHYyT.

3. IIporpamMma pacyeTa KpUTHYECKOTO pa3Mepa peaxTopa ¥ NOTOKa HeHTPOHOB
B P,—npubmmkennn. Yucno rpynn mo 25. Uucno 30H ¥ TOYEK COOTBETCTBYET
mporpaMMaM pacueTta peaktopoB B P;—mnpubmmxenun. Ilporpamma ucmons-
3yeTcs IUIA Uened pacueTa 3aliUTHL. PacueT OQHOIO BapHAHTa 3amadu Ha Kogpg
TIPOM3BOIOMTCA 32 5 MHHYT.

4. Ilporpamma pacyeTa peakTopa OJHOMEPHOH reomMeTpuu B P;—npubin-
xeruu. Yucio rpynn mo 25. Yucmo 308 no 6. Uncno Todvex 1o MpOCTPaHCTBY
o 100. Pacuer omHoro BapuaHTa K,py NPOM3BOAHTCA 3a 10 MMHYT.

5. lIporpamma pacdera KOMIICHCHpYIOUIEH CHOCOOHOCTH perymupyIoumx
CTepXHEH B LEHTpe IMIMHIPUYECKOH aKTUBHON 30HBL. PacueT mpoH3BomuTcs
B MHOTOTpyOmoBoM TpubmkeHun. Yueno rpynm no 25. UYwncno 30H peakropa
o 9. Pacuer omHOro BapuaHTa K,4p IPOM3BOIUTCS 34 5 MHHYT.

6. IlporpamMma pacuera reTepOreHHOrO peakTopa. Umciao rpymm jgo 25.
Peluenue mpousBoauTcs MeTodoM 3bdexTHBHON roMoresmsauuu. Jms ycpen-
HEHUS KOHCTaHT MCIOJNb3yeTcs MeTon Burmepa-3eiina B P;,—npubmuxenun.
Pacuer xpuTmyeckoro pasMmepa peakTopa NPOH3BOIUTCA 3a 20 MUHYT.

7. IIporpamma pacdeTa 3((HeKTHBHOIO PE3OHAHCHOIO HHTEIpajia ¢ Y4eTOM
TEIIOBOTO IBIDKEHMS Aep. UNCIIO pe30HaHCHBIX YPOBHEN ~— Ipou3BoabHO. Pacuer
oaHoro Bapuauta cmecd U-238 ¢ saMennureneM s 1 TemmepaTyphl IPOM3BO-
murea 3a 20 MuBYT.

8. ITporpamma pacdeTa IPOMEKYTOYHBIX PEaKTOPOB C YYETOM CHIIBHOIO
MOTJIOIICHUS 3aMEIJIAIOINMXCH HelTpoHoB. PaccunTana Ha 18 rpynn m 3 30HBI,
50 toyex. CocTaBleHa Ha Maumuy ,,YPAJI-1¢.

Vxasangpie BEHIIIE IporpaMmsel cocTaBiensl I'. Y. MapyykoM BMecTe ¢ KOJI-
nektuBoM corpymuukoB: B. IT. Koueprunemv, E. W. Ilorygamanoii, JI. 1. Kys-
nenosoi, T. W. XKypasnesoit, B. B. Cmenosemm, I'. A. Unsacosolt, ®. ®. Mu-
XalJycoM u ap.

9. IlIporpamma pacyeTa KpUTHYECKOH Macchl GEICTPOTO PeakTopa C NOMOIbIO
S, meroma Kapicona. Yucno 30H 10 5, uicio Touek go 60. Yucao rpymn go 9.
Pacuet oxsoro 3navenus K,qp ponssoauTes 3a 3 yaca Ha manmue ,,CTPEJIA®,

Ilporpamma coctaBiieHa B. Il. Kouepruubiv, E. Y. Xypasnesoit u AHTH-
MOHHK.
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10. IIporpaMma pacyera NByMEPHOTO LMJIMHAPUYECKOTo peakTopa B P,—
npubnmxennd. Yucno 308 ao 100, yxcio Touek mo.900. Umcno rpynm 9. Pacyer
omHoro BapuaHTa Ki,py MpoOM3BOIMTCA 32 6—8 yacos.

Ilporpamma cocrapieHa 1moj pykosoactsoMm E. C. Kysnenosa, T. A. I'epMo-
renoBoil 1 B. T. TopoGueBoH.

11. IIporpaMma pacyera IByMEpHOTO ILUIMHAPHYECKOTO peakTopa B mupdy-
3MOHHOM IBYXrpynmosom npubmmkenun. Cocrasirena B. K. CaynbesbiM. Pacuer
omgHoro BapuaHTa K,py NpomsBomurcs 3a 30 MHHYT

12. TIporpaMma pacyera OQHOMEPHOTO peakTopa B P,—mnpuGimkeHHH, IpH-
crocobIeHHad OIS pacyeTa KPUTHYECKOM MACCHL M CIIEKTpa HEUTPOHOB B IpO-
MEXYTOYHOM pPeakTope MPH CHIBHOM IOTJIOIECHUH 3aMeUIAIOIIUXCS HEHTPOHOB
¢ YYETOM BOJOPOAOCOIACPXKALIUXCS KOMIIOHEHTOB. Uucsao 30H A0 5, 4YHCIIO
touek mo 100. PacueT omHOro BapuaHTa Ha KPUTHYECKHI pa3MeEDP OCYIIECTBIIAETCS
3a 30 munyt. Ilporpamma coctaBneHa H. . JIsmenko.

B nacTosieM 0030pe HET BOZMOXHOCTH OCTaHOBUThCA Ha BCEX IpOIrpaMmax
bU3MUECKOTO pacyeTa peakTopa. UnCio Takux MporpaMM OdeHb Beauko. OmHakKo,
B TOM WM HHON Mepe OHH HCHOJB3YIOT B Ka4€CTBE COCTABHBIX 3/IEMEHTOB OCHOB-
Hble Yy3JIbI PACCMOTPCHHBIX BBHINIE NpOrpaMM. OTO HpPOrpaMMBI Ha pacyeT
KMHETHKH peakTopa, MJIMTeIbHOCTH KAMIIAaHHM, KOMIEHCAliO PeaKTUBHOCTH B
Tpouecce KaMOaHWM, NPOrpaMMBbl pacyeTa IUMHAMUYECKUX INPOLECCOB B Peak-
TOPaX, IPOrpaMMBl TEILIOGH3NYECKOIO pacyeTa, pacyeTa 3alUThl OT M3JIydeHHS
M MHOTHE IpyTHe. '
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CALCULS MULTIGROUPES DES PILES RAPIDES

P. MOINEREAU ET M. SOLANES
CENTRE D’ETUDES NUCLEAIRES DE SACLAY,
FRANCE

Abstract — Résumé — Amnoramsss — Resumen

Multi-group calculations for fast reactors. The paper deals with various causes
of error in calculations. ’

The first part sets out the mathematical approximations (diffusion approximation,
S, method, etc.), the numerical resolution methods (effect of integration step),
the models used, and the implications of these various factors in the determination
of the principal characteristics of a fast neutron reactor.

The second part studies the effect on reactivity of variations of element cross-sections,
using various fuels, in a reactor of rather hard spectrum.

Caleculs multigroupes des piles rapides. Les auteurs traitent des différentes causes
d’erreur dans les calculs de piles rapides.

Dans la premiére partie sont exposées les approximations mathématiques (approxi-
mation de la diffusion, méthode S,, etc.), les méthodes de résolution numérique
(influence du pas d’intégration), les modéles utilisés, et I'incidence de ces différents
facteurs sur la détermination des principales caractéristiques d’un réacteur & neu-
trons rapides.

La deuxiéme partie consiste en '’étude de l'effet sur la réactivité des variations
des sections efficaces des éléments, dans le cas d’un réacteur & spectre assez dur,
avec divers combustibles.

MHOrorpymnoBoii pac4eT peaKTopos Ha GLICTPLIX HeliTpoHax. B Hacrosiem moxiaae pa3z6u-
paloTcs Pa3INYHBIE NPUYMHBI, BBI3LIBAIOLUME MOTPELTHOCTH B PAacYeTe PEAKTOPOB Ha GBICTPHIX
HEHTPOHAX.

B nepBoif YacTH HAIOTCA MaTeMmaThyeckme npubmixenus (muddysuonHoe npubmmkenue,
Meroa Sy, . . .), METOMbI YHCJIOBOTO PELIEHIS (BIMSHIE YHCITa I'PYIIN), HCIIONB30BABIINEC] MOIEIIN
M BIIMSHHME 3THX Pa3fIMYHBIX (PAKTOPOB HA ONpeAesieHHe IIaBHbIX XapaKTEPUCTHK peakTopa Ha
OBICTPBIX HEHTPOHAX.

Bo BTOpOIf YacTH M3ydyaeTcs BIMsHME Ha PEaKTUBHOCTb kojebauus 3dhekTHBHOTO ceueHus
3IEeMEHTOB C Pa3IMYHbBIM TOIUIMBOM B CJyYyae PEaKTOpa C AOBOJIBHO HKECTKAM CIEKTPOM.

Caleulos de grupos miiltiples relativos a los reactores riapidos. Los autores estudian
las diferentes causas de error en el célculo de los reactores rapidos.

En la primera parte de la memoria, exponen las aproximaciones mateméticas
(aproximacién de la difusién, método §,, etc.), los procedimientos de resolucién
numérica (influencia de la etapa de integracién), los modelos utilizados y el efecto
de estos factores en la determinacién de las principales caracteristicas de un reactor
de neutrones rapidos.

En la segunda parte de la memoria, examinan el efecto de lasvariacion es en las
secciones eficaces de los elementos sobre la reactividad, en el caso de un reactor de
espectro bastante duro, alimentado con diferentes combustibles.

Introduction

Dans ce rapport, nous présenterons d’abord les méthodes de calcul que nous
utilisons & la Section d’études de piles rapides de Saclay, en nous limitant aux
calculs de criticalité (taille critique ou kes). Ces méthodes étant bien connues, nous
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ne ferons que les citer rapidement, le but essentiel de notre étude étant de re-
chercher et d’essayer de chiffrer les incertitudes de ces calculs. Nous pensons
qu’il y a deux causes d’erreurs principales: d’une part la méthode de calcul, et
d’autre part les constantes physiques, c’est-a-dire les sections efficaces.

En ce qui concerne la méthode de calcul, lerreur peut provenir soit de la
théorie physique choisie pour exprimer la conservation des neutrons (différence
-entre méthode S, et diffusion), soit du procédé de résolution numérique (traite-
ment des équations aux différences, influence du pas d’intégration, ete.), et plus
strement d’ailleurs des deux & la fois. Nous montrerons, en nous appuyant sur .
quelques exemples, les incertitudes qui peuvent en découler.

Nous nous attacherons plus spécialement & I'influence des variations des
sections efficaces sur la réactivité calculée, et nous présenterons une étude & peu
prés systématique faite sur le réacteur rapide RAPSODIE avec trois types de
combustibles différents.

Il convient de signaler que: v

1. Notre étude se limite & ’aspect criticalité, une étude sur les erreurs possibles
dans le calcul des flux & longue distance faisant objet d*une autre communication
[1]. L’influence des sections efficaces sur le taux de régénération n’a pas encore
été étudiée.

2. Les exemples donnés se rapportant & peu preés tous & un type de réacteur
donné (RAPSODIE) ou a un lot de sections efficaces également donné, il faut se
garder de généralisations trop héatives des conclusions auxquelles nous aboutirons.

1. Méthodes de calcul

Les méthodes de calcul sont basées, soit sur 1'approximation de la diffusion,
soit sur approximation S,, qui, on le sait, est plus proche de la théorie rigoureuse
du transport.

CODES UTILISANT L’APPROXIMATION DE LA DIFFUSION

Nous distinguerons entre codes & une et codes & deux dimensions, tous ayant
pour objet le calcul de la réactivité (kes).

Codes & une dimension

Le plus ancien et le plus utilisé pour les calculs de Rapsopre a été PROD-II,
programmé par HURWITZ et WALBRAN [2, 3, 4] pour 'ordinateur IBM-650. Ce
code permet de traiter le ralentissement par I’hydrogene et la diffusion inélastique
avec cependant une petite réserve : pas de diffusion inélastique au-dela du huitiéme
groupe. Les inconvénients majeurs (limitation & 50 points et temps de calculs
trés longs) sont évidemment liés & la faible capacité de I'IBM-650.

A PROD-II ont été adjoints & Saclay divers petits programmes, sur IBM-650
également:

a) Un programme de calcul des flux adjoints & 8 groupes;

b) Un programme d’itérations sur les termes de ralentissement élastique (fi)

. (§Z9)i |
261‘1 - lfl'Aui >

¢) Des programmes de calcul des intégrales de flux et de puissances, de calculs
des constantes telles qu’elles doivent étre présentées pour PROD-II, et de pondé-
ration des sections efficaces sur un spectre donné.
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Nous avons programmé également, mais sur ordinateur Ferranti Mercury, deux
codes (autocodes) de calculs des perturbations locales et intégrées dont nous
dirons quelques mots dans la suite de 1’exposé.

PROD-II est maintenant remplacé par un code aux possibilités supérieures et
plus rapides sur ordinateur Ferranti et dii & LINpE [5]. Malheureusement, ce code
ne comporte pas d’annexes, si ce n’est un calecul «adjoint», et ceci diminue un
peu son intérét. D’autre part, I’ ordinateur Ferranti étant de capacité assez limitée,
les possibilités de ce code sont parfois insuffisantes.

Un code multigroupe & une dimension est programmé & Saclay sur TBM-7090.
11 permettra 50 groupes, 2 & 300 points et diffusion inélastique sans restriction.

Divers sous-programmes annexes sont prévus qui permettront notamment:

a) Le calcul automatique des constantes;

b) Des itérations sur les termes de ralentissement élastique;

¢) Le calcul de ’évolution du réacteur dans le temps (compositions et réactivité)
avec étude possible des chaines du thorium, de 235U, de 238U et des produits de
fission ;

d) Le calcul des flux adjoints et son application au calcul du temps de vie des
neutrons, du fesr et des perturbations de réactivité.

e) Le calcul de la propagation des flux & longue distance traité comme un
probléeme inhomogéne (flux donnés en un point);

/) La pondération des sections efficaces sur le spectre déterminé par le pro-
gramme principal.

La mise en service définitive du code est prévue pour la fin de I'année; d’ores
et déja les premiers essais ont donné des résultats satisfaisants.

Codes & deux dimensions

Nous avons utilisé au début le code programmé sur Mercury par HassrTT [6].
Ce code est trés limité (2 groupes pratiquement), et nous ne l’utilisons & peu
prés plus.

Le code que nous utilisons le plus, actuellement, est PDQ [7] sur IBM-704 ou
7090. Il présente les avantages d’étre d’'un emploi trés facile et d’étre trés sir;
par contre, il est limité & 4 groupes, et le fait qu’il exige un spectre de fission nul
dans le dernier groupe et ne permet pas de diffusion inélastique le limite pratique-
" ment & 2 ou 3 groupes.

Citons pour mémoire CURE, sans diffusion inélastique également et moins
pratique que PDQ, et CUREM, que nous utilisons depuis peu.

Un code & deux dimensions est actuellement programmé 3 Saclay et doit étre
en service bient6t. Ses caractéristiques seront les suivantes: 10 groupes ou plus,
diffusion inélastique sans restrictions, et 9 & 10 000 points de maillage. Des sous-
programmes annexes sont également prévus tels que: calcul des flux adjoints et
leurs applications et étude de I’évolution du réacteur dans le temps.

CODES BASES SUR LA METHODE S,

Code S pour Mercury

Ce code a été programmsé & Saclay pour I’ordinateur Mercury [8]. Il est composé,
en fait, de trois programmes distincts: « » critique» , qui calcule 'inverse du kesr,
« R critique» , qui calcule une dimension critique, et « S, complet» , qui permet les
caleuls de perturbations de réactivité.
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Les possibilités limites de ces programmes indiquées ci-dessous sont dif-
férentes selon qu’il s’agit des deux premiers ou du troisiéme:

v eritique
et Sr

R critique complet
n de la méthode 8 4
Nombre de milieux 8 4
Nombre de points 64 32
Nombre de groupes d’énergie .20 10
Géométries permises Sphérique Sphérique

cylindrique

Signalons une particularité intéressante de ce code: il ne calcule pas D; (re, 1)
mais une valeur approchée de

A T+ Ty w4 flay
[, )
qui est:
D; (T, 1) + Di (Thrs 1) + Bi {They f141) + Pi (Phetys Hi41)
1 .

Ceci permet de diminuer I’erreur par rapport & la solution analytique @; (r, u).

DSN et TDC

Ces deux codes [9] utilisent une approche différente de la méthode S, appelée
par Carlson «méthode S, discréter.

Ils ont été programmés initialement pour ’ordinateur IBM-704, mais des ver-
sions légerement modifiées sont disponibles sur TBM-7090 au CEA.

Ils permettent de résoudre plusieurs types de problemes (calcul du keg, d'une
dimension critique, d’une concentration critique, calcul avec source, etc.), avec des
approximations pouvant aller jusqu'a n=16 avec DSN et n=6 avec TDC.
Toutefois, la présentation des données est assez complexe et en rend parfois
Yemploi malaisé.

De plus, on se heurte aux difficultés devenues classiques de ces codes: conver-
gence assez lente dans le cas de neutrons lents ou de piles de grandes dimensions
avec des milieux juxtaposés tres différents.

QUELQUES COMPARAISONS DES METHODES DE CALCUL

Une méthode de calcul n’est vraiment cohérente que si les résultats auxquels
elle conduit dépendent peu du découpage géométrique et de la division angulaire
(dans le cas de la méthode S,). Nous mettrons & part la question du découpage en
groupes d’énergie, obligatoirement liée & celle des sections efficaces, question que
nous aborderons dans la deuxiéme partie de ce rapport. Nous ferons quelques
comparaisons entre les résultats donnés par les différents codes dont nous venons
de parler.

Il est évident que notre but n’est pas de faire une comparaison détaillée et
compléte de ces codes. Une telle étude, au surplus, ne présenterait qu'un intérét
assez académique, puisque seul compte en définitive I’accord ou le désaccord
entre le résultat du calcul et I’expérience.

Les quelques comparaisons que l'on trouvera ci-aprés sont d’ailleurs limitées
au seul probleme de la criticalité: valeurs de rayons critiques ou de Kegs.
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Influence du pas d’intégration et du nombre d’intervalles angulaires (Sn)

Le tableau I montre quelques exemples d’influence du pas d’intégration avec
le code diffusion de Linde (géométrie sphérique). Le modeéle de réacteur calculé
comprend trois régions: coeur, couverture fertile et réflecteur acier. Les deux
derniéres régions ont la composition exacte des couverture radiale et réflecteur
acier de RAPSODIE 59-1 Le cceur & une composition voisine du coeur de RAPSO-
DIE 59-1 [10]. Les pas d’intégration ont été modifiés dans chaque région.

TaBLEAU 1

INFLUENCE DU PAS D’INTEGRATION GEOMETRIQUE SUR LE COEFFICIENT
DE MULTIPLICATION EFFECTIF (CODE LINDE)

Nombre de pas
Coeur Couverture Réflecteur kett
(19,7 cm) (44 cm) acier (44 cm)

30 30 30 1,000 34
30 18 30 1,001 70
24 24 30 1,000 45
20 11 11 1,004 56
15 15 15 1,001 80
15 13 15 1,001 97

5 15 15 0,983 67

On constate que le résultat est trés sensible non seulement au pas d’intégration
dans le coeur mais aussi au pas dans la couverture, et qu’il est inutile de choisir
un pas trés serré dans le cceur si celui qui a été choisi dans le second milieu est
trop grand. D’une fagon générale, il semble que les résultats fournis par le code
de Linde dépendent beaucoup du découpage géométrique.

Un calcul de rayon critique du ceeur, avec trois régions ayant la composition
du coeur, de la couverture radiale et de I’écran acier de RAPSODIE 60-2 effectué
avec le code S, sur Mercury a conduit aux résultats suivants (approximation §,):

— avec 10 pas par région: 18,72 cm,

— avec 15 pas par région: 18,69 cm.

On peut en conclure que, du point de vue criticalité, il n’est pas indispensable
de choisir un nombre de pas trés élevé par région avec ce code.

L’influence du nombre d’intervalles angulaires et du découpage géométrique en
calcul 8, a été également étudiée avec DSN pour le méme probléme que ci-dessus.

Nombre de pas par miliew

10 : 20 30
S4 18,731 em 18,820 cm 18,830 ecm
S8 18,849 ecm — 18,934 cm
S16 18,886 cm — 18,950 cm

Quelques constatations s’imposent:

a) Dans les mémes conditions, la méthode S, «classique» et la méthode «dis-
créte» conduisent sensiblement au méme résultat (18,72 cm contre 18,73 cm).

b) Le rayon critique calculé augmente avec le nombre de pas, contrairement a
ce qui se passe avec le code S, pour Mercury.
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¢) Le rayon critique calculé augmente également avec ordre de I'approxima-
tion S, (nombre d’intervalles angulaires), donc se rapproche du rayon critique
fourni par l'approximation de la diffusion (19,6 cm dans ce cas).

d) Pour un calcul de rayon critique, 'approximation 8, est suffisante.

Rayons critiques comparés en théorie S, et en théorie de la diffusion

Le tableau II rassemble quelques exemples de rayons critiques calculés avec la
méthode S, et avec la méthode de la diffusion. Les calculs ont été faits dans des
conditions aussi voisines que possible, en particulier avec les mémes sections
efficaces.

Tasreavu IT
RAYONS CRITIQUES COMPARES S, — DIFFUSION

S, Diffusion Rayon diffusion

(cm) {cm) Rayon 8,
18,72 19,6 } 1,047
18,87 19,7 1,044
19,75 | 20,5 1,038

Les valeurs indiquées dans ce tableau concordent avec les résultats donnés par
OxRENT et AVERY [11]. Le rapport des rayons critiques obtenus en théorie de la
diffusion et en théorie 8, augmente lorsque le rayon critique diminue. Pour des
systemes rapides de la taille de RAPSODIE, la théorie de la diffusion conduit
3 un rayon critique supérieur de 4 & 5% au rayon critique fourni par la méthode 8,.

Rayons critiques en théorie de la diffusion

Nous avons fait quelques comparsisons entre les deux programmes & une
dimension que nous utilisons, PROD-II et LINDE. Les résultats obtenus sont
d’autant plus voisins que le pas d’intégration géométrique est plus serré avec
LINDE. Ainsi, un calcul de criticalité qui conduit & ketsr = 0,9997 avec PROD-II
conduit avec LINDE & 1,0020 ou 1,0010 suivant que le pas d’intégration choisi
est le méme qu’avec PROD-II ou trois fois plus faible.

D’une fagon générale, le code de LINDE est plus sensible que PROD-II au pas
d’intégration. Cela provient sans doute de la fagon-dont sont traitées numérique-
ment les équations aux différences.

Nous avons comparé également les codes & deux dimensions, PDQ et HASSITT,
et PROD-II utilisé en géométrie cylindrique, les fuites axiales y étant représentées
par des termes d’absorption fictive (voir tableau III).

TasreaUu 111
COMPARAISON PDQ—HASSITT—PROD-IL

Rayon critique

(em)
Code
Exemple 1 Exemple 2
PDQ 16,82 16,44
HASSITT 17,17 16,97

PROD-II 16,95 16,85
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Spectre de jeu & 8 groupes

i | v ]| e 3 | &« | s | e | 71 | 8
A ‘ 2 05 |o5 |os |o5 |1 2 —

% 0,575 | 0,178 | 0,116 | 0,064 | 0,034 | 0,025 | 0,0075 | 0,0005
Emin (MeV) 1,35 0,825 | 0,5 0,3 0,18 0,0674 | 0,0091 0

Le modéle calculé dans I'exemple 1 est schématisé ci-dessous, les régions ayant
la composition de RAPSODIE 59-1:

i ®=0
Couverture | Réflecteur _
Caur radiale acier ©=0
— 44 cm 44 cm —

Avec PROD-II, I'absorption fictive était dans chaque groupe DiB? avec
B2=[xn/(2 x 30)]2=0,000274 cm?, ce qui suppose une distribution axiale des flux
en cosinus indépendante de ’énergie des neutrons et de la position radiale.

Les calculs ont été faits & deux groupes avec les trois codes.

Dans I'exemple 2, le modeéle calculé est RAPSODIE 59-1, supposé symétrique
par rapport au plan médian du ceeur et limité radialement & I’écran acier, ‘axiale-
ment & la zone de transition supérieure. Les calculs ont été faits & 2 groupes
avec PDQ et HASSITT, a 8 groupes avec PROD-II, les sections efficaces & 2 grou-
pes ayant été obtenues par pondération du jeu & 8 groupes. Dans cet exemple,
les fuites axiales sont représentées dans PROD-II par DiB? (3, k), ou les B2 (¢, k)
dépendants dans une certaine mesure de I’énergie et des régions ont été calculés
de la fagon suivante: on a préalablement déterminé la forme des courbes de flux
a 2 groupes avec PDQ, flux pris suivant des paralltles & 0z aux points moyens
des régions radiales, puis on a calé des arches de cosinus sur ces courbes, alors
B2 (i, ky=(w=/H}, ¢)?, H;,r étant la longueur de I’arche de cosinus pour le groupe ¢
dans la région k.

Les exemples 1 et 2 montrent que PDQ conduit & un rayon critique plus petit
que HASSITT. Nous avons d’ailleurs vérifié systématiquement ce résultat; la
différence est le plus souvent de 0,3 & 0,4 cm pour des systémes de la taille de
RAPSODIE. Nous pouvons aussi constater quun code & une dimension utilisé
en geometrle cylindrique, avec des termes d’absorption fictive judicieux, peut
conduire & de bons résultats pour le calcul du rayon critique.

En ce qui concerne la comparaison des résultats de PDQ et CURE, citons un
exemple: le calcul de RAPSODIE 60-2 [10] avec un rayon du cceur fixé 4 18,2 cm
conduit & kere = 1,01670 avec PDQ et & ketr = 1,01265 avec CURE, ce qui corres-
pond & une différence de 0,15 cm environ sur le rayon critique.

Comparaisons des spectres calculés en méthode de la diffusion et en méthode S,
Nous avons calculé le modéle RAPSODIE 60-2 en géométrie sphérique radiale
pour la méthode S, avec trois milieux: cceur, couverture radiale et réflecteur
acier. Le rayon critique trouvé est de 4,4% plus faible qu’en théorie de la diffusion.
Les courbes des figures 1 et 2 représentent les flux & 8 groupes obtenus avec les
deux méthodes de calcul; I’accord est excelient dans le coeur, mais devient de
plus en plus mauvais lorsqu’on s’en éloigne.

3
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COEUR

L 1
e M6 em

T
196

Figure 1
RAPSODIE 60-2. Flux en GSR. Diffusion.

62,78

18,78

10'24

(414

106,78

Figure 2

RAPSODIE 60-2. Flux en GSR. S,.
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La décroissance du flux est plus rapide en méthode §,; il y a un facteur 1,5
pour le flux total & Vinterface couverture-réflecteur acier, 2,5 an milieu du réflec-
teur acier, 13 & la limite externe de ce dernier milieu.

Ce phénomene est exagéré par la différence de conditions aux limites utilisées
dans les deux méthodes. Le milieu qui succéde au réflecteur acier est supposé
avoir la composition infinie dans le cas d’un calcul en théorie de la diffusion; il
est supposé un milieu vide done sans aucun pouvoir de réflexion dans le cas du
calcul 8,. Néanmoins, ceci ne suffit pas & expliquer la différence, et on peut estimer

CENTRE DU COEUR

£ -1
INTERFACE COEUR - COUVERTURE ] I
-------- -

_____ MILEU DE LA COUVERTURE
- INTERFACE COUVERTURE- ECRAN ACIER 08

—wmee MILIEU OE C ECRAN ACIER

8 7 6 5 4 3 2 1
T T VT

001Mev 01 Mev MoV 10 MeV

Figure 3
RAPSODIE 59-1. Importance des neutrons.

qu’a la limite du réflecteur acier, le flux total calculé par la méthode S, (en poin-
tillés figure 3) est environ cing fois plus faible que le flux calculé en théorie de la
diffusion.

Les spectres moyens calculés (tableau IV) sont un peu plus durs en méthode §,,
mais cependant trés voisins de ceux obtenus en théorie de la diffusion dans le
ceeur et la couverture; cet accord cesse d’exister dans le réflecteur acier surtout
pour le groupe 8.

TaBLEAU IV
RAPSODIE 60-2 — SPECTRES CALCULES EN THEORIE DE LA DIFFUSION ET EN

THEORIE §,
Coeur Couverture radiale Réflecteur acier
Groupe -

Diffusion , A Diffusion , S, Diffusion S,

1 177 189 43 42 1,2 2

2 114 117 47 47 2,4 4

3 159 159 131 133 19,4 34

4 184 181 181 184 43 77

5 117 114 162 166 57 100

6 136 131 250 251 152 264

7 95 92 171 165 384 432

i 8 18 17 15 12 341 87
1

3*
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BILAN DE NEUTRO

[CEUR| Inn.

COUVER-
TURE
RADIALE

0,2230 n.n. |
—10,7541|—

[CEUR | In.n. >

COUVERTURES
RADIALE
ET AXTALE

0,2017

—

P. MOINEREAU ET M. SOLANES

Pu
Fissions 257
238U
Pu
235U
C AP- 238U
TURES Matériau
de struc-
ture
Furres
dans la
couver-
ture
|
23 5U
Fissions { 288]
235U
Carp- 23877
TURES Strue-
tures
Fuires
hors cou-
verture
0,0539

TABLEAU V
NS EN GEOMETRIE SPHERIQUE

0,2076

0,1190 } X7 (=2,8019)—> In.n.
0,0303

Total des fissions 0,3569

0,0324

0,0178

0,0521

0,0097
Total des captures 0,1120
Neutrons absorbés 0,4689

0,5311

0,0298

0,0569 [ xw (=2,5721)— 0,2230 n.n.
Total des fisstions 0,0867

0,0060

0,5544

0,0531

Total des captures 0,6135
Neutrons absorbés 0,7002

TABLEAU VI
BILAN DES NEUTRONS EN GEOMETRIE (z, 2)

Pu
Fissions ¢ %57
23 BU
Pu
235U
Car- 23877
TURES Strue-
tures
Furres
hors du
coeur
235
Fissions { 233%
U235
Cap- U8
TURES Struc-
tures

0,2091
0,1218 % X% (=2,7731)> In.n.
0,0297

Total des fissions 0,3606
0,0341

0,0191
0,0545

0,0046
Total des captures 0,1123
Neutrons absorbés 0,4729

0,5271

8,82% } X7 ( = 2,5925)-> 0,2017 n.n.

Total des fissions 0,0778
0,0052
0,4872

0,0555
Total des captures 0,5479
Neutrons absorbés 0,6257
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TABLEAU VII

BILAN DE NEUTRONS EN GEOMETRIE (r, z) DANS LES COUVERTURES
(pour In.n. dans le ceeur)

2
COUVERTURE FISSIONS{ LA } X7 (= 2,5943)> 0,1925n.n.

RADIALE Total des fissions 0,0742

0,1925 n.n. - 2351F 0,0049
Car- 2387J 0,4616
TURES Strue-

tures 0,0521
Total des captures 0,5186
Neutrons absorbés 0,5928

2
COUVERTORE Fxssmns{ el 8’88;3} X7 (= 2,5556)-> 0,0092n.n.

AXJALE Total des fissions 0,0036

0,0092 n.n. - 23577 0,0003
Car- 28877 0,0256
TURES Struc-
tures 0,034

Total des captures 0,0293
Neutrons absorbés 0,0329

Bilan des neutrons — Comparaison une dimension, deux dimensions

Nous avons calculé le nombre d’événements (captures, fissions, fuites) qui se
produisent dans les régions actives de la pile pour un neutron naissant dans le
coeur:

a) A une dimension, en géométrie sphérique, avec un coeur de 19,7 cm et une
couverture de 44 cm d’épaisseur ayant la composition de la couverture radiale de
RAPSODIE 59-1 (tableau V).

b) A deux dimensions (r,z) avec la configuration géométrique exacte de
RAPSODIE 59-1 (tableaux VI et VII).

Les valeurs trouvées sont trés comparables pour le coeur. Par contre, en géo-
métrie sphérique, pour la couverture elles sont supérieures de 10 & 15%, & celles
fournies par le calcul & deux dimensions.

Ce résultat était prévisible pour plusieurs raisons:

1° Le rapport volume-couverture/volume-coeur est plus grand en géométrie
sphérique qu’il ne I'est dans la réalité (32,8 contre 30,4).

2° 11 n’est pas tenu compte des zones de transition en géométrie sphérique.

3° La géométrie sphérique ne tient pas compte de I'atténuation du flux lors-
qu’on s’éloigne du plan médian dans la couverture radiale, & distance constante
de l'axe.

4° Tl y a également un effet dfi aux sections efficaces (pondération & 2 ou
8 groupes) mais on ne peut prévoir dans quel sens il joue.

TAUX DE REGENERATION

Le taux de régénération est défini comme étant le rapport du nombre d’atomes
de 239Pu formés, au nombre d’atomes précieux détruits:

R= atomes Pu formés

p (atomes Pu détruits) + ¢ (atomes 235U coeur détruits) + » (atomes 2357 couverture
détruits)
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01‘1
=yprix d’'un atome de plutonium,
q prlx d’'un atome de 225U du cceur,
r=prix d’'un atome de 235U de la couverture radlale
Les résultats obtenus & une et deux dimensions sont les suivants:

Cour  Couverture  Total
Une dimension (p=¢=17r=0) 0,1378 1,4668 1,6046
Deux dimensions (p=¢g=1r=0) 0,1419 1,2684 1,4103
Ils montrent que la part due au cceur dans le taux de régénération est environ
le dixieme de celle due aux couvertures et que le calcul 4 une dimension conduit
a des valeurs trop optimistes.

CONCLUSION PRELIMINAIRE

Au vu de ces quelques résultats, et dans le cas d’une pile de la taille de RAP-
SODIE, il semble que les rayons critiques calculés en géométrie (r, z) par la méthode
de la diffusion puissent différer au maximum entre eux de 0,5 cm selon le code
choisi et les pas d’intégration géométrique, soit une incertitude de 6 & 79, environ
sur la masse critique. Mais il y a d’autres causes d’incertitude : d’une part I’erreur
apportée par la méthode de la diffusion elle-méme (si I'on tient pour acquis que
la méthode S, conduit & des rayons critiques plus faibles et plus en accord avec
I'expérience, on peut penser que les masses critiques calculées en approximation
de la diffusion sont probablement surévaluées), et d’autre part I’erreur due aux
sections efficaces. C’est & celle-ci que nous allons consacrer la deuxiéme partie de
cet exposé.

2. Sections efficaces

L’objet de la présente étude est d’essayer de déterminer quelles sont les constan-
tes les plus influentes dans le calcul d'un réacteur rapide et la précision avec la-
quelle il serait souhaitable de les connaitre.

Nous espérons ainsi pouvoir suggérer des mesures plus précises pour les cons-
tantes les plus sensibles; il serait alors possible d’ajuster les autres constantes de
fagon & obtenir un jeu de sections efficaces mieux adaptées au calcul d’un réacteur
rapide dont le combustible serait semblable & celui d¢e RAPSODIE. En effet, une
des principales difficultés du calcul d'un tel réacteur est I'impossibilité de chiffrer
Perreur due aux sections efficaces.

11 est bien connu que les mesures de sections efficaces pour les neutrons rapides
sont particulierement délicates et difficiles:

1. Les interactions des neutrons rapides avec la matiére sont en général trés
faibles. '

2. Les sections efficaces sont relativement faibles et les libres parcours moyens
associés grands.

3. Les effets dus aux résonances et aux neutrons thermiques sont souvent cent
mille fois plus grands que les effets dus aux neutrons rapides.

4. Certains domaines d’énergie sont tres difficiles 4 explorer et on a dii faire appel
4 des théories approchées, & des formules empiriques.

5. On a construit de nombreux jeux de sections efficaces microscopiques, la
plupart sont un mélange de résultats de mesures microscopiques directes et d’ajus-
tements empiriques, ces ajustements étant réalisés de maniere & trouver un accord
raisonnable avec un groupe d’expériences critiques.

[%
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Pour nos calculs neutroniques, nous avons principalement fait appel & deux
jeux de constantes: les constantes 3 10 groupes d’Argonne [12], et les constantes
4 10 groupes de Los Alamos [13]. Les premiéres semblent mieux adaptées & un
calcul de criticalité, les secondes, dont le découpage en énergie est plus serré vers
les basses énergies, conviennent mieux pour des calculs de flux & grande distance.

Dans U'étude qui suit, nous avons utilisé un jeu & 8 groupes d’énergie dérivé du
jeu & 10 groupes d’Argonne.

Les études envisagées portent sur linfluence d’une variation d’une section
efficace sur: a) la criticalité, b) le taux de régénération, ¢) la propagation des
flux & grande distance. Ces trois études demandent la mise en ceuvre de méthodes
trés différentes. Dans le présent mémoire, nous ne traiterons que la partie a),
la partie b) restant & étudier et la partie c) faisant 'objet d’un autre mémoire [1].

INFLUENCE D’UNE VARIATION D'UNE SECTION EFFICACE SUR LA CRITICALITE
Modéles utilisés

Nous avons pris comme modele de base un réacteur sphérique avec deux régions:
cceur et couverture radiale.
Nous avons envisagé trois types de combustible:

U—Pu—Mo RAPSODIE 59-1

Pu0,—U0, RAPSODIE 60-2

PuC—UC RAPSODIE 60-3

Les dimensions adoptées sont:
U—Pu—Mo
Rayon du cceur [ PuC—UC E=19,7 em
. l Pu0,—U0, R=19,6 cm
Epaisseur de la couverture radiale: e=44 cm

La densité adoptée pour les oxydes et les carbures est 90% de la densité

théorique.
Composition volumétrique:

Ceeur Structures:  18,58%

Réfrigérant: 39,229%
{ Fertile: 56,05%

{ Combustible: 42,29

Structures:  15,55%,
Réfrigérant: 28,40%

Couverture radiale

Méthodes de calcul

Les calculs préliminaires ont été effectués sur IBM-650 & l’aide du programme
PROD-II et du programme annexe de calcul des flux adjoints, ce qui explique
notre choix de 8 groupes d’énergie, ce programme n’admettant pas de transfert
au-deld du groupe 8.

On a également effectué certains calculs sur Mercury Ferranti & I’aide du pro-
gramme & une dimension de Linde.

Les calculs de taille critique, flux, flux adjoints, fonction importance, ayant
ainsi été effectués en théorie de la diffusion utilisant 8 groupes d’énergie, la
méthode de calcul de perturbations au premier ordre était celle qui nous con-
venait le mieux. Cette méthode permet d’atteindre la variation de réactivité
lorsqu’on connait la variation des paramétres de la pile [14].
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A partir des fonctions importance et des flux de neutrons pour une con-
figuration sphérique, le programme autocode Mercury-116/34, perturbations
intégrées, permet de- calculer les expressions suivantes en fonction du rayon:

U= 3¢x 645, (effet sur la réactivité du coefficient de la diffusion
D “or D)
V= Z@,*S > @ (effet sur la réactivité des sections efficaces d’ab-
St sorption)
ou:

Zai = Zei + 2t + Zinj+ Zexi

avec: ¥ :z Zinisj
in{ i>i

W= Z(p 28 Bi i ®D; . (effet sur la réactivité de la variation des sections

T efficaces de diffusion inélastique et de passage élastique

i<i d’un groupe dans le suivant)

ou:

Bj i =2inji + Z’erjaj—’l-
61':_1 =0pourj£i—1
6{' 1= 1pourj=i—1

X = qu 28 (1), ®; (eﬁ"et sur la réactivité de la variation du produit
P v2Di 12, c’est-a-dire ou X; ou » si Pautre est constant)

3k 1 (variation totale de réactivité due aux
- === (—U—V
F ( W+ X différentes perturbations)

F= f Z‘p’x‘z (»v20); % (importance des neutrons de fission)

j
tout le volume .

Nous pouvons donec introduire des variations des sections macroscopiques
dans chacun des 8 groupes d’énergie considérés.

Dans chaque calcul nous ferons varier les sections efficaces d’'un seul groupe
d’énergie. Le programme imprime 3D; et les intégraleS'

| UadV' = | Va4V wWav — | XdV’
J région F J région F f région ¥ J région

qui représentent la variation 8%/k due & chaque variation. Le programme im-
prime également la variation globale:

3k 1

— = — | (—=U—V + W+ X)dV".

k F fégion )

Dans notre calcul, nous avons introduit des variations macroscopiques

3X=89% X. Nous avons introduit 3D; sous la forme:

3D;=— ;;;t:z calculé pour 3Z,=8% Zir.
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Il nous a suffi ensuite, considérant une variation de 2 donnée & laquelle corres-
pond une certaine valeur de 3k/k, de supposer que la variation 32X était due &
la variation de la section efficace d’un seul des éléments. Un calcul trés élémentaire
permet ensuite de déterminer les valeurs 8k/k correspondant & une variation
de 109 d’une section efficace d'un élément.

Les valeurs ainsi trouvées sont consignées dans les tableaux IX et suivants.

Remargque 1. Le programme autocode Mercury-116/34 suppose la variation
de réactivité linéaire en fonction du 382. Un calcul & Yaide du programme
PROD-II sur IBM-650 nous a permis de vérifier cette linéarité dans la marge
de variation que nous avons choisie:

a) Un premier calcul, avec les constantes & 8 groupes d’aprés ANL, appliqué
3 RAPSODIE 59-1, & deux régions, cceur, couverture radiale, en géométrie
sphérique, sens radial, conduit a:

etz =0,999841.

b) Un deuxieéme calcul, dans lequel les sections de fission sont diminuées
de 4%, dans le cceur, donne:

I ote— 0,991 012.

¢) Dans un troisieme caleul, on a diminué les sections de fission de 8%, dans
le coeur:
k" ett=0,982191.
D’ou:
32y=49% 2t 3k=0,008829

8Z;=8% X 3k=0,017650

La variation 3k est pratiquement linéaire compte tenu de l'imprécision des
derniéres décimales.

Remargue 2. Le calcul de perturbations au premier ordre suppose que la forme
du spectre change peu. Nous avons également vérifié & 1’aide du programme
PROD-II que le spectre n’était pas affecté par une variation de 8%, d’une section
macroscopique.

Di1scUSSION DES RESULTATS OBTENUS

Nous avons appliqué I’accroissement de 109 aux constantes microscopiques
des principaux éléments constituant les régions actives du réacteur, & savoir:
9Py, 257, 28, Na, Fe, Mo, Cr, Ni, C, O.

Du point de vue criticalité, les éléments les plus influents sont les corps fissiles
ou fertiles.

On remarquera, en particulier, I'importance du premier groupe de 23°Pu et -
238U.

Le terme prépondérant est le nombre moyen de neutrons émis par fission,
puis viennent, dans l'ordre, la section efficace de fission, la section efficace de
transport, les sections de diffusion inélastique de 2380,

Premier cas: RAPSODIE 59-1, U-Pu-Mo

L’influence sur la réactivité des sections efficaces de capture radiative est
faible, celle des sections de passage par diffusion élastique est quasi nulle.



42 P. MOINEREAU ET M. SOLANES

I1 parait done inutile de chercher & évaluer avec plus de précision les gep lors
de la recherche de la taille critique; bien entendu, cette conclusion serait erronée
§’il y avait au voisinage du cceur des matériaux légers en quantité notable.

D’une fagon générale, I'influence des sections efficaces décroit assez lentement
avec le niveau d’énergie; pour o,, au contraire, le groupe le plus influent est le
sixieme.

Matrices inélastiques. Les matrices inélastiques ont été étudiées séparément
avec PROD-II. On a multiplié successivement par 2 les sections inélastiques
totales des principaux groupes diffusants (1.2.3) sans modifier le spectre de
diffusion (tableau VIII).

TaBLEAU VIII

EFFET SUR LA REACTIVITE D’UNE VARIATION DE 100% DE LA SECTION
EFFICACE DE DIFFUSION INELASTIQUE D*UN MATERIAU*

(3 % en pem)

Elément i=1 | =2 | -3
239Pyy —131 14,3 37,7
23517 —163,1 16,3 46,0
23877 —837,1 59,6 27,3

- Mo —180,2 10,0 —
Na —136,9 12,0 25,9
Fe —322,9 29,8 —_
K -— 3,6 0,4 0,7
Cr — 87,1 8,0 —_
Ni — 42,7 3,9 —

* Région: cceur. Combustible:U, Pu, Mo.

Cet accroissement conduit & un effet négatif sur la réactivité pour le premier
groupe, positif pour les suivants, dans le cceur. La diffusion inélastique dans

10,4
-0,3
4
E;
-
w
a
,COMBUSTIBLES o2~
U-Pu- Mo 3
———— Pw,-w0, g
.......... PUC-UC
2
Loy &
't T T
TkeV WkeV 0,1MaV MeV 10Mev

Figure 4
RAPSODIE. Spectre moyen des neutrons dans le coeur.
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le groupe 1 a en effet pour résultat d’envoyer les neutrons dans les groupes 2
et 3, pour lesquels 'importance des neutrons est minimale dans le cceur (fig. 4).
Au contraire, 'importance croissant avec la léthargie au-dessous de 600 keV,
la diffusion dans les groupes 2 et 3 ameéne les neutrons & des énergies ot 1'impor-
tance est plus grande.

Dans la couverture, 'importance décroit de fagon réguliére avec 1’énergie; le
ralentissement y a un effet toujours négatif sur la réactivité.

Deuziéme cas: RAPSODIE 60-1, RAPSODIE 60-3

Ayant vérifié la linéarité de la variation de réactivité en fonction de la varlatlon
de section efficace introduite, on a fait uniquement des calculs en théorie des
perturbations au premier ordre.

Les variations étudiées sont dans ce cas également de 109,. Nous nous bornerons
& signaler les principaux points sur lesquels les résultats différent de ceux de
I’étude précédente.

a) L’influence de oer est globalement neghgeable; toutefois, les ger de 'oxygéne
et du carbone sont assez importants, notamment pour le sixi®éme groupe.

b) La présence d’oxygéne dans le coeur conduit & un spectre moins dur et,
pour le a¢, le groupe le plus influent est le septieme dans le cas de RAPSODIE
60-2; la dégradation du spectre est moins sensible dans le cas des carbures (fig. 4).
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o
———s PTG, W
.......... PuC -uC g
«
R o g
>
E
i
[y
' T = :
1keV WkeV 0,1 MoV 1MV WMV

Figure 5
RAPSODIE. Spectre moyen des neutrons dans la couverture radiale.

Remarque. Les résultats que nous présentons dans les tableaux IX et suivants
sont spécifiques du réacteur choisi et ne pourraient étre extrapolés & un réacteur
de puissance de grand volume (>>10001), pour lequel le spectre est beaucoup
moins dur.

On peut seulement 51gnaler que l'influence des groupes de basse énergie serait
accrue; c’est ce que I’on note déja lorsque 1’on passe d’un combustible métallique
4 une céramique.
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Conclusion

Une étude telle que celle-ci ne peut apporter de renseignements utiles que
si I'on connait les marges d’incertitude sur chaque section efficace, ceci afin de
prévoir les erreurs des calculs de neutronique et de suggérer d’éventuelles mesures
aux expérimentateurs.

Précision des mesures fondamentales

v (E) Ce terme est celui qu’il importe le plus de connaitre avec précision. Si
Ton se référe aux travaux récents d’Argonne (ANL-5800), il apparait
que les valeurs de v (£) sont connues & 4-49% pres, dans toute 1’échelle
des énergies.

6;  On dispose actuellement de beaucoup de renseignements quant & la variation
des sections efficaces de fission avec 1’énergie, sauf pour le plutonium-239
entre 9 keV et 30 keV (7e groupe) [15]. On peut donc penser que les erreurs
dues aux or sont faibles; il convient pourtant de remarquer que le plu-
tonium n’a pas été utilisé dans les assemblages de ZPR-III sur lesquels
les constantes ont été testées.

otr Cest la différence de deux termes: oot et uos. Les sections efficaces totales
sont assez bien connues {16], sauf pour I'uranium-238, pour des énergies
supérieures & -1 keV. L’imprécision est en général de 419%, elle peut
atteindre au maximum -459%,. L’erreur sur ot vient surtout du terme
10og, dont 'évaluation est difficile; elle est d’autant plus faible que le rapport
U0s/otot est lui-méme plus faible.

oc  Les mesures portent sur le rapport a=0cc/or, et on ne peut guére espérer
une précision supérieure & 25%. Les sections du capture doivent done
étre considérées comme incertaines, mais nous avons vu que leur influence
sur la réactivité est faible. Dans le cadre d’une étude du taux de régénération
ou des sources de chaleur dans des régions éloignées du cceur, il y aurait
lien de suggérer des mesures plus précises de g¢, surtout pour les noyaux
fissiles ou fertiles et quelques noyaux de structure.

ger L’influence du ralentissement élastique sur la réactivité est négligeable.
Il n’y a pas lieu de ce point de vue, de rechercher plus de précision.

oin  Les éléments des matrices inélastiques sont calculés par référence aux mode-
lesdunoyau, les données expérimentales sont rares. Il est difficile d’évaluer
les incertitudes sur les sections inélastiques totales oin; et sur les spectres
des neutrons diffusés aprés chocs inélastiques oin;—;. Les travaux de
CrawBERG (Los Alamos) [17] laissent & penser que lincertitude sur oin
peut atteindre 1009%,.

Des erreurs importantes pourraient résulter de telles incertitudes concernant
l'uranium-238; il nous faut & ce sujet rappeler que la matrice inélastique de
cet élément telle que nous I’avons adoptée n’est pas en accord avec les expé-
riences les plus récentes.

Pondération des sections efficaces

Nous ne nous sommes occupés jusqu’ici que de la précision que l'on peut
attendre des mesures neutroniques fondamentales. Or les sections efficaces
microscopiques obtenues & partir de ces mesures ne peuvent étre utilisées telles
quelles dans les calculs de piles: il est nécessaire de diviser 1’énergie en inter-
valles plus ou moins nombreux et de moyenner les sections efficaces & 'intérieur
de chacun de ces intervalles.
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La pondération et, parfois, 'ajustement empirique des constantes & V'intérieur
d’'un groupe d’énergie peuvent constituer une source d’erreurs appréciable.

La méthode la plus généralement employée consiste 3 effectuer une pondération
par le flux neutronique, de la forme:

[ ey p(m)am

g =

Ei+l
[T emaE
Ei
avec une exception pour gir;:
Ei+1
o(E)dE
. J— 4
Otri == f—Ei-H p(B)dE
Ei ot (E)

Ceci suppose que I’on a au départ une idée du spectre pour un réacteur donné.

Pour que les constantes d'un méme jeu soient autaht que possible indépen-
dantes du spectre & 'intérieur d'un groupe, il faut que la résolution en énergie
soit fine, et ceci est l'argument essentiel en faveur d'une théorie multigroupe
lorsque le spectre de la pile que I'on veut étudier n’est pas connu.

Une autre méthode, employée par HANSEN et RoacH [18] et qui semble
avoir donné des résultats satisfaisants, consiste & pondérer par dE[ottE, ol
Otot est la section efficace totale d’un matériau.

Dans ce cas également, on pondére, non o, mais son inverse:

Ei+l dFE

1 f Ei _ otrOiot B
Ori J‘Ei+1 dE
Ei  ototl

Nous pensons que cette méthode peut donner de bons résultats, surtout lorsque
I'on a affaire & des milieux olt un matériau est nettement prépondérant, et nous
avons lintention de l'appliquer au calcul des sections efficaces de certains ma-
tériaux pour lesquels il nous sera possible de controler les résultats par Pexpérience.

Les résultats consignés dans les tableaux IX et suivants nous permettent
de dresser une premiere liste des mesures qui nous paraissent les plus importantes
avec la précision souhaitée (tableau XII), nos prétentions étant justifiées dans
le cadre d’un réacteur du type RAPSODIE. Nous avons aussi porté sur cette
liste certaines mesures de sections d’activation particulierement précieuses
pour des études de dégagement de chaleur dans les protections ou des détections
de neutrons rapides.

Il est également nécessaire de faire un effort particulier dans la mesure des
résonances pour les matériaux fissiles et fertiles; ce probléme n’a pas été abordé
ici, car nous avons étudié un réacteur de faible taille, mais il prend de I’impor-
tance dans le cas d'un réacteur plus dilué, de volume plus grand, pour lequel
le coefficient Doppler doit étre pris en compte.

Nous n’avons traité dans ce mémoire que l’aspect criticalité; ce n’est pas le
seul, et notre étude devrait étre complétée avant que 'on puisse en tirer des
conclusions définitives,

Des calculs sont actuellement en cours pour déterminer I'influence des varia-
tions de sections efficaces sur les flux calculés loin des régions actives: les pre-
miers résultats sont donnés dans un autre mémoire [1].



TaBLEAU IX

RESULTATS, RAPSODIE 59-1, U—Pu—Mo
3 k/k exprimé en pem (10-5) pour une augmentation de 10 % des constantes considérées

Elé- §-« Ceeur Couverture radiale

ment | &
6] v of O¢ | Sin | Cer Ctr v of Sc l Sin | Ger Otr

239Pu| 1 | 1058,39 | 701,21 —17,14| —18,36] —0,25 71,25 — f — — — —
2| 766,25 | 532,92 —11,67] 3,39 —0,05 39,9 — — — — — —
3| 983,21 | 681,32 —24,15| 3,25 0,17 32,14 — — — — — —
4 948,32 | 647,30 —36,12| 2,13 0,4 28,4 — — — —_ — —
5 718,65 | 484,21 —46,89| 0,49 0,22 17,62 — — — — —_ —
6 893,23 | 597,45 —102,53 — 0,54 15,24 —_ —_— — — — —
7 378,07 | 243,98 —57,31 — 0,08 2,15 — — — — — —_—
8 24,78 15,61 —4,58 _ — 0,087 -— _— — — —_— —

BY |1 441,48 | 265,03 —10,57| —23,96 ;| —0,18 56,56 8,96 5,19 —0,23 —1,04| —0,003 2,61
2 299,56 | 190,34 —8,7 0,88 —0,03 25,8 8,86 5,79 —0,24 —0,17] —0,004 1,48
3 407,71 | 258,82 -—16,38| 3,11 0,09 19,7 19,08 12,50 —0,72 —0,28 —0,013 1,76
4 438,89 | 274,47 —23,07] 2,52 0,24 17,9 24,73 16,52 —1,15 —0,66] —0,035 1,8
5| 366,64 | 225,56 —22,6 0,69 0,15 11,6 23,43 16,37 —1,13} —0,18) —0,040 1,21
6 508,27 | 306,54 —38,12 — 0,40 10,98 38,36 27,90 —1,98 — —0,052 1,26
7| 284,18 | 165,25 —35,88 — 0,03 1,43 29,8 23,24 —1,97 — —0,013 0,316
8 25,62 14,44 —4,71 —_— — 0,053 3,74 3,29 —0,191 — — 0,0042

B |1 711,76 | 427,19 —19,01} —120,29| —1,79 223,6 501,5 288,1 —14,26/ —180,01] —1,07 | 362,04
2 39,44 25,4 —43,87 5,63 —0,18 106,3 41 17,12 —43,37 —21,79; —0,32 | 214,9
3 — — —66,22! 2,30 0,77 84,3 — — —102,69] —6,93, —2,51 | 263,9
4 —_ —_ —65,51| 3,92 1,49 75,45 — —_ —114,90, —18,96] —7,89 | 266,5
5 — —_— —68,27| 1,72 0,8 48,1 —_ — -—119,91f —15,70| —8,26 | 175,4
6 — — | —118,61] 215 1.82 43.4 — — | —215,99 — — 9,06 | 175.5
7 — — —74,67 — 0,22 5,74 — —_— —144,07 — —3,47 43,92
8 — — —8,85 — — 0,209 — — —12,66 — — 0,589

Mo 1 — — —2,82| —25,88 | —0,52 55,15 — —_— —1,33] —24,96] —0,50 55,97
2 — — —3,731 1,07 —0,18 37,64 — — —2,31 —2,49| —0,21 47,70
3 —_— — —17,38 —_ 0,97 35,95 — — —17,17 —_ —1,81 70,68
4| — —_ —8,92 —_ 1,70 29,14 — — —9,81 _— —5,50 70,63
5 — — —17,94 — 0,80 18,57 — — —8,74 — —5,22 42,47
6 — — —12,75 -— 1,49 14,84 — - —14,56 — —4,80 37,61
7 — — —1,85 — 0,12 1,42 — — —9,5 — —1,30 7,12
8 — — -—6,652 — — 0,046 — — —0,585 — — 0,082
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—0,14
—0,15
—0,25
—0,34
—0,33
—0,40
—0,39
—0,31

—5,18
—1,04
4,79
6,48
3,43
5,11
0,66

—0,03
—0,05
—0,13
—0,20
—0,19
—0,24
—0,25
0,015

—2,25
—0,59
—5,46

—11,50
—11,51

—8,09
—3,46

42,75
33,87
56,32
36,07
23,14
16,27
4,45
0,117

Fe

—1,88
—1,21
—1,98
—2,32
—2,70
—4,58
—2,43
—~0,119

—2,65
—0,45
1,95
3,32
1,60
3,564
0,24

—0,53
—0,45
—1,14
—1,52
—1,77
—3,10
—1,74
—0,063

—1,28
—0,28
—2,41
—6.51
—6,08
—6,27
—1,436

69,01
43,4
56,71
49,56
29,22
27,93
7,93
0,13

—0,024
—0,059
—0,083
—0,178
—0,229
—17,279
—0,453
-0,0301

—0,072
—0,005
0,076
0,088
0,034
0,052
0,006

—0,004
—0,013
—0,028
—0,07
—0,088
—2,88
—0,190
—0,0094

—0,028
—0,012
—0,049
—0,10

—0,087
—0,08

—0,017

0,96
0,63
0,71
0,59
0,32
0,26
0,063
0,0008

—0,67
—0,44
—0,69
—0,78
—0,85
—1,563
—0,78
—0,039

—0,64
—0,11
0,61
0,90
0,42
0,92
0,05

—0,19
—0,16
—0,40
—0,51
— 0,56
—1,04
—0,56
—0,0207

—0,35

— 0,070

—0,70
—1,77
—1,65
—1,66
—0,39

28,81
16,42
18,33

Ni

T

—0,25
—0,16
—0,26
—0,31
—0,36
—0,61
—0,321
—0,016

—0,34
—0,05
1,61
0,43
0,21
0,46
0,03

—0,07
—0,06
—0,15
—0,20
—0,23
—0,41
—0,227
—0,008

—0,18
—0,03
—0,46
—0,82
—0,79
—0,80
—0,183
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TaBLEAU X
RESULTATS, RAPSODIE 60-2, Pu0,—UO,
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RESULTA,TS, RAPSODIE 60-3, PuC—UC

Couverture radiale

Elé- §‘ R Coe;ur
ment 2 j .
) of fe %in Otr of Oc %in Str
289Py| 1 838 —8,4 —16,6 2 93 — — — —_
2 594 —13,2 3,3 1 46 —_ — —_ —
3 665 | —24,3 5,4 2 30,2 — — — —
4 640 —37, 3,3 5 28 . — — — —
5 497 —50° - 1,1 4 19 — —_ — —
6 559 —101,4 0 6 13 — — — —
7 420 |—105,5 0 2 13,5 — — —_ —
8 127 —41,6 0 5,1 — —_ — —
C 1 0 0 0 5 98,2 —_ — — — —
2 0 0 0 6 62 —_ — — — —
3 0 -0 0 1 50 — — — — —
4 0 "0 0 20,7 42 — — —_— —_— —
5 0 -0 0 16,2 27,7 —_ — — — —
6 0 0 0 39,5 17,3 —= — — ——
7 0 0 0 16,3 14,4 — — — — —
8 0 0 0 4,3 — — — — —
BYU |1 203,3 —7,9 —13,3 1 43,7 6,2 —0,3 —1 0 3
2 135,7 —6,3 ‘2,6 19,1 6,4 —0,3 —0,2 0 1,6
3 161,5 —10,6 4,2 +0,1 12. 12,8 —0,7 —0,3 0 1,7
4 173,6 —15,1 2,6 40,2 11,3 16,8 —1,2 -0,3 0 1,7
5 147,7 —15,4 0,9 , 2 8 16,6 —1,2 —0,2 —0,1 1,2
6 182,6 —24,2 0 3 6 27,3 —2 0 —0,1 1,2
7 181,2 —42,3 0 1 5,8 27,5 —2,4 0 0 0,6
8 74,2 —27,3 .0 2 10,4 —0,6 0 0 0,1
2887 | 1 331,8 —14.4 —69 175 344,8 —16,5 |—196,6 —1,2 411,6
’ 2 12,4 —32,2 10,7 79,4 29,9 —48,2 —23,8 —0,3 233,2
3 0 —43,2 2,6 51,4 0 —105 —17,6 —2,2 253
4 0 —43,3 3,7 48,2 0 —117,7 —18,3 —17,6 258,2
5 0 —47,2 2,3 33,5 0 —125 —15,3 —17,8 176,2
6 0 —176 1,1 24 0 —219 -—10,8 —9,4 162,2
7 0 —88,9 0 23,3 0 —182,4 0 —4,1 85,1
8 0 —52 0 8 0 —41 0 0 12,8
Mo 1 — -— — —_ — 1,5 [—130,7 —0,5 63,6
2 — — — —_ _ 2,6 —42.9 —0,3 51,5
3 — — —_— —_— —_ 7,3 0 —1,6 67,6
4 —_ — — _ — 10 0 —5,2 68,4
5 — — — — — - 9,1 0 —5 42,7
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TasLEaU XII

Elément Quantité & mesurer Domai?l& e(:,’q)énergie Précisior(:l %s)ouhaitée
0 onn (£, 0) 1—10 10
Na Otot 0——0,1 10

On, vy 0—0, 1 5
P on,p seuil —10 5
5 on,p seuil —10 2
Mn an,y 0—10 _5
Fe Gtot 0—0,1 5
on,y 0——0,1 5
On, v 0, 1—10 15
on,n’ (B, E') seuil —10 15
*C on,y 0—10 5
Cu on,y 0—10 5
Mo On,y 0—10 5
on,n’ (B, E') seuil —10 15
In On,y 0—10 5
Au On,y 0'—10 5
232Th v seuil —10 2
of seuil —10 . 3
®»y v 0—10 1
of 0—10 2
#U v 0—10 1
o - 0-—10 2
on,n (E, E') seuil —10 10
on,y 0—10 5
lde) v seuil —10 2
of seuil —10 3
on, o’ (E, E’) geuil —10 10
on.y 0—10 5
239Py v 0—10 0,5
of 0—10 1
on, n' (B, E’) senil —10 10
On, ¥ 0—10 5
200py ot seuil —10 2
On, ¥ 0—10 5
261Py ‘ot 0—10 2
On, Yy 0—10 5
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Abstraect — Résumé — Anmorampms — Resumen

Multi-group neutron transport theory. In the paper the general theory of the appli-
cation of the K. M. Case method to N-group neutron transport theory in plane ge-
ometry is given. The eigenfunctions (distributions) for the system of Boltzmann
equations have been derived and the completeness theorem has been proved. By
means of general solution two examples important for reactor and shielding cal-
culations are given: the solution of a critical and albedo problem for & slab. In both
cases the system of singular integral equations for expansion coefficients into a full
set of eigenfunction distributions has been reduced to the system of Fredholm-type
integral equations. Some results can be applied also to some spherical problems.

Théorie du transport des neutrons en calculs multigroupes. Les auteurs exposent
la théorie générale de I'application de la méthode de K. M. Case & la- théorie du trans-
. port des neutrons en calculs & N groupes, en géométrie plane. Ils ont obtenu les
fonctions - propres (distributions) relatives au systéme d’équation de Boltzmann
et ont pu démontrer le théoréme de fermeture. Ils montrent comment la solution
générale peut étre appliquée & deux calculs importants de réacteurs et de protection:
un probléme critique et un probléme d’albédo pour les systémes & géométrie plane.
Dans Y'un et Pautre cas, le systéme d’équations intégrales singuliéres correspondant
aux coefficients de développement en ensembles complets de fonctions propres
(distributions) a été ramené au systéme d’équations intégrales du type de Fredholm.
Certains résultats peuvent s’appliquer également & des problémes relatifs aux con-
figurations sphériques. .

Teopun MHOrOrpYNNOBOro MepeHoca Hel"nponon. B noxnane H3TOKEHA ofwas Teopust npu-
CKOCTH. BbiBefieHBI cchTBeﬂHme ¢yaxpm (00001LEeHHBIE) IS CHCTEMBI ypaBHeHmit Bonbu-
MaHa M [OKa3aHa TeopemMa O NojHOTe (completeness theorem). IMocpenctBom obitero
pelleHMs] AAXOTCs ABa IPHMePa, KOTOpHle MMEIOT 3HAYeHMe MJIsi PeakTopa M AJs PacvyeToB
3alUMTHI: PEIUCHHE B IJIOCKOH I€OMETPUM NPOGIeMbl KPHTHYHOCTH M OTPaXaTeNbHOMN Criocos-
HOCTH. B 060MX CTyyasx CHCTeMa ONHOSHAWHBIX MHTEIDATEHBIX YDPABHEHWI JUIA PACLIMDEHVIS
k03 dULNEHTOB 10 MaKCHMANbHLIX COGCTBEHHBIX GYHKUMIA pacpenenenns cCBeieHa K CHCTEMe
HHTErpajibHbIX ypaBHeHmit ®penxosnbma. HekoTopbie pe3ylbTaThl MOIYT ObITE Takke HpH-
MEHEHbI K HEKOTOPHIM CleprueckuM mpoblieMam.

Teoria de varios grupos para el transporte neutrémico. La memoria expone una
teoria general de la_aplicacién del método de K. M. Case a la teoria de transporte
de N jgrupos en geometria plana. Los autores han derivado las funciones propias
(distribuciones) para el sistema de ecuaciones de Boltzmann y demuestran un teorema
relativo al cardcter completo del conjunto. Dan dos ejemplos importantes para el
célculo de reactores y de blindajes que han resuelto empleando una solucién general:
un problema de criticidad y un problema de albedo en una placa. En ambos casos,
desarrollan el sistema de ecuaciones integrales singulares en conJuntos completos
de funciones propias (dlstrlbumones) cuyos coeficientes de expansién satisfacen
el sistema anterior, y reducen estos conjuntos a un sistema de ecuaciones integrales
de Fredholm. Algunos de los resultados son también aplicables a problemas de geo-
metria esférica.
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Introduction

In the paper a general solution of the Boltzmann equation in the N-group
approximation [1] in plane geometry for the case of isotropic scattering of neutrons
is given. The concept of the solution is based upon the expansion of the solution
into eigenfunctions of the system of multi-group Boltzmann equations, according
to the ideas of Cask [2] for the one-velocity Boltzmann equation, and according
to the two-group generalization of these ideas given by the authors in [3].

The general solution has an explicit form of a sum consisting of an asymptotic
(diffusion) part, which is constructed of the discrete eigenfunctions of the Boltz-
mann equations, and of a transport part constructed of the continuous eigen-
functions. The coefficients of the expansion into these continuous eigenfunctions
satisfy the system of singular integral equations. On the basis of the theory of
a system of singular integral equations, the consistency of the multi-group trans-
port theory of neutrons has been proved.

The general solution enables us to solve the critical problems of a slab and
multi-slab systems (according to [4,5]), as well as the problems of albedo-
type (according to [6]) occurring in reactor and shielding calculations. In all
these problems the systems of singular integral equations can be reduced to the
system of one-dimensional integral equations of the Fredholm-type, which can
be treated by simple, classical numerical methods.

By means of a special theorem on the equivalents of the slab and spherical
systems some of these results can be applied to some problems concerning spherical
reactors.

The method given in this paper can be extended without any essential diffi-
culty to anisotropic scattering of arbitrary order [7, 8].

This work is in preparation. The method described here will be very useful
in photon transport theory and in shielding calculations.

1. Eigenfunetions (distributions) of the system of Bolizmann equations

The system of Boltzmann equations for the N-group approach in neutron trans-

port theory in plane geometry and in the case of isotropic scattering of neutrons
has the form:

N
o i s ’ 4
‘u______"’a(x B L yi(z, p) = Zcijfwj (@, ) dpe N

j=1-1

where index 4 denotes the ¢th group of neutrons, o; denotes the total cross-section
for the ith group and c; describes the transfer of neutrons from the jth group
to the ith one. The groups are labelled in such a way that ¢,>0,>...00>
>0p41> . .- >0on=1 (with a proper choice of units for z).

According to Case’s ideas [2], used already in the two-group approach [3], let
us seek the solution of system (1) among functions of the form:

X

pi(z, p) = e D;(u,v). (2)
Functions @; (4, v) should satisfy the following equations:
N 1
(o —2) B 9) =S @i (wm) aw (3)

i=1 -1



MULTI-GROUP NEUTRON TRANSPORT THEORY
The right side of Eq. (3) forms a set of functions of v, hence

(a,- — %) D; (u,v) = bi(v)
where :
N

1
bi(v) = > o [ B (w,n) d .
i=1 —1
Eq. (4) can be easily solved: ’

B () = 2L 4 4 0) S (or—p).

57

(4)

)

(6)

The conditions (5) give the followmg equatlons for the unknown funetions b;(v)

and A;(»):

Zc,,f Vb’ d +zc,,l, fé o',v—y)d,u_b()

=1

(7)

Let us assume that c=det ¢;j% 0. This assumption enables us to use a matrix

N N

. . . . . . -1 -
¢;~1 which is an inverse matrix to a matrix c, i.e. Zcﬁ Cik =Z cjj lc,'k = ik -

i=1 i=1
Multiplying Eq. (7) by ¢i; ! and summing over index ¢ we obtain:
N
vfe0)be®) + 2 0) 16 ) = > o bi(v)
: i=1

where we have introduced the following notation:

1

fre () =f

-1

dp
Oy — 4

k0) = [8(oer—wdp.
Defining a new matrix: -

W (¥) = cig " — v e ()
we can rewrite Eq. (8):

N
7 () 26 0) = D 001 0) B 0) -
i=1
Now two cases should be considered.

CASE A

Let us take into consideration the region consisting of two intervals:

1 1 1
<y<— and ——<y<—
On—1 On On Op-1

which will be denoted below as region (n). Let us observe that for »e(n):

8

9)
(10)
(11)

(12)
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pe ) = {9 ksn

Thus the system of Eq. (12) has for ye(n) the following form:

Zwm (#) By (3) = 0 k<n (13)

=1

Akm —Zwk, ) bi™ (v) E>n. (14)
I=1

In the system of Eqs.(13) and (14) there are N+ N—n+1=2N—n+1 un-
known functions. Thus it is evident that N—n 41 functions must remain un-
known. The choice of functions is quite arbitrary. Let them be the functions
by(v) for s>=n. Then Egs. (13) and (14) may be rewritten in the form:

n—1 '
z“’"e b, ™M (¥) = _—Zwmb M (v n<n - (15
oe=1

2 ( Zwk, b (v) + Zwkg be ™ (v E>n. (16)

I=n

From Eq. (15) we obtain:
n—1 N n-1 N '~

b, (y) = — [Q)]- lz D AD 0y, b, () = —Z DA s ™ () (17)
e=1s=n " g=1ls=n

where Af,"g is an algebraic complement of the element «,, of the matrix
Wer (0, T=1,2...n—1). According to the notation used in Appendix B it can
be written in the form: o

(n) _ [N PR —1, 1,..... —1
dye 1) = (“l)wg{w"’ L. . Zil ..... :—1}
and .
Q0 (y) = det wy, (v) (0,7 =1,2,..... ‘n—1) = {w.”; }:g”z:}
QW (=1,

is a determinant of this same matrix and k™ () ={02M]1 b (»). From
Egs. (16) and (17) we obtain:

) n—1 n—1 N

A () = zwk,!}m v) B () ~Zwk Z AW @ bt () =

I=n e=1 n==11—n
n—1 n—
—zhm () [QW ) o— > Zwkedﬂw,,,J (18)
I=n e=1n=1
. 1,2,..... n—1, K\
—Zh’(") ”)P{‘*’"’ 1,2 .. ... n—l,l}
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In this way the functions @™ (u, v)(k>=n) for fixed but arbitrary » can be
written :

Q)
B (i, y) = [vaw_(u) A ()6 (O'kV_,u)] Tl () +
N (19)
(k) ‘ e
+ 5P A2 08 (00— b )
where to shorten the formula the following notation has been used
) — (m
4200 = Plawss 137 00 (20

and (k) by the summation sign denotes that the term A should be omitted.
The same functions for the group index smaller than = (in this case we use Greek
letters for this index) will be:

48 ams (v) hgtm) (v
(15(")( V)= —w» wn( i o< m. (21)
v

T av—pn

CasE B

Finally let us calculate functions @y (u, ») for » belonging to the cut plane
with a cut along the interval (—1,1). In this case the system of Eq. (12) is re-

duced to:
ka, )=0. - (22)

The solutions of this system of homogeneous equations are non-trivial only when:
v Q(v)= QU (1) =0 (23)

Since the function £(») is an even function of the variable », Eq. (23) has an
even number of roots, say 2M. The system of Eq. (22) can be written in the
form:

K

S VT -
kat 'Vs) bi{L£v) = — wen{(¥s) (L) (24)
=1 -
where it has been assumed that ANN V(r)=0N(»)5£0 (in the opposite case
the functions b&(--v;) should be expressed by another bi(+»s) for which

AR V(5,)5£0) and the Nth equation has been omitted from system (22). Sys-
tem (24) has the following solutions:

N-—-1
b (£ ) = [ ()]~ 1> AN () oy (32) by (:93) = 1 (3) B (%) (25)
where | =t |
B (£9)=[2) ()] by (L) (26)
N-1
g) = DAV onw). . @D

r—1
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(The evenness of functions Af, (») and w,n (v) has been made use of.) Hence the
discrete eigenfunctions have the following form:

¥s Gk (v5) b (:tvs)
Okvs  p (28)

In this way we have derived the full set of continuous and discrete eigenfunctions
(distributions) for the system of multi-group Boltzmann equations.

¢k (,L‘; __'t ’Vs)

2. Completeness theorem

Now let us formulate the theorem which will be the basis of our further con-
siderations: the completeness theorem.

Every system of N functions y;(u) satisfying the Holder condltlons can be
expanded into a full set of continuous and discrete eigenfunctions (distributions)
derived in the preceding section. In other words the following system of singular
integral equations has unique solutions:

N

M N
Pel) = D {Be, +2) + Be (o —} + > [Bu ) dvipe > @) (29)
s=1 n=1 (n") n=1
where (n’) has the following meanings:
(1) (n’)=(n) (see preceding section, case A);
1 1
@ @)= o
It is worth noting that on the basis of Eqgs. (19) and (20) the functions @, (u, »)
for p<<m have no singularities and do not contain terms with the §-function;
therefore the integration operation over the interval (n’) leads to Fredholm-type
integrals. This observation enables us to write system (29) in the following form :

k

Ve =2 [Bu (uy) dv (30)
where e
N M
wWw=p@— > [ OO wnd— > ((u )+ Bl —m} (1)
n=k+1 =1

In system (30) the following change of the independent variable may be per-
k

formed: y=ou’. Then u'ec (»’) and system (30) can be written in the form:
14 e u y

n=1

k
Z f % D™ (o1 1, ) dv = Gie &’ (0k 1) (32)

n=1

where :
» QM) (
ok Pie™ (0k 1, v) = [—v——— + Awe™ (v) 6 (v— ,u)] b (v) +
’ N

+> © A 6 (v — 1) B (3) . (33)

It is convenient to rewrite the system of singular integral equations (32) in
the form:
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kK N
> > Eu b () =oey'k(oep), (k=1,... ), (34)
. n=1 l=n
where k=n
K byt (1) =A™ () H® () ™ (1) — (35)
b Skt (— tmv) QU (v) By (») dv
%) v—p
") (1) = — .
H) () f S — ) (36)
Let us write the first equation from system (34):
> Ky h® (1) = 0,9, (63 ) (37)
I=1 :
or in the form:
Eu® hy® () = 019y (0 ) — Z Ky (,u); (38)

1=2

The solution of this integral equation may be written in the form (see

formula (A8) in Appendix A):
N

By ® () = [K3y 172 [0y 9"y (0 ) — z KW b (u)] (39)
=2 _

and can be inserted into the remaining N—1 Eq. (34):

i {K‘” KW [qu)] Ky )} Y (u) + i ZN K B () +
1=2 —% =

N .
+ o, EV[ED| Yy o) = [ER] 7 S [KD 0 K — K © K]

D (u) + [K‘l”]_li[ E® A KE— KD A K‘”] RO () 4 —Z[Kgl) R )] ]

KW RO (u) + Z ZK ) B () + oy K‘”[K‘ﬁ"]_ vy’ (0, 1) = oy’ (0kp)
n=21=n

fork = 2. (40)

Eqgs. (40) can be rewritten in a more compact way by introducing the definition
of operatorial determinants in @ -algebra (see Appendices A and B):

+1 +1 +1)
‘Km—:‘l,m—f-l ----- Km-}{"i,m—)f-p. Kmm+l,l
H m+1,...,m+pk\ _ :
gm+ = 41
( e ’m+1 coaM A+ Pyl def Km-f-mp+m1-)l~1 Kmfl-mp—*—n}z}-p : @
+1 +1
L g +?

in the form:
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N k
[K(lll’)] Z (K53 1) D (1) = P (u Z ZKL';"_hf"" (W), 42

I=n
where

. - N
. , 1 1 ’ ”
P () = ok’ (o p) — 0, K [K‘ﬁ’] ! (0, u)w[K‘ﬁ’] > [K‘ﬁ’ NEQ —
| £

b4
[

— K 1P ) z[ 0, [T 00 00—

[K(l)] ”‘ZK (1) () ; ,, (435

and contains Fredholm-type integrals only Wlth respect to M) (u).
Let us consider now Eq. (42) for k=2 and for ue (1'):

N
(K] w5 191 0 = -V, () — [K%”] Z (K1) 4 0 —

’ —Z K<2> . O
Solving Eq. (44) we find: o
, A]-18\—~1 10
®E 11 0 = (K9 ]) 7 (P ~[K<l>] Z (Kgl,,& 8 MY () —
L
, —Z KO WWy='w. - (45)

It should be emphasmed that since z (K)=-—ax (K!) in both operations (39)
and (45), additional conditions equal in humber to arbitrary constants in the
polynomial P,_, had to be introduced.-It is easily seen from Appendlx B that:

CES 1) = (wes 1D . 48)

Now let us consider Eq. (42) for k=2 but for ue(2’). It can be wrltten in the form:

. ’ Al—-1é
DR () = 2 0 — K] K8 1) 0 ) —
N N
~[&®]™ 2 (KGO = > KPP () = 8wy 41
% 2, .

where £,3)(u) contains, Aa,t most, Fredholm-type integrals only with respect to
ha®(u) and hy®(u).
Using the definition of __K 20(?) one can write Egs. (45) and (46) in the form:

LW gy oy )
(w 8 12) . 9 (,u) 2 (M) (48)
(wes 5 1DV AD (u) = &2 () .
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Such a system of two singular integral equations was discussed already in
[3] by the authors. The total index of the systems is given by values of

0 ; L
1 -
—arg {0313 (49)

at the ends of the interval (1) 4-(2’). The points of junction between ‘the intervals
(1’) and-(2?) give o contributions. It is worth while to observe that the ends of
the interval (1’)4-(2’) are special ends from the point of view of the general
theory of singular integral equations.

Having determined the functions hy®)(u) and h,®(u), we can msert them
into Eq. (42) for k=3 and obtain the set of equatlons for hat) (jo); hy® (1),
hy®)(u). Reducing necessary operations to those in the sense of @ algebra we get
a system of singular integral equations with operators:

(6096’1 %,%)(") o 'where n =1,2, 3’ i
To obtain thls result the reciprocal operators have been used in such a|way
that the arbitrary constants entering ekplicit forms of functions A,()(u) and
hy®(u) have been determined. The procedure of elimination described above is
completely analogous to the Gauss algousm well known in the theory of hnear
algebraic equations. . -
The ultimate result of this procedure is

(o3 28N VA9 (u )—l&“’( ), (t=12,...5) (50)
where functiors EnB{p) contain only the Fredholm-type integrals. It “must be

emphasized that all arbitrary constants and additional conditions 1ntroduced
during the elimination cancel éach other. Let uis' consider fiow two cases:

: RN R
W eo=—(ga]) )
’ L {11
. =3
In the first. case the total index of the system:(50) is equal to”
_ 1 L2, ..... N\ = _
T= g {“’9‘“ 1,2 ..., N} I,,.=1,
1 ‘ =y ’ (51)
— L2, N -
» 318 {“’9"’ Lo ..... N} L_ ~1

which, accordmg to the argument prmmple [3, 7], is equal to the nuniber of roots
of the functlon {wgg ; i g """ N} £ (v) in the cut plane with the opposite sign.

In this way all the arbitrary constants entering the discrete solutions can be
uniquely determined. Going backwards with our elimination procedure we can ob-
tain the Fredholm-type equations for, coefficients b (u) (1=1, ... k; k=1; ... N).
In the second case one ‘can make use of the well-known fact that the functlon

2 (v) is an even function of v and thus prove that z’= —;— . Hence only half of a

full set of the expansion coefficients with respect to the discrete set of eigen-



64 R. ZELAZNY AND A. KUSZELL ,
functions can be determined. The remaining expansion coefficients with respect
to the discrete eigenfunctions must be determined in another way.

On the basis of this theorem the general solution of the system of Boltzmann
equations (1) can be written in the form:

M

e {7, 1) =‘Z {@k (,u,w)e*f—, + Dp (,u,—w)e%} +§ f@k(’) (,u,v)e“%dvv. (52)

=1 =1 ()

The expansion coefficients enter the functions @;. R0) according to the results
given in section 1.

3. Examples of application

In this section the method of applying the expansion into eigenfunctions (distribu-
tions) will be outlined. Let us consider, for example, two important problems:
the critical problem and the albedo problem for a slab.

THE CRITICAL PROBLEM FOR A SLAB

The general solution of the form (52) should satisfy the following boundary
conditions:
we{d, u)=0  for u<<0
e (—d, p)=0 for u>0 (563)

To avoid the necessity of solving 2N singular integral equations derived from
conditions (53) let us use the following property of the functions ¢’ (x, u) (being
‘the solutions of the critical problem for a slab)

'wks (x’ ;u) :wks (——-21, —.”‘) . (54)

Such functions must be sought in the symmetric part of the general solution
(53). It can be written in the form:

M .
e (0, w) =‘Z {[‘Pk (s v1) + Die (—u, —m)]e~ ‘:% + [DPe (u, — ) +

=1

(55)

—¥

N
+ Bu—pmlos) + > ({80 (%) + B (—p,—w)}e ¥ du.
1=1()

Now the symmetric parts of the functions @y (i, v) and DD (u, v) can be
calculated :

@MW+@F%—M=MW+M—M%%%E@WM
where the only change in the shape of @ (u, v) in comparison with @y (u, v)
is that & (v))—h* ()=~ (+»)+h (—w). A similar procedure should be applied
also to the functions where the functions A, (v) should be replaced by the func-
tions RO (3)=ha® (») + h,® (—»). Further, the change of the integration
variable can be performed which results in the following expression for ¢ (z, p):
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i (x, p) =

Mk

{Cpk’ (u,v)e— ,i, + D (u,— ) e%} +

I
-

an

f{¢(')’ 4, v)e‘— + @(’)‘ (, ———v)e }
0]

. Tt can be easily verified that conditions (53 a, b) are equivalent to only one of
them, for instance
| ' (d, —p}=0 for ;1>0. (57)
Inserting the expression (56) into the condition (57) we obtain

N
Z f{q}(l)s (—‘u,v)e“— + Y (—u,—v) e }dv_
1=1(

(58)
Y d
= B (— e + B (—p— ) e} = B ().
=1
Using the evident property of the functions
D (u,9) = B (— p, —) (69)

we can rewrite Eq. (58) in the following form
S d o d
Z f¢l(¢')s (u, vy e, dv = Dd () —z f@,ﬁ”‘ (0, —r)e—7 dr. (60)
=1 () L I=1(
In the system (60), the following change of unknown functions should be per-
formed: _
T (v) = A () e (61)

which results in the following system of singular integral equations

i [ 840 () d = Dt () —Z [Bi0(u,—») o5 (62)
Je=1

) =1 ()

where the functions @° with B changed according to Eq. (61) are denoted
by D

Transferring the Fredholm- type integrals from the left-hand side of Eq. (62)
to the right-hand side and denoting the resulting right-hand side by e (1) a

system of equations
k

> B0 (%) dy = e () (63)
=1 (I

can be obtained, which is identical in the form with a system (30), case (2), treated
in Section 2.

5
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After an elimination identical with the one described above, the system of Fred-
holm-type integral equations is obtained which should be treated by means of
classical methods. Besides this, M additional conditions must be satisfied which,
after substitution of the expansion coefficients calculated from the above-men-
tioned system of Fredholm-type integral equations, form a system of homogeneous,
linear algebraic equations with respect to M unknown constants entering the
functions @ (u). The sufficient and necessary condition of existence of non-
trivial solutions of this system of algebraic equations is that the characteristic
determinant must vanish. This is a N-group exact critical condition determining
the critical thickness d of a slab.

THE ALBEDO PROBLEM FOR A SLAB

The general solution of the form (52) should satisfy the following boundary
conditions:

we (o, p=f(u) pu>0
e (d, p)=f,(u) p<0. (64)

It is convenient to present the general solution (52) in the following form

M N

e (2, 1) =Z{(Dk (,u,’vz)e‘Ti + D (y,w)e%}—f—Zf@k(’)(/A,v)e—%dv =

1=1 1_1(1)
M
=D AP me T+ Bt }+fo¢k<’) ()= T dv +
=1 =1 )
+ | DD (— p, v)

x—d
f vie—, }
’
)

where the following change of the expansion coefficient has been performed

d B
. P0) (W) =hs) (— ) e (for every n) (66)

and @) (— 4, v) denotes the usual @p®) (— p, ¥) with T (v) instead of he() ().
On inserting the expression (65) into (64 a, b) (with a change of sign in (64b)),
the following system of equations has been obtained

M
f@k(l) w,v)dy + f@k(‘) (—p,v)e- dv}, —f—z{@k (u,v) +
=1 19 =1

+ Di (u ——vr}—w(om—fl() u=>0
N (67)
Z{f —"QDk(’)( —u,v)dv + (Q)(’)(,u v)dv} +Z{<Dk(—,u,,v;)e—
=141 )
+ il v ey | =i (d—p) =fo(— ), p>0.

Transferring all Fredholm-type integrals and discrete parts of the expansion to
the right-hand side, the system (67) can be rewritten in the form:
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zk:f@k(l) (p,v)dv = f, (u ——Z{@ ) + Die (@, —v)} —
=1()

=1
N

—Z Je 5 B (— ‘u,v)'dv——z f@k(’) (w,v)dy w>0
I=1() I=k+1()
k M (68)
d
Z f D) (u, v)dv = fo (—p) —Z{@e (—m,v)e= +
1) I=1
; N N
+ D (u, ) ‘7} Z e‘“@k(’) ,v)dv—z f@k(’) (u, v) dw
I=1() I=k+1()
u > 0.

In this way we obtain two systems of singular integral equations discussed as (2)
in Section 2. Each system of singular integral equations (68 a, b) can be reduced
to a system of Fredholm-type integral equations with M additional conditions.
Thus 2 M arbitrary constants occurring in the discrete part of the expansion can be
uniquely determined.

4. Conclusions

The method presented here allows us to formulate the general solution of the
N-group Boltzmann equations in plane geometry. In every physical problem the
boundary conditions give the system of singular integral equations for the ex-
pansion coefficients with respect to the full set of eigenfunctions. The method of
reduction of this system of singular integral equations to the system of Fredholm-
type integral equations has been given, but the general shape of these integral
equations is not given explicitly. This difficulty can be easily avoided in each
particular case using this approach. The above-mentioned system of Fredholm-
type integral equations can be treated by means of classical numerical methods.
It is worth while to mention that according to the theorem given in DAvisoN’s
monograph [1], the spherical problems are equivalent (on the level of neutron
flux and Peierl’s integral equation) to the appropriate slab problems. This fact
implies a large extension of the possible applications of the presented theory.
1t should be emphasized that according to the discussed example of application
this method can be used in the critical and shielding calculations of the reactors.
For example, the critical dimensions of a bare sphere in the multi-group transport
theory can be evaluated. This method can be easily extended to the case of aniso-
tropic scattering of neutrons, according to the ideas given in (7, 8].

The transport calculations for photons would then also be based on a more
realistic ground.
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APPENDIX- A

Algebra of the singular integral operators
Let us consider the singular operators of the form:

Kot =4 6)ee) — - [F270 q, A1
L

where A(u) and 7 B (u) are arbitrary real functlons satisfying the Hoélder conditions
superposition of two such singular integral operators has the form:

KK () = LAy A3 ) + Bu ) By () ) — o7 [ BN FA0L0) 4, ¢

1 V) —
o [ PO moiea (A2
where
i) =40 = ; f—li,;“(j—):.iﬁ— =K, I(v) (A3)
L

with I(v)=1 forveL

Let us introduce now the following operation of multiplication of singular integral
operators:

E\@ Ky (1) = [41(6) A3 (1) + By () Ba(w)lo () f A4() B, (“v)if 104:() oy as
(A4)

which satisfies all axioms of a commutative multiplication. The formula (A2) can
be rewritten in the form:

K, Kyp(u)=K, ® K,0(u) + K, AN Ky (1) - (A5)

Let us observe that the integral expression

EnKyol) =7 [ D=0 50 0)a0 (46)

has no Cauchy singularity. Thus it is the Fredholm-type integral. It is worthwhile
to calculate the commutator

[(Ky, K, lo(u) :f(Kle — Ky K o) = (K, A K, — Ko AN K)o (k)

_l_f [F1(v) — Fi(e)] Bs(v) — [Fa(v) — [Fy(1)] By (¢)
n v—

p(v)dv (A7)

which, as is easily seen, is a Fredholm-type integral. The singular integral operators
of type (A2) with multiplication of type @ and with the usual addition define the
commutative algebra over the field of real numbers. This algebra is isomorphic with
an algebra of the complex functions of the form A(u)+ ¢B(u), where A(x) and
t+B(u) are real functions, satisfying the Hdlder condltlons on L.

From the general theory of singular integral equations [9] it is well known that
the reciprocal operator K-! is given in the form:

B*(M)Z()g()dv | Pry(s)

K g(p) =A% (w)g(u) + le(,u)if v—u Z(n)

(A8)

where

A(n)

. Aw) B(u)
A(u)— B2(p) ’

A*(p)= B*(u)= m (A9)
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— InGla,)] .
2(0) = [4 () — B X~ ()= \/mn(ﬂ agl77 0]
kot (A10)
oo Bl 1 2060
k=1 L

(Here ar and b, denote the starting and the end points of contours L, which con-
m

stitute the contour L': L=Z Ly).
k=1
A—B
G =G5
m

Z {[ lnG(bk)] [ - lnG(ak)]}. (A12)

This formula is valid only for x> 0. Then P,._; is an arbitrary polynomial of the
degree v—1. For v< 0 Px_1=0 and the additional conditions of the following form
should be used

(A11)

wg(e) _
Z () du=0 r=0,1,...,—x—1. (A13)

The operator K-! may be split into two parts: a dominant and a Fredholm-type
part, according to the following formula:

K-1g(x)= A*()g () + — | £<_)j_(;).§_ +

(A14)

B*()Z() — Z(x)] Pr_1(4)
m’zwa — 7 gE)dv+—7=

Now we can construct an operator K-1® defined as follows:
K-1ogK=1

where I is an identical operator (A(u)=1, B(u)=0).
By means of simple algebraic calculations based on formula (A4) one can find that

K-10g(0) = 4% (g () + o [ -0, (A15)
L

Hence formula (Al4) can be written simply as

KE-lg(p)=K-1®g(u) 4 K10 g(4) ,
where .

B*(v)[Z(v) — Z(»)] Pra(e)

K== m‘zw)Lf — A T

(A16)

It can be easily proved that the following formula is valid
(K,®K,)"1®8=K,~10pK,"1® (A17)
and that the index »(K—10)=x(K—-1)=— x(K).
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‘ APPENDIX B

Operatorial determinants

Let us introduce the following notation:

{ress gy = (B1)

where yps are arbitrary matrix elements of the Nth rank. Using the determinant
theorem [10] one can prove the following relation easily:

‘yanﬁl ..... yan ﬁn

L oooome) om0 m+p, k
Yediy .., mytf’m+1,..... m + p, !
,..... m\? ,..... ,m Wk
={V95?1, ..... m} {796;1, ..... ,mig,l} ' (B2)
where 0 < p<< N—m
Now let us construct a determinant of type (Bl) from the elements wps defined
by Eq. (11):
{owss g 5) (B3)

This determinant is an analytic function in an appropriate cut plane of », according
to the analytic properties of the functions fo(») entering into the definition of wes.
Since on the upper and lower sides of the cuts the functions fo(») have the respective
limits fo*(») we can -define the following determinants

s ) s ™ s ) B4)

where the index (m) denotes that an appropriate limit of fe(v) is taken in the region
(m). In other words we must use the formula:

wea(m)i = ngé(m)i in,uéga ’ymg (B5)

where P is a symbol of the principal value and

_f1 form <o
Yme =0 form>o -

The determinant (B4) with a sign— can be evidently split into areal and imaginary
part. On the basis of Appendix A it is isomorphic with a particular singular integral
operator (on the ground of @-algebra). This operator will be denoted as follows:

(wos3 g B (B6)
and the isomorphic relation should be written in the form
oo g i)™ S s i ™ ®7)
It can be easily seen that
{ooss 1 n TR = P Lo 1 TR ) i
{oons 17 A" = 2 oo TR S imon . (B9)

according to the definition of ") given in Eq. (17). This fact enables us to formulate
the following theorem. The function
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I P n — 1, kY —
RCEEES T n—1,1
is isomorphic with the following singular integral operator of the form
1L2,..... —1,k\" v () g (v)
Plogss 13m0 r) B e w + o [ 020 dy = kg . (BY)

It must be emphasized that this theorem is valid only for determinants of » rank
and in (n) region.

Similarly the following theorem can be formulated without any difficulty on the
basis of the isomorphic relation (B7):

D R m,e. m+1,..... m+ p, YW

RCLERS M mrf’m+1,..... m+pl) =

L myo\ m 4+ 1,... .. ,m+ p, k
=((w9'5’ 1,..... m,r) 1, ,m -+ p,l (B10)
where the expression on the right-hand side denotes a determinant constructed of

operators
1,..... m, o (n)
oo, ..., m,t

in the formalism of @ -algebra.
The particular case of formula (B10) is

Looooomey m+ 1, m+p, km+D
@Wesiq, ... m,rf’m4+1,..... m -+ p,l =
—[gm+n, m+1,..... m+pk
—( e mi L mtpl) (B11)

On the other hand, on the basis of Eq. (B2) and the isomorphic relation (B7), the
right-hand side of Eq. (B11) may be written also in the form:

K(m+1),m+l, ..... m+p k)
e "+ 1,..... ,m+p 1)
1,..... (m-+ 1)]p L..... S E\m+ 1)
= [(“’e“ 1. 7m") ]e (wqo; Lo ﬁig,l) (B12)

where it must be noted that according to the analytic properties of the functions
w,s in the region (m+ 1) the operator

S PP m\(m+1)
©@oe 3 ], m

is an operator of multiplication by function {“’eé ; i’ """
2
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Abstract — Résumé — Ammoraima — Resumen

The validity of the transport approximation in critical-size and reactivity caleulations.
Elastically scattered neutrons are, in general, not distributed isotropically in the
laboratory system, and a convenient way of taking this into account in neutron-
transport calculations is to use the transport approximation. In this, the elastic
cross-section is replaced by an elastic transport cross-section with an isotropic angular
distribution. This leads to a considerable simplification in the neutron-transport
calculation.

In the present paper, the theoretical bases of the transport approximation in both
one-group and many-group formalisms are given. The accuracy of the approximation
is then studied in the multi-group case for a number of typical systems by means
of the S, method using the isotropic and anisotropic versions of the method, which
exist as alternative options of the machine code SAINT written at Aldermaston
for use on IBM-709/7090 machines. The dependence of the results of the anisotropic
calculations on the number of moments used to represent the angular distributions
is also examined. The results of the various calculations are discussed, and an indi-
cation is given of the types of system for which the transport approximation is ade-
quate and of those for which it is inadequate.

Validité de Vapproximation de transport dans le calcul des dimensions critiques
et de la réactivité. La diffusion élastique des neutrons ne s’effectue pas, en général,
d’une maniére isotrope dans les dispositifs expérimentaux; un moyen pratique d’en
tenir compte dans les calculs de transport des neutrons consiste & utiliser Papproxi-
mation de transport. Dans cette méthode, on remplace la section efficace de diffusion
élastique par une section efficace de transport élastique & distribution angulaire
isotrope, ce qui simplifie beaucoup les calculs de transport.

Les auteurs exposent les fondements théoriques de l’approximation de transport
pour les formalismes & un groupe et & plusieurs groupes. Ils étudient ensuite la validité
de Papproximation dans le cas des formalismes & plusieurs groupes, pour un certain
nombre de modéles classiques, au moyen de la méthode S,; on utilise les deux va-
riantes, isotrope et anisotrope, de la méthode, que on trouve dans le code SAINT,
établi & Aldermaston pour étre utilisé sur les calculatrices IBM 709 et 7090. Les
auteurs examinent aussi dans quelle mesure les résultats des calculs par la méthode
anisotrope sont fonction du nombre de moments utilisés pour représenter les distri-
butions angulaires. Ils passent en revue les différents résultats des calculs et indiquent
les modéles pour lesquels l’approximation de transport est valable et ceux pour
lesquels elle ne l'est pas.

Hcronb3oBanye TPAHCIOPTHOIO NPHGJIHAKEHHS B PACYETAX KPHTHYECKHX PA3MEPOB H PEaKTHB-
nocra. Kak npasuno, ynpyro pacceuBaeMble HEHTPOHbI HE PACHpeNeNsIOTCS M3OTPONMYECKE B
n1a6opaTopHON CHCTEME, H MCIOJb30BAHUE TPAHCHOPTHOrO MPUGIMKECHUS ABIAETCA IOOXOMANA-
IDHM CIOCO60M Y4ETa 3TOro NPH BHIYACICHMAX HEPEHOCA HEMTPOHOB. B NaHHOM cnyyae ceveHue
YOPYTOTro NPOlecca 3aMEHSETCS CeNeHHEM NIEPEeHOCa YIIPYTOT 0 MPOLEecca ¢ M30TPOIHLIM YITIOBEIM
pacnpeneneHneM. 3TO 3HAYMTENBHO YNPOUIAET BBIMMCIEHHS TEPEHOCA HEHTPOHOB.
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B HacrosiieM NOKIAAE AAIOTCA TEOPETUYECKHE OCHOBBI TPAHCNOPTHOTO NPUOMMKEHMS KaK B
ONHOTPYNNOBHIX, TAK M B MHOTOTPYHNIOBHIX (opManmusMax. 3aTeM TOYHOCTh NpUOGIMKeHMs
M3Y4YaeTCs B MHOTOTDYNIOBOM Ciyyae IJIA PSifa THIMYHBIX CHUCTEM IIyTEM HMCMONIL30BAHMSA
metona S, C IPUMEHEHMEM HW3OTPOIHOTO M AHM3OTPOMHOIO BAPMAHTOB [N TOTO METOAA,
ABJISIOWIMXCS AIbTEPHATHBOM MalmuHOro koma SAINT, zamucansoro B OnmepmacToHe st
MCTIONB30BaHMA Ha MaliuHax IBM 709/7090. M3yuaercsi Takxke 3aBUCHMOCTE DE3YIBTATOB
AHM3OTPONHBIX BLMYUCIEHMH OT YHCIa MOMEHTOB, HCHOJB30BABIIMXCA [JIA BOCIPOM3BOICTBA
YrIoBOro pacnpeneneHus. O6cyXaatoTcs pe3ynbTaThl PA3IMMHBIX BBIYHCIIEHMA M yKa3bIBAIOTCH
THIBI CHCTEMBI, LIl KOTOPOHl TPAHCIIOPTHOE NpUOIIMKEHNE SBNSETCA aNJKBATHBIM, a TaKXKe
THTIBI CHCTEMBI, IUISi KOTOPOH OHU He al3KBATHAI

Validez de la apreximacién de transporte en los calculos de dimensiones criticas
Yy de reactividades. Por regla general, la distribucién de los neutrones dispersados
eldsticamente no, es isotrépica en los dispositivos experimentales; un medio practico
para tener en cuenta ese factor en los célculos de transportes neutrdnicos consiste
en utilizar la aproximaciéon de transporte. Con arreglo a ésta, la seccién eficaz de
dispersién eldstica es sustituida por una seccién eficaz de transporte eldstico con
distribucién angular isotrépica, con lo cual el célculo se simplifica considerablemente.

La memoria expone los fundamentos tedricos de la aproximacién de transporte
para los formalismos de un grupo y de varios grupos. Seguidamente, estudia la validez
de la aproximacién alcanzada mediante este ultimo formalismo para cierto nimero
de sistemas tipicos con ayuda del método S,; se emplean las variantes isotrépica
y anisotrdpica, que se encuentran en la clave SAINT establecida en Aldermaston
para las calculadoras IBM 709/7090. También examina la relacién que existe entre
los resultados de los célculos anisotrépicos y el nimero de momentos empleados
para representar las distribuciones angulares. Por ultimo, discute los resultados
de los diversos cédlculos e indica los sistemas a los cuales la aproximacién de transporte
es aplicable y a cudles no lo es.

Introduction

In neutron-transport calculations it is usually adequate to assume that the
emergent neutrons from non-elastic processes, for example (n, n’) and (n, f), are
distributed isotropically in the laboratory system, but it is nearly always essential
to take into account the anisotropic distribution of neutrons emergent from
elastic scatters — an anisotropy which is particularly pronounced for incident
neutron energies greater than a few hundred keV. This can always be done
accurately in principle by solving the transport equation incorporating the
appropriate angular distributions but it is considerably simpler, and more usual,
to take the anisotropy into account by means of the transport approximation.
In this the elastic cross-section is replaced by the elastic transport cross-section
in conjunction with which the scattering is assumed isotropic.

The theoretical basis of the transport approximation is discussed in section 1
below with particular reference to one-energy group and multi-group methods.
The accuracy of the approximation is then studied in the multi-group case (cf.
section 2) for a number of typical systems by means of the S, method [1] using
the isotropic and anisotropic versions of the method, which exist as alternative
options of the machine code SAINT written at Aldermaston for use on IBM
709/7090 machines. The dependence of the results of the anisotropic calculations
on the number of moments used to represent the angular distributions is also
examined. The results of the calculations presented in section 2 are discussed in
section 3 and an indication is given of the types of system for which the trans-
port approximation is adequate and of those for which it is inadequate..
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For completeness and to assist with the understanding of the results given in
séction 2, a brief account of the anisotropic version of the Carlson method and
of the machine code SAINT is given in the Appendix.

1. The theoretical basis of the transport approximation

The theoretical basis of the transport approximation is most conveniently
illustrated by expanding the neutron flux in the transport equation in terms of
spherical harmonics of the angular variable. In the following paragraphs, spherical
geometry is considered for simplicity but it must be emphasized that the trans-
port approximation is quite general and applies to any geometry. In spherical
geometry and with anisotropic scattering the steady-state Boltzmann transport
equation can be written in the form:

o (—p
{MTT+ ( r‘u) +Q (ﬁg[@g TM) ‘

1 27 + 1 | (1)
= Ef f ZQ ) B g ( (r, w') du’ dn + Source Terms

n=0 p=—1 ¢

where g (=1,2,3 ...) refers to energy group, the groups being numbered in

order of decreasing energy

r is the radius

4 is the cosine of the angle between the radius vector and the direction
of the neutron

 is the cosine of the angle between the incident (u’) and emergent (u)
directions of a neutron

% is the azimuth angle between the initial and scattered neutron direc-
tions. (= uu — A/ 1— u?) (1 — u’?) cos n)

o(r) is the material dens1ty at r

ag is the inverse mean free path of neutrons in group g for material at

unit density.

;—n B¢ (1) is the probable number of neutrons created in group g, per unit solid

angle about a direction cos—! u with the direction of the neutron in
group g’, per unit path of a neutron in group g’ in material at unit
density. It follows that

ZJ By o (1) dfog,

£

is the average number of neutrons produced at a collision of a neutron
in group g¢’. By, (i) contains contributions from all processes (elastic
scatter, (n,n’), (n, f), etc.) except absorptions. .

D, (r, u) is the flux of group g neutrons per unit area at r normal to u, per
unit solid angle about the direction u.

The “Source Terms” on. the right-hand side of equation (1) can often be taken
into account by application of suitable boundary conditions, but as their explicit
consideration does not affect the approximation under consideration they are
omitted from the equations below. First it is useful to develop equation (1) a
little by expansion of the fy.(u) in terms of Legendre polynomials, as this step
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is common to both the present illustration of the basis of the transport approxi-
mation and the anisotropic 8, method discussed in the Appendix.
Writing

ﬂgg()_z(2l+l)ﬂ Py (u)

. (2)
which implies fﬂg (1) Pr(u)du

and using the relation
Pi(m) = Pi(p) Pr(w) + 2Zm)—. my () Py (') eos (m ) 3)

where Py are the associated Legendre polynomials, one obtains from equa-'
tion (1)

pe+822 2 1 om et

szﬂ) g P +1P ) D N dw’ @
= 5 By, t(,u)e(r)f 1) Dy (7, ') du
g 1 —1

If we proceed now with the Legendre polynomial expansion of @ (r, u),

B (r, ) = 4 > (2 + 1) 9d (1) Pr(p). ®)

Substitution of (5) in (4) gives, after some manipulation, an infinite set of dif-
ferential difference equations for the yg (r):

!+ 1 4 (-
((21+ i){ + &2 2)}"’31“( N+ @ 1){ (—71_)}%"1(7)-*'9@) ot (r)

=o(r) zﬂ:'z Yy (). (6)
b )

The transport approximation is obtained by assuming that g (r)=0 for
=2 and neglecting the contribution from 4,/ (r) with 1>>2. This assumption
leads to what is usually called diffusion theory, but in the terminology of the
spherical harmonics method it is referred to as the P, approximation [2]. First
consider one-group theory; suffices ¢° and g can be omitted and in the P,-
approximation equations (6) reduce to

{% i}w‘ (1) + oMoy’ =) 4" (r)

)
10O | o ayie) =e()Fv0)
With ‘
a* =a-—pt 3
=l o

equations (7) become
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{dd+2} Hr) e ey’ () = o () B0 (r

k (9)
L 320 o aryi) =0

which are just the equations which obtain if, in the P, approximation to the origi-
nal transport equation, o is replaced by «* and g by p* and all scattering is
assumed to be isotropic. The use of the modified cross-sections o* and g* with
isotropic scattering is known as the transport approximation. It is exact in the
P, or diffusion approximation but in practice it is found to work well in higher
order approximations such as obtain in accurate numerical solutions of the
transport equation. Physically it is equivalent to replacing an anisotropic distribu-
tion by an isotropic component plus a d-function forward-scattering component
such that the mean value of the cosine of the scattering angle is the same as in
the actual distribution; if the actual distribution is either isotropic (f'=0 for
all I>0) or a J-function along its original direction (f'= const. for all 1>0)
then the transport approximation is exact, as is readily verified from equations (6).

Consider now the multi-group case. The transport approximation again follows
from the P; approximation in which equations (6) reduce to

{“(;i—,.'*",z.—}'/’gl(”)'*‘&’()“g’/’g —Q"')Zﬂgg"l’g
(10)
; d,'/’g(")'Jf'Q(r)%‘Pg = g(r) Zﬁgg'l’g

From these equations it follows that the modifications given by (8) generalize to

“;’g = g0y — ﬂ;’t }
Igg F ﬂg £ ﬂ;’z

where the o, operating on @y involves a summation over g’ to replace the
term ay®@g in the transport equation. As in the one-group case, the transport
approximation is equivalent to representing the actual angular distribution by an
isotropic component and a §-function forward-scattering component such that
the mean cosine of the scattering angle is the same as in the actual distribution.
In particular the term o , for g’ & g represents a collision in which the neutron
changes group without changing direction. The transport approximation is again
exact in the diffusion approximation.

The modifications (11) are referred to as the full transport correction but methods
of calculation and in particular, machine codes, which can only deal with isotropic
scattering cannot immediately accommodate (11), and modification to the methods
and to the machine codes may be necessary. In the case when only slowing-down
collisions are anisotropic, as is nearly always true, fy,=0 for ¢’>¢ and the
handling of the full transport approximation, in the S, method for instance,
does not present any fundamental difficulty. If, however, the only contribution
to anisotropy is elastic scattering from heavy nuclei, the effect of scattering
to lower energy groups is negligible and the transport correction becomes

og* = otg— ﬂgg }
ﬁg’ £ —_"ﬂg’ g_ﬂg'g 63’ g

(11)

(12)
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This particular form of the transport correction is known as the diagonal transport
correction, and it will be noted that this can be used with any method or machine
code which can only deal with isotropic scattering. While (12) is only strictly
applicable to heavy nuclei, it can be expected to be fairly reliable as long as the
major contribution to elastic scattering retains the neutrons in the same energy
group.

In view of the great practical advantage of the diagonal transport correction
over the full transport correction from the user point of view, only the diagonal
transport correction is considered in the present paper.

At this point a few a priori comments about its expected accuracy can be
made. The diagonal transport correction is not expected to work well where scatter-
ing by very light elements is concerned, in particular by hydrogen and deuterium,
since most of the scattering is to lower energy groups. For heavy elements the
transport approximation is exact in the diffusion approximation and hence
can be expected to work well in problems where diffusion theory works well;
this occurs when the dimensions of the system are large compared with the mean
free path of the neutrons. For small systems whose dimensions are only about a
neutron mean free path or so, it is not so obvious whether the transport correction
will be a good approximation and at first sight might be considered bad. However,
it must be remembered that it is accurate for §-function scattering along the
original direction as well as isotropic scattering and, fortunately, many angular
distributions approximate to one or the other of these extremes.

TasLe I

A COMPARISON OF CRITICAL RADII CALCULATED WITH THE ANISOTROPIC
CODE USING DIFFERENT NUMBERS OF MOMENTS g

1 Critical radii (cm)
System Group S Highest moment ! used in
(composition by nuclei) co?lsstea('ints axgmglt‘?:rl; the calculation
L=1|L=2|L=3] L=5
Bare sphere - 4group | g | 87868762 8.739 8.739
93.97, U25) .
6.19, Usee) 8t 18.75 gjom 45%1;021’ S, |8.827)8.796|8.783 8.783
Sphere
93.9 7, U29) )
6,14; Uus) at 18.75 glom® fgoup |, 6164 — |6.075]6.071
with, nat. U reflector
at 19 g/em® and 23 cm thick
Sphere
93.9 7, U5
6 lo//o Um; at 18.75 gjom?® dgroup | g 5.800| — |5.754|5.754
" /0 Set 5 4
with C reflector
at 2.25 g/fem® and 23 cm thick
Sphere with cavity of
radius 1.05 em
93.97, U5 8-grou _ . . .
6'13//(0) Um; at 18.75 glec gomwp 8, 7.169 6.996 | 6.995
in H,O reflector
at 1.0 g/lem® and 10 cm thick
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2. Results of calculations

In the first instance, calculations have been carried out to examine the effect of
using different numbers of moments ' in the representation of f,, (u) (cf.
equation (2) and equation (A3) of the Appendix). In Table I the critical radii of
several systems are given for different values of L, the maximum value of !
considered. In Table II a comparison is made between critical radii calculated by
means of the isotropic code with the transport correction and corresponding radii
obtained with the anisotropic code with L=1 and L=>5. In the last two columns
of Table II the percentage errors in the critical radii calculated by means of the
isotropic code with the transport correction, and with the anisotropic code and
L=1, are given—assuming that the critical radii obtained with L=>5 to be exact.
In some instances the calculated critical radii do not agree with experimental
values because the basic data have not been adjusted to the extent necessary to
give these agreements, but it does not affect the comparisons made in the present
paper. The systems considered are those given in Table I together with a few
others.

Tt should be appreciated that the accuracy obtained in a reactivity calculation
on a near-critical system is proportional to the accuracy obtained in the corre-
sponding critical-size calculation.

For completeness a brief description is now given of the group constants used
in these calculations. The references to the group constants used are included
- in Tables I and IT and are described in detail by PARKER [3]. The “‘set number”
refers to the weighting spectrum used in their derivation. The group constants
used are basically either a 13- or 8-group set covering the range from thermal to
11 MeV, and the energy boundaries are as follows:

13-group: 11.0 MeV, 2.4 MeV, 1.1 MeV, 0.55 MeV, 0.26 MeV, 0.13 MeV, 43 keV,
10 keV, 1.6 keV, 0.26 keV, 42eV, 5.5eV, 0.4eV. The thermal
(13th) group contains neutrons with energies below 0.4 eV.
8-group: 11.0 MeV, 1.6 MeV, 0.78 MeV, 0.18 MeV, 10 keV, 0.26 keV, 15V,
0.4 eV. The thermal (8th) group contains neutrons with energies
below 0.4 eV.

The neutron-scattering data used in the calculation of these group constants
are those given by BuckiNeHAM et al. [4], except for the carbon data which are
those given by PargER [5]. The weighting spectra used are either a fission or
degraded-fission spectrum in the top energy groups with a weighting proportional
to (E)' in the lower energy groups, except for the thermal group for which
appropriate thermal group-constants are used.

The 7-group set 4 constants are the top seven groups of the 13-group set 5
modified such that all transfers from groups 7 and above to groups below 7 are
replaced by transfers to group 7. In this way neutrons are not allowed to slow
down below group 7. Similarly, the 4-group set 5 constants consist of the top
four groups of the 8-group set 5 with corresponding modifications.

In the original data all non-elastic processes are assumed to be isotropic in the
laboratory system—only elastic scatter leading to anisotropy. To give an idea of
the degree of anisotropy in the elastic scattering from the various elements con-
sidered, the mean cosine of the scattering angle in the laboratory system are
given in Table IIT at a few representative energies.
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TasLE 11

A COMPARISON OF CRITICAL RADII CALCULATED USING THE TRANSPORT
CORRECTION WITH THE CORRESPONDING VALUES OBTAINED USING THE
ANISOTROPIC S, CODE

Critical radius (cm)

Error in Error in

System Group B 5 Anisotropie (c) L=1 transport
(composition by nuclei) constants | » 55 code Trans- | solution | solution
used 2F port | [(a)—(b)] | [(e)—(d)]
@ (a) (b) correc- T T
L=1| L=5| tion
4-grou
Bare sphere Sgel;l 5p S, 8.786] 8.739| 8.716| +0.549%, —0.26%,

93.99, U5 | at 18.75
6.1% U=t [  glem?® | 4-group S, | 8.827/ 8.783| 8.760| +0.50%,| —0.26%

Set 5
?g;eéggere ab 1875 | T-group | S [17.17117.119]17.101) +0.30% —0.11%
700/2 U2ss } g/(::m3 Set 4
Sphere
93.9%, U5 | at 18.75
6.1% U glem® | 4-group | S, | 6.164] 6.071) 6.029 +1.5% | —0.69%

with nat. U reflector Set 5
at 19 g/em® and
23 em thick

Sphere 4-group | S, | 5.800| 5.754| 5.807 +0.809% +0.929%,
93.9% U5 | at 18.75 | Set5
6.1%) Us | g/cm3

with C reflector :

at 2.25 g/em® and 8-group | S, | 8.777) 5.731 5.799] 1+0.80%| +1.2%
23 em thick Set 5

Sphere with cavity
of radius 1.05 cm
93.9%, U%*% | at 18.75
6.19/, U238 } g/cm? | 8-group S, 7.169| 6.995 6.284| 4-2.59, | —10.29,
in H,O reflector Set 5°
at 1.0 g/cm?® and
10 em thick

ZPR IIT Assembly
No 6F [7] (Spherical)
Core: 15.3%, U5,
17.3%, TS, 43.29, Al
0, 0,
}75';8%41\?;"&4'764{; g/réms 13-group| S, |23.779|23.670|23.637 +0.46% —0.14%
Reflector: 83.99, Uzs, | Set 5
2.99 Al, 9.7%, Fe,
2.5% Cr, 1.09% Ni
at 16.3 g/cm?® ~30 cm
thick
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Tasre III
MEAN COSINE OF THE ELASTIC SCATTERING ANGLE IN THE LABORATORY
SYSTEM
Mean cosine
Incident Element or isotope
neutron energy
(MeV) Dass c H o Al Fe Cr Ni
0.5 0.315 | 0.056 | 0.661 | 0.154 | 0.270 | 0.201 | 0.196 | 0.125
1.0 0.377 | 0.056 | 0.661 | 0.154 | 0.270 | 0.201 | 0.196 | 0.125
2.0 0.571 | 0.200 | 0.661 | 0.480 | 0.341 | 0.201 | 0.406 | 0.405
4.0 0.814 | 0.032 | 0.661 | 0.534 | 0.341 | 0.631 | 0.406 | 0.786

3. Discussion and coneclusions

The results given in Table I for the bare sphere of ~ 949, U5 show much the
same degree of convergence with increasing L in both the S, and S; approximations.
This, together with the remaining results given in Table I, indicates that it is not
necessary to take L>>5 in calculations using the anisotropic code. An examination
of the angular distributions and the evaluation of the §! for L>5 clearly indicate
that the truncation occurs because ¢/ 0 for L>5, not because §/'—~0 for L>35.
This is consistent with the fact that the spherical harmonics method in Pg°
approximation has been found to give quite accurate results.

It is seen from the last column in Table II that for all the systems considered,
except the water-reflected one, the transport approximation gives results of ade-
quate accuracy—the errors being less than the errors in experimental critical-size
determinations. It is gratifying to note, in particular, that the transport correction
gives an excellent result for the bare sphere of ~ 949, U235, This is no doubt due
to the fortunate coincidence that angular distributions are well represented by an
isotropic component together with a dJ-function forward-scattering component,
and under these circumstances the transport correction is exact (cf. section 1).
It was noted in section 1 that the transport approximation is not expected to
work well in  cases where scattering by hydrogen is important and this is clearly
indicated in the case of the water-reflected sphere, the error on critical mass in
this case being ~309%.

The DSN code written by CARLSON and co-workers [6] has an anisotropic option
up to L=1 and it is interesting to note from the figures given in Table II that, in
all the cases considered, the anisotropic code with L=1 gives results of acceptable
accuracy. The transport correction gives results of similar accuracy for all but the
water-reflected case and requires rather less computational effort than the aniso-
tropic (L=1) calculation.

The results of the present calculations show that the transport approximation is
in general better than the a priori predictions of section 1 would indicate and it is
concluded that one can have a fairly high degree of confidence in its use for all
systems except those in which moderation by hydrogen (or deuterium) is impor-
tant. There is no reason to believe that the particular choice of group constants
affects these conclusions in any way.

6.
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APPENDIX

The anisotropic S, method and the machine code SAINT

The starting point of the amsotroplc S, method is equation (4) which is reproduced
below;

2
{“;7+¥ai + e (r) ag}%(f,u)

-
+1
=Zzi2—l—+——’ﬁ gP:m)e(r)sz(u)@g (r, ) A’ (A1)
g 1 —1 ;o 0
+1
where flys = [Bys ") Pi) d , (A2)
e -1 i ;

In the S, formulation,- the SDISOTTOPIC SOUTCE Term 18 required o be averaged over
an angular interval (g1, #)*and integrated over a radialinterval (z, 7;41). Denoting
this-averaged source term by S (4, j) and using the basic assumption of the S, method
that @ (r, z) is a linear function of # in an angular interval, pj_1<p<p;, a set of
vsca.lar products for al] g can be derlved of the form

w)—z z zA,zﬁ"gBqu (m) , (A3)
g=1i=0j=1 . . .

J and L are the- total number :of angles and Legendre moments respectively
. Aj.. Birrrand Fg (i, §') are defined as follows:

In! 1

u o
A= ———————~JP1 (1 du for- 7>1 !
: y _(/4'—-#;_1
"1—.1, ,
Ay =Py (= l) . 4 \
o - B4 . ) e . .
Bj' 1= (21;1){J(”’+1_ )Pz(/t du+f( )Pl(#)d#}forl<i'<J~
M+ 1y MJ -
4 Hjr—1 :
) o ?2l 15%
o + f( .“2—,“)
1 N Py 1{u) dp )
1

+ PP PR

N ll_] .
' 21+ 1 f(/‘_‘:u']—l )

Bj = P, d
)1 3 PrE=y 1 (u) dp

By
i1
Fe (1) = [o () @ (r, ) dr

i .

* For u, {=-—1) the source term required is the value at p=-—-1.
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Note: o (r) is requlred to be constant between ri and r;y1. Hence =

1
F,g (4,7) = 5 Ql+1/z [Py (ri MJ) + @y (riv 1, 4]
The form of equa,tlon (A 3) is the same as glven by CARLSON in LA 1891 {1].

The machine code SAINT has been developed by one of us (L.F.U.) and his group
at AWRE, Aldermaston, to deal with the anisotropic souree term given by equatlon
(A 3) above. SAINT is a multipurpose one-dithensional S, code, with optlons 'for iso-
tropic- and-anisotropic-scatter calculation; versions exist for use on 32K IBM 704,
709 and 7090 machines. An account is now given of the salient features of- the aniso-
tropic-scatter option.

In SAINT, the nuclear data is supplied in the form gy ¢ up to any reasonable order
of I on binary cards of & standard format. The summation over ! in (A 3) is carried out
once and for all during the input stage of a calculation, so during the course of a
calculation, the source term is evaluated by

P [
8¢ (6,9) =ZZO 05 o) ) LA

This decreases the amount of computatlon needed at the expense of increasmng the
amount of storage required. In particular, calculatlon time is effectlvely mdependent
of the number of moments used.

The procedure adopted during the solution -is the “fission generation” 1terat;1ve
technique. Here the fission component of the scattering term is split off from the rest
of the scattering terms and it is assumed that fission neutrons are emitted isotropically
with an energy spectrum independent of material or incident neutron energy. The
contribution by fission is thus handled by a ‘“‘fission source term’ which is recomputed
from the neutron scalar fluxes at the end of each “‘outer iteration”. Within each outer
iteration, the fission source term is unchanging and the neutron scaler fluxes appro-
priate to the fission source term are calculated. Thus in equation (A 4) only slowing-
down neutron processes occur and so the ¢’ summation is over the range ¢'=1 (1) g

For the purposes of calculation within each outer iteration, the right-hand side of
(A4) is split up into an off-diagonal and a diagonal component,

S G, 7)—220 9,9 3,7) By (s ] +Zo<g,g,u>¢g(z, Y, (A5)
g=1j

and each outer iteration starts with g=1. In this case, the first term of the right-
hand side of (A 5) is zero and a one-group iterative process (“‘inner iteration’) is used
to calculate &, to the required degree of convergence. If one proceeds to g=2, the
first term on the right-hand side of (A5) is evaluated by means of the already cal-
culated @,, followed by another set of one-group iterations until @, is calculated to
the required degree of convergence.

This process is repeated, always evaluating the first term of the right-hand side of
(A 5) once for each g in terms of the already calculated @’s until the scalar flux for the
final group has been calculated. The outer iteration is then completed by the evaluation
of a new fission source term. :

The whole process is terminated when two successive fission source terms differ by
less than some predetermined value.

This iterative scheme is particularly useful for problems where no fission processes
are involved, for example, in the calculating of the transmission of neutrons through
a shield. Here only one outer iteration is needed to complete the calculation, the inner
iteration being taken to finality for each group in turn.

For problems involving a fission process, for example a critical-size calculation, the
degree of convergence to which each inner iteration is carried is determined by the
degree of convergence attained by the outer iteration. This works reasonably well but
a completely satisfactory scheme has not yet been devised.

The code can be used for critical-size calculation (no imposed source present),
or an imposed source can be specified either as an isotropic source distributed over
desired energy groups and regions of the system, as a shell source from which neutrons

6+
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are emitted into specified groups with specified angular distributions or as the virtual
source arising from first collisions. In calculations with imposed sources, vector flux
analyses allow one to calculate any multiplication which may be required. In all cases,
either plane or spherical (but not cylindrical) geometries can be specified.

In general, an anisotropic calculation takes about four times as long as a similar
isotropic calculation. For calculations on systems without fissile material, anisotropic
calculations are guite fast, a transmission problem involving eight neutron groups
in 8, approximation with 50 radial points taking about ten minutes on the IBM-709.

The code uses five tapes, distributed for the IBM-709, 7090 machines over channels
A, B and C.
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THE REACTIVITY OF A CENTRAL AIR GAP
IN A BARE REACTOR

H. HiceBLOM
ARTIEBOLAGET ATOMENERGI,
SWEDEN

Abstract — Résumé — Ammoramms — Resumen

The reactivity of a central air gap in a bare reactor. Two methods are presented
for calculation of the reactivity equivalence of a central gap in a bare reactor with
rectangular cross-section. The first is a perturbation theory and has been developed
by Friedman in an unpublished paper. The second method is an application of variation
calculus. In both cases the eigenvalue is solved for the transport equation in integral
form. The principal difference between the two methods is in the assumption for
the flux shape. In the perturbation theory, it is assumed that the flux is unperturbed
and has the form 4 cos = z/L. The reactivity as a function of the gap width is ex-
pressed in closed form in one and two energy groups, but the expression is valid
only for reactivity changes less than about 89%. The variation calculus is developed
only for one energy group, but the accuracy is approximately independent of the
gap width. This is obtained by varying the expression for the flux in order to optimize
the functional integral.

The results are compared with those obtained by Chernick and Kaplan by dif-
fusion theoretical methods.

Incidence d’une fente centrale sur la réactivité dans un réacteur sans réflecteur.
L’auteur expose deux méthodes permettant de calculer I'incidence d’une fente cen-
trale & section rectangulaire sur la réactivité dans un réacteur sans réflecteur. Il
s’agit, dans le premier cas, d’une théorie de la perturbation du transport, formulée
par Friedman dans une communication qui n’a pas été publiée et, dans le second
cas, d’une application du calcul des variations. Dans les deux cas, la valeur propre
relative & I’équation de transport est obtenue sous la forme d’une intégrale. La prin-
cipale différence entre les deux méthodes réside dans ’hypothése relative & la forme
du flux. Dans la théorie de la perturbation, on suppose que le flux est non perturbé
et qu’il a la forme A cos = z/L. La réactivité en fonction de la largeur de la fente
est exprimée sous forme fermée pour un et deux groupes d’énmergie, mais cette ex-
pression n’est valable que pour les modifications de la réactivité inférieures & 8%
environ. La méthode du calcul des variations n’est appliquée que dans le cas d'un
groupe d’énergie, mais la précision est pratiquement indépendante de la largeur
de la fente. Dans cette derniére méthode, on fait varier l’expression du flux pour
optimiser l'intégrale fonctionnelle.

L’auteur compare les résultats indiqués avee ceux qui ont été obtenus par Chernick
et Kaplan au moyen de la théorie de la diffusion.

PeakTHBROCTH LIEHTPaJLHOrO BO3IYIIHOIO 3a30pa B peaxrope Ge3 orpaxkarens. B moxmane
M3JIOKEHBI 1B METOIA JIOJICUETA PEAKTHBHOMN 3KBUBAICHTHOCTH LIEHTPAJIbHOT O 3330pa B peakTope
6e3 oTpaxkaTelNla ¢ MPSMOYTOJIBHBIM ceveHueM. IIepBbiii METOA TpencTaBisieT coboil Teopuio
BO3MYILEHUH ¥ pa3paboran PpuUAMaHOM B HeolyGIMKOBAHHOM AOKNane. Bropoit Meron ABis-
€TCs NIPHMEHEHNEM BapHALIMOBHOrO pacyeTa. B 060uX Cayyasx HaiineHo cOGCTBEHHOE 3HAYEHUE
YPABHEHMSI TIEPEHOCA B MHTErpanbHOi dopme. OCHOBHOE pazmuyue MeXAY IBYMS METONAMM
COCTOHT B MPEMIOJIOKECHUH OTHOCHTENBHO (opMbl moTOKa. [10 Teopun BO3IMYIICHWH MBI NIpEX-
NOJIAraeM, YTO IIOTOK HEBO3MYILEHHLIH 1 UMeeT hopMy A cos = X/L. PeakTHBHOCTb Kak (DyHKIHA
LIMPHHEL 3230Pa MMEET 3aKPHITYIO GOpMY B ONHOM U3 ABYX SHEPrETHYECKHX I'PYIIN, HO 3Ta hopMma
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TONUTCH TOJBKO AJI M3MEHEHMN PEaKTUBHOCTH MEHee NPUMEPHO BOCHMH INPOLEHTOB. Bapua-
LMOHHBI! DAcYeT BBIBENEH TONBKO JUISi- ORHOM 3HEPTETMYECKO TPYNNbI, HO NPUGTMKEHHO
TOYHOCTH HE3aBMCHMA OT IUMPHHEL 3230pa. DTO MOJYYEHO MYTeM HU3MEHEHUA HOPMBI NOTOKA
751 BBIBEACHHS ONTHMAIBLHOTO (DYHKLMOHANBHOrO MHTErpaia. JlaHHble Pe3ynbTAThl CPABHHU-
BAIOTCH C pe3yJibTaTaMH, MOJIyYeHHBIMH UYepHHKOM ¥ KalnaHom ¢ MOMOWIBIO TEOPETHYECKHX
MeTonoB muddysun.

Reactividad de un espacio central lleno de aire en un reactor sin reflector. La memoria
presenta dos métodos para calcular la equivalencia en reactividad de una separacién
central en un reactor sin reflector, de seccién rectangular. El primero se basa en una
teoria de la perturbhcién que expone Friedman ‘en un articulo todavia no publicado.
El segundo método constituye una aplicacién del célculo de variaciones. En ambos
casos ‘se resuelve el valor propio para la ecuacién integral de transporte. La diferencia
prmmpal entre ambos métodos estriba en las caracteristicas que se asignen tedrica-
mente, al flujg. En la teoria de la perturbacién, se supone que el flujo no es perturbado
v, tlene lz} forma A cos = x/L. La reactividad en funcién del ancho de la separacién
se express en forma cerrada en uno y dos grupos de energia, pero la expresién es
vélida solamente para cambios de reactividad inferiores a 8 por ciento aproximada-
mente. El céleulo de variaciones sélo se ha desarrollado para un grupo de energla,
pero su precisién es practlcamente independiente del ancho de la separacién. Se
obtiene variando la expresién correspondlente al flujo con el fin de encontrar valores
optImos para la integral funcional.

El autor. compara esos resultados con los’ obtemdos por Chernick y Kaplan por
métodos de la teoria de la difusién.

The transport equation for a reactor with a central air gap

A transverse air gap in a bare reactor with rectangular cross-section has been
treated previously by,CHERNICK. and KAPLAN [1], who refer to an unpublished
work by Friedman. Friedman starts from the transport integral equation and trans-
forms it so that the air-gap width, §, only enters into the integrand. He solves
this equation by perturbation theory to obtain a value A Ly, which is the.required
charige in'reactor length to-maintain criticality. The calculations are performed
ih one-group’ formalism. i

Becaus most of the mathematical part of the perturbation theory will be used
la{;er we ‘will first give a derivation of Friedman’s formula. For completeness,
we, W111 also extend the perturbation theory to-include two energy groups. In
this section we will transform the integral equation to a form suitable for further
treatment, either using perturbation theory or variational calculus.

- First: we .consider the!transport equation in one-group formalism, which can

be written:
e e‘w'lf(w’,y’, 2’y da’ dy’ dz’
) = g [ [P M

~Here g:is-the “optical” distance between the prints z, y, z and 2/, ¥’, 2*, and o
is the corresponding geometrical distance; ¢ is the multiplication constant for an
infihite medium, and A is-the mean free path. We assume that the reactor consists
of 'only one medium and that it has a square cross-section. Without an air gap the
ﬁux 1s separable and can be Wr1tten

b

v v e (e, Y, 2= Q()cosazcosﬂy v

We assume that this expression holds appr0x1mately also in the presence of an
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air gap. @ (z) can be most conveniently calculated by putting x=y="0. In spherical
co-ordinates, we then get from Eq. (1): .

- DC ‘271 I R () e'—Q/‘- b (7./ @ 9) eifl r’ sin 6 cos qJ,r'/ 7,/2 ds’ :
D(2) = 4—fd<pfsin9d0f Al @)
4n i
0 0 0

92

where 7%=qu2-f2.
Now we make the following transformation:

(', g, )~ (2, @, )
with pu=cos (z, ).
An air gap of width J is assumed to separate the two equal halves of the reactor,
where total material length is L.
The Jacobian is then
o(r',p,cos6) _ o°
o(z, e,y ~ wur

(3)

and the transformed form of the one-group transport equation is for z>0:

1 L2 2—2 |

¢(z)=2—3f%fdi’¢(z'){e' iy Jo[nlz—Z’Lm]+

z4+ 2

oS gy

This expression was derived by Friedman. Above we assumed that 2>>0. For
2<0, the absolute value of z must be inserted as a consequence of the reactor
symmetry.

In multi-group theory we introduce the following symbols:

li=mean free path in group ¢
y:="{raction of fission neutrons born in group ¢ -
yj=number of neutrons per fission caused by a neutron of group j
2tj==macroscopic fission cross-section in group j
2, j —~i=macroscopic elastic and inelastic removal cross-section from group j
into group .

The eigenvalue of the transport equation and the criticality value of the reactor

are then related through the equation:

Ci tj—>i
ij . .
For kinetic studies, we are interested in the quantity 4 v/y=4 »;/; (independent

of ). This quantity is not proportional to the change of the ej/s when'the air gap
changes. The integral equation for the flux is in analogy with Eq. (4)

:xivfzfi’i'zs,j_}g. o (5)

IR

1 Lj2 | z— 2

R L
: 7 o
e z:"f' Jo[n(z+z'+;§)\/i—_—,‘_2]}. o

A corresponding equation holds for the adjoint flux @;* (z).
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For solving Egs. (4) and (6), it is convenient to expand the second Bessel func-
tion in the following way:

Jola(z+ 2 +0)]=J,[a(z+2)]Jg(ad) +2 Z (=) Jula(z+2)]JIn(@d) (7)
n=1

where g=V1Z (8)
I

Perturbation theory

First we treat the problem in one-group formalism. We put
p (0,22, W=Jgla(z+2 +8)]—J, [a(z+72)] (9)
where a (u) is defined in Eq.8. For 56«1 we have

z 4+ 2

e B p(d,z7, )k,

We consider this function as a perturbation, whose effect on Av/y will be cal-
culated. Eq. (4) can then be written:

1 L/2 lz—2"] ! . ,\/1*2
I
D@ =5y “fd“"(“{ B [T
_z+z ’ _ =zt
L w Jo["_”"_;ﬂ;'i]Jre Wi ¢(5,z,z',ﬂ)}. (10)

The first approximation to the flux when §=0 is

’ @ (z) = cos -%z—
A straight- forward apphcatxon of perturbatlon theory, together with Eq. (5),

then gives:

Li2 z 42

Ay (Zs +vZx)? du Tz ez’ ;. . )
v~ & \L ( )f f°s dzfc"s e Ahogp(8.2.7,u)dz. (11)
0

We will now derive the corresponding formula in two-group theory. Here the
starting point is Eq. (6) with ¢ and j=1, 2. We assume that the eigenvalues for
d# 0 are obtained by multiplying v, and », by (v+ Av/)v, which is =1 for §=0.
Physically, this means that the “average effect” of the air gap is cancelled by
a change in all v-values. The “average effect’” can be assumed to be the power of
the reactor. A temporary change in the energy spectrum of the flux cannot be
avoided, and during this time the flux is time dependent. The constancy of the
power, according to UssacHorr and HexrY [2, 3] can be expressed by the

equation:
Do * (r, E) D (r, E, 1)
az” o5 dEdV=0. (12)

Here, E is the energy, V the reactor volume, v the neutron velocity, @ the neu-
tron flux and @,* the stationary adjoint flux for the unperturbed reactor. @ is



REACTIVITY OF A CENTRAL AIR GAP IN A BARE REACTOR 89

the solution of the time-dependent integral equation, which can be written:

z(v)a—at(i‘-’-)=—@15(r=v,t)nL

Jr—1"] , .
LA v el R GO R X Cl el N VN
4nfff|r 7 E° ') f-——l(v)—@(r,v,t)dv. (13)

In the stationary case, @ (r, v;) corresponds to @;(z) in Eq. (6). The condition
expressed in Eq. (13) can then be fulfilled in the following way. The integral
equation for @, (z) is multiplied by @,*/l,, the corresponding equation for @, (2)
is multiplied by @,*/l,, and the expressions are added. The remaining procedure
is straight forward if we accept the diffusion theory solutions as a first approxima-
tion to the fluxes.

We adopt the following notations:

D;=diffusion coefficient for group <
B?=material buckling
2a, ;= macroscopic absorption cross-section in group )
Zy=Zai— 217121
2= 172212
Zo1=xs¥1 211+ 26 1 52
O —_ Dl BZ + Z"11

b, Bz
O%— 1 u
221
o fdu't , ozt '
/’L nz 71'2 - . ’ ’
S,-=—ﬁf7fcosszfcosTe b 9,22, p)dz. (14)
0 0

The formula for the change in criticality is then:

1
Av ~L—[Sl(1+l1D1B2)+Sz(l+l2Dsz)C'C*]

— . 15
v v Zn + 2+ Dy B o+ gy (O% vy 25y + vy Zpy) (15)

As before, @ (6, 2, 2’, u) is expressed by Eq. (9). For a practical application of
Eq. (11) and (15), there remains to solve the integral in the identity (14). Setting
z-+2z'=xz and integrating over 2/, we have:

L x

11d - — L .

Si:_.li?fh_ui‘_fe uli<p(6,x,y)(?smﬁ—;-+xcos%)dx. (16)
o o

Now we approximate the integral over x by changing the upper limit from
L to oco. Then, because of Eq. (7), we have only integrals over x of the following
type:

fe” B (b 7)Ao
4]

The solution of this as well as of the remaining integrals in expression (16)
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can be found e.g. in Ref. [4]. The integration over u is performed with the aid of
the following transformation:

1 —p? N

w ‘

Tt is convenient. to expand the integrand in a series in J; i/L and 7 L;. Keeping
terms up to third degree in these quantities, we then obtam

. L Si=Cy+ 0, + 0, - an
Co=N—CE @ 0— + S (T — T )+ B[ —T) 2K, (89)
0=ttt i(i—Snn) + (S0 — 2 cavnes] g
Co= 2 (1 22 Ky (0) . (20)

{=n9.

C, originates from the first term on the right side in Eq. (7), C; from the next
and 80 on.

The first approximation for S; is:

Si= Eqlilet+1—LK, Q). (21)

This formula, together with the definition in Eq. (14), can also be inserted in
the one-group formula Eq. (11), if we put /;= A. The first approximation in one-
group theory is then:

Av  (Z g Az (4 :
A2 o M B RS paget 41— 2 K, ()] (22)

Eq. (22) is identical with Friedman’s formula if transformation is made from
Av to AL. Higher approximations may be of value for small reactors.

CarLVIK [6] has made more extensive calculation of the contributions of the
terms of higher order in 54 and A/L. For a cylindrical reactor with =3 cm,
L=40 cm and R=20 cm, he finds that the term linear in 4 is reduced by about.
15%. The derivation above of Friedman’s formula is partly due to him.

The variational' method

For the background of the method,.see e.g. Davisox [5]. We seek for the eigen-
value to the integral equation (4). As a trial function we use

D (z)=cos (kz—) . (23)

The quantmes Ic and @ are parameters, which will maximize the following func-
tlonal
- ‘ : ‘ Lfe 1 Lz ‘
fcos (kz—g f f (2, 2", p)cos (k2 — @) d2’
0 0
Lj2

I(k, @)= 57 (24)

fcos2 (kz— )dz
0
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where ; :
— 2 , N z+ 2, , -
A S P s L
=K (|z2—2 |, )+ Ky +2,0,p) . (25)
First we consider:
Li2 -
f K, (|z—2'|, u) cos (kz'— @) dz’'=
[} ’ ¢ .
’ : LR <z '
—fK z, )cos(kz—kx— pydz + f K, (2, p) cos(kz+kx——<p)dx. (26)
The following approximation is made: ‘ .
_x » 1— 4% \2
O L e | (27)

This approximation is reasonable because of the rapidly decreasing exponential.
All integrations in the first part of the functional I (k, @) are then elementary,
and we obtain:

Lj2

!
-

Lj2

‘ 1
cos (kz— @) dzfd—:le(z 2, u) cos (kz'— @) dz
0 0

AL
2

[

a2 (Ic2 1 1. 1.
—T[2+cos2(p+cos(kl}—2(p)]. (28)
The integrations in the second part of the functional I (k, ¢) is performed in

the same way as the integration of the expression (14). To condense the expressions,
we define a quantity ¢ in the following way:

The calculated first approximatidn to ¢ is then:

_ Rk Ak . LL '2
I 2[kLk+Sin2<p+sin(kL-—2q;)]{ +cos (kL—2¢)+

+ (1+cos2,¢p)[%'r]2lz+ %nlCe_c—i—l—CKl(C)]
' — 2 kisin2g(1 +¢) e"}. (29)

As before, {=170.
We have to maximize & with respect to k& and . This has been done numerically
for a reactor with the following data: -

WS A
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Composition 209, U5, 809,238

A=298 cm
25=0.3097 cm1
»2=0.0446 cm™!
L=39.5 cm
/2
L
The optimum values are called ko, @o and g,. For =0, ko L=0.85 7, go,=0
and £,=0.0279. When ¢ increases, ko, and @, will first stay constant, probably
dependent upon the approximations made in the calculations of ¢. At das 4 cm,
koL and ¢, jump to 1.35 n and /4, respectively. This optimum point is then
constant up to very large values of § (6= 20 cm), whereafter it jumps to ko L=2 7
and @o=m[2. & varies continuously until %, L reaches the value 2 n. From this
point &, assumes the constant value

If we further assume a cubic reactor, =

47222

Iim 80:_3——1—72—.

6—>o0

(30)

The reactivity as a function of d can be calculated if we substitute yc for ¢
in Eq. (24) and consider y as the eigenvalue of the integral equation. Then the
maximum value of I is equal to 1/y.

If y=1 for § =0, we obtain

1

c=A(Wwli+25)= T . (31)

n

~ T3 e—o (0)
When 60, we have ¢ (8)=¢0(0)+A¢g and y=1+Ay. Then
1
T4, =1-—cAg (32)
and
Av [ Zg+vif Agg

v —6( vZs )(l—cAeo)' (33)

TasLE I

THE REACTIVITY EQUIVALENCE OF AN AIR GAP ACCORDING TO DIFFERENT
THEORIES FOR A REACTOR WITH COMPOSITION GIVEN IN THE TEXT

) Ay Ay Av Ay
{cm) v )V ( v )P ( v Ip ( v I
2 0.078 0.078 0.047 0.047
4 0.127 0.160 0.087 0.078
5 0.143 0.199 0.104 0.090
10 0.214 - 0.355 0.160 0.135
12 0.236 0.399 0.175 0.147
15 0.262 0.453 0.190 0.161
20 0.288 0.508 0.205 0.180

Index V refers to variational calculus, P to perturbation theory, D to diffusion theory and L to
direct leakage calculus.
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For §=0, we get &, (0)=0.0279. Assuming 1=2.98 cm and 2s=0.3097 cm~?,
Eq. (31) gives for X;+»2; the value 0.3591 cm~2. The difference between this
value and the sum of X5 and »2% earlier given depends upon the assumed value
of L, which is calculated by diffusion theory. The values of Aw/» at different
values of 8 is given in Table I. The actual value has the index V.

Comparison with other theories

Chernick and Kaplan have solved the gap problem using diffusion theory and
using what they call “direct leakage calculation”. The result of both methods is
given by the following formula:

2 o—
@Eff—” =2 cot-1[—3 1,0, (01 + —1\1’—%‘*—5) ey, e
Here,
L,=the extrapolated length of a cubic reactor at criticality
L= corresponding material length of a reactor with air gap, whereby the
length has been changed in a direction perpendicular to the air gap
d=length of the air gap ’
A=mean free path

t— 7:61'1\/5

N=2 b}f diffusion theory and 3 by ‘“direct leakage calculation”

C, and C, are functions of § and are tabulated in Ref. [1].
ALy L, can be transformed to Av/y by the following formulae:

oG e

tgr— "2 4oy (36)

o= AL,
2 I,
L2=migration surface
y%,;=buckling coefficient in the direction perpendicular to the air gap
B%* =buckling coefficient in the direction parallel to the air gap.

The result using diffusion theory will be called (Av/v)p, and the result from
“direct leakage calculation” will be called (Av/v)L. Further, the result from per-
turbation theory will be called (Av/v)p, and from variational caleulus (A»/v)p.
These quantities for different values of § are given in Table I and in Fig. 1.

The perturbation theory gives of course wrong values for large §. There are also
errors in the result from the variational method because of the rather coarse
approximations in performing the integrations and because of the “image pile”
effect [1]. The “image pile’ effect can be appreciated by comparing the values from
diffusion theory with the values from “‘direct leakage calculation”. In the latter
method, this error does not exist, and the values differ from the diffusion theoreti-
cal values by about 15% at large d-values. This is about half of the difference
between (Aw/v)r and (Av/v)p. The rest of the difference can be assumed to
depend upon other approximations in both methods.
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The reactivity equivalence of an air gap for a reactor with composﬂ;xon glven in the text.
Variational method

————— Perturbation theory

————— Diffusion theory

— = — Direct leakage calculation
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THE SENSITIVITY OF CALCULATED CRITICAL
MASSES OF SMALL FAST SYSTEMS TO CHANGES
INTHE U*® AND U* NEUTRON-SCATTERING DATA

) E. D. PENDLEBURY }
ATtomic WEAPONS RESEARCH ESTABLISHMENT, ALDERMASTON,
Uxitep KiNnapoM

Abstract — Résumé — Amuworauus — Resumen

The sensitivity of calculated critical masses of small fast systems to changes in
the U235 and U238 peutron-scattering data. The sensitivity of the calculated critical
masses of a number of simple systems, to changes in the basic neutron scattering
data, have been investigated. The systems considered are spheres of 299, U235 and
931/,% U235, both bare, and reflected by thick natural uranium. The calculations
have been carried out using the Carlson S, method with 4 energy groups, and the
percentage changes in the calculated critical masses of the different systems, due
to specified changes in the various aspects of the neutron scattering data, have been
obtained. The results are presented and discussed with particular reference to the
adjustment of the basic data to give good agreement with experimental critical
sizes.

The basic data on which these calculations have been based are those given in
AWRE Report 0—28/60. »

Influence de la précision des données relatives & la diffusion des neutrons par 235U
et 2387 sur le calcul des masses critiques de petits modéles & neutrons rdapides. L’auteur
a étudié, pour plusieurs modéles simples, quelle était la sensibilité des masses critiques
calculées aux modifications des données fondamentales relatives a la diffusion des
neutrons. Les systémes considérés sont deux sphéres d’uranium enrichi & 309, et
& 94 9%, respectivement, tantdt nues, tantét entourées d’un réflecteur épais en uranium
naturel. Pour faire les calculs, 'auteur a utilisé la méthode S, de Carlson avec quatre
groupes d’énergie; il a obtenu ainsi les variations en pourcentages des masses critiques
calculées pour les différents modéles en fonction de modifications déterminées des
différentes données relatives & la diffusion. L’auteur présente les résultats et les
examine en insistant particulidérement sur le probléme que pose l'ajustement des
données de base nécessaire pour obtenir un bon accord entre les dimensions critiques
calculées et celles qui sont déterminées par I’expérience.

Les données de base d’aprés lesquelles ces calculs ont été établis sont celles qui
figurent dans le rapport 0—28/60 de I’Atomic Weapons Research Establishment.

YyBCTBUTEIBLHOCTh BHIYHCIEHHLIX KPHTHIECKHX MACC HEGOIbIHX CHCTEM HA GBICTPBLIX HEHTPOHAX
K M3MEHEHHMSM B JAHHBIX PACCEHHHS HEATPOHOB ypaHa-235 m ypaHa-238. M3yvyanack yyBCTBHUTEIb-
HOCTB BBIYMCIICHHBIX KPHTUYECKMX MACC PSANA IPOCTHIX CHCTEM K H3MEHCHUAM B OCHOBHEIX IaHHBIX
paccesHusl HeUTPOHOB. M3yyaBImecs CUCTEMEI NPEACTABIIOT c0b0i chepsl yparna-235 ¢ 309
oboramenneM u ypana-235 ¢ 94 9% oborauwesmeM kak 6e3 3KpaHNpOBaHus, TaK N C OTpaxaTeleM
M3 TOHKOTO CJOsl IIPHPOAHOrO ypasa. IIpw BeIMHCIEHWsSX TpHMeHsAeTcs Meron Kapncoma Sn
C 4 3HEPreTUMECKMMM TpynmaMH M OBUTM IONy4eHHI NMPOLICHTHHIC U3MCHECHUS B BBIYHMCIICHHBIX
KPMTHYECKMX MaccaX pa3jIMYHbIX CUCTEM, BBI3bIBAEMBIC 3a/laHHBIMM M3MCHEHHAMH B HEKOTOPBIX
IAHHBIX paccessHus HeATpoHOB. B noknaze marorcd M 0OCYXIaroTcs pe3ynbTaThi, NMPHYEM
oco0oe BHUMAaHKE TIDHOACTCS IMPUBEACHUIO OCHOBHBIX JAHHBIX B COOTBETCTBHE C IKCIICPHUMEH-
TalbHO YCTAHOBNEHHBIMH KPUTHYECKUMH DPa3MEPaMH.

OcHOBHbIE H[aHHBIE, HA KOTOPHIX OBIIM OCHOBAHBI 3TH BBIYHCICHWA, B3ATHL M3 JOKJIAaAa
AWRE 0-28/60.
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Influencia de la precision de los datos relativos a la dispersion de neutrones en el
2350 y el 28U sobre la masa critica calculada de sistemas rapidos de pequefias dimen-
siones. El autor ha estudiado la sensibilidad de las masas criticas, calculadas para
varios sistemas sencillos, a los cambios de los datos bésicos relativos a la dispersién
neutrénica. Los sistemas estudiados consisten en esferas de uranio enrviquecido al
29 por ciento y al 93,5 por ciento, respectivamente, en el isétopo 235, desnudas o
provistas de un grueso reflector de uranio natural. Los célculos se han realizado
por el método S, de Carlson, referido a cuatro grupos energéticos, obteniéndose
asi las variaciones porcentuales de las masas criticas en funcién de las modificaciones
de los diversos datos relativos a la dispersiéon neutrénica. El autor presenta y examina
los resultados, insistiendo particularmente en la adaptaciéon de los datos basicos nece-
sarios para lograr una concordancia satisfactoria con las dimensiones criticas calculadas
y determinadas experimentalmente.

En los céleulos se emplearon los datos bésicos que figuran en el informe 0—28/60
del Atomic Weapons Research Establishment.

Introduction

In the present state of knowledge, it is most unlikely that a compilation of
neutron cross-sections for fissile isotopes, based on the best available experimental
data, with the gaps filled in accordance with the predictions of current nuclear
theory, will lead to calculated critical sizes in agreement with the experimental
values. It is then necessary to adjust the . cross-sections, preferably within the
stated experimental errors of the microscopic measurements, to give cross-sec-
tions (and corresponding group cross-sections) which reproduce critical sizes of a
range of experimental systems appropriate to the (neutron) energy range and
material of interest. Whilst these adjustments can be decided upon, in principle,
by trial and error, it is preferable to make a systematic approach to the problem,
and it is then necessary to know the sensitivity of the critical masses of various
systems to changes in the cross-section data. In the present paper this sensitivity
has been studied for some simple U235/U238 gystems.

The systems considered are:

(@) Bare sphere of (949% U235+ 6% U28)* gt 18.75 g/em?
(b) Bare sphere of (299 U235 4719, U?38) at 18.75 g/cm?

(c) Sphere of (949, U254+ 69, U8) at 18.75 g/em?
reflected by 15 cm of natural uranium at 18.7 g/cm?
(d) Sphere of (309, U5 4+709% U:%) at 18.75 g/em3

reflected by 15 cm of natural uranium at 18.7 g/cm3

and the changes in the critical masses of these systems due to specified changes
in the cross-section data have been calculated by the S, method {1]. The results
of the calculations are given in Section 1 and discussed in Section 2. The discussion
in Section 2 is aimed at giving some qualitative understanding of the results, and
in Section 3 they are then considered with particular reference to the problem of
adjusting the data to give agreement between the calculated and experimental
critical sizes.

* Compositions refer to percentages by nuclei.
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The results in Section 1 can also be interpreted as giving the accuracy to which
it is necessary to measure the basic data in order that critical masses can be
calculated to some specified accuracy.

1. Calculations and results

When a partial cross-section in a set of neutron-scattering data is altered, either
one or more other partial cross-sections must also be changed in order to preserve
the value of the total cross-section, or the total cross-section itself must be changed.
The total cross-section for U2 and U238 is fairly well established (at least in the
region above 1 keV), and it is usual to calculate the elastic cross-section as the
difference between the total and non-elastic cross-sections. Hence, in the present
paper, where a change in a non-elastic partial cross-section is considered, the
elastic cross-section is changed to preserve the value of the total cross-section.
It must be realized however that this leads to a change in the total transport
cross-section. When the effect of a change in the elastic cross-section is considered,
the total cross-section is then changed in order to maintain consistency between
the partial and total cross-sections.

Each of the following changes in the data have been considered separately for
U235 and U238, except where the change is explicitly referred to one or other of
these isotopes;

109, decrease in 0,y (0e increased to preserve the value of o)

109, increase in oy, (oe decreased to preserve the value of gyot)

109 increase in ont (0 decreased to preserve the value of oyot)

109% decrease in ce1 (010t decreased to preserve consistency between the partial

and total cross-sections)

109 increase in u*

109, increase in y for U238

7.5% increase in v for U5,

The above changes have been made uniformly at all energies above 10 keV.
In addition, the effects of using data including each of the following in turn have
also been considered

v (U25)=2.42 (constant at all energies)
Softer (n, n’) spectra (see text below)
Harder (n, n’) spectra (see text below).

The percentage changes in the critical masses of the four systems listed in the
Introduction have been calculated for the changes in the data given above. The
calculations have been carried out using the S, method [1] in the §, approximation
with four energy gioups between 10 keV and 11 MeV. The original data on which
these calculations have been based are those given by BuckincuaMm et al. [2],
and. appropriate group cross-sections have been calculated from these [3], using
an energy weighting given by a degraded fission spectrum. Anisotropic scattering
is treated by the transport approximation [4], and changes in the anisotropy are
thus taken into account by changes in u.

The results of the calculations are given in Tables I—IV in the form of the
percentage change in critical mass due to the various changes in the U5 and
U238 scattering data, each table corresponding to a different system.

At this point it is necessary to comment on the soft and hard spectra which
have been used to obtain the results quoted in Tables I—IV.

* 7 =mean cosine of the scattering angle in the laboratory system.

*
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The (n, n’) spectra were altered in a way which was primarily of .convenience in
calculating the new group constants. The changes in spectra considered were quite
large, and one should think about them carefully before drawing conclusions from
the results as presented in Tables I—IV. To get an idea of just how much the
spectra have been altered and to obtain a parameter which is a measure of the
hardness or softness of any given spectrum, it is useful to compute the mean
energy of the emergent neutrons following (n, n’) reactions with fission-spectrum
neutrons. The mean energy () defined in this way is given in group constant

notation [3] l_)y

<E>= ZZUg’ﬂg’g E,] /zz[fg’ﬂg'g] :

TABLE I

1)

V,ARIATION OF THE CRITICAL MASS OF THE 949, U* BARE SPHERE
due to specified changes in the nuclear data

Change in data

. Change in critical
mass due to change in data for

U235 U235
109%, decrease in opy — 1.5 % —0.1 %
109, increase In opy’ — 0.3 % 0.0 %
109, increase in opp —183/,%, —0.2 9,
109%, decrease in og] + 4.5 9% +0.369%,
109, increase in u_ + 3.0% +0.29,
109, increase in v~ — —0.4%,
7.5%, increase in 7~ —23 9 —
» (U#5) =2.42 (constant at all energies) + 1.49% —
Softer (n, n’) spectra (cf. Section 1) —16 % —1.7%
Harder (n, n’) spectra (cf. Section 1) + 6.1% +0.29%,

TasLe IT

YARIATION OF THE CRITICAL MASS OF THE 299, U%¢* BARE SPHERE
due to specified changes in the nuclear data

Change in data

Change in critical
mass due to change in data for

Harder (n, n’) spectra (cf. Section 1)

U235 U233
109, decrease in opy — 1.8 % —3.7%
109, increase in opyp’ + 0.349%, +1.69%,
109, increase in ong —18 9 —4.19,
109, decrease in ol + 1.8 9% +5.7%,
109, increase in + 1.0% +2.7%,
109%, increase in v — —6.8%,
7.5%, increase in v . —22 9% —
7 (U?8%) =2.42 (constant at all energies) — 2.09%, —
Softer (n, n’) spectra (cf. Section 1) — 8.0%, —16 9,
+ 1.0% — 5.29%,
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: . : TasrLe 111
VARIATION OF THE CRITICAL MASS OF THE 949, U2 SPHERE WITH NATURAL
URANIUM REFLECTOR
due to specified changes in the nuclear data
Chaﬁge in critical
Change in data. mass due to change in data for
U285 I U238
109, decrease in opy — 1.7 9% —2.2 9,
109, -increase in opy’ . . — 0.209%, +0.75%,
109, increase in ops —18 9% —1.6 9%
109, decrease in og v — —
109, increase in 7 + 1.3% +3.19%,
109, increase in 7 — —2.8%
7.5%, increase in ¥ —23 9%, —
» (U28) = 2.42 constant at all energies) — 1.99, —
Softer (n, n’) spectra (cf. Section 1) —15 9% —2.7%
Harder (n, n’) spectra (cf. Section 1) + 5.59%, —5.7%
: ) TasBLE IV o
YARIATION OF THE CRITICAL MASS OF THE 80% U®5 SPHERE WITH NATURAL
URANIUM REFLECTOR

due to specified changes in the nuclear data

Changé in critical
Change in data mass due to change in data for
) U295 , U238
109%, decrease in opy — 2.0%, — 6.39,
109, increase in opp’ — 0.479, . + 2.89%
109, increase in oys —20% — 5.19%,
109, decrease In o) — —
109, increase in & : + 0.569%, + 3.99%
109, increase in 7 . . — — 8.49,
7.5%, increase in ¥ —249%, —
¥ (U%5%) =2.42 (constant at all energies) — 9.3% —
Softer (n, n’) spectra (cf. Section 1) — 7.4%, — 8.3%
Harder (n, n’) spectra (cf. Section 1) + 0.269%, —189%,
TaBie V
MEAN ENERGIES OF (nn’) SCATTERED NEUTRONS GIVEN BY Eq. (1)
(in MeY)
. Softened Hardened
Element U“?]:Sted spectrum spectrum
ata (cf. Section 1) | (cf. Section 1)
s 0.93 0.31 1.81
ysss ’ 1.05 0.36 1.78
e
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Here By, is the transfer matrix for neutrons transferred from group ¢’ to ¢ for
the (n, n’) reaction, £, is the mean energy of neutrons in group g, f is the fraction
of fission neutrons produced in group ¢’. This mean energy is thus a measure of
the hardness or softness of the spectrum, and when considered relative to the
unaltered value gives an indication of the amount by which the spectrum has
been altered. If the mean energy is changed by a factor p say, this means that the
same result could have been achieved by assuming that the nuclear temperature
in the basic data were changed by the same factor p.

The mean energies as defined above for the spectral variations considered are
given in Table V, together with the values which obtain for the unadjusted data.
It will be seen that the altered spectra correspond to quite large changes—by
a factor of ~2—3 in the nuclear temperature. (The nuclear temperature used in
the basic data has a value of 0.25 MeV for incident neutrons of 1 MeV energy.)

2. Discussion of the results in Tables I—IV
Change in oyy

‘When oy, is decreased and o) correspondingly increased (as in these calculations),
this means that some neutrons which would otherwise have been captured are
scattered instead. The consequence of this must therefore be a decrease in the
critical mass, which is in accord with the results in the first row of Tables I—IV.
The percentage decrease in critical mass is not large, because the average value of
Ony Over the spectra of the systems is not large. The effect would of course be
greater in systems further diluted, with, say, graphite.

Since the U233 (n, ) cross-section is roughly the same as the U238 (n, y) cross-
section, one would expect the percentage change in the critical mass of the bare
systems, corresponding to the 10%, change in oy, for either isotope, to be approzi-
mately proportional to the percentage of that isotope present in the system. Thus in
. Table II for example

% change in crit. mass due to 10% changein U%%gny . 1.8
9 change in crit. mass due to 10% changein U8 ony 3.7

29
=049 ~ — =04,

As would be expected, the effect of the change in U238 (n, y) is greater in the
reflected systems.

Change in oy

The direct consequence of an increase in opn,y is an increase in moderation,
whilst the indirect consequence is an increase in the transport cross-section, since
the increase in oy, is taken up by an equivalent decrease in oe. If Ao represents
the increase in opyy, the change in the #ransport cross-section is given by

Ac—Ac (1—u)=pAc

where u is the mean cosine of the scattering angle (in the laboratory system) in
an elastic collision. For U25% and U3, >0 at all energies, and hence the total
transport cross-section is increased by the amount pA . The effect of the increased
transport cross-section is a tendency to decrease the critical mass, but the effect
of the increased moderation depends on the U235 enrichment in the system. This
arises because of the threshold in the U?23# fission cross-section. In Fig. 1, the



THE SENSITIVITY OF CALCULATED CRITICAL MASSES OF SMALL FAST SYSTEMS 103

fission cross-sections for [0.94 U5 1-0.06 U28] and for [0.29 U2s 1 0.71 U8
are plotted as a function of energy. The cross-section corresponding to the low
enrichment of U?% shows a very marked increase due to the onset of the U2#

1094 &t 10% + 0,06 of (WP

BARNS

[} 01 10 100
NEUTRON ENERGY (MeV}

Fig. 1
Fission cross-sections.

fission. In this case, the increased moderation of the neutrons due to the increased
(n, n’) cross-section leads to a lower effective fission cross-section, with the con-
sequent tendency towards a greater critical mass. It is seen from Table I that,
for the bare 299, U235 gphere, this more than compensates the tendency towards
a smaller critical mass due to the increased transport cross-section. In the case of
the high-enriched bare sphere, the effect due to the onset of the U2 fission is less
marked, and any tendency towards a greater critical mass-—if there is any tendency
at all—due to the increased moderation clearly does not cancel the tendency to-
wards a smaller critical mass due to the increased transport cross-section (see
Table I).

In the reflected systems, the increased (n, n’) eross-section leads to a reasonable
increase in the critical mass, indicating that the reduced fission in U8 in these
cases has a significantly greater effect than the increased transport cross-section.

Change in Gup

An increase in the fission cross-section produces an increase in the total transport
cross-section for the same reason as an increase in o,y leads to an increase in the
total transport cross-section (see paragraph above). Both the direct and indirect
consequences of the increased fission cross-section are therefore decreases in the
critical mass. As might be expected, the critical mass is fairly sensitive to changes
in gr—though not quite as sensitive as to changes in .

If one assumes that the U238 in these systems contributes only a small fraction
of the fissions, then from simple diffusion theory one would expect the critical
mass (of all the systems considered) to be governed largely by [(¥ —1) of]usss,
whence
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Ay Aot
5 (1~ T) ot
> U235 pess
for a fixed critical mass.
For »~ 21 this becomes
5 Av Aog
? y |yees - of 1yeas”

This implies that the critical mass is approximately 5/3 times more sensitive to a
given percentage change in » (U25) than to the same percentage change in of
(U?3%). This simple relationship is in accord with the results given in Tables I—IV.

It is interesting to note from the results in Tables I—IV that the percentage
change in the critical masses of all the systems due to the 109 change in gy (U235)
are approximately the same. In the case of the bare spheres, this similarity can
easily be demonstrated on the basis of simple diffusion theory, assuming that the
large majority of fission events take place in the U235,

It will be noted that the decrease of the critical mass in the 309, U235 reflected
sphere, due to the 109 increase in oy for U238, is three times the corresponding
decrease in the case of the 94% TU23% reflected sphere (cf. Tables III and IV).
Since the thickness of the reflector is the same in both cases, this indicates that
the variation of the critical mass is much more dependent on the U8 in the
corc—provided there is sufficient U228 in the core—than the U8 in the reflector.

Change in ¢

When o is decreased and oo is correspondingly decreased by the same amount
to preserve the balance between partial and total cross-sections, the net effect is
to give neutrons a better chance to escape, and so the calculated critical mass is
increased.

It is seen from Tables I and II that the critical masses of the bare systems are
only moderately sensitive to changes in ge. Corresponding calculations have not
been carried out on the reflected systems, but there is no reason to suppose that
the sensitivity of the critical masses in these cases to changes in g is much diffe-
rent than in the bare systems. This is supported by the results relating to the
changes in u. '

Change in u

An increase in u decreases the elastic transport cross-section and hence the
total transport cross-section, thus leading to an increase in the calculated critical

mass. The critical masses are however not very sensitive to changes in u (cf.
Tables I — IV).

Change in vy

This is the parameter — for U2% — on which the critical mass is most sensitive.
The percentage change in critical mass for a given percentage change in y (U%5%)
is roughly the same for all the four systems under consideration. This is consistent
with the variation of critical mass due to changes in oy, and also with the dis-
cussion in the paragraph above on the change in oyt
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The 7.5%, increase in p (U28%) [cf, Tables I — IV] Jeads to:
7 (U5 =24240.141 E

(previously, y=2.25+0.132 E), where E is the incident neutron energy in
mega-electron-volts. When the critical masses calculated with these values of
v are taken in conjunction with the values for y (U?35)=2.42, they represent the
variation of critical mass as the slope of the v-versus-energy curve is varied —
assuming that the curve remains linear — keeping the thermal values fixed.

It is interesting to note the critical masses with p (U%%)=2.42, for all except
the 309 U235 reflected sphere, are only slightly different from the values obtained
with y=2.254-0.132 E. This indicates that the spectra in these systems are such
that with $=2.25+0.132 £ the effective average value of » is ~2.42. In the
309% U5 reflected sphere, the spectrum must be significantly softer, leading
to a smaller effective value of » when y=2.25 +0.132 E is used — thus the critical
mass is decreased when y is set equal to 2.42 at all energies.

‘The slight increase in the critical mass of the high-enriched bare sphere when
v=2.42 and the decrease in the critical mass of the other systems is consistent
with the fact that the hardest spectrum is expected in the 94 9% U235 bare sphere.

Change in the (n, n’) spectra

In the case of the 94%,-U235 bare sphere, the softer spectra must lead to a more
efficient exploitation of the U235 fission reaction whilst the harder spectra have
the opposite effect and there is insufficient U?3® present to offset the effect of
this. In the case of the 299,-U#35 bare sphere the softer spectra again must lead
to more efficient exploitation of the U235 fission reaction at the possible expense
of some U238 fission, whilst the reduced U233 fission due to a harder spectrum may
be more than compensated for by the increased fission in U238, This is best illus-
trated by considering the U235 and U238 results together. The U238 gy, is about

\-010 %

AMc
Mc

=10 %

r-20%

SOF T | HarD
a 02 03 0% 05 0507080910 2 3 4 5 67830
AVERAGE MEAN ENERGY RELATIVE T0 NORMAL

Fig. 2
Variation of critical mass with (n, n’) spectrum.

© 25% U? bare sphere
x 949 U8 bare sphere
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11 times the U235 g, and so for a bare system with say z% U5, (100—=x)%
U238 an average mean energy denoted by (E)av can be defined as

(Byav=13 v (Bys+4 (100 — ) (BYy] /700

where (E); and (E)g are the mean energies for U235 and U238 respectively as
defined by equation (1). In Fig. 2 the percentage change in critical mass for
the two bare systems considered is represented as a function of (E)av expressed
relative to its unadjusted value. For the 29%,-U235 sphere it is seen that as the
hardness of spectrum increases the critical mass increases to a maximum, and as
the U238 figsion is exploited by further hardening it begins to fall again. Over
the range considered and because of the low amount of U238 the critical mass
of the 949,-U%5 sphere does not show this same variation.

It is interesting to note that the changes in the critical mass of the reflected
systems due to the changes in spectra from the U?35 (n, n’) reaction are approxi-
mately the same as in the corresponding bare system. The variation of the critical
mass of the reflected 309,-U?35 sphere due to the spectral changes in U238 are
much greater than the corresponding variations in the critical mass of the 949%,-
U235 gphere (cf. Tables III and IV), and since the thickness of the reflector is
the same in both cases, this indicates that the critical masses are more sensitive
to changes of the U%8 (n, n’) spectrum in the core — provided there is a sufficient
amount of U2 — than to changes in the U238 (n, n’) spectrum in the reflector.

3. Application of the results of Section 1 to the adjustment of the basic data to
give consistency with experimental ecritical sizes

In 1959, a set of neutron-scattering data for U235 and U238 for calculation
purposes was compiled at AWRE, using the then currently available experimental
data. Stmple adjustments were included in these data, so. that they gave the
correct critical masses —to within 4-39% of the experimental values — for
94.%,-U23% spheres, bare and reflected by up to 23 cm of natural uranium. The
adjustments consisted only of a uniform reduction in the » values for both U8
and U238, and the values obtained (after adjustment) were;

U257y =2.25+40.132 E (before adjustment; y—=2.46 +0.144 E)
U288:75=2.32+0.129 E (before adjustment;»=2.53 +0.141 £).

(The reduction in the ¥ value for U235 alone was not sufficient to give agree-
ment with the experimental values for the reflected systems.) These data for
U285 and U288 are included in AWRE Report 0-28/60 [2].

The data described above lead to calculated critical sizes for low-enriched
U235 gystems which are significantly at variance with experimental values, and
due to the growing interest in fast-reactor calculations this disagreement becomes
a serious deficiency. This deficiency could obviously be remedied by a readjust-
ment of the current data in a more elaborate way than hitherto, but in view
of the time lapse since the previous compilation was made and the additional
experimental data which is now available, it has been decided to a do full re-
vision of the U235 and U?® neutron cross-sections in the region above 1 keV*,
and then to adjust these revised data so that they give the correct critical masses,
to within say 4-3% of the experimental values, for a range of high- and low-
enriched U?35/U238 systems. The results presented in this paper should be of

* This work is now in progress.
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assistance in deciding these adjustments, although a multi-group perturbation
code* for the IBM-7090 has now been written at AWRE which should further
assist with this problem. It is however interesting and instructive at this stage
to make a preliminary examination of the problem of adjusting the data, and to
get some appreciation as to how far the results given in the present paper can
be used in deciding these adjustments. For this purpose, it is convenient to begin
with the current AWRE data and to examine how these might be adjusted in a
fairly simple way to give better — though not necessarily adequate —agreement
between the calculated and experimental critical sizes for the systems considered in
the present paper.

The experimental values for the critical masses of the systems considered
in the present paper are given in Table VI, along with the values calculated from

TaBLE VI

COMPARISON OF THE EXPERIMENTAL AND CALCULATED CRITICAL SIZES
using the current AWRE data for U2® and U*®

Calculated
Experimental | critical mass Error in
System critical mass (20 energy calculated
(kg) groups) value
(kg)
949,-U35 bare sphere 51.9 [8] 51.9 0
299%,-U?35 bare sphere 377 [9] 437 +169%,
949,-U%5% reflected
sphere 18.25* [8] 18.01 — 1.39%
309,-U?% reflected
sphere 130* [9] 165 +269%,

'* These values are deduced by the author from experimental values for slightly different systems.

the current AWRE data using twenty energy groups between 1.6 keV and 11 MeV.
A Jarge number of groups were used to eliminate, as far as possible, errors due to
the group approximation. The calculations were carried out by the S, method
in the 8; approximation [1], using the transport approximation [4]. It will be
noted that the errors in the calculated values for the low-enriched systems are
quite large. :

In deciding the adjustments which must be made to the current AWRE data
to give better agreement between the calculated and experimental critical sizes
for the low- and high-enriched systems. (simultaneously) it is desirable to exploit
some of the changes suggested by vecent experimental evidence, but without
going into much detail.

The current “world consistent’” value of v (U25) at thermal energies is
2.4340.02 [5]; one finds that with »=243+0.143 E (this corresponds to in-

* The code takes the output from S, calculations as its input, and calculates
.various functions required in the application of perturbation theory. It is then a
simple matter to calculate by perturbation theory the effect on critical mass or re-
activity due to specified changes in the neutron-scattering data.
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creasing the current AWRE values by 8%) the calculated critical masses of
the high-enriched systems are gross underestimates, though the calculated
critical masses of the low-enriched systems are greatly reduced in error. A slightly
lower value of ¥ helps to reduce the mazimum error which occurs. Alteration
of the slope of the variation of ¥ with energy, assuming a linear variation and
keeping the thermal value fixed, will itself not produce simultaneous agreement
between the calculated and experimental critical sizes for the low- and high-
enriched systems considered, but a slope of 0.08 MeV-1, for instance, does help
to reduce the maximum error which occurs. Once the range of errors has been
brought within reasonable limits by adjustment of the y (U23%) value, it is not
as difficult to reduce them to aceeptable values by reasonable adjustments of
other aspects of the data. From the above considerations, it is suggested that
v (U%5)=2.421+0.08 F is a reasonable choice for the present investigation;
in order to obtain the effect of this on the critical masses from the results given
in Section 1, it is necessary to think of it arising as the result of two independent
changes, first a 7!/,% increase in » leading to y=2.42+40.142 £, and then a
change of slope. The effect of the first change is obtained directly from Tables
I —1V, and the effect of the second is obtained by interpolation between the
entry just referred to (slope 0.142 MeV-1) and the entry corresponding to y=2.42
(zero slope). The effects of taking v=2.42 +-0.08 E are summarized in Table VII.

From a recent survey of 3 values for U228 by Hanwa [6], there is an indication
that v (U?%) in the AWRE data should be increased by 4%. There is also con-
siderable uncertainly in the U238 (n, y) cross-section, and evidence — mainly

TaBrE VII

THE EFFECT ON CRITICAL MASS OF MAKING PARTICULAR ADJUSTMENTS
TO THE DATA*

@
Change in calculated critical ..g =% :-; =
mags resulting from 23 8% | ES o 8
2Z | 233 ¥ B
5| = = 3 ST R
o g 2 o B8 | 38 |EaF|ERT
S 2 2 2= | 85 | B8 185,
s 3 8 3 2T w3 FEIERS
+ g ] g 52| 52 325|575
System 3 |2 |R |8 | =gz 82 3831888
s —~ <] B = —_
N E |78 |~=| 85| E8 (88|t
[ h 8 |18 2 e 5% |S3E3|-8%
— = | P s R hE | SEZ|uEQ
2 R | TR |23 85| (5 |s8s|8=E
ND SR =0 "".ca u.‘@: %_0 or..ﬁ ;E.Qﬁa
S AR | S| | 2T | BE |AET |2
R AY 58 | o8| 28| <5 |59H 58S
= 2 s £ E E 1 E
949,-U23% bare sphere —12.3—0.2 —0.2 | +9.3 |— 3.4/ 50.1 | 50.0 |—3.7
299,-U235 bhare sphere —13.3—2.7 —5.6 | +9.0 |—12.6;382 |378 +0.3
949,-U25 reflected
sphere —13.84—1.1 |—3.3 | +9.0 |— 9.2 16.4 | 16.7 |—8.5
309%,-U2¢ reflected
sphere —17.6/—3.4 —9.5 | +9.0 —21.5(130 {134 +3.1

* Cf. Section 3.
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from integral measurements in reactor systems — suggests that the present
curve should be reduced by 15%,. The effect of this and of the increased v (U238)
are summarized in Table VII.

The combined effects of the above changes to v (U235), 3 (U28) and to the U238
(n, ) cross-section should lead to calculated critical masses which are too low
(cf. Table VII). If, however, g¢ (U?5) is uniformly reduced by 5% over the
energy range of the present systems, that is, a few keV — 11 MeV, then the
calculated critical masses of all except the 949%-U%5 reflected sphere should
be within 439, of the experimental values. The 5% change in ¢ (U%5) is within
ts experimental error over most of the relevant energy range [7]. The effect of the
59 reduction in g; (U?3%) on the systems considered is given in Table VII, together
with the combined effects of all four adjustments considered. The expected values
of the calculated critical masses on the basis of these adjustments are listed in
the same Table. For comparison, the critical masses listed in the last but one
column are obtained by direct calculation*®, after making the adjustments to
v (U28), o¢ (U?8) and oy (U?8) as described, but with v (U235) given by:

. y=242+0.08 E 0<E<6MeV
=11 +03 & 6 MeV << E <9 MeV
=290+010 F 9 MeV< ¥

5%
]
g
g 0 - @288
g of 29
=
& 5% -
. g X $itaR (18}
Roptis VAN

-10%
1

0 100 1000
MASS OF CORE (kg) EEXPERMENTAL) :

Fig. 3
Error in calculated critical mass (using adjusted data) as a function of core mass.
2% B = z% U*® bare sphere
% R (y) = x% U5 sphere reflectet by y cm of natural uranium
© Systems studied in present paper
x Other systems

* Using eighteen energy groups between 10 keV and 11 MeV with the S, method
in S; approximation.
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in order to be consistent with experimental values at 14 MeV. This further modi-
fication to v (U?3%) should not have much effect on the calculated critical masses,
since only a small fraction of neutrons have energies greater then 6 MeV.

The agreement between the masses in columns (v7) and (vit) in Table VII
clearly demonstrates the satisfactory use of the results in Tables I—IV in
predicting the effect on critical mass of changes in the basic data. A comparison
of the critical masses obtained by direct calculation using the adjusted data,
with the experimental values (cf. last column of Table VII), indicates that it
should be possible to obtain simultaneous agreement between calculated and
experimental critical sizes by making reasonable adjustments to the basic data.
The adjusted data which lead to the results in Table VII are not sufficiently
accurate for general use in computations involving low- and high-enriched systems,
as is shown by the —81/,% discrepancy which still exists in the case of the 94-%
U235 reflected sphere. The inadequacy of the data is more clearly demonstrated
by Fig. 3, in which the .error on the critical masses — calculated using this
adjusted data — of a wide range of high- and low-enriched systems (including
those already studied) are plotted as a function of core mass. If the cross-section
data were absolutely correct, then the points in Fig. 3 should be more or less
randomly distributed about the line corresponding to zero error; instead, they
appear to be random about a curve. This emphasizes the need to consider a large
number of experimental systems, covering as wide a range as possible when
making data adjustments; for instance, in the present case, if only the systems
{a) and (b), or (a), (b) and (d) had been considered, one might have been led to
conclude from the results in Table VII that the adjusted data were sufficiently
accurate for general use.
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THE EFFECTS OF ERRORS IN CROSS-SECTION
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Abstract — Résumé — Annoramss — Resumen

The effect of errors in cross-section data on calculations for a large dilute fast reactor.
The neutron physics of a large power fast reactor with a 1500 1 core containing about
1000 kg of plutonium have been calculated using five-group diffusion theory. The
effect on the critical size and breeding ratio of varying each cross-section in turn
has been determined. The most important use of the results is to indicate the accuracy
required for the cross-section date used in this type of calculation, but they can also
be used to estimate the effect on the reactor of small changes in core composition
or neutron spectrum.

Effet des erreurs sur les sections efficaces dans les calculs d’un grand réacteur a
neutrons rapides. L’auteur calcule dans une théorie de diffusion & cing groupes la
physique neutronique d’un grand réacteur de puissance & neutrons rapides dont le
cceeur de 15001 contient environ 1000 kg de plutonium. Il fait varier successivement
chaque section efficace, et détermine l'effet sur les dimensions critiques et le taux
de surgénération. L’intérét primordial des résultats est d’indiquer la précision requise
pour les valeurs des sections efficaces dans ce genre de calcul, mais ils peuvent égale-
ment servir & évaluer les effets sur le réacteur de faibles modifications dans la com-
position du cceur ou dans le spectre neutronique.

Bimanue oMG0K B JAaHHBIX O NONEPEYHOM CEYeHMH HA pacyeThl Ui GOJIbIIOro GhICTPOro peax-
Topa Ha pa36annenHoM Tommse. Puzuveckuwil pacyeT GOABIIOro 3HEPreTHYECKOr0 peakTopa Ha -
OLICTPBIX HEATPOHAX C AKTHBHOM 30HOM peakTopa 1.500 nurpoB, copepxamero okono 1.000 xr
Ty TOHUS, OCYUIECTBISETCS IYTEM MCNOB30BaHUA 5-rpynnoBoil Teopuu auddysuu. BiusHue Ha
KPUTHYECKHE Da3mephl ¥ x03hDGIHLMEHT BOCIHPOU3BOACTBA OMNpeleNisieTCs B CBOIO ovepedb
KoJIeOaHHuEM KaXAOro NONepevHoro cevenusi. Haubonee BaXHOE MCHONB30BAHME PE3YILTATOB
COCTOMT B TOM, ¥TOOB! yKa3aTh Ha TOYHOCTB, TpeOyeMyIO MJI JAHHBIX TIOMEPEYHOTO CEYECHMS,
MCHOJNBb3YEMBIX B 3TOM THIIE PACYETA, HO OHU MOTYT ObITh TAKXKE HCIIONIBh30BAHEE, YTOOLI OLIEHUTE
BJIMSHME HA PEAKTODP HEGONBLIINX U3BMEHEHUH B CTPOSHMH aKTUBHOM 30HBI PEAKTOPA WITH HEHTPOH-
HOTO CNEKTpA.

Influencia de errores en los datos de secciones eficaces sobre los clculos de un reactor
rapido diluido de grandes dimensiones. Con ayuda de una teoria de difusién de cinco
grupos, el autor ha efectuado una serie de calculos de fisica neutrénica relativos a
un reactor de potencia rapido de grandes dimensiones cuyo cuerpo, de 1500 1, contiene
unos 1000 kg de plutonio. Determiné la influencia ejercida sobre la masa critica y
la razén de reproduccién al modificar sucesivamente cada una de las secciones eficaces.
Estos resultados permiten ante todo evaluar la exactitud que han de presentar los
datos sobre secciones eficaces que se utilicen en calculos de este tipo, pero también
sirven para calcular los efectos que ejercen sobre el reactor ligeras modificaciones
de la composicion del cuerpo o del espectro neutrénico.
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Introduction

- Nuclear cross-sections for fast-neutron reactions suitable for use in multi-
energy-group calculations are difficult to determine with accuracy. Further,
no fully detailed assessment of the degree of accuracy desirable for studies of
future large dilute systems has yet been made.

An attempt is made in this report to correlate the effects of many individual
cross-section variations on calculations for a typical large fast power reactor.
The reactivity and breeding ratios of the system were the properties chosen
for study, but these may be related to other properties such as critical mass
and power distribution by means of the various data recorded. The results pro-
vide a guide to the accuracy needed in cross-section measurements, and also
make possible some estimate of the degree of error likely in calculations based
on the cross-sections. In later parts of the work various other useful inferences
are drawn, and consideration is given to reactors of differing composition.

Computer methods employing five-group diffusion theory applied to true
cylindrical geometry were used. Sufficient data and details of the methods are
included to enable calculations to be repeated, if desired.

1. Methods

1.1. The methods used are based on the use of the Hassrer programme [1],
for the Mercury computer. The following reasons guided this choice:

(a) It enables consideration of a short cychndrlcal core, which may be desirable
in future highly-rated fast reactors.

(b) It uses as input macroscopic cross-sections, upon which our correlation
method is based.

(¢) There are no restrictions on the number of inelastic transfer cross-sections,
except by flexible storage limits.

(d) A complete mechanized system has been developed [2, 4, 5] in connection
with the Hassitt programme, to obtain the required input parameters quickly,
and to obtain flux integrals, breeding ratios, neutron balance, etc., simply,
in any number of groups.

The use of five energy groups was a reasonable compromise between what
was desirable and what was practical in terms of effort and machine time. The
results can be referred back to the original multi-group cross-sections.

The method of use of the Hassitt programme is described in Ref. [2]. The
restrictions mentioned in that memorandum have since been eased by larger
storage capacity on Mercury.

1.2. The basic cross-sections used were the ANL 1l.group set, [3], and the
5-group constants required were produced by the usual flux-weighting process,
which is described in Section 3. .

1.3. The Hassitt programme wuses as input total macroscopic cross-sections
for the composite material. Having established a critical basic case, these macro-
scopic cross-sections were varied one at a time, and the change in reactivity
obtained. If MY is any type macroscopic cross-section for the isotope M, and
TX is the corresponding total cross-section for the core or blanket material,

TE= ;(Mz) =;(MA M)
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whereZindicates summation over the isotopes M, M4 is the number of atoms
M

per cubic centimetre and Mg the microscopie cross-section of each isotope M in

the composition.

Hence if T2 is changed by P%, this is equivalent to a change of P xTXZM Xy,
in any individual MX, and to a similar change in Mg (or MA). Thus changes can be
correlated for each isotope M. This is the basis of the methods used, but compli-
cations arise in allowing for effects from both core and blanket, and in dealing
with transport and fission cross-sections. Further details are given in Section 6.
Blanket effects obviously could not be neglected because breeding ratios were to
be considered.

1.4. The Hassitt ‘NU’ tape facility was used in most of the many cases con-
sidered, substantially reducing computer time in iteration. A complete flux
print was obtained from each case, for subsequent integration, and production
of breeding ratios, etc. The method of correlating the breeding-ratio changes is
dealt with in Section 10.

2. Reactor model

2.1. The system studied has a cylindrical core with height equal to radius,
and a heat rating of 1000 MW, using the carbides of plutonium and uranium
as fuel, with iron structure, sodium coolant and metallic-uranium blankets.
Details are set out in Table I. The size of the core was decided by the coolant
conditions, assuming a temperature rise of 200°C in each core channel, and
limiting the maximum coolant speed at the core centre to about 10 m/s. Criti-
cality was then achieved by varying the fuel enrichement.

Two points should be noted about the figures in Table I:

TaBLE 1
FIXED PARAMETERS OF MODEL STUDIED

Core diameter (cm) . 156.2
Core height (cm) 78.1
Core volume (1) ~1,500
Axial and radial blankets, thickness (cm) 45
Composition (volume per cent)
Fuel 459%,
Core Fe 20%,
Na 359,
Natural uranium metal 60%,
Blankets {Fe 209,
Na 209,
Fuel 250 PuC and UC
0,
using irradiated Pu %1133240 ggé’
o
and natural U, allowing 0.79%, U238,
Theoretical density of PuC and UC (mol./cm?) 0.0328 x10%
Assumed density of PuC and UC, 809, of theoretical
(mol./cm3) 0.02624 x 102
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(@) In practice, the axial blankets could hardly have less sodium fraction
than the core, assuming axial coolant flow (for this study, however, two different
blanket compositions would have been an unnecessary complication).

(b) Carbide density fractions better than 809% may be possible.

These are considered in Section 16.5 and Section 14.3 respectively.

3. Cross-section data

3.1. The basic cross-section data used was that given by LorweNsTEIN and
OKRENT [3], who use eleven groups with energy ranges well suited to fast-reactor
work. To reduce the number of groups to five, an approximate 11-group spectrum
is necessary for a similar composition. In this case, a spectrum was available
for a similar composition, though with a smaller and less dilute core, considered
in Ref. [3], model 7, Table XII. The integrated spectra given there for core and
blanket were used to produce the 5-group constants used for this study. Effects
of the spectrum assumption made are considered in Section 16 (8 and 9).

3.2, The relation between the 5-group system used and the 11-group system
is shown in Table II, together with the integrated spectra normalized to total
1 in core and blanket.

3.3. The flux-weighting processes used to produce 5-group constants from
ll-group are defined in Ref. [4]. Based on the spectra of Table II, the sets of
5-group cross-sections produced for core and blanket are given in Table III.
It will be seen that for five groups the effect of the different averaging spectra

TaBLE I1
5-GROUP AND 11-GROUP SYSTEMS AND MULTI-GROUP SPECTRA

11-group system
5-group system

Normalized integrated

Group Now | "Uion Y | Lothargy | spesin fon svetging

Group No. (MeV) nterva,

Core Blanket

1 1 2.25 —_ 0.046 0.012

2 1.35 0.5 0.056 0.018

3 0.825 0.5 0.076 0.038

2 4 0.5 0.5 0.114 0.107

5 0.3 0.5 0.129 0.146

6 0.18 0.5 0.115 0.141

3 7 0.11 0.5 0.104. 0.128

8 0.067 0.5 0.092 0.124

9 0.025 1.0 0.119 0.159

4 10 - 0.0091 1.0 0.075 0.080

5 11 0 — 0.074 0.046
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for core and blanket is fairly small, but whether it may or may not be neglected
is considered in Section 16 (8 and 9).

The group-transfer cross-sections quoted are the total of inelastic and elastic
transfer where appropriate, but the contribution of elastic transfer is also shown
separately.

3.4. A difficulty must be noted regarding the transport cross-sections. Evi-
dence both from transport theory [6] and from comparative calculation indicates
that, instead of “‘averaging” oy, or Ty over the energy range, the average
of transport mean free paths (1/T2};) should be taken, equivalent to averaging
the diffusion coefficient D. This latter process was used in this study. How-
ever, those processes, which depend on summing the averaged cross-sections,
are complicated by the averaging of the reciprocals, and it is easily shown that
in general the correct average value of D for a mixture of isotopes cannot be
obtained from values of the microscopic cross-sections of the individual isotopes,
averaged either directly or by reciprocals.

In Table IIT, the transport cross-sections quoted are the reciprocals of the
averaged mean free paths for each isotope separately. If these are used with the
appropriate atomic densities (Table V) to produce the total macroscopic trans-
port cross-sections, it will be found that these do not agree exactly with X, and
D as given in Table IV. However, with five groups the discrepancies are generally
insignificant. The effect would become important where large cross-section
variations are hidden within a broad group, say for 1-, 2-, or 3-group calculations.

The correct method is to start all calculations from the basic set of multi-
group data being used, to find the D-values, and to average these; not to average
the transport cross-sections of the separate isotopes. The averaging of D gives
the best agreement between few-group and multi-group calculations; but it
should be recalled that the usual definition of D is itself only an approximation.

4. Basic case

4.1. The size and composition of the basic case was fixed as explained, ex-
cepting only the proportion of Pu to U in the fuel. This proportion was adjusted,
keeping total fuel atoms constant, to bring the basic case very close to critical,
as calculated by the Hassitt programme. The full flux output at all groups and
mesh points was obtained and fed to programme 255 for production of flux
integrals and form factors and subsequent calculation of breeding ratios and
neutron balance.

4.2. The critical atomic composition is given in Table V. This composition
applies to the basic case and throughout all the cases of cross-section changes
recorded in Tables VII, VIII, etc. Critical mass, breeding ratios and other details
are also given in Table V.

4.3. Table VI gives flux and flux-integral details, showing also for comparison
the spectrum from Table II, which had been used in reducing the number of
groups. The slightly softer spectrum of our basic case reflects the higher degree
of dilution of the fuel; but the agreement between the assumed and calculated
spectra is good enough to give confidence that the 5-group cross-sections obtained
(Table II1) are compatible with the spectrum of our basic case

4.4. The necessary 5-group constants for data for the Hassitt programme
were obtained from programme 228, with also sets of macroscopic cross-sections
for the individual isotopes throughout core and blanket. The 5-group fofal macro-

8*
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TABLE V
PHYSICAL DETAILS RELATING TO BASIC CASE

Critical composition, atoms x 10%** per cubic centimetre
of core of blanket material
Isotope Core Blanket
Pu? 0.001260 y Total —
Puo 0.000315 | fuel —
Us 0.000072 { atoms 0.00020
Uzss 0.010161 J 0.011 808 0.02860
Fe 0.016940 0.01694
Na, 0.007700 0.00440
C 0.011808 -
General details of system, initial clean conditions
Hassitt “NU” 0.99970
kets (See 7.2) 1.00030
Concentration of Pu®? (gm/em?® of core) 0.4998
Concentration of irrad. Pu (gm/em? of core) 0.6248
Atomic ratio, U28/Pu?3? in core 8.064
Critical mass of Pu®® (kg) 748
Mass of irradiated Pu (kg) 935
{ centre spectrum 1.349
koo for core | integrated spectrum 1.336
Median fission energy (MeV) 0.28
Ratio Pu?? captures to fissions 0.248
Breeding ratios, thermally fissile atoms
Produced Destroyed Internal Total
Py Pu?? 0.872 1.681
Py, Pyt Pu2® 0.916 1.725
Pu?9?, Put Pu??®, T2 0.866 1.556
Breeding ratios in parts of blankets,
Pu23? produced in blanket to Pu?3® destroyed in core
Radial blanket 0.319
Axial blanket 0.423
Corner blanket 0.066
Total blankets 0.808

scopic cross-sections corresponding with the data of Table V are shown in Table
IV. These are the actual constants to which all the cross-section changes of Table
VII refer. The transport cross-sections quoted are those obtained by averaging D,
as explained in Section 3.4.

4.5. The number and size of mesh spacings used in the Hassitt data, for the
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Tasre VI
FLUX DETAILS FOR BASIC CASE

Normalized flux integrals @ p

Spectrum at Core Blanket
- Group R ore centre
P © (pe Cylindrical Assumed Cylindrical Assumed
B yncrica spectrum yincrica spectrum

basic case | o Table 11| P8I €% | om Table 11

1 (0.094 0.088 0.102 0.034 0.030
2 0.325 0.322 0.319 0.299 0.291
3 0.322 0.328 0.312 0.397 0.394
4 0.193 0.198 0.194 0.230 0.239
5 0.065 0.064 0.074 0.041 0.046
Total flux integral ratios, Core 1.000
Radial blankets 0.128
Axial blankets 0.170
Corner blankets 0.026
Total blankets 0.324
Core flux, radial form factor 0.57
Core flux, overall form factor 0.46
Core flux, axial form factor 0.81
Aggregate flux integrals (n/em s) producing Core Blanket
1.0000 fission/s in core and 0.0894 fission/s 315.8 102.2

in blankets (from Table XIV)

For total heat output of 1000 MW

Core heat production (MW) 918
Blanket, heat production (MW) 82
Average core flux (n/cm?) 6.0 x 108
Max. flux at core centre (n/cm?) 1.3 x 10

basic case and all cases of Table VII etec., were as follows:
Core: radial, 11 at 7.1 cm; axial, 8 at 4.88125 cm.
Blankets: radial, 5 at 9.0 cm; axial, 6 at 7.5 cm.

A fairly small number of points was taken to economize on computer time,
but large changes of mesh at boundaries were avoided. The calculation assumes
symmetry about the centre plane, so that the axial mesh refers to half the height.

A full neutron balance for the basic case is given in Tables XIV, XV (Section 15)
and effects of finer mesh are recorded in Section 16.3.

5. Mass-reactivity correlations

5.1. Many of the results are given in terms of reactivity changes, but the
following expressions, obtained from extra computer cases, correlate changes
in kesr with changes of critical mass C of Pu®?®, for various ways of adjusting
the mass.

5.2. Varying enrichment, keeping total fuel atoms constant (Table V):



TaBLE VII
CHANGES IN kor; PRODUCED BY CHANGES IN TOTAL MACROSCOPIC CROSS-SECTIONS*
& Group
o D ket Ze keff =t keff v ketf tr%nsf‘esrs RS keft
] “—
Core cross-section changes
1| —9.09%| +0.00260 | —20% | +0.001 27 || +~5% | +0.007 04 || +5% +0.01103 | 2«1 | -—I10% | +0.008 03
2 || —9.09%1{ --0.004 82 || —109% | +0.00526 || +~5% | +0.00907 || +59% +0.012 80 3«1 —209, +0.003 05
3 | —9.099%] +0.00284 | —10%, | +0.008 38 | +~5% | +0.008 38 || 59, 40.011 57 3«2 —109%, +0.003 64
4 || —9.099,| +0.00130 || —109, 4+0.01063 | + ~5+ | +0.00642 || 459, +0.008 64 42 —1009%,| +0.002 05
5 (| —9.09%| +0.00045 || —109%, +0.006 63 || +~5% | +0.003 54 )| +59%, +0.004 86 43 —10%, +0.002 80
1 —109% | +0.00063 | +~59% | +0.006 28 || +21/,% ! +0.005 45 5«4 4209, 4+0.000 61
3«1 —109% +0.001 53
54 | —10% |—0.000 35
2 || 4+9.099%] —0.004 50 | +10% | —0.005 20 — — . — — 241 +10% | —0.007 08
Blanket cross-section changes
1 || —9.09%! +0.00073 | —20% | +0.000 11 || + ~ 5%| +0.00043 || + 5% +0.000 76 2«1 —10% | +0.000 80
2 || —9.09%/| +0.00202 || —10%, +0.000 92 || +~20%,| -+0.00020 || +20% +0.000 32 3«1 —209%, +0.000 36
3 || —9.09%| +0.00116 | —10% +0.001 35 || + ~209%,| +0.00038 | 209, +40.000 52 32 —10% +0.000 75
4 || —9.099| -+0.000 42 || —10%, +0.001 25 {| + ~209%,| +0.00040 || +209% +0.000 49 42 —1009%,| +0.000 21
5 || —9.099%, +0.00010 || —10% +0.000 40 || +~20%,| +0.00018 | +209, +0.000 22 43 —109, +0.000 51
1 — — -—~109% | +0.000 05 — — +109, 4+0.001 54 5«4 +209, | —0.000 07
2 +9.099, —0.001 91 —_ — — — —_— — 3«1 —109, +0.000 22
5«4 —109, +0.000 03
Core and blanket cross-section changes
1 — —_ — — +~5% | +0.006 72| +5% +0.01179 2«1 —109, +0.008 89
2 || —9.09%(| +0.006 72 || —109%, +0.006 21 — — — —_ 3«1 —209, +0.003 61
5«4 +209, -+0.000 55

* Lot for basic case 1.000 30.
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dk
=

Other relations of this type can be obtained from Table XIIL.
5.3. ‘Varying core radius only:

dC
054~ 1)

dk dC
5.4. Varying core height only:
dk ac -

5.5. Varying core size, keeping shape constant, H =1/,D:

dk a0

| - = 0.11 = (4)
5.6. In obtaining these relations, height andjor radius were altered by 49,

in (2), (3) and (4), and atoms of Pu®? by ~49, in (1). Within these limits, the

changes are linear within a few per cent. (4) may be used to show that changes

like (2) and (3) are additive within ~ 39%.

6. Calculation details

6.1. The intention of this study was not merely to record results of cross-
section changes, but to correlate them in such a way that use can be made of
them in estimating errors and effects of variations of the system. Essential
requirements. were: (@) that changes of cross-section should be approximately
proportional to the changes produced in reactivity and breeding ratios, and
(b) that the effects of several or many separate small changes should be approxi-
mately additive. The size of the changes made in the various cross-sections
was chosen with these requirements in mind. Extra computer cases were run
and cross-checks applied, to provide evidence on how far these requirements
were upheld.

6.2. From the point of view of the multi-group diffusion equations, a change
may be regarded as ‘‘small” if the proportional change in a given total macro-
scopic cross-section is small, and (a) and (b) of (6.1) should hold. Such a change
may however be equivalent to much larger proportional changes in individual
isotopic cross-sections (Section 1.3).

6.3. The ratios TX/M2Y (Section 1.3) are not the same in the blanket as in the
core; but an error, say in a capture cross-section of U?38, must be allowed for
throughout the system. This raises a difficulty in correlation which was overcome
by making changes separately in core and in blanket cross-sections. Results
from these are useful in themselves (Table VII). The ‘“‘proportional” and “addi-
tive” requirements of section 6.1 were then relied upon, with suitable checks,
in allowing for both core and blanket effects when obtaining the results given
in Table VIII.

6.4. From the ‘“proportional” checks, it was found that ket was much more
nearly proportional to D than to T2y, It was, therefore, necessary to allow for
this in the correlations, and in Table VII the changes shown of —9.09% in D
result from the original changes of +109% in TXy,, while the changes of +0.09%
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TasLe VIII

PERCENTAGE CHANGES IN MICROSCOPIC CROSS-SECTIONS THROUGHOUT
CORE AND BLANKET to produce 0.001 change in kegr -

| Oy o of v Group SRS
Tootope | Group | (g, (%) (%) (%) | Tgnster (%)
Pu® 1 |+ 75 | —120 | + 21| 4+ 1.3 2«1 — 48
2 | 4+ 41 |— 19 | + 0.61] + 044 31 — 230
3 |+ 69 | — 7.0 + 0.62 - 045 3«2 — 87
4 | + 140 | — 57 4+ 0.83 + 0.66] 4«2 — 390
5 | 4+ 420 | — 67 4+ 15| 4+ 1.1 4<3 — 430
54 1+ 3900
Pu2to 1 | +300 [— 560 | +14 | + 821 2«1 — 140
2 |4+ 160 |— 52 |+ 9 |4+ 57| 3<1 — 530
3 | + 28 | — 384 | +510 | 1320 32 — 410
4 | 4+ 550 | — 24 — — 442 —
5 | +1700 | — 38 — — 4<3 — 850
5«4 + 9800
s 1 |+ 60— 20|+ 12|+ 069 2«1 — 2.3
2 | + 2.8 — 20 +220 | 4140 31 — 8.7
3 |+ 47— 13 — — 32 — 7.2
4 |+ 11 |— 11 — — 42 —
5 | 4+ 41 | — 20 — — 443 12
5«4 + 1000
235 1 | 4870 | —1200 | + 62 | + 37 2«1 | — 420
(0.7% of 2 | 4+ 430 | —240 | + 16 | + 10 3«1 | — 1700
nat. U) 3 | 4+ 68 |—110 |+ 12 | + 79| 83<2 | — 570
4 | +1600 | — 85 | + 11 | 4+ 84| 4«2 | — 2400
5 | 45800 |— o1 | + 17 | + 12 4«3 | — 2400
5«4 + 160 000
Fe 1 |+ 11 |— 110 — — 2«1 — 4.3
2 6.0l — 34 — 3«1 — 22
3 9.0, — 25 — — 32 — 13
4 21 | — 17 — — 42 — 130
5 56 | — 171 — — 4<3 — 15
5«4 + 270
Na 1 | + 23 | —4700 — — 2«1 — 15
2 |+ 11 |— 620 — — 31 — 220
3 | 4+ 26 | — 420 — — 32 — 13
4 | + 55 | — 360 — —_ 42 — 83
5 | 4+ 100 | — 460 — — 4<3 — 24
5«4 + 180
C 1 | + 23 — — — 21 — 15
2 |+ 95 — — — 31 —
3 |+ 17 — — — 32 _ 7.4
4 | + 46 — — — 42 —
5 | + 170 — —_ 4<3 — 7.5
b<«4 + 62

Notes: 1. Refer to text under Sections 7, 8, 9.

2. A minus sign indicates that the change of cross-section and change of reactivity are opposite
in sign, ’ i
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were made for comparison. Further, the relation between individual isotopic
transport cross-sections M2y, and the diffusion coefficient ‘D’ is less simple than
that given in (1.3), bearing in mind also that average ‘D’ is taken (3.4). An
approximate relation was obtained connecting #Xi; and D, and this was used
in arriving at the figures under ¢t in Table VIIL.

6.5. For other cross-sections, the proportional and additive requirements
held usually within a few per cent of the small changes. “Additive” checks
included superimposing core and blanket changes, combining several cross-
section changes, and combining changes of different types of cross-section. In
the transfer cross-section X,._,, which is large, changes of +109% and —109,
were sufficient to show some departure from linearity (Table VII). A mean figure
was taken in correlating for Table VIII.

A further difficulty arose in dealing with the fission cross-sections, for which
the simple treatment of Section 1.3 could not be applied directly. This was
because 2t is involved in Xy and also in ¥ 2%, where » also varies with the isotope
considered. The “approximate’” signs in Table VII are a consequence of this
difficulty, as also are the two results given for group 1; the first was corrected
to suit Pu?®® fission cross-section, the second to suit U238,

7. Reactivity correlations

7.1. Table VII shows the relation between the changes in total macroscopic
cross-sections and the effective reproduction constant for the system, kes, as
obtained from the Hassitt programme. The percentage changes applied to the
cross-sections are shown, the cross-sections being those of the basic case, Table IV,
and corresponding changes of kess are recorded, showing the differences from
the basic case, 1.00030.

7.2. It will be remarked that these changes are recorded to five places of
decimals. It was not expected that this order of accuracy would be possible,
but during progress of the work considerable care was exercised regarding the
convergence of the Hassitt ‘NU’ (output to six places) and the ability of the
programme to produce consistent results.

The ‘‘proportional” and “additive’ checks required by Section 6.1 give evi-
dence of the excellent agreement obtained. See, for example, the results in Table
VII for v, group 1, giving 2/,% and 5% changes in the core, 5% and 10% changes
in the blanket, and 59 changes in core and blanket together.

Hence, it is considered that the results shown, regarded as differentials, and
with no changes in mesh, may be relied upon within 19, (or to 1 in the fifth
decimal place if this is larger). It is not suggested, of course, that the absolute
value of ks could be correct to five places; the truncation error alone is much
larger than this, apart from the general approximations of diffusion theory.

The change of 0.00672 quoted for T2t | change in core and blanket, is the
result of combining blanket case (0.00043) with second group-1 core case (0.00628),
showing good agreement.

7.3. Table VIII shows the relation between the various individual isotopic
cross-sections, and ke, deduced as previously explained from Table VII. A
small “standard” change of 0.001 in ke is taken throughout; the figure entered
for a given cross-section shows the percentage change, or error, in that micro-
scopic cross-section, necessary to produce this change of 0.001 in ke Hence
the relative importance of the various cross-sections is made evident; the smaller
the percentage change, the more important the cross-section.
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The figures for U%% are included for completeness. Since U235 is present only
in small proportions, the changes in cross-sections necessary to produce 0.001
change in ks are large.

The microscopic cross-sections to which the percentage changes refer are those
given in Table IT1.

8. Discussion

8.1. Table VII shows that kes is not very semsitive to some of the cross-
section changes. However, the critical mass is a more sensitive parameter, and
in Section 5 relations are given connecting ke and critical mass for various
ways of adjusting the mass.

8.2. In Table VII, », and then Zf, are, of course, the most sensitive para-
meters with 2, next. In observing the results, the relative fluxes in each group
should be kept in mind (Table VI). This would explain, e.g., the ¢ results —
if the flux in each group were equal, the importance of X, would drop off sharply
from the highest-energy group to the lowest, as might be expected from con-
siderations of leakage, with a “kink’ at the last group, where the cross-sections
increase sharply. In considering other cross-sections in this way, their relative
sizes (Table IV), as well as the fluxes, must be allowed for.

8.3. The effect of the transfer cross-sections on keg is fairly small, except
from group 1, where fast fission in U?® and inelastic transfer compete. The
2'Re_s results show the general effect of spectrum changes — the less the transfer
and the harder the spectrum, the higher the reactivity. This trend however is
reversed in X', ,, though this cross-section has a very small effect indeed in this
system. The reason for this can be seen from Section 18.4 and Table XV (Sec-
tion 15.2).

The blanket changes are generally small but not negligible in relation to the
core changes.

8.4. In considering the figures for changes in microscopic cross-sections given
in Table VIII, the group fluxes, the relative size of the cross-sections (Table I11)
and the relative atomic abundance of the isotopes in our composition (Table V)
must be kept in mind. ,

The most important transport cross-sections are those of U%8, followed by
those of iron, then carbon and sodium. gy, for Pu?® has only a small effect.
Naturally also, the fertile isotope U23% has the most important capture cross-
sections, but it should be noted that capture in Pu?3? is next in importance.
Note also that capture in sodium affects reactivity hardly at all, but capture
in iron cannot be neglected.

The effects of changes in » and or are similar, the latter having less nett effect
because it varies neutron absorption as well as production. The importance
of v and ¢¢ for U238 in the top group is evident, the effects being nearly twice
those for Pu?3?; the latter is of course most important in the other groups. The
effects of Pu?¢® and of U235, even in such small proportion, are not negligible.

8.5. In the transfer cross-sections, the importance of transfer out of group 1
to below the U?38.fission threshold is emphasized. gy, for U2 and iron is
of comparable importance to the fission cross-sections. The peculiarity of trans-
fers from group 4 to 5 has already been noted; these figures may be misleading
(Section 18.4). In the other transfers, only the figures for U238 and carbon show

much importance, with smaller effects from iron and sodium. Plutonium has
little effect here.
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The transfer cross-sections referred to include both elastic and inelastic effects,
but these effects may be separated, if desired, with the aid of data given in Tables ITI
(microscopic) and IV (macroscopic). For the heavy isotopes, transfers in the
upper groups are mainly inelastic and have considerable effect on reactivity.
Transfer in carbon is all elastic, while in jron and sodium elastic effects pre-
dominate, except from the important top group. The most important effects
are: {a) inelastic transfers out of group 1, (b) elastic transfers from group 2 to
3 and group 3 to 4. Transfer from group 4 to 5 is almost all elastic, but is of small
importance in this composition.

9. Cross-section inter-relations

9.1. Throughout this study, cross-sections have been treated as being inde-
pendent of one another, i.e. the relation between transport cross-sections and
capture, fission, and scattering cross-sections has been ignored. Sufficient details
are given, however, to enable the effects of this inter-relation to be obtained,
by superposition of two effects.

9.2. If a capture or fission cross-section is increased, the corresponding trans-
port cross-section ought to be increased by the same small increment, leading
to a small decrease in D. The effect on reactivity can be obtained from Tables VII
and IV, and for all capture and fission cross-sections it is very small, the largest
effect arising from a change in the core of 2; for group 1. The change of kest
quoted is +0.00704, to which the transport effect would add +0.00009. In
the case of variations in capture cross-sections, the small transport effects sub-
tract from the figures quoted.

9.3. For transfer cross-sections, the transport effect is a significant proportion,
order 10%, of the ke changes quoted in Table VII, but they tend to decrease
the changes shown. For example, a ke change of --0.00803 is quoted for
2o« 4, for a decrease of 10% in the core cross-section, and the transport effect
is found to be —0.00083 on kes. In the single case of X, , (core), the two
effects add, but both are very small. In the top group, transfer in the blankets
+0.00080 is reduced by —0.00030 by the transport effect.

9.4. When a transport cross-section is changed, the increment may be ascribed
to the elastic-scattering cross-section, Xs. The change in the elastic transfer
out of the group (given by &X5/U, where £ is a mean lethargy increment for an
elastic collision, and U the lethargy interval in the group) ought then to be allowed
for. When this is done, the effects may be surprisingly large in the core, but
again decrease the reactivity changes shown for D. The decreases can be 509
or even more, but will vary according to which isotope we consider to be in
error — larger effects from carbon, smaller from heavy isotopes. In the blanket,
these effects are less but in the same direction. Thus the nef effect of Xy changes
is even less than is indicated by the tables.

9.5. Similar adjustments can be made to the figures in Table VIII, but it is
simpler to think about them as they are given, relating to independent changes,
and to remember that separate small effects may be superimposed. For the lighter
isotopes, the sign of the changes may be reversed by this superposition.

9.6. One essential point arises from all of the foregoing: where significant
effects arise from these inter-relations, the tabulated figures are ou the “safe’”
side, i.e. they over-estimate the importance of the relevant cross-sections.
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10. Mecthod for correlating the breeding ratios

10.1. Throughout this report, unless otherwise explicitly stated, the breeding
ratio is defined as the ratio of neutron capture in U238 to absorption in Pu239,
calculated for the initial clean conditions of the reactor. This very simple de-
finition may be justified for a study of this type. In Table V, the effects are
shown of considering the production of Pu24, and also the destruction of U235,
and it will be seen that the loss of U5 ocut-weighs the gain in Pu4l,

In determining small changes, a problem arises in that any calculated breeding
ratio is fictitious unless the system is critical. In changing the cross-sections,
small changes of reactivity as well as breeding ratio are produced, and it would
be incorrect to compare these breeding-ratio changes without allowing for the
reactivity changes. If a system is super-critical, the excess neutrons could be
absorbed in extra U38; or, if the system were sub-critical, it would be necessary
to increase the fissile material present, or decrease the absorption. In each case
there would be an apparent change in the breeding ratio.

It might be thought that this effect would be small, but in fact it was found
that, for a given increment in reactivity, the increment in the internal breeding
ratio was twice as great, and the increment in the total breeding ratio 3.5 times
as great. These apparent changes in breeding ratio are of opposite sign to the
changes of reactivity. These effects are, therefore, much too large to be neglected,
and in many cases they were in fact the main factors operating in changing the
breeding ratios, so it was necessary to devise a correlation method to compare
the true breeding ratios in each case for a critical system.

10.2. A non-critical system may be adjusted in various ways to criticality.
It is assumed here that the adjustment for errors in critical mass will be by
adjusting the enrichment of the system, as in the Dounreay fast reactor, and
the correlation is based on the following composite adjustment:

A macroscopic cross-section is adjusted as in Section 1.3, then the enrichment
(the proportion of plutonium in the fuel) is varied to bring the system back
to criticality, while the total number of fuel atoms is kept constant. The new
breeding ratio for the critical system is calculated, and the changes for individual
isotopes are then correlated by a method similar to that explained in Section 1.3.

Exceptional calculation accuracy was necessary to obtain the small differences
of breeding ratio, and considerable care was exercised in the development and
checking of the methods of calculation.

10.3. Another’ difference from the reactivity correlations should be noticed.
If a macroscopic capture cross-section is changed, the change produced in the
breeding ratio will depend on whether we ascribe this change of capture cross-
section to U238 Pu239 or to materials such as jron not considered in the fertile
conversion. This additional complication should be borne in mind when studying
the tables, and it applies also to the fission-cross-section changes.

11. Breeding ratio correlations

11.1. Changes in the breeding ratios produced by the composite adjustments
detailed in Section 10.2 are set out in Table IX. The breeding ratio in the core
(i.e. the internal breeding ratio) and the breeding ratio for core and blanket
together (i.e. the total breeding ratio) are both tabulated. The numbers should
be used with considerable care, since in a sense some of them are fictitious,



CHANGES IN BREEDING RATIOS PRODUCED BY MACROSCOPIC CROSS-SECTIONS CHANGES, ADJUSTED FOR CRITICALITY

TasLE IX

Group D Int. Total Zo* Int. Total Zpk* Int. Total v Int. Total || Group | Zp. g| Int. Total
(%) BR BR (%) BR* BR* (%) BR** | BR** (%) BR BR transfers| (%) BR BR
Core changes

1 —9.09 | +0.005| —0.001| —20 | +0.003| +0.005| +~ 5] +0.013| 4+0.020| + 5 | 40.022| +0.037 21 — 10 | +0.013 | +0.028
2 —9.09 | +0.011{ +0.002| —10 | +0.011} +0.017| +~ 5| +0.018| +0.031| + 5 | +0.026| +0.044 3«1 — 20 | 40.003| +0.012
3 —9.09 | +0.006 | —0.001| —10 | +0.019| +0.028| +~ 5| +0.016| +0.026| + 5 | 40.027;, +0.040 32 — 10 | —0.001| +0.013
4 —9.09 | +0.003 | «0.001| —10 | -+0.027| +0.036 | +~ 5| +0.012| +0.022| + 5 | +0.017| +0.030 42 —100 |—0.001| +0.007
5 —9.09 | +0.001 | <0.001{ —10 | +0.016 | +0.020| +~ 5| +0.006| +0.012; + 5 | +0.010| +0.016 43 — 10 | —0.002 | +0.008

54 + 20 | —0.001 | —0.005
1 +~ 5| +0.014] +0.023

Blanket changes

1 —9.09 | +0.001| +0.001| —20 | <0.001| +0.001| +~ 5| +0.001 | +0.005| <+ 5 | 40005 +40.007 2«1 — 10 | +0.001 | +0.007
2 —9.09 | +0.004| 40.004| ~-—10 | +0.002{ +0.012| +~20; <0.001| +0.003| <20 | <0.001{ +0.005 3«1 — 20 | <0.001] +0.002
3 —9.09 | +0.003| +0.003| —-10 | +0.003| +0.027} +~20| 4+0.001| +0.004 | -+20 | 40.001 | 40.007 32 — 10 | +0.001 | —0.001
4 —9.09 | +0.001 | «0.001|{ -—10 | +0.004 | +0.035| +~20| +0.001 | -+0.004| +20 | -+0.001 | z0.007 42 —100 | <0.001 | <0.001
5 —9.09 | <0.001}—0.001| —10 | +0.002| 4+0.011| +~20| <0.001| 0.022| +20 | <0.001-| +0.003 43 — 10 | +0.001 | —0.001

5<-q + 20 | <0.001 [ —0.001
1 +10 | +0.003 | 4+0.015
2 | —9.09 | —0.004| 40.005

Core and blanket changes

1 + 5 | +0.021| +0.040 2«1 — 10 | +0.013 | +0.033
2 —9.09 | +0.014| +0.003] —10 | +0.013] +0.030

* Relevant to isotopes other than U2*® and Pu®3®.

** Relevant to isotopes other than Pu®?®,
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TaBLE IX, cont.

CHANGES IN BREEDING RATIO PRODUCED BY CHANGES IN CAPTURE AND
FISSION MACROSCOPIC CROSS-SECTIONS when applied to U228 and Pu2?®

L Applied to Pu?® Applied to Pu?3®
238
Applied to U8 (Capture) (Capture) (Fission)
Core changes Blanket changes Core changes Core changes

Z, | Int. | Total | %, | Iat. | Total | X, | Int. | Total | X | Int. | Total
(%) | BR | BR | (%) | BR | BR | (%) | BR | BR | (%) | BR | BR

1 —20 |—0.001) +0.001] —20 | <0.001|<0.001f —20 |+0.006; +0.011] +~5 [+0.005|+0.005
2 —10 |—0.008/—0.001} —10 |+0.002|—0.001] —10 |+0.027) +0.049| +~5 | +0.007| +0.009
3 —10 |—0.013—0.003] —10 | +0.003(—0.001] —10 |+0.048 +0.084; -+ ~5 |40.006|+0.006
4
5

—10 (—0.018—0.009] —10 | +0.004|—0.001] —10 | +0.070) +-0.117 4 ~5 | +0.004] +0.007
—10 [—0.010—0.007| —10 |+0.002| <0.001] —10 |+0.040/ 4-0.065 + ~5 | +0.002| +0.004

Note: This table must be interpreted in conjunction with text, Sections 190, 11, 12. Reactivity adjust-
ment is included as explained in Section 10.2.

being simply a step towards the correlation of each isotope. For example, in
fact the capture cross-section of Pu?® could not alone cause a 109% error
in the macroscopic capture cross-section. Smaller changes, however, would be
in proportion within very close limits. The proportional and additive properties
of the small changes were checked, as previously described in Section 6.1.

11.2. The changes are recorded to three places of decimals, and again, re-
garding these as differentials, it is believed that most of these figures are correct
to this order of accuracy. The proportional and additive checks (Section 6.1)
show less accuracy than those in the reactivity correlations.

11.3. Table X shows the relation between the various individual isotopic
cross-sections and the total breeding ratio, deduced from the changes in Table IX,
and tabulated in the manner described in Section 7.3. Table XI similarly corre-
lates the individual cross-sections with the internal breeding ratio. The assumption
of independent cross-sections (Section 9.1) also applies throughout the breeding-
ratio studies.

12. Discussion

12.1. In critically observing the figures in the breeding-ratio tables, many
underlying features must be kept in mind. Some of these points are mentioned
in Section 8 (2 and 4). Other points complicating interpretation of these tables
are the reactivity adjustment (Section 10,1 and 2), the difference explained
in section 10.3, the larger effect resulting in some cases from blanket changes,
and the fact that even the internal breeding ratio is not independent of blanket
changes, since the latter affect reactivity and core flux distributions. Thus the
reasons underlying some apparent anomalies may be quite subtle.

12.2. Table IX will not be considered in detail, but a few points are briefly
noted.

As might be foreseen from neutron-balance considerations, » is a very sensitive
parameter. The fission-cross-section changes, if applied to U235, are also sensitive,
but if the changes are applied to Pu?3® opposing effects come into operation,
leading to reduced sensitivity of breeding ratio to Pu?® fission-cross-section.
The changes for U5 are, however, “fictitious” in the sense used in Section 11.1.
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TaBLE X

PERCENTAGE CHANGES IN MICROSCOPIC CROSS-SECTIONS THROUGHOUT
CORE AND BLANKET to produce 0.001 change in total breeding ratio

Tsotope Grou tr 9 o v t?;:;‘gr IR<=S |
P (%) (%) (%) (%) s (%)
Pus? 1 |— 300 |—15 |+ 30|+ 04 | 2«1 |— 13
2 |4+ 100 |— 21|+ 06|+ 013 3«1 |— 60
3 |— 30 |— 07|+ 06| +013] 3«2, — 25
4 [—2000 |— 05|+ 08|+ 018 4«2 [— 120
5 |— 900 |— 07|+ 14|+ 035 4«3 |— 160
5«4 |— 500
Puso 1 |— 130 |—150 |+ 5 |+ 25 | 2«1 |— 40
2 |+ 400 | —15 |4+ 25| 4 16 | 3«1 |— 140
3 |—1100 | — 10 | 4140 | 490 3«2 | — 120
4 |—7000 |— 7 — — 4<2 —
5 |— 3500 |— 13 — — 43 | — 300
) 5«4 | — 1600
U 1 |+ 30 |—20 {4+ 03]+ 017] 2«1 |— 0.5
2 |+ 25 | + 6 | 4+ 50 | 430 3«1 | — 2.0
3 |+ 50 | + 29| — — 3«2 | — 4.0
4 |+ 80 + L3| — — | 4«2 —
5 |— 19 + 20| — — 4«3 |— 13
5«4 | — 20
ys 1 [+ 4000 |—300 | + 17 | + 9 2«1 |— 90
(0.7%, of 2 |+ 400 |— 40 |+ 4 |4+ 20 | 3«1 |— 500
nat. U) 3 |+ 800 18 |+ 20| + 1.4 | 3«2 |— 300
4 | +11000 |— 10 |+ 25| + 15 | 4«2 |— 1500
5 | — 3000 |— 15 |+ 35| -4 25 | 4«3 |— 5000
5<4 | —10 000
Fe 1 |— 300 — 28 — — 2«1 | — 1.1
2 |+ 8 |— 7 — — 3«1 |— 6
3 |+ 8 |— 5 — — 3«2 | — 5
4 |+ 300 |— 4 — — 4«2 |— 40
5 |— 50 |—18 — — 4«3 | — 8
5«4 |— 20
Na 1 |— 200 |—I120 — — 21 | — 4
2 [+ 17 | —160 — — 3«1 |— 60
3 |+ 200 |—100 — — 3«2 | — 4
4 |4+ 1000 |— 80 — — 4«2 |— 30
5 |— 100 |—100 — — 4¢3 |— 10
5«4 |— 17
C 1 |— 100 — > — 2«1 | — 4
2 |+ 20 —_ — — 3«1 —
3 |— 70 — — — 3«2 | — 2.0
4 |— 600 — — — 4«2 —
5 |— 400 — — — 4«3 |— 2.5
: 5«4 | — 8

Notes: 1. See text under Sections 10, 11, 12. Reactivity adjustment is included, Section 10.2.

2. A minus sign indicates that the change of cross-section and change of breeding ratio are
opposite in sign.
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TasrLE XI

PERCENTAGE CHANGES IN MICROSCOPIC CROSS-SECTIONS THROUGHOUT
CORE AND BLANKET to produce 0.001 change in internal breeding ratio

, Group
Isotope Group (0021') (ZZ) (z/f) ) ( l’% ) tr%njz‘s U(RO;‘SS
Pu?® 1 + 40 | — 30 4+ 28| 4+ 0.7 2«1 — 30
2 + 18 | — 4 + 08} + 0.2 3«1 — 200
3 + 30 | — 12| + 09{ 4 02 3«2 + 600
4 4+ 60 {— 09| + 13|+ 03 42 + 1100
5 + 200 | — 11| 4+ 25| + 0.5 43 + 700
5«4 — 4 000
P20 1 + 160 | —250 + 8 + 4 2«1 — 80
2 + 70 | — 25 + 4 +- 3.0 3«1 — 500
3 + 130 | — 16 +200 4130 3«2 + 3000
4 + 200 \ — 9 — — 42 —
5 + 700 | — 15 — — 43 + 1400
5«4 —12 000
U2ss 1 + 3.0] + 50 + 0.6 | + 035 2<«1 — 1.3
2 -+ 1.3| + 2.6 +100 + 70 3«1 — 8.0
3 + 20 + L6 — — 3«2 — 20
4 —+ 4.5 4+ 1.0 — — 4«2 —_
5 + 20 + 20 — — 43 — 140
5«4 — 130
U2ss 1 + 500 | —600 + 30 + 18 2«1 — 250
(0.79%, of 2 4200 | —120 + 8 + 5 3«1 — 2000
nat U) 3 4+ 300 | — 50 + 6 + 3.5 3«2 — 1500
4 + 600 | — 16 + 8 + 4 42 —20 000
5 +3000 | — 30 + 10 + 6 43 —30 000
5«4 —35 000
Fe 1 + 6 | — 50 — — 2«1 —_— 2.5
2 + 3.0/ — 16 — — 3«1 — 20
3 =+ 4 [ — 11 — — 3«2 — 150
4 -+ 8 | — 7 — — 42 + 600
5 + 25 | — 30 — — 43 + 60
5«4 — 130
Na 1 + 13 | —200 — — 2«1 — 9
2 + 5 | —300 — — 3«1 — 200
3 + 12 | —180 — — 32 — 500
4 + 20 | —140 — — 4«2 + 400
5 + 50 | —180 — — 443 + 60
. 54 — 120
C 1 + 12 — — — 2«1 — 9
2 —+ 4 — — — 3«1 —
3 + 8 — — — 3«2 + 50
4 + 20 — — — 42 —
5 + 80 — — — 43 + 12
54 |— 60

Notes: 1. See text under Sections 10, 11, 12. Reactivity adjustment is included, Section 10.2.

2. A minus sign indicates that the change of cross-section and change of breeding ratio are
opposite in sign.
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The capture cross-section changes show considerable differences according
to whether the changes are applied to U238, Pu?3?, or other isotopes in the com-
position. When capture in Pu?*® is decreased, the breeding-ratio changes are
proportionally much larger than changes due to a corresponding decrease in
the absorption in non-fissile isotopes. On the other hand, a capture change in
U238 has effects of the opposite sign, but proportionally very much smaller.
Put another way, decreased capture in U8 lowers the breeding ratios, but,
when the system is readjusted to critical as explained, there is an apparent
increase in the breeding ratios, the two effects opposing and resulting in small
net changes.

Changes in D or 2}, are in general not very sensitive, and similarly the trans-
fer cross-sections are of low sensitivity, except as before the transfer from group 1
to lower groups. It is important to notice from these results that generally
(where significant) hardening of the spectrum improves the breeding ratios,
particularly the total breeding ratio, and wice versa.

12.3. Table X, correlating microscopic cross-sections and total breeding ratio,
shows the great importance of the neutron production terms, even for U2% and
Pu??, which are present in the model in only small proportion. There is an
appreciable contribution to the breeding ratio from the U235 in the natural
uranium. Both » and o; need to be known to great accuracy for all groups for
Pu®9? and for the highest-energy group for U238,

In capture cross-sections, it should be noticed that the capture in Pu2® is
the most sensitive parameter, the capture in U283, though sensitive, being less
important because of the opposing effects previously mentioned. Capture in
iron is also important.

Nearly all the transport cross-sections are quite unimportant, except only
the U238 figures. The apparent anomaly here may be explained from the original
calculations, and is largely due to the high proportion of U238 in the blanket.
Group 2 shows some importance in the non-fissile isotopes.

In the transfer cross-sections, generally the importance increases with neutron
energy. Great sensitivity is again shown for U2 and iron, top-group inelastic
transfers, in spite of the small flux in this group. Elastic transfer in carbon is
also of high importance.

12.4. Table XI, correlating microscopic cross-sections and internal breeding .
ratio, indicates effects generally similar to the effects on total breeding ratio.
It indicates a lesser importance of the neutron production terms, and transfer
terms, but increased importance of the transport cross-sections. The latter is
fairly readily explained in that the leakage from core to blanket is an appreciable
fraction of the neutrons present, while the leakage or escape from the blanket
is an order of magnitude smaller. Hence an increase in leakage leads to a de-
crease in core breeding, but an increase in blanket breeding, so that the total
breeding ratio changes little.

13. Combination of small errors

13.1. The “standard” change or increment of 0.001 taken for Tables VIII,
X, and XI, is quite small, but there are many ‘possible errors which could add
together. The number of small errors possible is sufficient to justify statistical
investigation. _

It is not reasonable to assume that errors on all the cross-sections might add
together. The total error could then approach 109% on ke, but the probability

9%
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against this occuring is of the order 10%° or greater. A rough consideration showed
that, if all the cross-sections were known within the degrees of accuracy given
in Table VIII, ket might be calculated within 19 to 2%, with 909, confidence.
This can be a 10% to 209% error on critical mass.

13.2. On the same rough basis, the accuracy required in the breeding-ratio
tables is rather higher than necessary. For the total breeding ratio (Table X),
the accuracy may be relaxed by a factor of three, with the expectation of cal-
culating the total breeding ratio within about 0.05. The internal breeding ratio
(Table XI) affects the calculation of reactivity changes with burn-up. Hence
the accuracy required in this table should be relaxed by not more than a factor
of 2, giving internal breeding ratio within about 0.03.

13 3. Thus, referring to the figures in the body of the tables, it is suggested
that the ﬁgures in Table VIIL indicate suitable orders of accuracy for cross-
sections to be used in reactivity calculations for this system -(accuracy to be
better where possible); that the figures in Table X could be multiplied by 3
and those in Table XTI multiplied by 2, for breeding-ratio calculations. With
these adjustments, the cross-section accuracies required for reactivity calculations
and for breeding-ratio calculations are of similar magnitude.

The foregoing remarks apply to systems very similar to our basic case. Ex-
tension to other systems will be considered later.

14. Additional reactivity correlations

14.1. Extensions .of the reactivity calculations, still applying to the basic
reactor studied, are presented in Table XII. The body of the table presents
the reactivity effect of altering a given cross-section parameter over the whole
energy range by 1%, for each material listed. Thus the figures may be regarded
as showing the sensitivity of kers to spectrum-averaged 1-group cross-sections,
except for the figures applying to transfer cross-sections. The latter indicate
the extent of spectrum effects on the reactivity, though this nett effect might
be excepted to be greater numerically if calculations were made in more than the
five groups used. Effects are listed separately for core and blanket.

From this table, the most important cross-sections are very quickly picked
out. » and o7 for Pu?®® have much the largest effect, followed by capture and then
fission in U238, The importance of capture in Pu?® is again emphasized. In both
transport and transfer cross-sections, U%® and iron show comparable effects,
with smaller contributions from carbon and sodium.

It is important to notice that the spectrum effect in reactivity is negative,
i.e. if the transfer cross-sections are increased — so degrading the spectrum —
reactivity decreases. Hence carbon or other moderator is a liability, not an
asset, in this type of system. The effect on the breeding ratios is also negatlve
as has been shown.

The remarks of Section 9 apply to this table also.

14.2. In the last column of Table XTI, the effects of changes in all the types
of cross-section have been combined for each material, giving the nett effect
of changes in the atomic density of each of the materials present.

A figure for the sodium temperature coefficient (isothermal) results from
the figures in this last column for sodium. The figure —0.011 (x 10-3) is the
result of combining +0.175 ,—0.177 and —0.0089, so that we cannot expect
good accuracy, espacially since these latter figures were the result of combining
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TaBLe XII
CHANGES IN k¢t

Changes in keff
Changes in keff produced by 1% increase in given cross- plr;dlilsei a];g
sections, in all groups, in core or blanket in atoo m: jom® in
1073
Material (b:f ;::kg: x ) core( irll)(]ﬁ?)ket.
(Cross-sections
otr % ot v IR<+S8 combined)
Pu?s9 C +0.062 —0.527 | +5.57 +-7.67 —0.041 +5.06
P20 C +0.016 | —0.118 | 4-0.182 | 4-0.299 | —0.013 +0.067
Irrad. Pu c — — — .= — +5.13
T8 C +0.480 | —2.33 +0.750 | +1.32 —0.605 —1.71
) B +0.364 | —0.384 | +0.085 | +4-0.150 | —0.167 —0.102
s c +0.0033] —0.032 | 4-0.254 | 4-0.374 | —0.0042 +0.221
B +0.0025| —0.0047| +0.059 | +0.080 } —0.0014 +0.056
C — — — — — —1.48
Nat. U B — — — — — —0.047
Te C +0.345 | —0.142 —_ — —0.382 —0.179
B +0.093 | —0.0088 — — —0.043 +0.042
Na C +0.175 | —0.0089 — — —0.177 (—0.011)
B +0.027 | —0.0003 — —_ —0.019 (+0.008)
C C +-0.233 —_ —_— — —0.321 —0.088

Notes: 1. The figures in this table represent small changes from the basic case, and must be inter-
preted in conjunction with the atomic composition, Table V.

2. Figures for core and blanket changes may, be added together.
3. Bracketed figures are less accurate.

the figures for the separate groups. An extra computer case was run allowing
a 109, increase of sodium density in the core, giving a result equivalent to 0.004
(x 10-3) in place of the 0.011 in the table, both figures being negative. This
provides a good cross-check of the many steps in the calculation, and in general
on the methods used.

The result is equivalent to a small positive temperature coefficient about
+1.2x 10~7 Ak/° C. The effect of sodium in the blanket is slightly positive
(i.e. its temperature coefficient in the blanket is negative), and in fact, in this
system, the blanket effect slightly outweighed the very small core effect. When
the sodium density was decreased by 109 over core and blanket, the reactivity
change was —0.00004. This result was not proportional to the result of a case
in which all sodium was lost from core and blanket, which produced a decrease
in reactivity of —0.0014.
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TasLe XIIT: See following page

TasLe XIV

NEUTRON BALANCE BY ISOTOPES FOR BASIC CASE
normalized to one neutron produced in the core

Core Blanket
Production reactions
Pu??? neutron production 0.7978 —
Pu?4® neutron production 0.0303 —
U225 neutron production 0.0391 0.0342
U8 neutron production 0.1328 0.0452
TOTAL 1.0000 0.0794
Absorption reactions
Pu?? figsion 0.2704 —
Pu?3? capture 0.0670 —
Pu? figsion 0.0119 —
Pu® capture 0.0149 —
U285 figsion 0.0158 0.0138
U5 capture 0.0037 0.0036
U238 fission ‘ 0.0510 0.0174
U8 capture 0.2942 0.2730
Fe capture 0.0177 0.0061
Na capture 0.0014 0.0002
C capture , 0.0000 —
Neutron surplus 0.0003 —
Leakage from core to blanket 0.2516 —
Leakage from blanket to void — 0.0168
TOTALS 1.0000 0.331
Aggregate flux integrals (nfem s), producing .

above reactions per second (see Table VI) 110.2 35.7

It is interesting to note that the choice of reactor model gives by chance a
core in which the sodium coefficient is almost zero. It may be expected, however,
that if more groups were used the coefficient would be slightly more positive,
and also the coefficient will be sensitive to errors in the cross-section data. The
small magnitude of the blanket effect would not be greatly changed by different
size or composition, and so it would usually be negligible in cases where the core
coefficient is of a larger order. From Table VIII the contribution of each cross-
section to the temperature coefficient may be seen, and the opposing spectrum
and leakage effects studied. The capture effect is small.

14.3. A further step in the calculations provides the figures given in Table XIII,
which allow estimates of the effects of composition changes. The table shows
the reactivity worth of a distributed 19 by volume of the various materials,
and allows various useful inferences to be drawn.

The value of the constant given in Section 5.2, connecting. enrichment and
reactivity variations, may be obtained from the figures in this table, and it
was in fact found to agree to better than 19,. Though such close agreement
may be partly fortuitous, it does provide an excellent cross-check on the accuracy
and validity of the calculations made for this study, since the figures in Table
XIII were produced via the many steps of our general correlations, while the
figure in Section 5.2 was obtained directly from extra computer cases. Correlation
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REACTIVITY WORTH OF 1% BY VOLUME OF MATERIALS SHOWN
evenly distributed throughout core or blanket, for small ehanges from basic case

Region Material Pu??® Py?io Irrad. Pu Uzse u=ns Nat. U taf];‘ilj;;l Fe Na C (alone)
Metal +0.193 +0.010 +0.156 —0.0081 | (+0.147) | —0.0070 — —0.000 89 (— 0.00003) | —0.000 63
Core 809 monocarbide
as Table T +0.105 | +0.0054 | +0.085 —0.0046 | (+0.080) | —0.0040 | -+0.0079 — —_ —
Blanket Metal — — — —0.000 17| (+0.013) | —0.00008 — +0.000 21| (+0.00004) | —0.000 05

Notes: 1. Bracketed figures are less accurate.
2. Many useful inferences may be drawn from this table, and cross-checks are possible on the accuracy and validity of the calculations—see Section 15.3.

TasLe XV
NEUTRON BALANCE BY ENERGY GROUPS FOR BASIC CASE normalized to one neutron produced in core
: Leakage Scattered Causing |Leaking to |Leaking to Absorbed in [Absorption | Capture +-
Group . Bor;:):lnto from core ii:gttzgﬁd out of ?:pt;l:fd fissions in | blanket | void from irod;z)c\fd group (cap- +leal§a,;,re Iel;ka.ge
group in group group group group group |from group| group v group tured fission)| in group in group
Neutron fractions in core

1 0.5740 — 0 0.4175 0.0058 0.0806 0.0700 — 0.2225 0.0864 0.1564 0.0758
2 0.3600 — 0.3627 0.4852 0.0606 0.0890 0.0879 — 0.2598 0.1496 0.2373 0.1483
3 0.0580 — 0.5265 0.3462 0.1045 0.0836 0.0500 — 0.2412 0.1881 0.2381 0.1545
4 0.0080 — 0.3596 0.1304 0.1452 0.0621 0.0300 — 0.1784 0.2073 0.2373 0.1752
5 0 —_ 0.1304 0 0.0826 0.0341 0.0137 — 1 0.0981 0.1167 0.1304 0.0963
Totals 1.0000 — 1.3792 1.3793 0.3987 0.3494 0.2516 — 1.0000 0.7481 0.9995 0.6501

Neutron fractions in blanket
1 0.0455 0.0700 0.0 0.0935 0.0016 0.0176 — 0.0023 0.0458 0.0192 0.0215 0.0039
2 0.0286 0.0879 0.0792 0.1457 0.0424 0.0028 — 0.0046 0.0070 0.0452 0.0498 0.0470
3 0.0047 0.0500 0.1580 0.1129 0.0893 0.0047 — 0.0058 0.0115 0.0940 0.0998 | 0.0951
4 0.0007 0.0300 0.1148 0.0233 0.1148 0.0044 — 0.0030 0.0109 0.1192 0.1222 0.1178
5 i) _9.0137 0.0233 0 0.0346 0.0017 — 0.0007 0.0043 0.0363 0.0370 0.0353
Totals 0.0795 0.2516 0.3753 0.3754 0.2827 0.0312 — 0.0164 0.0795 0.3139 0.3303 0.2991

VLVJ NOILDES-SS0U0 NI SHOHYH
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for other ways of varying the enrichment may be obtained, for example, varying
the Pu®?® content without keeping the total fuel atoms constant, or varying the
Pu?? content of the plutonium.

It is possible also to obtain from this table and Table 1 the effects of variation
of the fuel-carbide density. An increase from 809, to 90% of theoretical density
would increase reactivity by 4.4%,. Pu®?® as a fuel is seen to be about 1.3 times
as effective as U2 (this equivalence must of course vary with the reactor spec-
trum). Pu24? is shown to be about 5% as effective as a fuel as Pu23?, Iron is shown
to be a liability in the core, but an asset in the blanket, while U238 is, for reactivity
(i.e. disregarding its breeding effect), a liability both in core and blanket. Its
negative effect is nine times as high as iron in the core. Thus iron considered
solely as a neutron reflector should be better than uranium, an inference which
is supported by other evidence. As previously noted, sodium has a very small
net effect, and the moderating property of graphite is a liability in this system.
Addition of carbon even in the blanket produced a small decrease in reactivity.

The effect of using depleted uranium instead of natural may be estimated
from this table, and the adverse effect on breeding ratios, which is small but
not negligible, may also be inferred from the breeding-ratio tables.

Composition changes based on Table X1IT may not be extrapolated too far
from our basic system, since the changes would no longer be proportional. The
results may be expected to differ considerably in systems fuelled with U5
instead of plutonium, and in much smaller systems, or those in which the fertile/
fissile ratio is greatly different from that used here.

15. Neutron balance data

15.1. Much useful information on a reactor system can be obtained from
tables showing the proportion of neutrons involved in the various reactions.
Table XTIV presents neutron production and absorption in each isotope in both
core and blanket, with the leakage fractions, each figure showing the fraction
of neutrons involved in that reaction relative to each neutron produced in the
core.

The production terms show that 209 of all core neutrons are provided by
U238, U235 and Pu*®, and further that an extra 8% of neutrons are produced
in the natural uranium in the blanket.

The total of structural and coolant capture throughout core and blanket is
only 21/,%, this being less than half the capture in the fuel. From the absorption
figures given, fission ratios, breeding ratios and effective o and # for the fuel
are all simply obtained.

Even in this large reactor, 259% of core neutrons leak to the blanket, and
neutron escape from the blanket, though small at 11,9, would need to be further
reduced by reflecting material (e.g. iron or sodium), in order to minimize shielding
problems.

Also from figures in Tables XIV and VI, flux levels and blanket-heat pro-
duction for any given power level may be obtained.

15.2. A different type of neutron balance is given in Table XV. The figures
show the fraction of neutrons involved in different reactions in each energy group,
and are normalized, as before, to one neutron produced in the core. In observing
the figures, the proportions of flux in each group (Table VI) should be kept in
mind.
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The large effects of inelastic scattering are well shown in the large scattering
fraction for the upper groups. Only 149% of the neutrons born into group 1 stay
long enough in that group to produce a fission. In spite of this, 229, of all neutrons
born are produced by this top group. Substantial variation with energy of leakage
from each group is clearly shown, as may be expected. Neutron production
and absorption can be compared in each group, and it will be seen that only
the upper groups produce more neutrons than they absorb, even in the core.
If the column headed ‘““produced by group” is compared with the column ‘“‘ab-
sorption plus leakage in group”, it will be seen that the top group alone has a
substantial surplus of neutrons produced over neutrons lost, groups 2 and 3
being nearly balanced, while in the last two groups more neutrons are lost than
are produced. It is possible to gain considerable insight into the neutron pro-
cesses occurring in the system from study of these tables.

16. Effeets of other kinds of small changes

16.1. Results of various other types of small changes from our basic case
are recorded below, and provide a useful guide to the magnitude of calculation
errors, in comparison with the effects of cross-section errors. Changes in the
size and enrichment of the core are discusséd in Section 5, and changes in the
sodium density in Section 14.2.

16.2. Input data accuracy. The macroscopic data in the input tape for the Hassitt
programme were originally entered to five places of decimals, rounding the D
values to three places. It was, however, found that roundings in the sixth place
of decimals on some of the more sensitive cross-sections could produce small
errors in the eigenvalue “Nu’’ in the fourth place of decimals. Roundings from
six places to five in the basic case produced a difference in reactivity of 0.00013,
with a corresponding small change in the breeding ratios. Though the error is
small, it is an unnecessary error, and so it is recommended, particularly where
small changes are looked for, that the cross-sections should be entered to six
places of decimals, or say five significant figures. Such accuracy cannot, of course,
be justified from the basic microscopic-cross-section data, but there is no need
to introduce additional small errors within the calculations themselves by un-
necessary roundings. The effect might be significant, for instance, in calculating
the effects of loss of sodium, and particularly the effect of a small change in the
sodium density.

16.3. Mesh effects — Truncation error. Fairly coarse mesh spacings were used
generally in this study to economize on computer time, as recorded in Section 4.5.
Another case was run with a larger number of mesh intervals, the data being in
all other respects the same as our basic case. In this extra case the mesh spacings
used were as follows:

Core: radial, 16 at 4.88 125 cm; axial, 11 at 3.55 cm
Blankets: radial, 9 at 5.0 cm; axial, 10 at 4.5 cm.

The result showed a reactivity increase of 0.0034, so that truncation error
alone may be responsible for errors comparable to, or in many cases larger than,
errors in single cross-sections. The apparent effect on the breeding ratios was a
decrease of 0.008 on the total breeding ratio, with negligible change of the internal
breeding ratio. If, however, the system is readjusted for criticality, the true
effect on the breeding ratios is an increase of about 0.007 in the internal breeding
ratio, and an increase of about 0.004 in the total breeding ratio.
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Usually, the effect of using a finer mesh through the core region is to increase
slightly the calculated reactivity.

16.4. Blanket changes. An attempt was made to find the sensitivity of this
system to changes in the blanket thickness, by increasing separately the end
blanket, and the radial blanket, from 45 to 54 cm thickness. The change was
made simply by increasing the blanket mesh spacing, without increasing the
number of points. In both cases the reactivity indicated was less by about 0.001.
Two other cases were run in which the mesh spacing was not changed, but instead
an extra point was added to increase the blanket thicknesses, this being equi-
valent to adding 9 cm to radial blanket, and 7.5 cm to the axial blanket. The
results then obtained were, in the change of axial blanket a reactivity decrease
of 0.0002 ,and in the radial blanket case a very small reactivity increase, 0.00001.

We must conclude from these results that the blanket mesh spacings used
are too coarse for these small changes to be reliably calculated. These results
are recorded to show the errors which may occur if the effect of mesh changes
is not taken into consideration. The 45-em blankets used are thick enough for
variation in their thickness to have little effect on reactivity, but on the other
hand the effect on leakage of fast flux may not be negligible (see Section 16.6).

16.5. Different axial blanket. In most real reactors, the axial blanket is likely
to be different in composition from the radial blanket. The basic model (Section 1)
was varied by putting in axial blankets containing 359 sodium, 209, iron,
459, uranium, i.e. these blankets having the same coolant-volume fraction as
the core, while keeping the radial blanket and other details including the mesh
the same as before.

The loss of reactivity in this case was 0.0023; the changes in breeding ratios
were, apparently, nil in the internal breeding ratio and 0.029 less in the total
breeding ratio, but when corrected to criticality these changes would be respec-
tively —0.005 and —0.037. In this short core — H=1/, D — changes in the
axial blanket may have larger effects than changes in the radial blanket because
of the higher fluxes in the axial blanket. Breeding in the axial blankets is greater
than breeding in the whole of the radial and ‘“‘corner” blankets (Table V).

16.6. Non-zero boundary conditions. Throughout this study, the condition of
zero flux at the outer boundary of the blankets was imposed. This artificial
condition slightly depresses the flux over the outer part of the system generally,
but it does not impose zero leakage from the blanket, since, although the flux is
zero, the flux gradient is not zero.

The Hassitt programme allows outer boundary conditions to satisfy for each
group ¢ the equation

Dg 31\7 +Igg Z—O

where N stands for R or Z. The f values for each group are to be supplied in the
data. The results are not sensitive, however, to the values of §, and as no proper
multi-group treatment of this parameter is available, it was set to 0.45 for
each group (this figure comes from simple extrapolation length consideration,
with a rough correction). With all other details again as the basic case, but with
this new boundary condition, the reactivity showed a very small increase of 0.00002.
The internal breeding ratio was unchanged beyond the fourth place of decimals,
but, as might be expected, since the blanket flux is allowed to rise slightly, the
total breeding ratio showed an increase of 0.008. The leakage from the blanket
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was apparently decreased from 1.68%, of core neutrons to 1.46%, but the former
figure is in error due to the method of calculation and artificial zero boundary
flux. The flux levels compared to the core centre were at the radial blanket
edge 0.1% and at the axial blanket edge 0.39%, the figures being quoted for
the centre lines. 0.1%, corresponds to a flux of 103 njcm? at 1000-MW output.

16.7. More groups. A case was run using nine groups in two-dimensional
geometry, in which only groups 4 and 5, and 6 and 7, of the original 11-group
set [3] were combined. The reactivity figure showed a decrease of 0.0017, and
the integrated spectrum showed excellent agreement (<19%). It should be
emphasized. that calculations in fewer groups can only be made to agree as well
as this by carefully choosing the averaging spectrum and the groups to be com-
bined.

16.8. Effect of different averaging spectra. A case was run in which the same
averaging spectrum was used throughout the blanket as well as the core, which
means that the same microscopic cross-sections were used throughout the system,
instead of slightly different ones in core and blanket. The reactivity figure for
this case was increased by 0.0003, the internal breeding ratio remained the same,
and the total breeding ratio decreased by about 0.004.

In another case, different averaging spectra were used, from case 4 instead
of case 7 of Table XII of Ref. [3], this case 4 being a less dilute oxide-fuelled
core, though still using Pu?? fuel. The effects of this case were a reactivity
increase of 0.0023, changes in the breeding ratios (corrected) of —0.003 in the
internal, and +40.004 in the total breeding ratio, with changes in the group-
flux integrals of up to 5%.

Considering that these results refer to 5-group calculations, and that the
averaging spectra were not greatly different, the reactivity change of 0.0023
is by no means insignificant, and is of similar order to the effects of our cross-
section changes (Table VII). Calculations in only three groups or less would
be much more sensitive to the effects of the averaging spectrum used. The apparent
small effects of using the same averaging spectrum throughout blanket and core,
as recorded above, should not lead to the assumption that this effect is negli-
gible. If only reactivity is to be calculated, it may be good enough not to average
differently for different regions. But the effect is, as explained below, to produce
incorrect spectra, and therefore calculation of such parameters as detector
ratios will be in error in the region considered.

16.9. Postscript on calculation methods. It may be shown from this study that
analyses of the 1-group type may be easily be subject to errors equal to or greater
than those expected from cross-section inaccuracies. In the so-called fundamental-
mode type of calculation, a multi-group spectrum for the centre of a core is pro-
duced and used to obtain averaged l-group cross-sections. This technique may
be inadequate for these dilute cores in which the results are sensitive to the as-
sumed spectrum, for this theory can calculate the spectrum only at the centre
of a core, cannot produce a spectrum for absorbing regions, and assumes in-
accurately that the spectrum remains constant over the whole core. When only
reactivity is to be calculated, approximate methods may suffice. If, however,
breeding or detector ratios, neutron balance, leakage, etc., are to be calculated,
true multi-group methods become essential. Further, these multi-group methods
must attempt to eliminate all unnecessary errors introduced within the calcula-
tion itself. It is pointless to try to investigate with a spherical-geometry program-
me a real reactor system which is cylindrical in shape and has different axial
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and radial blankets, particularly if the height of the core is not equal to its radius.
It is equally pointless to try to calculate the coolant temperature coefficient
using a multi-group programme which does not allow a full transfer matrix.

The desirable calculation accuracy is approached by multi-group analysis
with group lethargy intervals of about 0.5, in true two-dimensional geometry,
with full transfer matrix. Where this ideal is not attainable, it is believed that
the following procedure is an acceptable alternative.

Auxiliary data programmes must be available.

(@) Make a multi-group calculation of a spherical system, s1mulat1ng the
veal system as nearly as possible, with correct composition. More than one case
of this sort may be necessary (e.g. two different blankets).

(b) Take multi-group-flux integrals from the spherical cases, from the different
regions, and using these reduce the number of groups by spectrum-weighting
the cross-sections, as discussed, to a number acceptable for a two-dimensional
programme. At least five groups are recommended, this still allowing a fair
degree of spectrum variation. The groupings must be carefully chosen to reduce
sensitivity to the averaging spectrum, e.g. the U?3® fission threshold obviously
should not occur in the middle of a group.

(¢) Now perform a few-group calculation in geometry as true to life as possible,
and with no transfer restrictions. By taking flux integrals from this, which
are needed anyway for breeding ratios, ete., comparison may be made with the
original multi-group spectra, which may be adjusted if desued even using an
iterative technique.

It is possible to choose the groupings (b) to reduce the importance of the
averaging spectra, but it is easily shown that the transfer cross-sections must
always be sensitive to this averaging process. The effect of incompatible averaging
spectra will, therefore, be inaccurate transfer cross-sections, leading to incorrect
spectra, and hence incorrect fission ratios, or other spectral indices, and poor
estimation of temperature coefficients and blanket-heat distribution.

It is possible to formulate a cross-section set in only five or six groups, which
would be adequate for calculation of all types of fast neutron systems. Twelve
groups may be sufficient, but more may be needed where moderator is present.

The degree of error arising from use of diffusion theory instead of transport
theory is adequately dealt with in other work [3], and will not be discussed here.

17. Application of the results of this study

17.1. This study has two basic aims: (@) to provide a sound basis for establish-
ing the accuracy needed in cross-section measurements for fast reactor work,
and (b) to enable an estimate to be made of the probable error in calculations
based upon cross-section data of known accuracy.

(a) cannot be satisfied without considering various types of system beside
the one chosen here.

(b) has been considered briefly in Section 13. In the system chosen, if it were
possible at present to specify the limits of error on all the various cross-sections,
then it would be possible from Table VIII to estimate the reactivity effect of
each separate cross-section error. Then, by applying statistical methods to com-
bine the many small errors, an estimate could be obtained of the total probable
error on the reactivity of the complete system. Similar remarks apply to the
breeding ratios.
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In a system similar to that studied, an estimate could still be made by com-
paring the atomic densities and macroscopic cross-sections of the two systems,
and making proportionate allowance for differences. For systems considerably
different from the one studied, other factors need to be taken into account,
and some consideration is given to these factors in the next section.

In general, when studying small changes or comparing differences in systems,
it is best to compare reactivities rather than critical masses, because the latter
can be adjusted in so many different ways to criticality.

18. Consideration of other systems

18.1. The principal factors which would affect the results of this study when
different types of system are considered are listed below, roughly in order of
importance:

(@) The atomic proportion of the fissile isotope in the core;

(b) The atomic proportions of the other isotopes;

(¢) The type of fissile material, i.e. Pu?3?, U235 or U233,

(d) Uranium or thorium fertile material;

(e) The fertile/fissile atomic ratio;

(f) The blanket conﬁguratlon and composition;;

(9) The physical size of the core, or more strlctly the fraction of neutron
leakage therefrom.

The energy spectrum in the reactor is also of importance, but the spectrum
is a dependent variable determined by the factors given above.

All the above features will not be considered in detail, but in the following
paragraphs some suggestions are made to facilitate comparison of other systems.

18.2. The main effect of differing atomic proportions of materials is fairly
obvious; for example, if a carbide cermet system has twice as much iron as the
carbide system studied, then errors in the iron cross-section data will have
roughly twice the effect shown in our Table VIII, etc. However, the sensitivity
of v for the main fuel is likely to remain roughly constant for any type of system.

The effect of using different fuels is less obvious but of considerable importance,
because of the substantial differences between the fission cross-sections and
the » and # values for the main fissile isotopes. The largest differences will be
in the transfer cross-sections, where even the sign of the changes may be reversed,
e.g. in a U fyelled system moderation may produce an increase in reactivity
instead of the decrease which we have noted in this plutonium-fuelled system.
The fertile/fissile ratio also affects this strongly.

-18.3. A simple approximate means of making a general comparison is to formu-
late the macroscopic cross-sections for the reactor compositions, in the same
form and number of groups as those given in Table IV, so that direct comparison
can be made with the figures quoted there. In addition, the macroscopic cross-
sections of each isotope separately may be formulated, these operations being
very quick and simple if computer-data programmes are available. It is possible
to estimate roughly the effect of each isotope from its individual macroscopie
cross-section compared to the total or mixed macroscopic cross-section. The
following considerations then apply, comparing the mixed macroscopic cross-
sections for the new system with those quoted in Table IV, and estimating the
effects of changes from Tables VII and IX.
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The transport cross-sections and diffusion coefficients are unlikely to differ
by large factors from those shown in Table IV, and, as their effects are generally
small, they may be roughly estimated by remembering that larger transport
cross-sections or smaller diffusion coefficients will mean lower leakage, and hence
less importance of errors in the transport cross-sections, while in smaller cores
with greater leakage the importance will be increased.

Changes expressed as percentages in v and 2t and 2, are expected to produce
reactivity changes similar to those in Table VII, varying only slowly with the
size of core, but with “local” variations between groups because of different
proportions of the cross-sections to one another, and different proportions of
flux in the groups. Approximate allowance can be made for these by simple
proportion. 2, should show less importance in a smaller, higher-leakage core.

18.4. There is much more difficulty in understanding the transfer cross-section
effects, and here a method is suggested which is of fairly general use in under-
standing qualitatively what is happening in a given system. In Table IV it will
be seen that the macroscopic absorption cross-sections and ¥2; — that is the
macroseopic production terms — are placed side by side. Looking at the figures
for the core, it will be seen that in group 1 the neutron production greatly out-
weights the absorption (due to the effect of fast fission in U228). In groups 2 and
3, the production still ontweights absorption, though by a much smaller amount,
but in group 4 the absorption is larger than the production, and similarly in
group 5. This is not a complete picture, since leakage of the neutrons produced
from the higher groups is larger. But while keeping this in mind and making
some approximate allowance, it will be seen that only the upper groups are
multiplying, while the lower ones are in fact absorbing to a small extent. This
comparison of absorption and production in the different groups is a quick
qualitative method of observing the variation of neutron importance with
energy, though in this other factors are involved.

Observing the figures, we could predict the great importance previously
noted of transfers from the top group to lower groups, and the fact that moderation
in general has an adverse effect in this system. Also if we take the ratios of pro-
duction to absorption in groups 4 and 5, making some slight allowance for different
leakage which for this purpose slightly adds to absorption, we find that these
ratios are very nearly the same in these two groups, and it matters little whether
a neutron. is in group 4 or 5. Therefore, the transfer cross-section from group 4
to group 5 is of very little importance in this system, as previously noted.

Hence it is suggested that if the ratio of production to absorption be taken
in each group, the importance of a transfer cross-section or its effect on reac-
tivity (a8 shown in Table VII) will mainly depend, first on the difference between
these ratios for a given pair of groups; and, second on the magnitude of the trans-
fer cross-section between these two groups. A correction is needed to allow for
the differential effects of neutron leakage from the different energy groups,
and an idea of the magnitude of this correction can be obtained from the table
of neutron balance by groups (Table XV), by comparing the neutron fraction
leaking from the core to the fraction absorbed in any particular group. See
also the column headed ‘“absorption plus leakage in group”. The correction
is substantial in the upper groups (see also Section 15.2).

18.5. The foregoing discussion is not intended either to be precise or exhaustive,
and it may be inaccurate where resonances modify the spectrum effects. It is
hoped, however, that it does offer a means whereby the cross-sections for a
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different system may be compared with those quoted in the tables, and the
correct sign and approximate order of magnitude determined for the reactivity
changes expected from cross-section errors. The importance of a given isotopic
cross-section may be established, once the importance of the total macroscopic
cross-section has been roughly determined, by comparing the size of the individual
macroscopic cross-section with the total macroscopic cross-section, as previously
mentioned. It may be possible to make slight corrections for blanket effects,
but these generally are not large, assuming an efficient blanket. The only sub-
. stantial effect of different blankets is likely to be, of course, on the total breeding
ratio. Little has been said in the foregoing about breeding-ratio changes, and
though it may be possible to estimate these, in the majority of cases the impor-
tance of cross-sections with reference to the breeding ratios is similar to their
importance with reference to reactivity effects.

19. Accuracy desirable in cross-section measurements

19.1. The results given in Tables VIII, X and XI have been considered in
relation to other types of system, as discussed in the foregoing paragraphs.
From this consideration, Table XVI has been drawn up. This table suggests
orders of accuracy for cross-sections measurements which should be adequate
for most types of fast-reactor systems, containing the isotopes shown in any
likely proportions, with emphasis on the larger dilute power reactors. From
this table, orders of accuracy for other isotopes, e.g. nickel or oxygen, may be
reasonably estimated.

A few of the figures ask for exceptional accuracy, probably better than it
is possible to obtain with present methods. It must be realized however that
even if the orders of accuracy on this table were achieved, it would not guarantee
that reactivity could be calculated to better than 19, and breeding ratios to
2% and 5%. Even if accuracy can be improved on those cross-sections where
large limits are shown in the table, the importance of the neutron-production
and absorption terms in the fertile and fissile isotopes is so high that a total
error on reactivity of 19 may still arise only too easily. It is suggested, there-
fore, that these accuracies must be attained to make it possible to predict with
confidence, by calculation alone, systems which are very different from any
on which experimental data are available. It should be realized that in the
system studied the volume fraction equivalent t6 the amount of Pu?¥*® present
is less than 3% ; no fast-reactor system has yet been built or simulated approach-
ing this order of fuel dilution. Further, experimental simulation of dilute-system
spectra by adding moderator in more concentrated systems cannot reproduce
certain important effects arising in a real dilute system.

19.2. The orders of accuracy quoted may be interpreted as applying to the
range of energy defined by the group boundaries. Strictly, in this study they
refer to the cross-section assigned to a group, i.e. the average cross-section
within a group, listed in Table III. It is a fairly simple matter to refer back
these limits to the original set of multi-group cross-sections, i.e. those of Ref. [3].

Some further work is required in considering whether the accuracies quoted
would be adequate for other types of calculation, for example, for composition
and reactivity changes in burn-up, for activation rates (for the latter, obviously,
some of the capture cross-sections should be known to better accuracy), for
perturbation- and reaction-rate calculations. In fast-thermal systems, better
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TaBrLe XVI

ACCURACY REQUIRED IN MEASUREMENTS OF CROSS-SECTIONS FOR FAST.
‘REACTOR WORK DILUTE SYSTEMS

Gl‘oup %inel Ny + gg)
Group otr oc of »
Isotope A o o o transfers| R<.S 1«8
N ‘(A») (%) (%) (%) RS | (%) (%)
Pu23? 1 10 20 2 1 2«1 10 100.
2 10 5 1 1, 3«1 | 40 —
3 10 -2 1 1, 3«2 20 50
4 10 2 1 1, 4<2 50 —
5 20 2 2 1 4<3 100 50
’ 5«4 —_ 50
Pu2o 1 20 20 8 5 2«1 30 100
2 20 10 8 5 3«1 100 -
3 20 10 100 100 3«2 50 100
4 20 10 — —_ 42 — —_
5 40 10 — —_— 43 100 100
t ' 5«4 — 1"100
U2ss 1 5 20 1 1 2«1 2 20
2 3 2 50 50 3<1 5 —_
3 5 1 — — 3«2 5 20
4 10 1 — —_ 42 — —
5 20 2 — —_ 4«3 10 10
5<4 100 50
U235 1 10 10 3 1 2«1 7 100
2 10 5 1 1/, 3«1 30 —
3 10 2 1 , 3«2 10 50
4 10 2 1 1y 4<2 30 —
5 20 2 1 1 4«3 50 50
5«4 — 50
Fe 1 5 30 — —_ 2«1 2 10
2 3 15 —— — 3<1 10 —
3 5 10 — —_ 32 10 5
4 10 7 4 — — 42 50 —
5 20 20 C— — 43 — 8
5«4 — 20
Na, 1 10 100 — — 2«1 10 10
2 5 100 — —_ 3«1 50 —
3 10 100 — — 3<-2 10 10
-4 10 100 — — 4«2 40 —
5 20 100 — — 43 — 10
) 5«4 — 10
C 1 10 — — — 2«1 — 10
2 5 —_ — —_ 3«1 — —
3 10 — e —_— 32 — 5
4 10 —_ — —_ 4 <2 —_ —
5 20 — — — 43 — 5
5«4 — 10
Energy bound- | Lethargy in-
5-group aries crement from
system (MeV) 10MeV
i oo \
1 1.35 2.0
2 1.5
0.30
3 1.5
4 0.067 50
5 0.0091— -
— 0
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accuracy and resolution may be required in the energy region covered by our
group 5.

Evidence is accumulating that the ﬁssmn neutron energy distribution may
vary for different isotopes, and with the energy of the neutron causing fission.
The effects of this variation should also be studied, since the neutron-production
terms have been shown to be of high importance.

Conclusion

Table XVI presents the orders of accuracy needed in cross-section measure-
ments to ensure that the reactivity of most types of fast-reactor system can
be calculated within 1%, and breeding ratios within 2% to 59%. The accuracy
required for other isotopes not listed may also be estimated.

A basis is provided for estimating the total probable error due to cross-section
inaccuracies for a complete system, and much other useful data are provided
on the system examined, and on the effects of other small changes in the cal-
culations.
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REACTIVITY COEFFICIENTS
BY PERTURBATION THEORY

» J. W. WEBSTER
INTERNATIONAL ATOMIC ENERGY AGENCY

Abstract — Résumé — Amumoramus — Resumen

Reactivity coefficients by perturbation theory. The development of the formulae
of perturbation theory provides a good opportunity to use one of the principal devices
of mathematical heuristics, i.e. proceeding by analogy from something that is simple
to something that is more complicated.

This paper:

(@) Reviews the formulation of perturbation theory as a method of calculating
reactivity coefficients; this consists mainly of developing the differential equation
for the adjoint flux, as a continuous function of position and lethargy, by proceeding
by analogy from the one-group differential equation for adjoint flux.

(b) Presents an application of the two-group form of perturbation theory to a
boiling-mercury-cooled fast-breeder reactor (MCBR).

It is seen that the net Hg density coefficient of reactivity for the first-design-try
for the MCBR is negative for some regions and positive for others. However, it is
negative for regions of highest statistical weight and where the density change for
a power change would be the greatest. The overall Hg density coefficient is thus
negative, i.e. the void coefficient is positive—an unsafe condition.

It can be easily seen from the two-group formulation what design changes had
to be made to obtain a design which would have a negative void coefficient. It developed
in subsequent investigations that there were such design changes that could be made
and a design of the MCBR with a negative void coefficient was eventually achieved.

Caleul des coefficients de réactivité par la théorie des perturbations. La mise au
points des formules de la théorie des perturbations fournit une bonne occasion
d’employer en mathématiques une des principales régles de la méthode heuristique,
celle qui consiste & procéder par analogie du simple au complexe.

L’auteur du mémoire:

a) Expose une méthode permettant de calculer les coefficients de réactivité en
utilisant les formules de la théorie des perturbations; en substance, cette méthode
consiste & développer I’équation différentielle relative au flux adjoint en fonection
continue de la position et de la léthargie, en procédant par analogie & partir
de I'équation différentielle & un groupe relative au flux adjoint.

b) Montre comment appliquer la forme & deux groupes de la théorie des pertur-
bations au cas d’un réacteur surgénérateur & neutrons rapides, refroidi au mercure.

Lors de V’essai préliminaire du réacteur, on a constaté que la variation de réactivité
accompagnant une variation de densité du mercure est telle que le coefficient net
de la réactivité est négatif pour certaines régions et positif pour d’autres. Il est négatif
pour les régions de poids statistique le plus élevé et olt une variation de puissance
entrainerait le changement de densité le plus important. Le coefficient global de
densité du mercure est donc négatif, et par conséquent le coefficient cavitaire est
positif, ce qui est dangereux.

On peut facilement voir, en employant la forme & deux groupes, quelles modifications
doivent étre apportées aux plans du réacteur étudié pour obtenir un coefficient
cavitaire négatif. Au cours de recherches ultérieures, il s’est révélé possible d’apporter
certaines de ces modifications, et ’'on est finalement parvenu & établir des plans
tels que le coefficient cavitaire du réacteur soit négatif.
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Ko3dpdunuenrsl peakTHBHOCTH, ONpe/Ie/IeHHbIE NPH NOMOWIM TeOpHM Bo3Mymienmii. PasBurue
GopMyNBL TEOPHN BO3MYIEHMH JaeT XOPOMYIO BO3MOXHOCTE MCITIONIL30BATL OAWH H3 TTIABHBIX
METOZI0B MATEMATHYECKOr O HCCIICIOBAHMA, T.€. MPOW3BECTH AEHCTBUE N0 AHAJIOTUH OT IIPOCTOrO
K Coliee CIOXHAOMY.

B aToM pnoknazne:

a) PaccMaTpuBaeTcsi HOpPMYyNMpPOBKA TEOPHHM BO3MYUICHMHA B KaYecTBE METOHA PacuyeTa KO-
3¢ OUIMCHTOB peak TUBHOCTH. OH COCTORT, TTABHEIM 00pa3oM, B3 Pa3BuTHA AudhepeHIHANBHOrO
YDAaBHEHHA NI COIOPSDKEHHOTO IOTOKA KAaK MOCTOSHHOM (YHKIMM HOJIOXCHUS W JICTAPIUW,
BBLIBOJUMOE IO AHAJIOTHH OT OJHOIM rpynmsl AuddepeHiiMaIbHOrO YPaBHEHHA 4T COMPAXEHHOTO
HOTOKa,

6) JaeTcsa NprMeHeHUe ABYXTPYIIOBOI GOPMBL TEOPUY BOZMYMISHMHM 1715 RAIISINETO PEakTopa-
Pa3sMHOXHTENS Ha OBICTPBRIX HEHTPOHAX C PTYTHBIM TemiroHocureneM (MCBR).

BuaHo, 4o Ko3Q(PUUHEHT PEaKTUBHOCTH PTYTH HU3MIEH IUTOTHOCTH B XOHe IIEPBOTO HCIIBI-
Tarus npoekta MCBR sBlseTCS OTpHNATENBHEIM It HEKOTODBIX O0JIACTEH M MTOIOKUTETBHBIM
st apyrux. OHaKo OH ABJIAETCS OTPUUATESIBHEAIM At 00/IaCTe# HAMBBICIIETO CTATACTHYECKOTO
BECA M TaM, I'le U3MEHEHWE IUIOTHOCTHA C W3MCHECHMEM SHEDTMH OKa3BIBACTCS HAMOONBIIAM.
O6muit x03pHUIHMEHT IIOTHOCTH PTYTH SBIAETCHA, TakUM 06pa3oM, OTPHUATEILHBIM, T.€.
KO3QOUIMEHT TOPO3IHOCTH SNBISIETCS IOJOXHUTENLHBIM, YTO HPEACTaBIseT Co0Oi omacHoe
yCIIOBHE,

MOXHO nerko BUIETh U3 IBYXTPYNIIOBOi HGOpMEI, kKakue M3MEHEHHS B HPOEKTE MOJOKHEL ObIThH
cAENaHbl, YTO0B! MOJIYYUTH IPOEKT C OTPUIATENBEHBIM KO3(hduupenTOoM Hopo3HocTH. IIpoekT
MOAYYMN NaTbHeHigee pasBUTHE B NOCIEAYIOIUX HCCISOBAHMSAK, B XOI¢ KOTOPBIX ONpEae/ICHEI
OCYIHECTBMMBIE M3MEHEHMS Al IpoekTa, u npoext MCBR ¢ oTpunaTensHeM KO3 duimeRToOM
NOPO3HOCTU OBIT, B KOHEYHOM CYeTe, NOCTHIHYT.

Determinacién de coeficientes de reactividad con ayuda de la teoria de las pertur-
baciones. Las férmulas de la teoria de las perturbaciones pueden establecerse empleando
uno de los procedimientos més importantes de la heurfstica matematica, que consiste
en partir de una expresién sencilla para llegar por analogia a una expresién mas
compleja.

La presente memoria:

(a) Formula la teoria de las perturbaciones como metodo para calcular los coefi-
cientes de reactividad. Consiste principalmente en desarrollar la ecuacién diferencial
del flujo adjunto como funcién continua de la posicién y del letargo, procediendo
por analogia a partir de la ecuacién diferencial de un solo grupo para el flujo adjunto.

(b) Presenta una aplicacién de la forma de dos grupos de la teoria de las perturba-
ciones a un reactor reproductor répido, refrigerado por mercurio hirviente (MCBR).

Al caleular la veactividad, se comprueba que el coeficiente correspondiente a la
densidad neta del mercurio en el primer proyecto del MCBR es negativo en algunas
regiones, y positivo en otras. Es negativo en las regiones de peso estadistico maximo
y en las que los cambios de densidad serian mayores al variar la potencia. Por lo
tanto, el coeficiente global de densidad del mercurio es negativo, esto es, el coeficiente
de vacios es positivo, lo que constituye una condicién que implica peligro.

En la formulacién de dos grupos, se aprecia facilmente qué modificaciones es preciso
introducir en el disefio para que el coeficiente de cavidad sea negativo. Nuevas in-
vestigaciones demostraron que era posible introducir dichas modificaciones, logran-
dose establecer para el MCBR un disefio cuyo coeficiente de vacios es megativo.

Infroduction

The development of the formulae of perturbation theory provides a good
opportunity to use one of the principle devices of mathematical heuristic, i.e.
proceeding by analogy from something that is simple to something that is more
complicated. I would like to propose in this connection a definition of “analogy”’
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as being a similarity in the arrangement of the elements of two sets, where the
word “‘set” has the broad meaning of modern mathematics of being a group
of numbers or functions or ideas or almost anything.

We encounter this device of heuristic early in our technical schooling in all
countries. Perhaps geometry provides some of the most beautiful examples.
An example which comes to mind is the problem of proving that in a tetrahedron
the lines which join a vertex to the mid-point of an opposite face all meet in a
point. This is analogous to a simpler problem in that, in a triangle, the lines which
join a vertex to the mid-point of the opposite side also meet in a point. When
one sees how to prove the simpler problem in the plane he can by analogy see
how to prove the more comphcated problem in space.

In this paper I shall:

(@) Review the formulation of perturbation theory as a method of calculating
reactivity coefficients. This consists mainly of a review of the development
of the differential equation for the adjoint flux, as a continuous function of
position and lethargy, starting with the one-group differential equation for
adjoint flux. Once the forward flux and the adjoint flux, as a continuous function
of position and lethargy, or any group approximation to them, are known, it
is quite easy to write down formulae for the reactivity coefficients for various
compositional perturbations. These formulae are not new and have been derived
in various ways by various people in various countries.

(b) Present an application of the two-group form of perturbation theory to
a boiling-Mercury-Cooled fast-Breeder Reactor (MCBR). The application was
part of a kinetics evaluation of the MCBR performed by the Advanced Technology
Laboratories (a division of American-Standard) for the United States Atomic
Energy Commission.

The accurate computation of reactivity coefficients is of particular importance
in the design of fast reactors because of the crucial aspects of kinetics and safety,
or perhaps one should say, because of the exceptional opportunity for safety
offered by fast reactors.

Perturbation theory provides a way of computing these coefficients when the
compositional perturbation is spatially non-uniform, a task that is difficult
with the straightforward use of the neutron-group solutions of the diffusion
equation.

The differential equation for the flux, ¢ (r, %), in a critical reactor as a function
of position, r, and lethargy, w, is given by the familiar equations:

D (r,) V2 (r. %) + Za (1, ) p(r,) + SLEY oy )

u

—-fg (r,w'—u)@(r,u’)
0

[Z‘f, @ (r) + fo (r,u) @ (r, v du] =0
0

—De (1) V2 5 (5) + S (1) s (1) — g (1) — 71 (1) =
g (0= Zs(r,u) p(r,u); ZHEY = (e ) (,0) — 7 (1, 0) (1)

This differential equation is solved by various codes for various machines
in various countries.

In the present paper, a process of generalizing by analogy is used, going from
one-group to N-group to continuous lethargy, to derive the equivalent differential
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equation for the adjoint flux, ¢*(r, ), the lowest eigenfunction of the set
¥m™ (1, w) which is orthogonal to the set y, (r, u) of which ¢ (r, u) is the lowest
eigenfunction. This orthogonality is of the type

f f% P (T, %) pn (v, %) d % AV =Gy (2)
vu

Once the @ (r, u) and @* (r, u) or any group-approximation to them, are known
it is quite easy to write down formulae for the reactivity coefficients for various
compositional perturbations.

Adjoint flax .
ONE-GROUP THEORY
The time-dependent equation is

D) Vep(r,t) + [k(r)—1) Zu(r) g (r, 1) = o 2200 (3)

if delayed neutrons are ignored. .

Any expression of the form o, (r) e*2* is a solution of Eq. (3), because when
this form is substituted and e’ is cancelled from both sides, the resulting equa-
tion, i.e.

D () Va3t [F (1) — 1) Za () s (1) = 2 s () @)

has a solution. ¥or example, suppose we have a slab reactor with core and re-
flector. For any value of 1, there exists a solution consisting of a cosine function
in the core and a linear combination of hyperbolic functions in the reflector which
would satisfy the conditions of zero slope at the centre of core and continunity of
flux and current at the interface between core and reflector. For a certain set of
numbers, 2;, 4,, ..., As, the corresponding solutions, ¥;, ¥,, - .., ¥, vanish at
the outer surface of the reflector. This set of 2, is the set of eigenvalues; the set of
. is the set of eigenfunctions.

The g, form a self-orthogonal set over the volume of the reactor, with respect
to 1/v. This can be seen as follows. Consider two eigenfunctions, . (r) and ym (T)
of the set. The former obeys Eq. (4), the latter the following equation:

D (r) V2 + [k (1) —1] Za (1) pm (r) = % P (). 5

Multiplying Eq. (4) by 9w and Eq. (5) by s, subtracting and integrating over
the reactor volume, we obtain the result

[ @) (1) V2 (1) — 9 (5) V2 (1)) AV = (i — 2 [ 9 (0) pm () d v . (6)

The left-hand side is zero by Green’s second theorem. Thus the right-hand side
must be zero:

o) [ gu@ym@mdv=0. (@)

When nsm, Anst Am, it follows that

[+ pm@av=0 (8)
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When n=m, v
[+ wemavo (9)

because the squared integrand cannot be negative anywhere and it is not zero
everywhere.

Thus, in oné-group theory, the desired set of functions, yn*, which is to be
orthogonal to the set, vy, is just the set, yn, itself because the set, yp, is self-
orthogonal. The lowest eigenfunction of the set, ym™*, or ,* or @* is just ¢ (=v,)
itself. In other words the adjoint flux is the same as the flux in one-group theory.

Two-GROUP THEORY

The one-group treatment will now be generahzed to two groups. The time-
dependent equations are

1 0

D\ V2, —20, 01 —2r, 01+ 2101 2%, Q1+ 21 V2 28, Qo= N a(ptl (10)
1 0

Dy V2 @y—2a, P20, 01+ 22 ¥1 21, @1+ X2 Ve 28, Pp= a(p: - (11)

The @, (r,¢) and @, (r,t) have solutions of the form
@ (T, 1) ~pimemt

@ (T,) ~ paner’

where @ym/yz. is the ratio of nth mode fluxes.
The 1w and ya, are the eigenfunctions of

An
D1V21/)1n_23,11/11n— rWin+ X1 "’12f11/)]n+x1 'szfz’WZH = ,U—l'fl)ln (12)

}'11
DgVZQPZM—‘ZB 2 Wan +2r11/)1n + X2y Ztl'l/)1n+X2 szfz'l/)En == 7?/)211 (13) :
2

Although analogy is the most important tool of discovery and understanding, it
can often lead to a conjecture which is incorrect. Analogy, we agreed earlier, is a
similarity in the arrangement of the elements of two sets. It is clear that there
may be several arrangements of the elements of Set B which are similar to the
arrangement of the elements of Set A.

At this point a strictly analogous procedure to the one-group leads one astray.
The strictly analogous procedure would be to write the equations for i and
wam; le.,

o
Dlewxm—Zalw:m—ErJ/umﬂLxlvlfflvum+x1v22fzwzm=v—:'wlm (14)

A
D2V2'(/)2m_2a27/)2m+2r11/)1m+X2Vlzfl'lplm"}‘xz'l’ngz'(l)?m:v—':w2m (15)
then multiply Eq. (12) by 9im, Eq. (13) by yom, Eq. (14) by y1. and Eq. (15)

by w2n; subtract the last two from the sum of the first two; and then integrate over
the reactor volume. The result is
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J.-Dl (1/)1 mV? Yin— Y1 nV?2 Y1 n) dv4 sz (1//'2 mvz'l/)2n— '(/)2nV2'([)2 m) dv +

+ fxl 'szfz ('(P2n?/)11n—1/)2n11/11n) dv+ f(2r1+12 'V1Zfl) (u)ln'll)zm — Y1 mWZn)dV =

. . Yin¥im YonPam)
= (hu— ) Jam g Banben gy, (16)
The analogous thing to one group would be for the left-hand side to be zero and
then the orthogonality would be expressed by the right-hand side being zero
for n£m; ie.,

Yin¥Pim YanW¥am
fme o)z
A close look at the left-hand side, however, shows that, although the first and
second terms are zero by Green’s theorem, the third and fourth terms are not
zero. The orthogonality expressed by Eq. (17) does not therefore hold.

We have just seen that the set of functions (w1, wes) is not self-orthogonal:
The logical question to ask, then, is: “Is there some other set (y1,%, w2,*) which
is orthogonal to the set (win, won)?” More particularly, “What changes could
be made in Egs. (14) and (15) which would lead to the third and fourth terms on
the left-hand side of Eq. (16) being zero 2’ It can be seen that if the coefficient
of wam in Eq. (14) and the coefficient of 1. in Eq. (15) are interchanged, the de-
sired result is accomplished; i.e., Eqs. (14) and (15) are replaced by

Am
Dlezpl m'—Za,l'lpl m—zrl’(l)ln'l‘xl 7’1211 Pim~+ (Zrl‘l‘Xz 7’12f1) Yem = Tl Yim (18)

Am
D2V2w2m—-292w2m+x2 Vo2t Wom+ X1 Voot , Yim= oy Yom . (19)

An alternative way of expressing this is aﬂ'orded by the concept of adJmnt ma-
trices. Let us write Egs. (12) and (13) a

A
Dy V2 —2o—2n+ 1 ”12&—2,—1: X1v2 2t Yin 0
= . (20)
A
2ty D, V2 — 20, + a2 25— v—: Yon 0
Replacing the matrix on the left by its adjoint, we have
yia
D, V2—Za,—Zr, 4+ 11 2t — " et xeviZh | (vin 0
U1 = . (21)

Ao
A2 28, Dy V2 —Zg,+ %272 Zfz_‘{,; Yom 0

It can be shown that the set, An*, is identical to the set, A,, so we drop*.
The demonstration of orthogonality of the set (g, ¥,,) with the set (v,,,*, wo,,*)
is as follows:

D1V2 Yim— 23,1 'll)fm_ 21‘1 1puglkm + 11N fo me
!
—ZT_"PTm + Zrl’l);m + %2 ¥, 2, Yim = 0. (21)
A
D, V24l — Za, ¥im + xzvszzw%*m-—ﬁw%‘m + s e X, pim = 0.
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Multiplying the first by y1. and the second by 2., we have
A
Dy y1nVE9lm— Zoy Pra¥lm— Zn Y1nPinm + 1191 26, Y1 Pln— 5 P1npln
+ 2n Prnyin + 2% 20 P1ayia = 0. (22)
Dyyan V2 s, — Lo, Y2n Pim + Yo¥2 21, Yon Pim
Am
—KWZmTPQ*m + X1V Zfz Ya2m 1/)1*n =0.
Similarly, from Eq. (12) and (13), we have
A
Dyt V2 p1n— Za, 9w W10 — Zr, Wlimwin + xa¥1 28, W m P10 — —U';i PimPin
+ X172 2f2 PrmPen =0. (23)
n
Dy 5 V2 20— Za, P3mPan + xzvszupé‘mwn*I YimP2n
+ Erlll);mw“ -+ X2 V1 Zflw;m Yin = 0
Subtracting Eq. (23) from the sum of Eq. (22), it follows that
1 1
() [ (-1 9 + 20 Y] dv = 0. (24)
1 2

If n=£m, An% Am, and the orthogonality follows:

1 : 1
J(;—mwh + =y wé‘m) dv =0 (25)
1 2
If n=m, ln=272m and
1 1
f(v_ PinPin + o P2n "IJQ*n) dv £ 0. (26)
1 2
The desired functions, the adjoint fluxes, are thus
="
v = "

N-GROUP THEORY
The N-group equations for the nth eigenfunction of the time-dependent flux are:

: 4
DiV2y1n— Za, ¥1n— Zn, Y1n + %, (L pra + - + Ziyynn) = ?’1'—1,01;1

.D2V21/)2n"—‘2321p2n'—"2r21/’2n -+ Zrl'l,UIn + J1—s2¥P1n
An
+X27’2(2f11p1n+"' +ZfN’len)=v—2‘(/)2n (27)

DNV2yNs— Zay PN + Zey, YN—1n + 1>NP1n + -+ N1>NYN-1, 1
An
+XN'VN(2f1'(/Jln + 4 ZfN’l/}Nn) = m'y)Nn

where the notation is standard.
The N-group equations for the nth adjoint-flux eigenfunction can be established,
by analogy with the few-group development. The result is
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Dy V2t — (Za, F Ze) ¥im + Ze,¥5m + G152¥Em + G1os¥im + 0+ 1> NPRm
. ™
+ "’12'1 (XI"PTm T+t XN"Plﬁifm) = ,0—171)Tm
DyV2yd,— (Za, + Z0) 98 + Zr,¥3n + G2s¥Em + -+ GosNYRim
A
-+ szfz (Xl Q/flkm A+ XN"/)Nm) = ﬁw;m (28)

DN—I VZ '(Plt]—l.m_ (Zan—l + EX‘ —1) WJtI——l,m + Zv1’1v—1 V’KTm + gN—l—)N'l/JItJm

i
+ -1 Dy, (W e N YR = YN—1,m

UN-1

Am
DNV YR — Zany PR + N Ziyg (1 9T + - + anpRin) = 55 YR

The desired functions, the adjoint. fluxes, are then

P = 1/’:;
@* = ’P;
PN*= yR,

CONTINUOUS LETHARGY THEORY

- The differential equation for the nth eigenfunction for flux is

D (r, u) V2 (1, ) — T (1, ) o (1, ) — S22 ). Do 820

ou ou
+ fg (v, %" — u) wu(r, w) du’ + v (u) y (u) [Zf, Wn, (T) + fo (r,u) pn(r,u) du]
0 . 0
=2 () (29)

with the special case at thermal being

De(K) V2 i (1) — Ty () o 1) + @ () + 7 () = -9 @) (30)

where
qn (T, u) = & X5 (v, u) Y (T, ©) (31)
and where
a n ]
EL). = Ty (10 (1. 0) — 1 (1) (32)

When Eq. (25) is generalized, it is seen that we wish to find a set of functions,
¥.* (r, w), which have the following properties:

ut

1 % %
[ {5 v @b ) + [y wdu v — 0 = m)
Reactor 0
volume

#0(n =m) (33)
This could be written more compactly as '

ff%wn(l'yu)u);,(r,u)du dv = 0(n = m)
vu

# 0(n=m) (34)
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When the differential equations for the eigenfunctions were in the group
form, it was fairly easy to discover the corresponding differential equations for
the importance functions, i.e., the adjoint system. To discover the differential
equations for the importance function expressed in continuous lethargy, w,
(i.e., the equations corresponding to Eqs. 29, 30, 31 and 32) is also not difficult
but is more involved.

The most straightforward way is to pass by analogy from the N-group equations
(Eq. 28) for the importance function to the desired continuous lethargy equation.
Space does not permit presentation of the details, but the procedure is to express
the N-group equations in terms of infinitesimals by analogy, and let & go to in-
finity, and pass to the limit. The final result is:

D (r,u) V2 iy (1, u) — Za (1, 0) yi (1, 0) + £ Za (r, ) L0 (02
— i (1, u) Lo (T, w) + —ﬂ(r—u) {"/)mz( ‘“r+f1,u;, (r,u’) e'“’du’}
. 0
'ft
+ {g (r u— th) 9, (1) + [g (r, > w) 9 (r, ) du’) (35)

0

¥

v () Ze(r, ) [ () i (1, ) du’ = 22 1, )
0

By observing the last equation of Eq. 28, one sees that the special case of the above

equation at thermal is

%

Dy (1) V2 i (1) — Zar (1) 9 () + %25, (0) [ ) 9 (1, w) do’ = 2 g () (36)
The desired function is, then,

(p* (I‘, u) =1/’1* (I‘, u)

Reactivity coefficients

From a study of Eq. 29 and 30, it will be seen that the various kinds of per-
turbation of constants that can be made are

D (r,u)—>D (r,u)+8D (r, u)
2a (r, u) > 25 (v, u) + 025 (r, u)
X (r,0) > EZs (r, u) + 8 [E55 (r, )]
Zog (T, u) =Ly (v, u) + 6 sy (T, u)
g (v, u’' >u)—>g (r,w >u)+dg (v, w’ >u)
Ze (v, u) 2% (r, u) +62% (v, )

Vo> Vo + (5 Ve
where we shall define

Setru) =21 5 (r0).
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The last change is an artificial one which will be utilized in a later formula. For
the moment we seek a formula for the stable period, 2,, (assuming, as throughout
this paper, there are no delayed neutrons). Substituting these changes of constants
into Egs. 29 and 30, letting n=1, multiplying through by pm* (r, u); then letting
m=1 in Eqs.35 and 36, multiplying through by . (r, %), subtracting these
equations and integrating over lethargy and volume, the result is

f fw *(r, u)divd D (r,u) grad yy (r,u) dudv
vu

. ——f _(6 Lo (x, w) w1 * (v, w) yn (T, w) du dv

VU
ut

[ rpr* () o 18 {8 B (1,00} 1 (v, )] s dy
Vo

—“'J"W‘;x (r) 0 {f 2s {r, u) ™1 (r, ’LL;)} dv
v

- ( szl* (r, u) 41 (r, u) d ESH (r, u) dudv
v

0

U
u

[ vy (X, w') 8 Zgp (x, o)

e~

du' dudv

+ f f:/n* (r,u) e.-“
Vo b

u

oy (T, ) 8 Zg (T, U
+ f'ﬂfz (r) e_u'J. p (e ) ,SH fr. o) dw dv
v

et
0

1
t

+ ( ftpx* (r, u)f&g (r,w — w) 1 (r,u) du dudv
Vo 0

t
+ vl m[6g @ w — th) pr @ w) dwdy
14 0

+ f f‘s”c‘l’! (ru)y (u)fff (r,u) p1 (r,w)dw dudv
vu U
+ f fwm e u)x (u)fé Ze (v, w) g1 (r,w) do’ dudy
VU U ’
—!—f fﬁ vo 1™ (¥, u) x (u)fa Zi(r,w)p (v, w)dw dudy
vV u 19
= 11_[ f—vl— pr¥(r, )y {r,u)dudv (37)
vu

Eq. 37 provides an expression for 2,, after dividing through by the double
integral on the left.

Eq. 37 also provides an expression for 3 ve/v, which is by definition the reactitity
effect. To obtain this, 4; is set equal to zero, the last term on the left is neglected
since it contains the product of two increments, and the quantity —dwefve is
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solved for. (It is clear that 4. is the artificial change in ¥, which offsets the actual
changes.)
The result is
P 0= — 8:0 _ 1
© [ mur[resew) e @) dwdudy
VU U

. [—-—f f&Za(r,u) e*(r,u)dudv + Jf(p* (r,u)divéD(r,u)grad ¢ (r,u)dudv
VU VU :

— f f o* (r,u) a—au— [6 {£ Zs (v, w)} o (r, )] dudv — f @ () 8 {E Za(r,u)} @ (r,0) dv
Ve 14

f e u

. L w) 8 D (r, w
_—“.(P*(I‘,u)qo(r,u)éZsH(r,u)dudv-f-“ p¥(r, u) e.—“J- pnu )e_;ﬂ(r “) dw’ dudv
Vo : v 0

wdv

-

)
@ (r,u’)6Zy _(r,uw)
+ [qot* (r) &7 f e_:/ﬂ d
14 0

ut "

+ ff‘l’* (r, u)J-a g@,w —u) @ w)de dudv
70 0

1
t

+ f(p:* (I‘)J(S g (r,u — th) ¢ (xr,w)du dv
14 0

+ “chp* (r,u) (u)fa St (r,0) @ (r,0) duw’ du dv] .
vu U :

Physical interpretations

It was, I believe, originally pointed out by Professor Eugene Wigner that
@* (r, u) has the physical interpretation of a neutron-importance function in the
sense that, if a neutron with velocity corresponding to lethargy » is inserted in a
critical reactor at the point r, the power level of the reactor will rise by some
factional increment which is proportional to ¢* (r, ).

Thus, each term of Eq. 38 is proportional to the eventualincrease in total neutron
population due to a change in neutron reaction rate for one second through some
change in a macroscopic constant over some perturbed volume.

The first term has to do with the extra neutron absorption.

The second term has to do with the additional flow of neutrons from the region
of 6D and their deposition at the boundary of the region.

The third term has to do with the additional accrual of neutrons in each Aun
where the accrual is due to the difference between the slowing-down density into
Aw and the slowing-down density out of A« caused by elastic scatterings other
than hydrogen. The fourth term takes care of this for the thermal group.

The fifth term has to do with the additional neutrons being degraded out of
each A due to hydrogen scatterings. The sixth term has to do with the additional
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neutrons being degraded into each Au due to hydrogen scatterings. Theseventh term
takes care of this for the thermal group.

The eighth term has to do with the additional neutrons being degraded into
Aw due to inelastic scattering. The ninth term is this for the thermal group.
(The additional neutrons leaving each Au due to inelastic scattering is taken care
of in the first term.)

The tenth term has to do with the additional neutrons created by fission.

Application to the MCBR

The remainder of the paper will be devoted to the results of an application of
perturbation theory to the boiling-Mercury-Cooled fast-Breeder Reactor (MCBR)
[12], a design study performed by the Advanced Technology Laboratories.

The MCBR design is, briefly, a cylindrical core of rather conventional fuel
elements surrounded by a top, bottom and radial breeding-blanket of depleted
uranium; forced recirculation of the coolant is required to insure a constant
mercury vapour quality in the core; the lower blanket and the lower part of the
core contain single-phase mercury ; the upper part of the core and the upper blanket
contain two-phase mercury having an average density of about 0.75 g/cm3;
the fuel enrichment in the core is about 269, ; in the application treated here the
fuel is metallic but in later studies oxide fuel was considered ; the coolant volume-
fraction in the core is 629%,.

spp —] -~ - <
LRB LB \\J ——t

S~

Fig. 1 '

Regions of MCBR reference design core and blanket.
LB Lower blanket
SPC Single-phase portion of core
TPC Two-phase portion of core
NaR Region just above core where interior of fuel tubes is Na :
VR Region just above Region NaR where intcrior of fuel tubes is void
UB Upper blanket
LRB Portion of radial blanket that lies below level of core
SPB Portion of radial blanket that lies at level of core and that has single-phase Hg
TPB Portion of radial blanket that lies at level of core and that has two-phase Hg
URB DPortion of radial blanket that lies above level of core
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Fig. 1 shows the idealized geometrical configuration of the reactor which was
assumed for computational purposes..

‘When the two group specialization of perturbation theory is used, the reactivity
change caused by a compositional perturbation in some arbitrary region of a
reactor can be expressed as follows:

do=—2 =5, + 2ox5, + Loz, + lWsp 4 et p,

where
——i—v = dp=reactivity effect;
025,=change in fast-group macroscopic-absorption cross-
section in the region of perturbation;
d2,,=change in slow-group macroscopic-absorption cross-
section in the region of perturbation;
2, =change in macroscopic-removal cross-section in the
region of perturbation;
0D,=change in fast-group diffusion coefficient in the region
of perturbation;
d D,=change in slow-group diffusion coefficient in the region
of perturbation;
oy, %y, 3, V1, 01, 05, ¥o=quantities involving integrals over the perturbed region
of products of flux and adjoint flux;
W =a quantity involving integrals over the entire reactor
of products of flux and adjoint flux..

The fast group is defined as those neutrons having energy above the threshold
of the fission cross-section of U238, Multi-group calculations were performed for .
each region of the reactor separately in order to determine good average values
for the two-group constants.

Since the object of the computatlons reported here was to determme the effect
of Hg on reactivity, the Hg cross-sections were of special importance. Before the
computation for the referénce design was started, letters were sent to everyone
who could be expected to have made measurements, or might have knowledge of
measurements, of Hg cross-sections in the high-energy range. Data on the capture
cross-section proved to be especially scarce. The greatest amount of information
in this regard was contained in a letter from Dr. R. D. Smith, of the UKAEA,
Harwell [3].

Dr. Smith quoted the average capture cross-section of Hg in various fast-
reactor spectra as 62 mb for the Russian reactor BR 1 with copper reflector and
117 mb with uranium reflector; 120 mb for Zephyr Core 1; 79 mb for Zeus Core 1.

Zeus Core 1 is a larger core with a more degraded spectrum than some of the
others. The MCBR would probably correspond more to Zeus than to the smaller
assemblies.

The distribution of the cross-section over the various groups was determined
by using known data on neighbouring heavy isotopes as a guide. The magnitude
was determined so that when the distribution was averaged over the spectrum
for MCBR the average was close to that of Zeus (see Table I).

11
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TaBLE 1
CAPTURE CROSS-SECTION OF MERCURY (o.)*

. C ted t i
Group number| Energy limits Iei om}:);eeofsll\)f(g];.l%m "

(eV) (mb) " A U
1 2.25 x 106 — © 13 5.68
2 8.25 x 10% 2.25 x 108 21 17.14
3 3 X 105 8.25 x 10® 62.5 39.46
4 1.1 x10°% 3 x10® 120 26.30
5 2.5 x10* 1.1 x10% 153.5 13.36
6 9.1 x10° 2.5 x104 220 0.86
7 0 9.1 x10° 800 0.10

Z“cl viAuy
* Average cross-section: o, = i =81 mb.

ZW Auy

J

The results for the reactivity change which would occur following an increase
in Hg density by 1 g/em? in the various regions of the MCBR (first-design) are
presented in Table II.

TasLe 11

REACTIVITY CHANGE, —dv/» DUE TO INCREASE IN Hg DENSITY BY 1 g/cm?
in various regions of MCBR reference design :

heone. | ot | amem | 2| e,
LB —0.000098 —0.000013 +0.000061 —0.000050
SPC —0.000552 —0.000083 +0.000271 —0.00036
TPC —0.017170 —0.004182 +0.005667 —0.016
NaR -—0.000266 —0.000034 +0.000794 +0.00049
VR —0.000032 —0.000003 +0.000380 +0.00035
UB —0.000440 —0.000054 -+0.000624 +0.00013
LRB —0.000001 —0.000000 NC** NC
SPB —0.000003 —0.000001 NC NC
TPB —0.000271 —0.000076 NC NC
URB —0.000014 —0.000001 NC NC

* For key to regions, see Fig. 1.
** NC =not computed.

It may be seen that the net effect for this first design as shown in the column
to the far right is negative for some regions and positive for others. However,
it is negative for the regions of highest statistical weight and where the density
change for a power change would be the greatest, i.e. the single-phase and two-
phase regions of the core. It thus must be concluded that the overall coefficient
is negative. This means, in other words, that the void coefficient is positive —
an unsafe condition. :
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One important advantage of using a simple two-group model in preliminary
computations of a design concept is that it is easy to use the method to decide
what changes must be made in a design to correct some undesirable condition
of the first try. Looking at Table IT, one realizes that the terms concerning
increased absorption (the first column of numbers) will always be negative;
the term concerning increased slowing-down (the second column of numbers)
can be either positive or negative depending or whether the fast neutrons or
the slow neutrons are most important; and the terms concerning decreased leakage
from important regions (the third column of numbers) will always be positive.
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To make the density coefficient positive (void coefficient negative), design
changes have to be made which make the numbers in the leakage column larger
or which make the numbers in the slowing-down column more positive, i.e.
which make the slow neutrons relatively more important compared to the fast
neutrons.

It developed in the subsequent investigations that there were such design chan-
ges that could be made and a negative void-coefficient was eventually achieved.

Figs. 2 and 3 show the vertical flux distribution and the vertlcal adjoint-
flux distribution that was obtained for the first design.
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Abstract — Résumé — Aumnoramn — Resumen

The reactivity eftect of hydrogen-addition in fast reactors. The addition of small
amounts of hydrogen into a fast reactor results in two competing reactivity effects-
On. the one hand, there is a reactivity gain due mainly to the decreased leakage at
lower energies; and on the other, there is a reactivity loss due to the decrease in
ko at the lower energies. In large reactors with high ratios of fertile to fissionable
material, the leakage effect may be smaller than the k. effect leading to a decrease
in reactivity due to the addition of small amounts of hydrogen. In smaller reactors
with lower ratios of fertile to fissionable material, the leakage effect is larger than
the ko, effect, and the hydrogen coefficient is positive.

For larger amounts of hydrogen-addition, neutrons are thrown into the resolved
resonance region where k., increases because of the greater self-protection in fertile
material than in fissionable material. As a result, the reactivity effect becomes more
positive.

Illustrative results concerning these effects are presented along with some com-
ments on the effect of the addition of large amounts of hydrogen (flooding).

Incidence de I’introduction d’hydrogéne sur la réactivité dans les réacteurs & neutrons
rapides. L’introduction d’une petite quantité d’hydrogéne dans un réacteur & neutrons
rapides a deux effets contraires sur la réactivité. Aux basses énergies, elle entraine
simultanément un accroissement de la réactivité par suite d’une réduction des fuites
et une diminution de la réactivité due & une diminution de k.. Dans les grands
réacteurs, ou les rapports matiére fertile/produit fissile sont élevés, 'effet de fuite
peut étre inférieur & l'effet koo, et l'introduction de petites quantités d’hydrogéne
entraine une diminution de la réactivité. Dans les petits réacteurs, o les rapports
matiére fertile/produit fissile sont peu élevés, V'effet de fuite est supérieur & 1’effet
koo et le coefficient d’hydrogéne est positif.

Si 'hydrogéne est introduit en plus grandes quantités, I’énergie des neutrons
est déplacée dans le domaine ot les résonances sont bien résolues et ot ke augmente
du fait que l'autoprotection est plus grande dans la matiére fertile que dans le produit,
fissile. De ce fait, Veffet de réactivité est plus positif.

L’ auteur présente des exemples qui mettent ces effets en. évidence et formule
des observations sur l'effet de l'introduction de trés grandes quantités d’hydrogéne
(engorgement).

O peaktHBHOoM 3ddexTe BONOPONHOH NMpHMECH B peaKTOpax Ha ObiCTPuix HeliTponax. Jloba-
BlileHHE HEOONBIHMX KOJMYECTB BOAODPOLA B PEAKTOP HA OBICTPHIX HEHTPOHAX MMEET CBOMM
Pe3yNbTaTOM ABa KOHKYDHDYIOLIMX DEaKTHBHBIX dbdekra. C oAHOH CTOPOHBI, MPOUCKOANUT
HaKOIJICHHE PEaXTHBHOCTH, BHI3BIBAEMOE, INIABHBIM 00Pa30M, YMECHBLUEHHEM YTCUKH IIpH Goee
HM3KMX SHEPTHSX; C APYroil CTOPOHEI, TPOMCXOAUT TIOTEPSI PEAKTUBHOCTH, BhI3BIBAEMASl YMEHb-
1IIEHUEM BEIIMMHHEI Koo TIPH GoJlee HM3KMX 3Heprusx. B Gonbmmx peakropax ¢ OOJBLUINM OTHO-
IIeHHEM KOJIMYECTBA BOCIIPOM3BOIAIIErO MaTepyasa K PACLUensiomeMycs MaTeprany 3ddext
YTEYKM MOXeET ObITL MeHbIue, YeM 3BGHEeKT Koo, YTO BEOET K YMEHBIUEHHIO B PEAKTUBHOCTH,

* Based on work performed under United States Atomic Energy Commission
Contract. _ :
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BbI3BIBaEMOI 0o0aBIeHHEeM HeOONBIIMX KOJMYECTB BOAOPOAA. B MalbiX peakTopax ¢ HU3KHM
OTHOIICHMEM KOJIMYECTBA BOCHPOM3BONAIIEIO MATEpHaNa X PACHICIUISIOMIEMYCH MaTepUaily
3¢ dexT yredku apnsercs OGONBIIMM, YeM IDPEKT Koo, 4 KOIPDHLHEHT BOAOPOAA — IIOTOKH-
TENbHBIM.

IIpu 60MpIMX KOMMYECTBAX BOAOPOAA HEATPOHB! BRIGPACHIBAIOTCA B 00aCTh PA3PEIIEHHOTO
Pe30HAHCA, TNE Koo YBEIIMYMBAETCA B CBA3M C TE€M, YTO BOCHPOU3BOAAIIMA Marepuasn obiagaet
OoipIIeli caMo3alMTON, ueM pacmerndiomuiicas Marepuan. B pesynbrate 3Toro sddexr
DPEaKTHBHOCTH CTAHOBHTCA 00Nee MONOKUTEIBHLIM. .

ITpepcraBneHsl WTIOCTPUPYIONIHE Pe3yJIbTaThl, Kacalolnecs 3THX 3QQeKToB, a TakkKe HEKO-
TOpHlE 3aMeYaHHWsi O BIHSHUHM HOOaBlleHHs GONBINMX KOJMHMMECTB BOAOPOIA (3ax/ieGbIBAHUE).

Efectos de la introduccién de hidrégeno en los reactores rapidos sobre la reactividad.
La introduccién de pequeilas cantidades de hidrégeno en un reactor répido da lugar
a dos efectos de reactividad competitivos. Por una parte, la reactividad aumenta
debido principalmente a la disminucién del escape a bajas energias; por otra parte,
se produce una pérdida de reactividad debido a que k. decrece a energias bajas.
En los reactores grandes, en los que la razén de material fértil a material fisionable
es elevada, el efecto de escape puede ser menos pronunciado que la disminucién
de reactividad debida a ko al introducir en un reactor pequefias cantidades de hidré-
geno. En los reactores pequefios, cuya razén de material fértil a material fisionable
es més baja, el efecto de escape es mayor que el producido por ke, y el coeficiente
de hidrégeno es positivo.

Al afiadir cantidades mayores de hidrégeno, se introducen neutrones en la regién
de resonancia resuelta, donde k. aumenta porque la autoproteccién es mayor en
el material fértil que en el material fisionable. Como consecuencia aumenta el valor
absoluto de la reactividad, que es positiva.

La memoria presenta resultados que ilustran estos efectos y formula algunos
comentarios sobre el efecto de la introduccién de grandes cantidades de hidrégeno
(inundacién).

Introduction

Apart from their intrinsic interest, the reactivity effects of hydrogen-addition
are basic in the study of the dynamics and safety of steam-cooled fast reactors
{1, 2] and also play a role in safety studies on other fast reactors [3]. Experimental
results [4] exist on the effect of small amounts of hydrogen in the highly enriched
Los Alamos fast assemblies.

Presented below are the results of preliminary calculations on the reactivity
effects of various amounts of hydrogen added into uranium reactors with various
amounts of enrichment. The results are quite sensitive to the cross-sections
used, and especially so for energies at a few kV and lower where self-protection
effects are important.

It is planned to continue the study of the self-protection effects, to extend
the calculations to reactors fuelled with other combinations of fissionable and
fertile materials, and to use other cross-section sets [5, 6,7,] with finer group
structures. '

Some general results

The major reactivity effects of small amounts of hydrogen-addition are caused
by the softening of the spectrum. On the one hand, the leakage is decreased
because of the generally higher cross-sections at the lower energies; and on the
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other, the number of neutrons produced per neutron absorbed is decreased
because of the reduced »-values and the increased ratios of capture-to-fission
cross-sections. In short, the addition of small amounts of hydrogen causes a
reactivity loss due to a decrease in k., and a gain due to a decreased leakage.
In the small reactors with low ratios of fertile-to-fissionable atoms, the leakage
effect predominates and the hydrogen reactivity effect is positive. In the larger
reactors. with high ratios of fertile-to-fissionable atoms, the k., effect may pre-
dominate and the hydrogen reactivity effect may be negative. The occurrence
and location of the change-over from positive to negative effect is a sensitive
function of the cross-sections used for energies in the neighbourhood of a kilo-
volt. In the present calculations, the change-over occurs at about eight U238
atoms per U235 atom.

The insertion of larger amounts of hydrogen throws neutrons down to the
100-V range where the greater self-protection in U8 as compared with U235
causes k. to be larger than in the kV range. As a result, the hydrogen effect
turns positive when more than a small amount is added. For still larger amounts,
increasing numbers of neutrons are thrown into the thermal and epithermal
energy range where k., is even larger, and the hydrogen effect remains positive.

The cases ecalculated

The reactors considered are bare uniform spheres containing only U233, 238
and H. The atom ratio N28/N25 of U23% atoms to U?3> atoms varies from 0 to 13.
The hydrogen content is measured by the parameter NH/NU which is the ratio
of hydrogen atoms to total uranium atoms and varies from 0 to 7. Thus, equal
values of NH/NU correspond to unequal values of the number of H atoms per
U5 atom.

The reactors are all sized to be critical with no hydrogen, and the k-values
are then obtained for the reactors with hydrogen. Thus, the reactor radii are
independent of NH/NU and depend only on N28/N¥25 and on a uranium density
parameter. The parameter chosen is the ratio of the density of U (U235 plus U38)
in the reactor to 18.6 g/cm?® (U metal density),

_ density of U
- 18.6

The reactor radii are inversely proportional to p.
Forty-nine cases were calculated, running through the values

NE/NU=0,0.1,0.2,0.5,1.2,3,7
N2§N25=0, 1,2, 4,7, 10, 13.

The method of caleulation

The multiplication constant k (criticality factor) is here defined as the number
of fission neutrons starting the next generation due to one fission neutron born
in this generation. It is given by :

k :zk,ngg (1)

where 4, is the number of neutrons absorbed in group ¢ due to one fission neutron
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starting a cycle, and k.. is the number of fission neutrons produced per neutron
absorbed in group g. It may also be expressed as

b=k (4s + L) (2)

where A;+ L, is the sum of absorptions and leakage in group ¢, and k; is the
number of neutrons produced per neutron lost in group ¢ due to either absorption
or leakage.

The neutron cycle is followed in two stages using seven groups. In the high-

energy stage consisting of the first four groups, neutrons are traced using the
equations

(Dg B+ ptag +Z,ugi) ¢g=fg+z Hig @ (3)

i>g i<g
where ¢ is the group flux, f is the fraction of fission neutrons born into the group,
D= %—/,ut, isthe diffusion coefficient, uais the absorption (fission plus capture) cross-

section, u,; is the transfer cross-section from group g to group 7, B% is the buckling,
and the group number increases with decreasing energy. The equations are solved
successively for the ¢, and the quantities 4, and L, are evaluated from

Ag=agPe Lg=DyBgps. 4)

The quantities ke, and k, depend only on the cross-sections and the buckling,
and are given by

2],
b= (55, ©

where u: and v are the fission cross-section and number of neutrons emitted
per fission. The buckling is obtained from

O ™)
(B + 4
where the extrapolation length A is given by
Ag=2Dy. (8)

In the low-energy region consisting of the last three groups, leakage is neglected
and the absorptions are evaluated using resonance-escape formulae. Thus,
the number of neutrons, ¢, slowing down to below group 4, is obtained from

g=1 —Z (dg + L) . 9)

2<5
and the absorptions in the low-energy groups are evaluated from
As=q(1—ps) (10)
As=gp5(1—py) (11)
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A;=qpspe=q—A5— 4, (12)

where p, and p, are the resonance-escape probabilities in groups 5 and 6. They
are calculated by use of

Dg = €Xp (”‘Wﬁ—an_—'ﬁﬁﬁ)g ' (13)

where I28 and I?5 are the absorption-resonance integrals in the group in b.per
indicated atom, and ¢H is the hydrogen cross-section in b. The group k values
are obtained from

25 J25
R )

N5 a5 Nes e 1 A (14)
where 7 = v/(1 + &) and o is the capture-to-fission ratio in U?5 In the last
group, the present calculations simply use a constant value (2.05) for keg=Fs.

The high-energy-stage equations were solved on a Datatron-205 computer,
and the low-energy group quantities were evaluated by hand computation.

Perturbation

For very small amounts of H-addition, the ¥ change may be evaluated by a
perturbation method. Thus, neglecting the direct effect of hydrogen collisions in
reducing leakage, or in other words, taking into account only the softening of the
spectrum the k change is

8k = > > ged g (mj—ms) (15)

g j>g

where Su,; is the change due to hydrogen addition, and m, is the “importance”
of a neutron in the indicated group, here defined as the number of fission neutrons
resulting from one neutron thrown into the group. Thus, for a group out of which
there is no slowing-down, mg= k. As a result, the reactivity change is given approx-

imately by
8k~ > > g6 s (hj— k) 16)

g i>g

when the major effects occur in the groups in which there is negligible slowing-
down in the absence of hydrogen. The ¢, in the above formulae are the fluxes in
the reactors without hydrogen.

Group strueture and cross-sections

The group structure and cross-sections used for the high-energy stage of the
neutron cycle are those of the first four groups of a ten-group set of cross-sections
recorded on a tape unit for use with the Datatron computer. The three low-energy
groups are contracted from the lower six groups. The group structure used here is
presented in Table I. The cross-sections for capture and fission, transport, and
transfer in groups 1—4 are listed in Tables II, III, and IV. The values used for
the quantities of interest in groups 5—7 are listed in Table V.
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TasLe I
GROUP STRUCTURE

CAPTURE AND FISSION CROSS-SECTIONS IN GROUPS 1-4

Group Bottom Lethargy Fission
No., g energy width fraction, fg
1 2.23 MeV 1.5 0.344
2 1.05 MeV 0.75 0.321
3 11.7 keV 4.5 0.333
4 555.4 eV 3.05 0.002
5 30.5eV 2.9 —
6 5.04 eV 1.8 —
7 Thermal — —
TasLe II

(barns per atom)

Group No. 0%5 va%5 o2® o%s va%s o'ée
1 1.29 3.76 0.0541 0.597 1.72 0.021
2 1.29 3.44 0.0886 0.258 0.694 0.0816
3 1.65 4.12 0.384 0.0009 0.0023 0.224
4 6.58 16.3 3.14 0 0 1.35

NOTES. 25 denotes U?3%. 28 denotes U2?8, Hydrogen absorption cross-sections are negligible.

Although self-protection effects occur in group 4, they are much smaller than
in groups 5 and 6, and have not been taken into account in the present calculations.
Although self-protection is appreciable in the epithermal part of group 7, its
effect is unimportant in the present calculations because almost all neutrons in
this group are absorbed in U?%35. Thus, %,, the only quantity for group 7 that is
used in the calculations is always close to 2.05. The effect of self-protection in
group 7 becomes important in the case that a resonance-absorber is incorporated
into the reactor to eliminate the reactivity effects of flooding.

The resonance integrals used in groups 5 and 6 are only illustrative. They
take no account of the effects of spatial self-protection or of the presence of atoms
other than H and U. The resonance integrals used for U?3¢ are based on calculations
[8] performed in connection with uranium-lattice reactors by translating surface-
to-mass ratio (or rod radius) to the equivalent amount of moderating diluent cross-
section homogeneously mixed with the U?*8 and are assumed proportional to the
square root of the diluent cross-section per U238 atom. It is also assumed that
the only moderating cross-section is that of hydrogen. The resonance integrals
used for U5 are based on the U??® values used and on the ratios resulting from
calculations [9] on a case with N28/N25 equal to one, performed in connection with
the Doppler coefficient in fast and slightly moderated fast reactors. Again, the
resonance integral is assumed proportional to the square root of the hydrogen
cross-section per atom of resonance-absorber. In this case, however, the square-
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TasLE IIX

TRANSPORT CROSS-SECTIONS IN GROUPS 1-4
(barns per atom)

Group No. a%g a%% og
1 4.41 4.25 0.57
2 4.59 4.94 1.18
3 9.40 8.80 3.43
4 24.2 17.4 6.57
Tasre IV

TRANSFER CROSS-SECTIONS IN GROUPS 1-4
(barns per atom)

U235 U235 ’ H
015 =0.50 01p=0.42 019 =0.892 X o5 = 0.0004
013=1.38 015 =2.00 015 =0.789 j>4
Ga3=1.08 Go3=1.47 o4 =0.0084 T 0,5 = 0.001
g5 = 2.59 j> &
All others are All others are 65, =0.028 S 6o = 0.18
negligible negligible 034 = 3.63 = Ogi =L
>4
3 045 =6.24
J> 4
TaBLE V

RESONANCE INTEGRALS (capture -+ fission in barns per atom),

o VALUES, AND OTHER QUANTITIES FOR

GROUPS 5-7
Group Values of quantities
125 = min [13 (N§2‘;H )”2, 110] a2 =0.5
’ 12 -0.9 (%5)1/2 ot =20
I?5 =min [9 (%;ﬁ)m, 169] 25 =0.9
Do e (SR
7 Kooy = ky = 2.05

NOTE. The symbol min [, y] signifies the smaller of the quantities « and y.
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TasLE VI

VALUES OF THE RADIUS, THE MULTIPLICATION FACTOR k, THE DERIVATIVE
OF k WITH RESPECT TO SMALL HYDROGEN ADDITION, AND OF THE ABSORP-
TION FRACTION A, THE FRACTION OF NEUTRONS BORN THAT ARE ABSORBED

st
o =37~ 0 1 2 4 7 10 13
Rodios (om) 79 | 125 | 144 | 198 | 286 | 413 | 694
T=ﬁ £ I3 P [
0 k 1 1 1 1 1 1 1
4 (0.44) | (0.48) | (0.52) | (0.60) | (0.71) | (0.81) | (0.92)
dk |
(3,0 | 02 | oa |05 | o0a | 015 03 |4
dr/r=0
0.1 % 1.03 1.04 1.05 1.05 1.04 1.02 1.006
4 | (047 | (053) | (058) | (0.67) | (0.78) | (0.87) | (0.95)
02 k 106 | 109 | 109 | 100 | 108 | 106 | L05
A (0.49) | (0.56) | (0.63) | (0.72) | (0.82) | (0.90) | (0.96)
0.5 k& 1.14 1.17 1.18 1.18 1.17 1.14 1.12
A | (085 | (0:85) | (0.71) | (0:80) | (0:88) | (0:94) | (0.98)
1.2 &k 1.27 1.29 1.29 1.27 1.24 1.23 1.22
4 | 065 | (076) | (0:82) | (0:88) | (094) | (097) | (0.99)
3 k 1.45 1.42 1.40 1.39 1.40 1.42 1.44
A (0.80) | (0.88) | (0.91) | (0.95) | (0.97) | (0.99) | (0.995)
7 k 1.59 1.54 1.55 1.56 1.60 1.62 1.64
|4 [ @) | @95 | 087) | (098) | (099) | (0:995) | (0.098)

Notes. The quantity ¢ is the total uranium density divided by 18.6 gfem?. The function of the
parentheses around the A values is to help distinguish them from the %k values.

root dependence is assumed only until the calculated resonance integral becomes
equal to the infinite dilution value, at which point the resonance integral is
assumed to remain constant at the infinite dilution value.

Results and discussion

The results of the reactivity calculations are presented in Table VI which lists
the radii, the k-values, the values of

(@)

dr [r=0

where r=NH/NU, and the values of the fraction of neutrons born that are
absorbed.

The interplay between the leakage and k., effects of hydrogen addition may be
traced by use of Table VI. Consider, for example, the addition of »=0.1 into the
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TasrLeE VII
VALUES OF koog AND kg IN GROUPS 1-4 FOR REACTORS WITH NO HYDROGEN
l .
c= % 0 1 2 4 7 10 13
kooy 2.79 2.79 2.79 2.79 2.79 2.79 2.79
ky (0.95) (1.10) (1.25) (1.53) (1.90) (2.23) (2.54)
kooz‘ 2.50 2.41 2.35 2.27 2,21 2.17 2.15
ky (0.87) (0.90) (0.96) (1.11) (1.35) | (1.61) (1.89)
koo, 2.02 1.83 - 1.66 1.41 1.15 0.97 0.84
ks (1.09) (1.00) (0.94) (0.875) | (0.82) (0.79) (0.77)
koo, . 1.67 1.47 1.31 1.08 - 0.85 0.70 0.60
ky (1.54) (1.36) (1.22) (1.01) (0.82) (0.69) (0.59)

Notes. The koog values change by negligible amounts when hydrogen is added. The kg values increase
somewhat due to the direct effect of hydrogen scattering on leskage. The function of the parentheses
around the k values is to help distinguish them from the koo values.

Tasre VIII
VALUES OF koog=kg IN GROUPS 5-7

stlst ,
\ 0 1 2 4 7 10 13
NH/NU
ks 0.1 1.65 1.55 1.50 1.44 1.40 1.36 1.32
0.2 1.65 1.54 1.50 1.55 1.40 1.36 1.32
0.5 1.65 1.54 1.50 1.45 1.38 1.30 1.23
1.2 1.65 1.54 1.50 1.41 1.27 1.15 1.07
3 1.65 1.52 1.44 1.30 1.10 1.00 0.89
7 1.65 1.46 1.34 1.13 0.95 0.81 0.71
kg 0.1 1.30 1.13 1.07 0.94 0.94 0.89 0.85
0.2 1.30 1.13 1.07 1.01 0.94 0.89 0.85
0.5 1.30 1.13 1.07 1.01 0.94 0.89 0.85
1.2 1.30 1.13 1.07 1.01 0.94 0.89 0.85
3 1.30 1.13 1.07 1.01 0.89 0.81 0.72
7 1.30 1.13 1.07 0.92 0.78 0.68 0.60
k, ' 2.05

pure U235 reactor where r=0, c=0. As a result of the increase in the absorption
factor 4, from 0.44 to 0.47, the k-value is expected to increase from 1 to 0.47/
0.44=1.07. The actual increase is 1.03. Thus, the leakage effect is 7% positive,
the k., effect is 4% negative, and the net effect is 39, positive:

The interplay for small hydrogen-additions may be traced by use of Table VIII
which lists the values of k.g=k, in groups 5—7. The perturbation calculations
show that the main effects of small hydrogen-addition are the transfer of neutrons
from group 3 to 4 and 5 and from group 4 to 5 in all cases, except ¢=0. As a
result, the value of dk/dr may be obtained by the use of Eq. (16). The fact that
the neutron population of group 3 increases with increasing c-value explains the
initial increase of dk/dr with ¢. It is seen from Table VII that, although k.,
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TasLE IX

YALUES OF g, THE NUMBER OF NEUTRONS SLOWING DOWN TO BELOW
GROUP 4 DUE TO ONE NEUTRON BORN IN FISSION

«_ Nz8(Nzs ’ X
[} 1 2 4 7 10 13
NH/NU

0 0 0 0 0 0 0 0

0.1 0.005 0.014 0.025 0.047 0.077 0.103 0.126
0.2 0.014 0.038 0.064 0.111 0.166 0.211 0.245
0.5 0.054 0.127 0.189 0.281 0.369 0.247 0.467
1.2 0.168 0.312 0.404 0.513 0.598 0.647 0.678
3 0.405 0.575 0.657 0.738 0.792 0.820 0.837
7 0.657 0.781 0.830 0.874 0.900 0.914 0.921

is less than k.4 for all ¢c-values, k, is less than &, only for ¢>7. This is the reason
for the change-over from positive to negative values of dk/dr.

For somewhat larger amounts of hydrogen-addition, the fact that %k is larger
than k; and k, causes the hydrogen effect to become positive for the reactors
with large ¢. This is the case at r=0.1.

An interesting feature of the results of Table VI is the comparatively slight
variation of k with ¢ for a given large value of r. This effect may be traced by con-
sidering the cases r=3, ¢=0 and r=3, ¢=13. In the first case, a comparison
with r=0, ¢=0 shows that the leakage effect would increase k from 1 to 1.8.
In this case, therefore, there is a large positive leakage effect and a negative k.,
effect about half as large. In the second case, the leakage effect is small and
positive, and the k., effect is large and positive, arising from neutrons entering
group 7.

The number of neutrons absorbed in the low-energy groups may be calculated
by use of Tables IX and X. Table IX lists the values of the number of neutrons
slowing into the low-energy region, and Table X lists the fractions absorbed in
groups 5, 6 and 7.

A remérk on flooding

The tables may be used to illustrate the problems involved in the analysis of
the effects of flooding in & steam-cooled fast reactor. Consider, for example, a
reactor with ¢=7 and in the normal state with r=0.2 at a steam density 1/15
that of water. The completely flooded state then corresponds to r=3. (Reactivity
changes are to be measured from the base value of 1.08.) As the steam density
increases from standard to full, the reactor passes through the r-values between
0.2 and 3. Table XTI illustrates the situation that arises out of an attempt to sup-
press the flooding reactivity by incorporating into the reactor a resonance-poison.
It lists the k-values and the contribution to the k-value due to fissions in groups
5, 6 and 7. As a simple example, consider a resonance-poison which absorbs all
neutrons slowing down below group 6 and only those neutrons. The completely
flooded reactor .as well as the r=1.2 case have reactivities well below the base
value of 1.08. The reactor does, however, pass through supercritical states, one
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TaBLE X .

VALUES OF Ag/z, THE NUMBER OF NEUTRONS ABSORBED IN GROUP g PER
NEUTRON SLOWING DOWN TO BELOW GROUP 4

(g=5,6,7)
NZS/NZG
0 1 2 4 7 10 13
NH/NU

0.1 1 1 1 0.99 0.98 0.97 0.95
0.2 1 0.99 0.98 0.96 0.93 . 0.91 0.89
é_s_ 0.5 0.98 0.96 0.93 0.88 0.81 0.72 0.65
9 1.2 0.93 0.87 0.81 0.66 0.52 0.45 0.40
3 0.81 0.63 0.50 0.37 0.28 0.24 0.21
7 0.55 0.36 0.27 0.21 0.16 0.13 0.12
0.1 0 0 0 0.01 0.02 0.03 0.05
0.2 0. 0.01 0.02 0.04 0.06 0.08 0.09
A, 0.5 0.02 0.04 0.06 0.10 0.14 0.20 0.24
9 1.2 0.06 0.10 0.14 0.22 0.29 0.30 0.31
3 0.13 0.23 0.28 0.31 0.29 0.26 0.24
7 0.24 0.29 0.28 0.23 0.19 0.17 0.16

0.1 0 0 0 0 0 0 0
0.2 0 0 0 0 0.01 0.01 0.02
A, 0.5 0 0 0.01 0.02 0.05 0.08 0.11
9 1.2 0.01 0.03 0.05 0.12 0.19 0.25 0.29
3 0.06 0.14 0.22 0.32 0.43 0.50 0.55
7 0.21 0.35 0.45 0.56 0.65 0.70 0.73

TasLE XI

THE k VALUES AND THE CONTRIBUTIONS FROM GROUPS 5, 6, AND 7 FOR THE
REACTORS WITH ¢="7 AND r=0.2 TO 3

Contribution to & value
Reactor k due to fissions in group
value
5 6 7
c=17 r=0.2 1.08 0.216 0.011 0

c=1T r=0.5 1.17 0.413 0.049 0.037
=17 r=12 1.24 0.395 0.163 0.234
c=17 r=3 1.40 0.244 0.205 0.697

of which is the r=0.5 state. To reduce the reactivity in the r=0.5 state to the
base value and at the same time to minimize the poison-effect in the base case,
the poison-absorption must predominate over the U235.absorption in groups 6
and 7 and be comparatively weak in group 5.
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Comparison with Godiva

The critical radius of a full density sphere of uranium enriched to 949%, or
¢=6/94, is 8.13 cm as obtained by linear interpolation between the ¢=0 and
c¢=1 values of Table VI. The measured value [4] is 8.73 cm, the radius of Godiva.
The value of 0.26 for

dk
(W)r =0

is to be compared with the measured value of 0.2 in Godiva. The latter value
is obtained by averaging the Godiva results [4] for the reactivity as a function
of hydrogen-position. The resulting value of 14 ¢/g at. H is converted to $31
per r unit by using the critical mass value [4] of 224 mole, and then to d%k=0.2
per r unit.
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Abstract — Résumé — Anmorauus — Resumen

Reactivity coefficients of sodium in some large fast reactors. Several studies have
been made regarding the change of reactivity in fast reactors with the temperature
of sodium or with the loss of coolant. In this paper, the effect on the sodium void- "
coefficient of taking into account more accurately the effect of elastic resonance
scattering by light and medium atomic-weight materials is studied for some. large
fast systems. Fundamental-mode calculations were performed for the different
sodium concentrations in the systems using 574 energy groups from 3.7 MeV to
25 keV. The elastic removal cross-sections and transport cross-sections were re-
evaluated for a 16-group cross-section set and the reactivity coefficients were cal-
culated using a one-dimensional diffusion-theory code for the. idealized spherical
systems. A more accurate calculation of the very-low-energy flux is provided by
this method. This flux has been found to be very important for calculation of the
Doppler effect in large reactors.

Coefficients de réactivité du sodium dans certains grands réacteurs a neutrons rapides.
Les variations de réactivité provoquées dans les réacteurs a neutrons rapides par
les variations de la température du sodium ou par la perte de fluide de refroidissement
ont fait ’objet de plusieurs études. Les auteurs étudient, pour quelques grands
réacteurs & neutrons rapides, ce que devient le coefficient cavitaire du sodium lorsqu’on
serre de plus prés leffet de diffusion élastique par résonance dans les matériaux
de masse atomique faible ou intermédiaire. On a calculé les modes fondamentaux
pour les différentes concentrations de sodium dans les systémes, en utilisant 574 groupes
d’énergie allant de 25 keV & 3,7 MeV. On a procédé & une nouvelle évaluation des
sections efficaces de déplacement élastique et des sections efficaces de transport
pour un ensemble de 16 groupes de sections efficaces et au calcul des coefficients
de réactivité & partic d’un programme de diffusion & une dimension dans le cas de
systémes sphériques idéaux. Il est ainsi possible de calculer avec plus de précision
le flux des neutrons de trés faible énergie. On a constaté que ce flux joue un réle
trés important dans le calcul de leffet Doppler dans les grands réacteurs.

KoadrdpuunenTbl peakTHBHOCTH HATPHA B HEKOTOPHIX OOJIBIIHX PEAKTOPax Ha ObICTPHIX HEH-
TponaX. BbUM NMpOBeeHbl HEKOTOPEIE PabOThHI, U3yYalolle U3MEHCHHE PEaKTUBHOCTH B peaK-
TOpax Ha OBICTPBIX HEMTPOHAX C TEMIIEPATypOil HATPWsl WM C mOoTepedl oxnanutens. B sroit
pabore nzyuaerca 3t¢dekT mycTOTHOro ko3dduimmeHTa HAaTpus c 6oJiee TIIATENBHBIM TIpH-
MeHeHueM 3GheKTa yIpyroro pe3OHaHCHOTO PACCEsHHMS] MATEPUallaMH C JIETKUMM W CPEAHUME
aTOMHBIMH BeCAMM IJI1 HEKOTOPBIX OONBHIMX CHCTEM Ha OBICTpHIX HeHTpoHaxX. PacyeTsl OCHOB-
HOT'O COCTOSIHWS! OBINIM IMPOBEAEHBE AJIA PA3TIMYHBIX KOHLEHTPALMI HATPUA B CHCTEMAX, UCIIOJIBE3Y S

* Work done at the Argonne National Laboratory.
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574 sHepreTuseckue rpynmsl OT 3,7 MErasnekKTPOHBOMLT AO 25 KHIIO3NEKTPOHBONLT. CeyeHus
YIIPYroro npouecca BbIBeNEHMS M TPAaHCTIOPTHOE cedeHWE OBUIM IepeoueHeHs! 1uis Habopa
16-rpynnoBLIX NONEpeyHbIX cedeHMi M KO3GGUIMEHTH PEAKTHBHOCTH OBUTH PAacCYMTaHbI C
HCIONL30BAHUEM OIHOPA3MEPHOIO koaa TeopuH nudidy3md Ui HACANBHBIX ChepuYeCKHX
cncreM. 3TOT METOJ NpeaycMaTpusaeT 6osiee TOUHbIM pacueT MOTOKa HEUTPOHOB CAMBIX MaJIbIX
3Heprui. 3TOT MOTOK OKa3ajCsl OYCHb BaXXHbIM A pacyeTa 3¢dexra Jormnepa B Gonbummx
peaxTopax.

Coeficientes de reactividad del sodio en algunos reactores rapidos de gran tamaiio.
En el caso de los reactores rdpidos, se han efectuado diversos estudios acerca de la
variacién de la reactividad en funcién de la temperatura del sodio o de la pérdida
de refrigerante. En el presente trabajo, los autores estudian las consecuencias que
se derivan del hecho de evaluar con mayor precisién el efecto que la dispersién eldstica
por resonancia ejerce, en los materiales de peso atémico bajo y mediano, sobre el
coeficiente de vacio del sodio, en el caso de algunos reactores rapidos de gran tamafio.
Calcularon los modos fundamentales para las diferentes concentraciones del sodio
en los sistemas, utilizando 574 grupos de energias, que abarcan desde 25 keV hasta
3,7 MeV. Procedieron a una nueva evaluacién de las secciones eficaces de eliminacién
eldstica y de las secciones eficaces de transporte para un conjunto de secciones eficaces
de 16 grupos y calcularon los coeficientes de reactividad usando una clave unidimen-
sional de difusién para sistemas esféricos ideales. Con este método, es posible calcular
con mayor precisién flujos neutrénicos de energias muy bajas. Se ha comprobado
que el conocimiento de estos flujos reviste mucha importancia para el calculo del
efecto Doppler en los reactores de gran tamafio.

Introduction

In recent years, several studies have been made regarding the change of reactiv-
ity in fast reactors with temperature change of sodium coolant or with the loss
of coolant. Since the reactor-power and coolant-temperature are closely coupled
(with a response-time, associated, of the order of 1 s or less) the sodium tempera-
ture-coefficient of reactivity is essentially prompt. There is a possibility of having
voids occur in the coolant because of boiling caused by local hot spots or because
of the presence of blanket gas-bubbles in the coolant. A positive sodium void-
coefficient (i.e., the reactivity increases as sodium density decreases) under such
conditions could lead to over-heating or even melt-down of the core. The reactivity
effects having a faster time-response to reactor-power are axial fuel-expansion
and Doppler broadening, and the associated reactivity coefficients are generally
of the same magnitude as or less than those of sodium.

The fact that the sodium void-coefficient can be positive in large Pu-fuelled
reactors was first pointed out by Nims and ZwrireL [1]. YirTaH and ORRENT [2]
studied the transition of the coefficient from negative at small reactor size to
positive at large size in spherical geometry as a function of the nature of the
materials used for fuel, structure and fertile material. At present, design studies
for fast reactors avoid any known prompt-positive coefficient. Studies of advanced
reactors for the future have contemplated the possibility of a positive sodium void-
coefficient over-ridden by a larger negative Doppler coefficient. In any case, an
accurate knowledge of the sign and magnitude of the coefficient for large reactors
is important. In order to improve the accuracy of the calculations, some of the
cases considered in [2] have been recomputed, taking more detailed account of the
effect of elastic resonance scattering by light and medium atomic-weight materials.
In addition, calculations have been made for Pu-Th systems.
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There are three components of the sodium void-coefficient of reactivity.

1. Effect of (n, y) capture by Na. This effect is positive, but usually compara-
tively insignificant. This effect was taken to be the same as in the previous work
by Yiftah and Okrent [2], and the same capture cross-sections were used for all
the materials.

2. Leakage component. This effect is negative. The magnitude of the effect
decreases as the core-size increases since the amount of leakage from the core
becomes an insignificant part of the overall neutron balance with the larger core-
size. The magnitude of this effect depends on the transport cross-section of the
core; the transport cross-sections of sodium, stainless steel (type 304) and oxygen
were changed from those of [2] to account more accurately for elastic-scattering
resonances from 3.7 MeV to 25 keV.

3. Spectral shift. This effect can be positive or negative depending on the reactor
composition. Sodium degrades the neutron spectrum at the high end as a result of
inelastic and elastic scattering and builds up the low end of the spectrum. Thus,
a decrease in the sodium density tends to harden the spectrum and to increase
the fissions in materials (e.g., U%%®) having a threshold slightly above the peak in
the core spectrum. Similarly, the fission cross-sections of the normal fissile material
(e.g., Pu?3?) can decrease slower than the total absorption cross-section of the core
at higher energies. The inelastic and fission cross-sections were assumed to be the
same as given by YIFTAH et al. {4]. The elastic removal cross-sections were re-
evaluated for Na, stainless steel, and O.

1. Deseription of the systems studied

All the calculations were made in spherical geometry by means of the diffusion-
theory code RE-122 on an IBM-704. Each reactor was assumed to consist of three
regions: core, blanket, and external reflector. The core size and composition
were varied while keeping the same thickness and compositions of blankets and

-reflectors. Only a small fraction of possible permutations of systems were cal-
culated as only a comparison with the previous results was sought.

The specifications of the systems studied were as follows:

Core volumes: 800, 1 500, 2 5001
Core volume fractions:  Fuel and fertile material—0.25
Structural material—0.25 (stainless steel)
Sodium coolant—0.5, 0.45, 0.4, 0.3, 0.2
Fuel and fertile material: U, Pu metals with density 19 g/cm?
Th metal with density 11.58 g/cm3
UO0,, PuO,, ThO, with density 8.4 g/cm3
Isotopic composition of Pu in at. %:

Type ‘Pu23e P20 Pu2r Pu242
’ Pu4 100 0 o -~ 0
Pub 74.7 10.2 12.4 2.7
Blanket:
Thickness: 45 cm for systems having U238 as fertile material in core
54 cm for systems having Th?32 as fertile material in core
Composition: U?8 or Th—0.6 (Same as the fertile material in core)
Na—0.2

Stainless steel—0.2

12%
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Reflector:
Thickness: 30 cm
Composition: Stainless steel—0.6

Sodium—0.4

2. ELMOE code calculations

Fundamental mode calculations were performed for a 800-1 core, using the
ELMOE code RE-196 [3, 5]. The volume fractions of Pu23? and U238 were kept
constant in a series of calculations with the sodium volume fraction equal to 0.5,
0.4, 0.3, 0.2 and 0 and the stainless steel volume fraction equal to 0.25 and 0.125.
A similar series of calculations was done for oxide core containing Pu4 and U238
fuel with the appropriate volume fractions.

The code library contains cross-sections and anisotropic components for Na,
stainless steel, O, etc., tabulated at small energy intervals. The total cross-section
data used for Na were those in {6] rather than the higher resolution data given
in [7]. The code solves the following equation in the ordinary P, approximation
by the iterative process.

Be + wil?
+ E&,k + Eelr, k

Pt = B
3 Ztr, ke
where
@i =total flux in kth group in ith iteration
Br=1fraction of fission neutrons born in group %
L e =2,k (1—puk) + 2, =transport cross-section in group k&
2, =total removal cross-section from group k (except removal by elastic

scattering)
k=1 : : .
@) — Z b ¢y |1nelastic component of 2j ., is assumed constant in
Y= i~k Pi the coarse groups as defined in [4]
j=1

N

Z’Vk Zhrpe —1

k=1

The value of B2 is changed until <& where ¢ is a small

number determining the convergence.

The whole energy range from 3.65 MeV to 25 keV was divided into finer groups
having an equal lethargy width of 0.0087. The group boundaries defined in the
cross-section set by Yiftah et al. [4] were adjusted slightly to coincide with
some of these group boundaries. The correspondence of groups is given in Table I.
All the cross-sections, except for elastic-scattering cross-sections in the above
energy range, were taken from the 16-group set mentioned above. In the above
calculations U and Pu were considered as “heavy’ elements and the refined study
of the elastic-scattering effect by U, Pu and Th was not carried out. The spectra
obtained for the metallic core and oxide core, with varying sodium volume frac-
tions, are given in Figs. 1 and 2, respectively.

The code prints out an elastic removal cross-section for every element. These
cross-sections for the ten coarse groups are given in Table IL. The code prints out
3 24 for the ten coarse groups for the mixture of core materials. The transport
cross-sections for Pu and U were taken from the 16-group set [4], the the cross-
sections for stainless steel and sodium were deduced successively from the different
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TaBLE I

CORRESPONDENCE OF FINE AND COARSE GROUPS

181

Fine groups
Coarse group hnerﬁy ‘l;ange Metal core
(MeV) : Oxide core
First pass Second pass

1 oo —3.65 —_ — —
2 3.65 —2.22 1— 58 — 1— 58
3 2.22 —1.35 59-—115 — 59—115
4 1.35 —0.82 116—172 —_ 116—172
5 0.82 —0.50 173—329 1— 57 173—229
6 0.50 —0.300 230—288 58—116 230—288
7 0.300 —0.180 289—347 117—175 289—347
8 0.180 —0.109 348—404 176—232 348—404
9 0.109 —0.067 _— 233—289 405—461
10 0.067 —0.041 — 290—346 462—519
11 0.041 —0.025 — 347—402 520—547
12 0.025 —0.015 —_ — —
13 0.015 —0.0091 — — —_
14 0.0091—0.0055 —_ — —
15 0.0055—0.0021 — — —
16 0.0021—0.0005 —_ -— —

Nore. When the calculations were performed for metal core, only 450 fine groups could be handled
at & time. The calculations were done in two passes, and in the second pass the transport cross-sections
for the higher groups were adjusted to agree with the output of the first pass. The overlap of four
coarse groups was found to be sufficient to produce the correct slowing-down source for the coarse
groups 9, 10, and 11. The results obtained in the second pass for the coarse groups 5 to 8 were neglected.
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The spectrum at the centre of 800-1 Pu4 + U228 metal core.
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The spectrum at the centre of 800-1 Pu4 - U238 oxide core.

variations of core compositions. In the case of the oxide core, the cross-section
for oxygen was deduced before stainless steel and sodium. Since these cross-sections
depend on the amounts of the various materials present, the values of cross-sec-
tions deduced from the compositions nearest to the above systems were used in
the successive work. These transport cross-sections are given in Table III.

A similar calculation was made for the oxide core composition for the core-size
of 2.500 1. This case is expected to give the largest differences in the cross-sections
derived. However, the differences in cross-sections seem to be negligible in com-
parison to the changes obtained when the volume fractions of light and medium
elements are changed. Thus, the cross-sections derived are not sensitive to the
enrichment of the fuel or to the nature of fuel and fertile materials, and the
cross-sections are valid for any core spectrum in a large reactor, if the volume
fractions of lighter elements are within the range of these calculations. The cross-
sections evaluated from the fundamental-mode spectrum are not necessarily valid
in blanket, reflector, and coolant header regions, or at the edge of the core, because
of the change in light-element composition. Any error caused for this reason -
is probably not important in a large reactor, except possibly in the case of “pan-
cake” reactors with a very low L/D ratio.

3. Diffusion theory calculations

These new cross-sections were included in the libraries of the code RE-122.
Two separate sets were made for the oxide and metal cores. In general, the elastic
removal cross-sections were higher than the previous set of Yiftah ef al. [4] by
about 10 to 509, in the metal cores, and the cross-sections were usually higher
for the oxide cores than the corresponding values for metal cores.-The transport
cross-sections were generally smaller than the previous set for the metal assemblies.
The cross-sections for oxide systems were generally smaller than those for metal
systems. Thus, the new sets are less reactive than the set used in the previous work
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TasLe 11
EFFECTIVE ELASTIC REMOVAL CROSS-SECTIONS
(barns)
Metal core Oxide core
Coarse Ve Vel Standard
R I T

Sodium
2 0.211—0.207 0.210 0.245—0.218 0.245 0.164
3 0.240—0.239 0.239 0.264—0.250 0.264 0.215
4 0.435—0.417 0.429 0.514—0.500 0.505 0.374
5 0.659—0.600 0.639 0.668—0.568 0.594 0.594
6 0.605—0.595 0.603 0.691—0.614 0.683 0.500
7 0.641—0.627 0.635 0.714—0.623 0.708 0.518
8 0.545—0.532 0.541 0.550—0.550 0.551 0.458
9 0.623—0.600 0.612 0.655—0.632 0.650 0.468
10 0.700—0.659 0.686 0.645—0.595 0.622 0.619
11 0.927—0.868 0.897 0.995—0.936 0.968 0.518

Stainless steel (type 304)

2 0.064—0.060 0.062 0.073—0.068 0.072 0.079
3 0.090—0.090 0.090 0.102—0.100 0.101 0.086
4 0.139—0.118 0.135 0.183—0.176 0.178 0.120
5 0.248—0.153 0.229 0.222—0.165 0.208 0.157
6 0.140—0.132 0.136 0.166—0.153 0.157 0.193
7 0.176—0.172 0.175 0.190—0.188 0.190 0.164
8 0.215—0.203 0.211 0.228—0.217 0.225 0.225
9 0.229—0.216 0.220 0.236—0.234 0.234 0.326
10 0.349—0.286 0.337 0.263—0.275 0.314 0.244
11 0.416—0.352 0.369 0.430—0.379 0.391 0.572

Oxygen
2 — — 0.211-—0.209 0.210 0.430
3 —_ — 0.546—0.546 0.546 0.559
4 —_ — 1.125—1.115 1.121 0.793
5 — — 0.823—0.754 0.790 0.797
6 —_ — 1.365-—1.344 1.357 0.914
7 —_ — 0.876—0.861 0.868 0.715
8 — — 0.872-—0.870 0.871 0.710
9 — — 0.841—0.828 0.834 0.651
10 — — 0.863—0.820 0.842 0.626
11 —_ — 0.979—0.949 0.963 0.643

[2]. The values of k calculated for some of the assemblies are given in Tables IV
and V. Table IV shows that the reactivity coefficient of Na is not linear and rises
sharply as the density decreases. In the other systems, the effect was investigated
for the decrease in Na density by 40%. The values of k and Ak are given in Table V.

Table V (p. 186) shows that the Pu4 U?38 gystem has the most positive coefficient,
since the flssion threshold of U238 ig above the peak of the spectrum and the harder
spectrum caused by the lower Na density increases the fission-neutron contribution
from U238, and it appears that U228-fission is the major contribution to the positive
coefficient of reactivity. The fission contribution from Pu?? and Pu2%? is not
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TasLe IIT
EFFECTIVE TRANSPORT CROSS-SECTIONS
(barns)
Values used
Coarse group Standard [4]
Metal® |  Oxide
Sodium
2 1.426 1.333 1.47
3 1.658 1.625 1.96
4 2.684 2.512 2.89
5 4.178 4.152 3.93
6 3.319 3.300 3.22
7 3.733 3.484 3.49
8 3.752 3.500 3.10
9 4.017 3.866 3.46
10 4.689 4.562 4.77
11 5.683 5.291 3.88
Stainless steel
2 1.939 1.967 2.244
3 2.063 2.068 2.125
4 1.980 2.031 2.125
5 2.356 2.332 2.371
6 2.728 2.686 3.000
7 2.635 2.635 2.666
8 3.293 3.267 3.649
9 4.088 3.996 5.828
10 4.406 4.392 4.536
11 5.870 5.674 10.426
Oxygen
2 1.416 1.72
3 1.843 2.56
4 3.881 3.51
5 2.555 3.47
6 5.240 4.09
7 4.313 3.35
8 3.765 3.35
9 3.661 3.35
10 3.552 3.35
11 4.273 3.35

changed appreciably by the harder spectrum and, hence, the coefficient for
PuB U238 (with less U238 in core) is more negative than that of Pu4 U238, The
fission threshold for Th is very high, and the fission-neutron contribution from Th
is very small. Also, the total increase in the flux above the threshold for Th?32 (n, f)
due to the harder spectrum is small. Thus, the magnitude of the spectral effect in
PuB Th systems is much smaller than the others. The presence of oxygen in oxide
cores reduces the effect of the lower Na density and the spectral shift is reduced.
The coefficients for oxide cores are more negative than those of corresponding

metal cores.
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TaBLE IV
kett FOR 800-1 METAL CORES WITH VARIOUS SODIUM DENSITIES

S Sodium density
ystem
100 % 90% | 80% | 60% | 40%
PuB 4 U8 k 0.99999 | 0.99955 | 0.99902 | 0.99768 | 0.99597
Ak x 108 for 1%,
decrease — —4.38 —4.84 —5.75 —6.70
PuB - Th232 k 0.99997 | 0.99633 | 0.99253 | 0.98456 | 0.97608
Ak x10% for 19,
decrease . — —36.44 | —37.18 | —38.53 | —39.82

Note. A 109% decrease in sodium density corresponds to about a 350°C rise at the operating tem-
peratures.

4. Conclusions

As mentioned above, the elastic removal cross-sections for sodium are higher
in this work than those used in the previous work by Yiftah et al. [2]. This en-
hances the spectral-shift effect by the decrease in sodium density and makes the
reactivity coefficients more positive than those calculated before, as is shown in
the comparison in Table V. For example, for the Pud U8 oxide system, the
coefficient became positive in the previous results for the core-size of 3 500 ],
while in the new results it is positive at the core-size of 2 500 1. Thus, the threshold
for the positive coefficients seems to be lower than previously predicted.

Of all the systems studied, the PuB Th system (in metal or oxide form) seems
to be the safest from the viewpoint of the prompt reactivity coefficient due to any
decrease in the sodium density from a rise in temperature of sodium or from some
gas bubbles in sodium flow. Design studies can be usefully made for large core-
sizes for a fast breeder from the viewpoint of utilizing the “dirty” plutonium
{(such as PuB) obtained from the spent fuel elements of large thermal reactors and
the vast reserves of thorium in India.
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TaBLE V

k FOR THE VARIOUS SYSTEMS

800-1" core 1500-1 core 2500.1 core
System % with Na Ak x 105 % with Na, Ak x 108 % with Na Ak x 105
for 1% for 19, for 1%
1009, 609 decrease 1009, 60% decrease 1009, 609 decrease
Metal
Pud 4 [2s 0.99473* 0.99360 —2.81 0.99037* 0.99475 +10.96 0.99177%* 1.00098 +23.03
PuB 4 These 0.99997 0.98456 —38.53 0.99998 0.98933 —26.62 0.99998 0.99456 —13.54
PuB 4 [2ss 0.99999 0.99768 —5.75 — — — — — —
Oxide
Pul U2 0.98840* 0.97901 -—23.47 0.98182* 0.97783 —9.97 0.97624* 0.97780 +3.90
PuB 4 Th2s2 1.00001 0.97800 —55.03 1.00000 0.98275 —43.12 1.00001 0.98869 —28.28
PuB + U8 0.99042* . 0.97970 —26.80 e — — — — —

* The compositions were taken from [2]. They were calculated as critical with 1k—1}
these calculations used stainless steel (type 304) as structural material instead of the iron used in [2]. The departure of these new values from 1 indicates

the effect of the new cross-section sets reduced by the use of stainless steel cross-sections instead of Fe cross-gections.

< 5 % 1075, The new values of k are higher by about 0.2 %, since
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METOOBI PACYETA BBITOPAHU A
IIOTJTOTUTEJIEM B PEAKTOPAX
HA ITPOMEXYTOUHBIX HEMTPOHAX

.. TomnHCKU1 U A.T. KAJJAITHUKOB
AKAJEMUSLI HAVYK CCCP, MOCKBA,
CCCP

Abstract — Résumé — Ampnorauns — Resumen

Methods for caleulating burn-up of absorbers in intermediate reactors. This paper
describes techniques of calculating the burn-up of absorbers used to compensate
excess reactivity in intermediate reactors. The equations arrived at here require,
in general, a numerical solution; but for certain simplifying assumptions, problems
can be solved analytically. The paper likewise arrives at approximate formulae
which are useful in certain particular cases.

When the absorber is distributed homogeneously (i.e. when the self-shielding
factor approaches unity) a solution is obtained which accounts for the neutron spectrum
change in the reactor during its run (in the case of a reflectorless reactor).

The paper suggests criteria for homogeneous absorber distribution which malke
it possible to select the optimum properties of the absorber.

Méthodes de calcul du taux de consommation des absorbants dans les réacteurs
A neutrons intermédiaires. Les auteurs décrivent les méthodes de caleul du taux de
consommation des absorbants utilisés pour compenser la réactivité en exces dans
les réacteurs & neutrons intermédiaires. Les équations auxquelles on parvient dans
ce cas exigent en général une solution par une méthode numérique; mais en faisant
certaines hypothéses simplificatrices, on peut résoudre analytiquement les problémes.
Les auteurs établissent également des formules approchées, utiles dans certains
cas particuliers.

Lorsque I'absorbant est réparti de fagon homogéne (c’est-a-dire quand le facteur
d’autoprotection approche de 1'unité), on obtient une solution qui tient compte des
changements du spectre neutronique au moment ol le réacteur fonctionne (pour
un réacteur sans réflecteur).

Les auteurs proposent, pour parvenir & une répartition homogene des absorbants,
certains critéres qui permettent de choisir les propriétés optima de I'absorbant.

MeToas! pacueTa BHIIOPAIOIMX NOIVIOTHTENEH B PEAKTOPAX HA NPOMEXKYTOUHBIX HEHTpOHAX.
B fmoKIaje W3jI0KEeHA METOOMKA PacyeTa BHICOPAHMS IOTIOTHTENCH, MPAMCHSFOIIMXCA IJIA
KOMITIEHCAITUY U30BITOYHOM PEAKTHBHOCTH B peakTOpax Ha MPOMEXYTOYHBIX HeiiTpoHax. ITosmy-
YeHHBIE YpaBHeHWs TPeOyIOT B 00lneM cilyyae YMCIEHHOTO peleHus. IIpy HEKOTOPHIX ynpo-
IDANOMMX NPEANONOKEHUAX 3amadya penieHa aHamuTH4Yecky. B mokmane HOJTy4eHBl TaKXkKe MpH-
OnxeHHBIe GHOPMYIBI, IOJIE3HBIC B HEKOTOPHIX YACTHBIX CIIy4asX.

B cnyvae, xorza IOTJIOTHTENs pa3MeNIeH IFOMOTCHHO (T.e. (PakTOp CcaMO3KpaHHpPOBAHHA
ONM30K K €AMHMLE), TIOYYEHO PEMICHUe, YYHTHBAIONIee N3MEHEHHE CIIEKTPa HEHTPOHOB B peak-
TOpE B TEYEHME KaMIaHWM (IUIs peakTopa Oe3 OTpaxaTens).

Jlnsg reTeporeHHOro pasMemeHus NOTJIOTHTENS NPUBOIATCS KPHTEPHM, IO3BOJIAIOLINE BbI-
6parbh ONTHMANBHbIC XapPaKTEPMCTHKHM ITOTJIOTHTEIIS.

Métodos para calcular la combustion de absorbentes en los reactores intermedios.
Los autores describen un conjunto de métodos para calcular el grado de combustién
de los elementos absorbentes que se utilizan para compensar el exceso de reactividad
en los reactores de neutrones intermedios.
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En el caso general, las ecuaciones obtenidas exigen una solucién numérica. Par-

tiendo de ciertas suposiciones que simplifican el problema éste puede resolverse
también analiticamente.

Los autores deducen asimismo ciertas férmulas aproximadas que pueden aplicarse
en casos particulares.

Cuando la distribucién del absorbente es homogénea (o sea, cuando el factor de
auntoblindaje es proximo a la unidad), se obtiene una solucién que tiene en cuenta
la modificacién del espectro neutrénico en el reactor durante el ciclo de funciona-
miento (para un reactor desprovisto de reflector).

Asimismo, se indican criterios que permiten elegir las caracterlstlca,s 6ptimas del
absorbente cuando su distribucién es heterogénea.

1. Brenenue

IIprMeneHne BHITOpalOIIMX NOIVIOTHUTENEH B peakTopax Ijisl KOMIIEHCAIUN
3¢dexToB, MEJIEHHO MEHAIOIUX PEAKTHBHOCTL (BHICOpaHME IrOPIOYEro, 3amia-
KOBBIBAHHME H T.11.), B IOCJIeJHUE IOABI IOJIYYHIIO 3HAYHTeJIbHOE paclpoCTpaHeHue.

Briroparoliyie NOTJIOTUTENN TO3BOJISIOT COKPATHTh KOJMYECTBO ITOABHMXKHBIX
OPraHOB PEr'YIMPOBAHHS M YIPOCTHTH KOHCTPYKUHUIO PeakTopa MK NpH 3a JaHHOM
CHCTEME PEryJIMPOBaHUsl YBEJIMYUTDh IUIMTENLHOCTh KAMIIAHWHM pPeakTopa, KOM-
TICHCHPYs yBEJIMYCHUE HayajdbHOH M30BITOYHON PEaKTHBHOCTH OT JONOJIHHTENh-
HOIO BBEIEHHS B PEAKTOP I'OpIOYEro. BMecTe ¢ TeM IpUMEHEeHHE BHLITOPAFOILMX
MOTIOTHTENIEH co3HaeT Ooee OIarONpUATHEIE YCIOBHSA C TOUKH 3PEHMs BHIpABHU-
BaHHA TIOJISl SHEPTOBBIACIICHUS B PEAKTOPE B TEYEHUE KaMIAHWH,

Psn BompocoB Teopuu pacueTa U NpPMMEHEHHS BBHITOPAFOIIMX IOTIOTHTENeH
m3J0xeH B paborax {1], [2], [3]. Omnaxo B [1] u [2] 3TH BompoCKl PaCCMOTPEHBI
NPUMEHHTENBHO TONBKO K PeakTOpaM Ha TEIIOBBIX HeWrponax, a B [3] usno-
JKEHBI JIMIUBP HEKOTOpBbIE YAaCTHBIE CIy4an IS PeakTopa Ha NPOMEXYTOYHBIX
HeHTpoHax.

B nacrosiueil paboTe H3I0KEHa METOMKA pacyeTa BBITOPAHMSA MOTJIOTHTEIEH
Ui peakTopa Ha TIPOMEXYTOYHBIX HeliTpoHax B Ooiyiee 00iueM ciyvae. ITony-
YEHHBIC PE3yJbTaThi NPUMEHMMB! TaKXe W JJIs PeakTOPOB HA TEILIOBBIX HeEM-
TpOHax.

ITpy mpuMeHEeHNA BLIIOPAIOINUX MOTJIOTUTENEH NpeACTABISIOT MHTEPEC Takue
XapaKkTepuCTHKH, KaK MaKcuMajibHas BeliwywHa pasdananca peaKTUBHOCTH,
00YyCIIOBJICHHOTO HECOOTBETCTBHEM 3aKOHOB BBHITOPAHUS TOTJIOTHTENS H TOPIO-
Yero, KOTOpas ONpEAENSET HEOOXOMUMOE KONHMYECTBO NOINBHKHBIX OpPIaHOB
peryJMpoBaHUs, U BeJIMYMHA OCTATOYHOH pPEakTHBHOCTM OT HEBBITOPEBLIErO K
KOHIY KaMIaHMH TIOTJIOTUTENS], KOTopas OUpeleNseT YMEHbIIEHHE IIPOJOJIKM-
TEJHLHOCTH KaMIAHWH MM BEJIMYMHY HOTMOJHUTENHLHOTO KOJHYECTBA TOPHOYETO
N KOMIEHCAlMU 3TOH TIOTEpH PeakTHBHOCTH.

HawryymymM siBiaseTcss TaKOH NOIJIOTHTENb, IS KOTOPOTO Kak BeIMYMHA
MaKCUMAaNBHOIO. pa3banasHca pPeakTHUBHOCTH, TaK M OCTATOMHAsI PeaKTMBHOCTb
SBAAIOTCS MHHUMAJNBHBIMU. OIHAKO 3TH TpeGOBaHMS SBISIOTCS B3aUMHO IIPO-
THBOpeYMBLIMU. [103TOMyY ONTHMaJIbHbIE XapaKTEPUCTUKH MOTJIOTHTENSA HAXOAAT-
csl MyTeM KOMIIpOMHCCA.

Ecnmu pis paccMaTpuBaeMOTO peakTopa MOXHO NOoHo0paTh MOrJIOTUTENb,
CKOPOCTb BBITOPAHWSI KOTOPOTO 3HAYUTENLHO OOJNbIUE CKOPOCTH BBITOPAHHA
roprwouero, 1o 6osiee 3pPeKTUBHBIM OKA3LIBAETCH TeTepOreHHOEe pa3MelllcHHe
TIOTJIOTUTENS, TOTA2 KaK IJIs HOIJIOTUTENS ¢ YMEPEHHOM CKOPOCTHIO BBITOPaHHUsA
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reTepOreHHOE pa3MElIeHHE JaeT O4YeHb OOJIBIIYIO IIOTEPXO PEaKTHBHOCTH H3-34
HEBBLITOPEBLIEr0 K KOHIY KaMIIAHHU IOIJIOTHTENd. OTO CBA3AHO € TEM, 4TO
9 dheKT CaMO3KpaHHPOBAHWS YMEHBIIACT CKOPOCTh BBITOPAaHWA HOIJIOTHTENS
¥3-32 JeNpecCHd IOTOKa HEHTPOHOB B 00JACTH €ro PacIOJIOKESHH.

2. Pemenne YpaBHeHHsl BbII'OPAHHSE NMOIJOTHTEJIA

YPaBHeHI/Ie BBITOPAHUA NOTJIOTHUTEIA UMECT BUI .

AN, (r,2)

T = A (r.) - N, (x,0) (1

roe: N (r, t) — 4ucio saep NOTJIOTHTE/S B eQuHUIE 0ObeMa B TOYKE PeakTopa
¢ KOODIMHATONH I' B MOMEHT BPEMEHH f,
t — spdexTHBHOE Bpems paboThl peakTopa

,

t
t= fP (t") dt"
0

!’ — IDeHCTBHTENIbHOe Bpems paboTsl peakTopa,
P — oTHOCHTENBHBI YPOBEHb MOUIHOCTH pEakTopa.

Ia(rt) = [fo (L wt) 0% (0 @ (r,u,8) du

Jf« — daxTOop caMO3KpaHUPOBAaHUSA IOIJIOTHTEIS,

O — ceveHHe 3aXBaTa IOTJIOTUTEINS,

¢ — TOTOK HEHTPOHOB NP HOMMHAJILHOM YPOBHE MOLIHOCTH peak-
TOpA. '

Penrenne ypaBaeHus (1) MOXeT OBITH IOJIy4eHO B Buje :*
N

o
0

Nﬂ

A (r, ) A

=e-lo @)

3aeck N§ — KOHIEHTPALUs IOIJIOTHTENS B Hayajle KaMIaHUU.

W3 BripaxeHns (2) MOXHO MOJIYYATh 3aBHCUMOCTh Ny/Ng, MCIONb3ysS MeETOX
uTepaumii, Tak kak (axkTop caMO3’KpaHMpOBaHHUS f;, BXxoAdummii B (QyHKIMIO
2n (r, 1), 3aBUCHT OT Ny. KpoMe Toro moTok HeiTpoHOB P Taxxe HESBHO 3aBHCHT
OT Np.

OOHAKO IPaKTUYECKH B CBA3H C OOJBINUM 00BEMOM BBHIYHCIUTENHLHOM paboTHL
BBIpakeHUe (2) ABJIACTCA IOJIE3HBIM JIMLIb PH MCIONb30BaHNH OBICTPOACHCTBYIO-
1UX 3JIEKTPOHHO-CYETHHIX MAIlTHH.

IIp1 HEKOTOPBIX NONYIUECHHSIX MOXHO MOJIyYMTh YpaBHCHWE BHITOpaHHSA IIO-
TIOTHUTENS, JONYCKalolllee pellleHne 0oJiee MPOCTHIMH CPEICTBAMHU.

IMpennomokuM, 9TO CIIEKTp HEHTPOHOB B peakTope He MeHseTcs Ha TpOTA-
KCHUM KaMIIAHHH, T.€.

P (l‘, U, t) = ¢0 (I‘, u) S (t) (3)

*3pech M Jajiee MpeanosaraeTcs, YTO CeYeHHe 3axBaTa sapa, o0pa3ylollerocs Npv 3axBaTe
HEUTPOHA ANPOM HOIIOTUTENS], PaBHO HYIr0. Cliy4aii enoyYKy U3 ABYX IOTTIOIIAIOIIKX U30TOMOB
B npocreiimem nprbIHKeHHH paccMOoTpeH B pabore [3).
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Muosxurens S (¢) onpenenseTcs U3 YCIOBMS COXPAHEHHMS MOLUHOCTH PeakTopa B
TEUEHHE KaMITaHHH :

Jﬁ N{(r)dv f 12 (v, ) o5 (u) By (r, w) du =
(4)
(£) f Ny (r,t)dv ffr (r, u, t) o (u) By (v, %) du

rae: fr (r, u, ) — (akTOp CaMOIKPaHHUPOBAHHS I'OPHOYETO.

ByneMm cuMTaTh, YTO fi. JMHEHHO 3aBUCMT OT KOHUEHTpauuH roprouero. Takoe
TIPEeINOIOKEHE ABAseTCS JOCTATOYHO CpaBeAJMBLIM, TaK KaK BRITOPaHHE TOPIO~
Yero 3a KaMIIaHHKO OOBIYHO HEBEJIMKO.

Torna

feeut) = o {1+ Acw[t— 300 ]
3nece

A(r,u) =N, (r,0) 5 [lnfr(u N,) ]

N; = Np

Kax 6yzmer moxaszaHo HHXe:
N: (r,8)/N; (r,0) = 1— 22°(r)¢.
Tne:
2% (r) ffr T, %) 0 (1) @, (v, u) du .
CnenoBaTebHO
frewd = w1+ 400210

Tenepb, BOCHOJNB30BABIINCE YCIOBUEM (4), TOIyYUM:
-1

(Nr ())av
S0 =|<F o 1~ B
3nech:

f Ny (x, ) 2% (1) do
f 04 (1) do

2w = [ £ @) ot @ @(r 0 d

(N (ay =

J' A 2N, (r, 9 208 (1) dv
B(t) =

f N, (v, 1) 2% (1) do

B fA(r, 0 (x, u) o (u) B, (r, u) du
4 (r)=

j 12 (2, ) o1 () @, (1, w) dus

Oyuxuys B (f) cnabo 3aBUCHT OT BpPEMEHH, ITO3TOMY JJS HPOCTOTH B Halb-
HeifieM Oymem cuutath B (f)=B (0)= const.

Jduna  onpenenenuss 3aBHCMMOCTH (N (f))avy HEOOXORMMO ONpenesMTh
dysxumo N: (r, 7). :
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ypaBHCHI/Ie BBITOPAHUA TOPIOYETO UMEET BUA!
AN D R N, (), (6)
4
) = [frut) ol () ® v, ) du.

Hpe)monarax, YTO YUCIIO NeJICHUd B COUHUIOY BPEMEHHU B KaxXmIou TOYKe peak-
TOpa HE 32BUCUT OT BPEMCHH, T.C.

N, (r,0) f 12(r, u) 03 (w) By (v, w) du =
Ny (r,t) ffr (r, u, ) of (u) ® (r, u,t) die

ypaBHEHHE (6) MOXHO IPHBECTH K BHAY:

(dNrr,8) 0,C(p) br (v, %)
T =N (,0) Ay (r)m. (7)
3nech
c 0,¢c
Ac(r,t) | ir (1)
be(®,0) = e gy 5 O (05 O) = Foy

C xopo1ueit TOYHOCTEIO MOXHO CUATATh, 4TO br(r, 7)/br(r,0) &~ 1, Tak Kak OTHOLLEHHUE
YCPEOHEHHHEIX CeveHMH 3aXBaTa K [eNIEHHIO IS TOPIOYEro OYeHb clabo MeHseTcs
B TeueHME KaMIAHWH.
Torpa peiiienne ypaBHeHus (7) OUYeBUIHO NPUMET BUL:
Nr (1, 8) - 0,¢
N o) 1— A5 (1) - &. (8)
Teneps MOXHO ompenenursb 3aBACAMOCTE {NT (£)Yav/{NT (0))ay, BXOAALIYIO B
BBIpaXeHHe ans S (f):
(lvr (t»av 30,c
RSALCOP.\ S RS (LN
V= (Oa e aw
3neck

f 79 (1) Ne (x, 0) 2% (1) do

<~ag’c>av == 0
f Nr (r, 0) 2% (1) dv

3aMeTHM, 4TO €CNM HaYaJIbHOE PACHpe/IesieHHe ropIovero He 3aBUCHT OT KOOp-
JHHAT, TO

Gy = ¥ Vay.

Taxum obpaszoM BelpaxeHue I S (¢), npeHeOperas KBaApaTHYHBIM YICHOM,
MOJHO 3anmcaTh B CICIYIOLIEM BHIE:

1
| N SO =1"g7" - (9)
rae C= B+ 7Y Vay.
* Vicnone3ys Tenepb cooTHoIeHHe (3), noayyuM ypasrenue (1) B Buae:

1 dNa (r,0) 1

Ny (r,2) ds - 1-0C

[fmwy or ) @y@uydu . (10)
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Ho, cnenosatenbHO, pa3neluB INEepeMEHHBIEC, YpaBHEHHE MOXKHO IPOMHTE-
TpUpPOBATh:
1

¥ dz’ 1
J ) — ord—0 (11)
3nech
N
= N;l:((:(g 2 (1, 2) ffn (r, u,2) o™ (u) Py (r, u) du

Peruenve ypapaerus (11) MoxeT ObITh HaliIeHO YUCIIEHHO. MICITONB3YsI peleHne
ypaseHus (11) B KauecTBe HEPBOTO HPHONMKEHMS, B KOTOPOM HE YYMTHIBAETCS
BIVSJHHE HM3MCHEHHS CHEKTpa HEHTPOHOB B peakTOpe Ha IpPOLECC BBITOPAHMS
MOTJIOTHUTENA, MOXHO METOIOM HTepaudil pemuTh ypaBHeHHE (2) M IIOJYy4YHTh
TOYHOE pelreHue. B Tex cimyyasx, Korna BIVSIHAE M3MEHEHHS CIEKTpa HEUTPOHOB
Ha TIPOLECC BBLITOPAHMS TIOTJIOTHTENS HEBEJIMKO, HATPHMED, B TEILUIOBBIX M 3NH-
TEMJIOBBIX pEaxTopax, pelnenve ypaeHenus (11) sBnseTca AOCTATOYHO TOYHBIM,

Pemenne ypapHeHHs (10) MOXET OBITh NOJIy4€HO TakXe H B aHAJIMTHYECKOM
BUZE TPH MCMIOJL30BAHUN Pa3JIOKeHHs (akTopa caMO3IKPaHUPOBaHHs MOTIOTH-
TeNs B CTENCHHON PAX O BPEMEHU B Havaje KaMIaHWH.

= Z fom. (12)
n=1
31ech

fo = fu(r,u,0),

an f (x, u, y)
fo® = g

y=0

y=t{T — Ge3pa3MepHOe BpEeMS
T — [NUTEeNbHOCTh KaMIIaHHH
Hcnonw3ys (12), monyuum peienue ypasaenus (10) B Bupe:

o
W
Z _1'— [.[ 1— (f’/};( )] [f"(”) o () Dq (r, 0) du]

Na (1, y) ( ___y“)‘? 0 — Wl — /X
N (r, O) Zr :

3pecy Q2 (r) =, [z (1)

2, = 1j¢T — Ge3pa3MepHOE BpeMs >XH3HH T'OPIOYETO,
x5 (r) = 1/25 (r)T — Ge3pasMepHOe BpeMs XH3HU HOTJIOTHTENAS B TOYKe I B
MOMEHT BpeMenu ¢=0.

2 ) = f f(r, u, 0) ™ (u) @, (r, u) du

TIpeobpasyem Bripaxenue (13) x Gonee ynoGHoMy BUAY, pa31oxkuB In [1 — (y/zr)]
u 1/[1—(y/z;)] moxm wHTerpanoM mo creneHsM y[z.. IIpH 3TOM B pa3goxKeHUU
In [1—(y/x:)] BO3MOXHO OrpaHMYUTECS NEPBLIME ABYMS YICHAMH Psla, TaK KakK
Y/x, 0bbyHO MeHble 0,2. B pesynbraTe mOJIyYnM CHEOYFOLIEE BHIPpAXEHHE IS
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NH (r’y),
Nﬂ (I',O)
xp T - (n) n 1,n+1m p
Ny (r,9) =(1_L)“’(”+mzuﬂ) % “’od“] l Z("+m+1)xr"’
Ny (r, 0) Tr n=1 m=0

(13)

Taxk xak f(™ 3aBucuT oT BUIa ¢yHKIMH N, (r, ¥), TO BeipaxeHue (13) He maer
BO3MOXHOCTH omnpeaemuts Ny (T, y)/N,(r, 0).
3anwiieM IpOU3BOAHEE OT QYHKINHY f CIeAyIOLIMM 00pa3oMm:

df _ df dp

dy ~ dp " dy
daf  dey (%)a df  dep
dy® ~ dge \dy dg dy®

U 1.1 ,
3mecs f — omTHYecKas TOJIMHA OOpasla IMOTJIOTHUTENS.

p= Roc" (u) Ny (1,9)

R — xapakTepHBI pa3mep obpaszmna.

B tex cmy4asx, xorga $haxkTop caMo3KpaHUpOBaHWS f MOXeT ObITh NMOyYeH
B BHAe ABHOM (yHkuuu f, BbIYHCIeHHe npou3BoaHbIX d”f/d " He mpencTaBuseT
Tpyna. CiefoBaTebHo, i 3HaHuA f(*) TpebyeTcs JuIub 3HaHWe S,

Tak kak =P, Ny/N,% TO o4eBHOHO

d* { Ng
B = bo s () -
rae fo=p (r, u, 0) :
Hubdepenuupys obe yactu ypasaenus (13) mocnemosaTembHo ,n“ pa3 (n=
=1,2,3...) u noacrasiss y =0, TOay4YUM

- (Na[Ne®)¢ = — ]2y,

(Naf N:0)y” = [0 (0—1) &) — T [ 5’ 067 @y du
(Nal M)y = [0 (0—1) (0 —2)/ %3] + [(Bw—2) TIX] [ o0 By du

— Tffo’ocntiodu.

H T.O. _ _ .

W3 nprBeAeHHEIX BHIPAXESHHH BHAHO, YTO, 3Has BCE NMpou3BoaHbe 0T (Ny/Ny%),
0 ,,n“-T0 MOpsAOKa BKJIOYMTENBHO, MOXHO HaWTH ,,(n-+1)“-yi0 mpou3BOOHYIO,
T.e. B mOXa3aTesie mpaBoil yactu ypasHeHus (10) wmx (10') MoxeT OBITH B3ATO
CKOJIb YTOJHO MHOTO UJICHOB.

3. ITpHOAnMKEHHbIE BHIPAKEHMS I/ 3AKOHA BHIFOPAHASA HOTJIOTHTENS

B HeKOTOPBIX YaCTHBIX CIyYasiX MOTYT OKa3aThCsl MOJIE3HBIMHU MPUOITHKEHHBIE
Oonee mpocTBie CIOCOOBI pacuyeTa M3MEHCHHS KOHIEHTPAUHH IOTJOTHTENS B
npouecce BBITOPaHUsS, OCHOBAHHBIE HA MCIOJb30BAHHM NPHOJMKEHHBIX BHIpa-
XKeHu# s axTopa CaMOIKPaHHPOBAHUS TIOTJIOTHTENS.

13
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ATIIPOKCUMUPOBAHME 3ABUCUMOCTH f (f) ®VHKLIMEN BUIA 1/(1+y p)

3aMeHMM TOYHYIO 3aBHCHMOCTD f(f) bynkuueit Buna 1/(1+yp), rae y — Heko-
TOpas IOCTOSIHHAsA, KOTOpas MoAOHpaeTcs Tak, YTOOBI OIIHOKa B OIpene/ eHHn
S (B) B nuTepnane ot 0 Ko fYa*¢ Opliia HAUMEHBINECH.

B sTOM npeamonoxenun ¢yHkmus A, (r, z) m3 ypaBHenust (11) npumer BMA:

[ oot (u) @, (v, u) du
I () = [ ST R

Wy, Bocnonb30BaBIIACE TEOPEMOH O CpeIHEM, TIOMYYUM

[A% (r)]
l (r ?) = 14+ y8(r,2)-2
rme

% (O))eow = [0 (u) By (r, w) du

Oueunuo § GyneT 3aBHCETh OT 2 KaK OT IapaMeTpa.
IIpu 2-1 ¥ 2<<<<1 MOXHO MNOJYYUTH cleAyrole (GopMyJsl ycpeTHEHHS

/30 (l', u):
_ [ oem (u) ®, (v, u) du
fu (6) = [I[rfc (W)@, (T, %) | (1 + 7 B (T, @))] du 1]2

=1

; [#o ) 2 ) @, (v, ) du
(1) = p
J ™ (u) By (r, u) du

OueBUOHO ciiy4aif z=1 COOTBETCTBYeT Ha4ajly KaMIaHWUH, a ciydait z<<<l
— KOHIIy KaMIaHWH.

Ecnu Bo BceM nurepBane u3MeHenud z ot 1 go 0 sesmuuna f (r, z) mensercs
cnabo, YTo COOTBETCTBYET CIA0O0 3aBHCHMOCTA CEYEHMS 3aXBATA MOIJIOTHTENS
OT JIETapruM B oGiacTu ero 3¢)¢)eKTI/IBHoro NeHCTBHSA, TO 3aBUCHMOCTE f (T, Z)
MOXHO IpelICTABUTH JIHHEHHOH (yHKIueR 2:

B2 =B () + [Bu (1) — B D)z,
" An (r, z) OKOHYATEJIPHO NPUMET BHI:

T (1,2) = HE 1U) - (15)
1+ yZ [Bx + (Ba — Bx) Z}

Vpasrenne (11) ¢ yueToM (15) nocie MHTErpAPOBAHHS CBENETCS K CIIEAYIOLIEMY
TPAHCUEHAEHTHOMY YpPaBHECHHIO.

e (6— 820 _ . y o roM
ze > = (1—L] (16)

E=Y (ﬁu)a/‘x (/i(—ﬂ;): Wrom = r/(Xg)mM’

_K V’}//“ (BK - Eﬂ) ’ '(Xg)I‘OM = 1/[}':: (r)]rom * Ts

= |/ ¥ (Be — Bu)loc.
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const. NPU U 2= U,
Ecmu oo =
0 IPpH u < U,

To ypaBHeHue (16) mepeiimeTr B ypaBHeHuUe

z=[1— (?//Xr Jjerome vBs (1 ~ 2)

ATIMPOKCHUMHWPOBAHUE ®VHKIUU f () TOJTUHOMOM

ArmpokcumupyeM f () B IPakTHYECKH MHTEPECHOM MHTEpBAJie U3MEHEeHHus

IIOJIMHOMOM CTeMNeHH ,,.n*
n

f(B) =Zazﬂ’ (17)

I=0

IToncrasus (17) 8 ypaeuenue (11) 1 BBOAS 0603HaueHHE

-

A1) = a TJﬂ? (r,u) a; (u) B, (r,u)du

TIOJIy4UM ypaBHeHHUE 171 Ny (r, y)/Ny (r, 0):
1

dz Y

% ——x,ln(l——;)
Na/Np ZA, (1) 241
1=0

CIIYYAUN MAJIBIX §

B ciyuae Manbix B, korna f () MOXeT 6bITb anMpOKCHMHPOBAHA C IOCTATOUHO
TOYHOCTBIO JIMHEHHOH (yHKuueit f

f(B)y=1—ap,
peuieHue ypasHeHus (18) MOXHO MOJIyYUTH B BUIE:

(Nu/NY)e™ = (Nof N2y [[(1 — ) + g (Na/ND)om] (19)

(18)

ITapaMeTp u XapaKTepu3yeT CTeleHb I€TePOTEHHOCTH TOTJIOTHTENS
n=a JByon®Podu
Jon® @y dpu
(N[N 0™ = [1 — (y/2)}wrom — €CTH 3aKOH BBITOPAHMS TOMOTEHHO PACIOJIO-
XKEHHOTO morjorurens (cM. 5).
roM

Ha puc. 1 npusenenst rpaduku (N,/N,%)™M xak GyHKIMH » U X /).
Ha puc. 2 — (Ng/Ny®)e" xak bynkuan (N,/NO)ro™ u p.

4. OnTHManBLHBIC ycj1oBusl reT€pOr¢HHOro pasMeIneHusl nNorjJoTuTe s

3Has 3aBUCHMOCTb W3MEHEHUS KOHUEHTDAIUK NOTrJIOTHTENS B TedeHHe Kamma-
HMH, MOKHO HalTH BEJIMYMHY PEAKTUBHOCTH, BHOCHMOH NOTJIOTHTENEM B PEAKTOP
B 110060it MoMeHnT BpeMeHH. Ilome3ysck Teopuell Bo3myinenuii [4], [5] Gymem
HUMETh:

0n () = _.u.%.n- f f No (@) fo (0, 8) 00" () @ (1, u, ) (20)

13+
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= | .-
0s //,/
03
02
o1
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Mo
( N )rnu
Puc.2
Nn IreT Nl'l roM
3aBucUMOCTh (W) oT ( Nn") KU
X P*(r,u,t)dudo.
3aech '
on (f) — peakTHBHOCTE, BHOCHMAS TOTJIOTUTENEM B peaxTop B MOMEHT
BPEMEHU 1,

@ (r, u, t) — TIOTOK HEHTPOHOB B PeakTOpe C IOTIOTUTENEM,

@*(r, u, 1) — UEHHOCTb HEHTPOHOB B peakTope 0e3 MOTJOTHTEN,

. H. [I. — UeHROCTh HEHTPOHOB JEJIEHHA, POXIAIOIIMXCS 33 ONHY CEKYHIY B
peaxTope. '
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IonyurM npuOITHXeHHOE BHIpaXceHHe I OTHOCHTEILHOTO M3MEHEHHUS peak-
THBHOCTH, TIOJIE3HOE U1l OPHEHTHPOBOYHEIX PAaCcUeTOB.

ByzneM cuMTaTh, 4TO SHEPreTHMYECKHE paclpeieicHus II0TOKa ¥ IICHHOCTH Hel-
TPOHOB HE 3aBHCAT OT BpeMeHW. IIpemnosioXuM Takke, YTO TOTOK M IIEHHOCTh
HEHTPOHOB HE 3ABUCAT OT KOOPOMHAT H PABHBI CPE/IHAM 3HAYCHUSM 1O 00BeMY
peakropa.

Torma, anmpoKCUMHUpPYd 3aBUCHMOCTH (aKTOpa CaMOIKPAHHPOBAHWS TOTJIO-
utens f(f) dyaxumeit supa (1/14-y6) (eMm. 1. 3) ¥ ucnosb3ys cooTHoeHue (9),
NOJIyYMM, TIEPEXOAs K Ge3pa3MepHBIM IIapaMeTpaM:

en (0) 1= (y/er) 14 of*z(y) + v (Ba* ﬁx*) 2 (y)
rae 2 (y) = Ny (y)/Ny (0) onmpenenserca u3 ypasHenus (16)
E * _1_( J on® (u) By (1) Po* (u) du _1)
" ¥ \Jlocm (%) @, (w) By* (w)/(1 -~ B, (u))] du
EK* J By (w) on®(u) @y (u) ‘I)o (u) du
Jog? (u) @ (u) Bo* (u) du

3nech, Takke kak U npu BbiBogne (16), MPUOIMKEHHO CIMTAIOCH, YTO B* (@

MEHSIETCS JUHEHHO MEXITY ,BH (z=Du ﬂK (z<<).

s onpeenenusi ONTAMAJIbHBIX YCIIOBHI I'€TePOT€HHOIO PasMelIeHUs MOTJIo-
THTENSA TIPOAHANM3MPYEM 3aBHCHMOCTb OTHOCHMTENIHON PEaKTHBHOCTH, KOTOpas
ocBOGOXIAETCA B pe3yJbTaTe BHITOpanHus HOTIOTHTENS [or, (0)-0.(¥)]/or mn ¥
PEAKTHBHOCTH, DAaCXOAYIOLIeicss HAa KOMIICHCAIMIO JIPOLECCOB BBITOPAHMS
TOPIOYEr0 M 3alLTAKOBLIBAHHS '

Or, un (y)/gl(l, e
- 9 8 %eim
10 0 0 —
08 » 420 |~ s /7
7,
0 =003 /) //
X / - 71

068 /

VARVA™Y,

NN

\N%

z
/| Naan

(=] o
~ w
\

N o
Vik

[/

1R} p 7

0f 02 03 04 05 G5 07 08 09 10
y

Puc.3
en (0)—eon (¥) or, un(y)
s u

Or,mn

3aBHCUMOCTD
Or, mn



198 I. . TOIVHCKUMA U A.T. KAJIAITHUKOB

3mech gr, mn — HAYAJBHBIA 3amac PeakTMBHOCTM HAa BBITOPAHHE TOPIOYEro M
3aI1JIaKOBLIBAHUE

Qlo', wn = @r,mn ) npuy = 1.

Tak xax B KOHIE KAMIAHMU JOJDKHO BBIMOJHATHLCS yciioBue

ocT
On (0) —On = Q?‘,um
rhe g = Oy (1) — OCTaTOYHAs pEaKTMBHOCTb OT HEBBITOPEBLIErO K KOHIY
KaMIIaHHM NOTJIOTHTEIA, TO

ey

ou (0) —en (y) — en (0)

° ocT
Or, m 2

1= ®

DTa 3aBHCHMOCTb NPEJNCTaBJIEHA CIUIOIUHBIMU KPUBBIMHU HA puC. 3 1151 HOTJI0-
THTENA U3 KaAMUEBBIX IIACTUHOK Pa3IMYHOM TONIMHEI (TONIIAHA YKa3aHA B MM).
0x (%) [ 0x (0) paccuMTHIBANOCH W3 ypaBHEHUA (21) C WCTIONH3OBAHMEM YDaBHEHMS
(16) mns peaktopa ¢ €2, | Ny = 500 Gapm.

3aBUCHMOCTH

grun (y) Y[ —(1/ar)]
Q:‘,mn 1_(?//1"1')

(BBIBOJI 3TOTO BEIPAXKEHUS TIPUBE/CH B CIEAYIOIEM TIaparpade) rpeacrasieHa Ha
puc. 3 IITPUXOBON KPHUBOM.
O6o3HaumM Yepe3

o (0) — 2™

m = )
Or, mn

OTHOILUEHHE PEaKTHBHOCTH, OCBODOXKOAIOWICHCS K KOHIY KAMIAHHH BHIFOPAFO-
UM TIOTTIIOTUTENEM, K HA4YaibHOMY 3allacy PEeakTHBHOCTH HAa BHITOpaHHE H
3alIJJaKOBBIBAHHE.

Kaxk BuHO 13 puc. 3, kxpyBbIe OCBOOOXIAIOLUEHCS peaKTUBHOCTH (IIOCTPOEHHBIE
s m=1) B 001LeM ciiyyae NiepeceKaioT KPUBYIO PEaKTHBHOCTH, PACXO MY OILEHCS
Ha KOMIICHCAUMIO BHITOPAHHS M 3allVIaKOBEIBAHMS, 00pa3ys cHavyana o06iacTh
OTPUIATENIFHOTO, 4 3aTeM HNOJOXUTENBHOIO pa30alaHCOB peakTHBHOCTH. U3
JanpHeliero OymeT SACHO, YTO CIyvYaH O4eHb cJiaboil reTepOoreHHOCTH (061acTh
oTpHLaTeabHOro pazbasianca n1pu m=1 OTCYTCTBYET) U OUeHb CHILHOM (001acTh
MOJIOXUTENBHOTO pazbanmaHca IpH m=] OTCYyTCTBYeT) He MPEACTABJIAIOT
TPAKTHYECKOTO HHTEpeca.

Hanuune obiacth oTpuUAaTENbHOro pa3fallaHca peakTUBHOCTH YKa3biBaeT Ha
TO, YTO IPH MCIONbL3OBAHUU IIOTJOTHUTE/S, PACIOJIOKEHHOTO TeTepOreHHO,
peanu3oBaTh ycJIOBHe m= 1 HEBO3MOXHO, TaK KaKk B 3TOM CJIyYae LEenHas peakims
MpeKpaTHTCS BCKOPE IOCTe [yCKa PeakTopa.

IToaToMy B Havale KAMIIAHMH TIPH UCIOJIb30BAHUM I'€TEPOTCHHOT'O IOTJJOTHTES
YaCThb HAavaJIbHOTO 3alaca pPEeaKTUBHOCTH HA BBHITOPAHHE U 3ALIaKOBLIBAHHUE
(1-m) nomxHa GBHITH CKOMUEHCHPOBAaHA TOXBWKHBIMH OpPraHaMu peryJjidpoBaHus
IUISE TPOXOXKAEHNS 00IaCTH OTpHUIIaTeIbHOTO pa3bamnaHca.

Hanuvre NOJIOXUTEILHOTO pa3zfajaHca PEeaKTHBHOCTH B CBOIO OYepenb Tpe-
OyeT nO7% €ro KOMIEHCAIWMA pa3sMeNigHusl HOTIOJHWTENEHOTO KOJMYECTBA IO-
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BHXKHBIX OPFaHOB PETyJMpOBaHus (WIHM yBEIMYEHHS HX KOMIEHCAMOHHOW CIO-
CcOBHOCTH), TaK KaK B IPOTHBHOM CJIydae PeaKTOpP BBUAJET M3-MOJX KOHTPOJI.
CrnenoBaTenbHO, 001Ias KOMIEHCAUMOHHAS CIOCOOHOCTD HOBMKHEIX OPraHOB
peryIapoBanus, TpeGyIonMxcs B HaYalIe KaMIIaHUH 11k KOMIEHcaIHK pa3bantanca
PEAKTUBHOCTH OT HECOOTBETCTBYI 32aKOHOB BHITOPAHHMSA TOPIOYET0 M IIOTJIOTHTENS,
JOJIKHA COCTaBIATH (B JOJAX Ha4ajbHOTO 3alaca PeakTMBHOCTH HA BBHITOPDAHHE

M 3alUNaKOBBIBAHHUE):
op \* % \~
Sl v N vy IR
Makc

or,mun [ yape Or, wn

rae  (gp/Or,mn Jobaxe M (0p [ Or, mn Jmaxc — COOTBETCTBEHHO MAaKCUMAJBHBIC 3HAade-
HHUA TOJIOXKMTENIBHOr0O W OTPHIATENbHOro pasbajniaHcoB peakTuBHOCTH. OTHO-
CHTENbHBIH pa3baaHc PeakKTHBHOCTY ONpelensieTcsl COOTHOINECHUEM :

Or, wa (0) 11— [Qgcr / oy (0)] Qg, wn

Tak kax oaHOW W3 Lefell MPUMEHEHUS BBHIFOPAIOLLMX JIOTJIOTUTENEH SIBISETCA
COKpalleHe YHCIa PEryIMPYIOINX OPraHOB, HEOOXOUMO YCTAHOBHTh YCIOBHA,
NpH KOTOPHIX KOJIHYECTBO NMOABHXKHBEIX OPTaHOB pPeryJMpOBaHUA, HeoOXoAuMOE
J7ISt HOpMaJIbHOM paboThL peakTopa, SIBJIACTCS MUHUMAJILHbBIM.

Boimze ObL10 MOKA3aHO, YTO NJIS obecrnedeHHss KOMIIEHCAIUM OTPUIATEIBHOIO
pa3bananca peaKTMBHOCTH BeJIMYMHA M NOJIKHA OBITH MeHblle enuHUBL. Cleno-
BaTEJbHO KPHBAsA OCBOGOXIAIONMIENHCS OT BRITOPAHHS NOMJIOTHTENS PeaKTUBHOCTH
npu m<<1 noitmer Hxe HCXOZHOM KpuBoit (= 1). ITpu 3TOM OYEBUAHO 3HAYECHHE
MAaKCHMaJbHOTO OTPHIATENLHOTO pa3banaHca BO3pacTeT, a IOJOKHUTEALHOIO
YMEHBIUUATCS.

MosxHO Toka3aTh (CM. NPUIOKEHHE), YTO NMPU 3TOM CyMMa MaKCHMAaJIbHbIX
TIOJOXUTENBHOTO H OTPHIATEIHLHOIO pa3baliaHcoB, a, CIeJOBATENIbHO, 1 HEODXO0-
IMMO€e KOJIMYECTBO OPFaHOB PETYNHPOBAaHMA, OyOeT yMEHBLIATHCS.

IIpy yMeHbUIEHNH 7 HACTYIHUT TaKoil MOMEHT, KOrJa 00J1aCTh IOJIOXKUTEILHOTO
pasbananca 6yHeT BOBCe OTCYTCTBOBATH, 4 KPUBas OCBOOOXKIAIOIICHCS PEaKTHB-
HOCTH OyfmeT KacaTbCs KpHBOH pacXonyroliefics peaKTHBHOCTH TOJIBKO B OJHOM
Touke. KaxiaoMy 3HAYCHHIO TOJIIMHEI IOTJIOTHTENS! COOTBETCTBYET CBOS BEIIH-
4YMHA My, TMPU KOTOPOH OCYLIECTBISIETCS KacaHue KPHWBBIX. JTOMY 3HAYECHUIO
m=m, COOTBEICTBYeT MMHHMAJbHAS BEJUYHHA CYMMBI IOJIOKUTEIHHOTO H
OTPHUATENILHOTO MaKCHMAJIbHBIX pa30ajaHcoB peakTHBHOCTH. OYEBHIHO Halb-
Hejillee yMeHBILUEHHE M HelleJiecooOpas3Ho.

Touka KacaHHs KPHBBIX = yx ONPEIEIIACTCS YCIOBUEM :

d 1, [ermn(y) d on (y)
Gul] - g2
dy Chmn dy = d?/vn o (0) 1y =y

a geﬂnqm{a Wiy, obecrnieynBaroiias KacaHue KpUBBIX, YIOOBJIETBOPAECT COOTHO-
HIC%:{]/I}OI

ocT

or,uin () for, mn ( & )
1 —{on (yx}/ea (0)] oa (0)

Ha puc. 4 npeacTaBieHBl KPUBBIE OCBOOOXIAIOLIEHCA PEAKTHBHOCTH, TOCTPO-
€HHBIE TIPM M=,

, my =

(23)
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Sasmcimocts -2 )o en (y) gr‘,)(y) npu m = my
Or, Or, mn -

IIpu KacarMH KpUBBIX OCBOOOXIANOLIEHCS peakTHBHOCTH C KPUBOM pacxomyro-
LUEHCS peaKTHBHOCTH MOTIYT IIpeACTaBUTHCA TPH CiIydas

1) 1— myg > (QP/Q?‘, u.m);e-u(c
2) 1—my < (Qp/@f‘, um);;xc
3) 1 — Mg = (Qp/@lﬂ‘, um)l\_a;Kc

HeTpynHo BHAETh, YTO TNEPBBIA Ciyyail He SBISAETCS ONTHMAJIBHLIM, TaK Kak
3amac peakTMBHOCTH, CKOMITCHCHPOBAHHBIH OpraHaMy peryJUpOBaHHS B Hadalie
KaMIIaHW¥, WMCTIONB3yeTcs HE TONHOCTHIO IS KOMIICHCAIIMd MaKCHMaIbHOTO
OTpHUATEJNHHOTO pazbajanca peakTHBHOCTH. BTopoil ciyyail sBiiseTca Hepeau-
3yeMbIM, T.K. 3aHaC PEaKTHBHOCTH, CKOMICHCHPOBAHHLIA OpraHamy peryimpo-
BaHNA B HayaJle KaMIIaHWH, HERXOCTATOYCH VIS TIPOXOXICHUS MaKCHMAJBHOIO
OTPHLATENBHOrO pa3bajaHca.

CrnenoBaTeabHO, ONTHMANBHAS BEJIHYHHA 7, OJDKHA yIXOBJICTBOPATE YCIOBUIO ©

1— on'r (Qp / @;",);akc

TonuuHa MOrIOTATENSI, KOTOPOR COOTBETCTBYET Takas KpHBas 0CBOOOKIALO-
mieiics peaKTHBHOCTH, SIBJIAETCS ONTHMANLHOH TOJIH.[I/IHOI/I IUIS. JAHHOTO IIOTJIO-
TATENS B JAHHOM PeakTope.

Kpupbie paszbananca peakTMBHOCTE OT HECOOTBETCTBHS 3aKOHOB BBHIFOPAHHS
FOPIOYEr0 M IOLJIOTHTEIS Ui Pa3JIMYHBIX TOJIIMH ILIACTHHOK MOTJOTHTENS
NpeICTABJICHBE HA DHC. 5.

st paccMOTPEHHOro CIy4as ONTHMAJIBLHOM SBJISETCS TOJIMMHA MOTTOTUTENS
(Cd)Apnr~ 0,1 MM, a HeOOXOaMMAS KOMIIEHCHPYIOIIAS CIIOCOOHOCTD 110 ABHXKHBIX
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Puc. 5
Kpusbie paszbanaHca peaKTHBHOCTH.

OpraHoB peryiampoBaHus coctasiseT (I — my )~ 0,1, T.e. 10 % OT HavaNBLHOrO

3amaca pEeakKTHMBHOCTH Ha BBITOPAHME TOPIOYETO U 3alUIAKOBBIBAHHUEC.
OTHOCHUTENIbHAS BEJIMYMHA PEAKTHBHOCTH, KOMIICHCHPpYEMAas BBITOpParoliuM
IOIJIOTUTEJIEM B HAYaJIe KaMNaHWH, IJId ONTHMAJILHOIO CiIyvyas paBHa

OnT

on (0) My

ermn 1 [o27 (0)]

HOHOJ’IHI/ITCJ’IBHOC KOJIMYECTBO TOPIOYETO, KOTOPOEC HeoOXOAMMO BBECTH B
PE€AKTOP I KOMIICHCAIMM ITOTCPH PCAKTHBHOCTH OT HEBBITOPEBIUICIO K KOHIY
KaMIIaHWU OOIJIOTHUTEJNSA, ONPEeAesIseTCsI BEJIMYUHOHN TIOTCPpH PECAKTUBHOCTH !

e omr  Cn leq (0)
o = M T o
or, log /ey (0)]

JUJisl pacCMOTPEHHOTO TIPUMePa B ONTHMAILHOM CIy¥ae op  [0r mn = 0,02.

W3 puc. 5 BUAHO, 4TO reTeporeHHOe pa3sMelleHne MOTJIOTUTENS OKa3bIBAETCS
3HauuTeNbHO OoJsiee 3((exTHBHBIM, YeM TOMOTEeHHOe pasmellenue (KpuBas
A==0), ectd AJIs OAHHOTO PEakTOpPa MOXHO MOHOOPATh OBICTPOBBHIrOPAIOHIMIA

roM

norjoTuteNb (Xp°™ <<<<1). B mpoTHBHOM ciydae, eCiid i pacCMAaTPHUBAEMOTO
peakTopa yaaercs moao0parth MOTIOTHTENb JIHHIb C X < 1, ero reTeporeHHoe
pa3MelleHre IpUBeeT K O4eHb GOJIBIIMM TOTEPSM PEAKTHBHOCTH OT HEBHITOPEB-

oIEro K KOHIYy KaMINaHuU NOTJIOTUTENA.

5. TomoreHnoe pacnoJioxKeHue NMOrJIOTHTEN

Ecnu mOTNIOTHTENbs W TOPIOYEE PACTIOJIOKEHL! TOMOTEHHO, T.e. NPH YCJIOBHU
Ja (@, u, 1)=f: (xr, u, 1)=1, To, pemas coBMecTHO ypaBHeHus (1) u (6), monyumm:*

* ToT e CaMblif pe3yJIbTAT HOJIYyYaeTCsl B CIIy4ae, ECIIH IOFIOTHTENb M TOPIOYEE PACIIONOXCHBI
TETEPOTEHHO, HO (PaKTOPHI CAMO3IKPAHUPOBAHMSA fr M fu CYMTAIOTCA HE3ABUCAIMMH OT BPEMEHU
(410 IPUGITHKEHHO CIPABEMTHBO AJisi HEGOBIINX OTPE3KOB KAMIIAHKMH).
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Dy (r, 1)
Nu(r,8) ( Nr (r, 9) )‘*’ ® D
Na(r, 0 \Nr(r,0

(24)
rac
o (r) = g (r)/21 (r)
[ o1 (u) B, (r,u) duj‘f@(r, u, t) [P (r, u)jtd
1= J o1 (u) @1, w) du

Tpubnuxkenno Oynmem cuwmrtath, 4To Dy (T,1)/Dy (T, ) = 1. B HeKOTOPKIX npak-
THYECKH BaXHBIX CIIy4asix TaKoe MPeAnOIOKeHHE IBIIACTCS COBEPIEHHO CTPOTHM
HaIlpUMED, €CIIH CEYSHHs 3aXBaTa TOPIOYETO U IOrJIOTHTES UMEIOT OJAUHAKOBYIO
SHEPreTHYECKYIO 33BUCUMOCTD, WIH €CIIH PEAKTOp SBJISETCH TEILUTOBBIM.

C y4eTOM 3TOro HpeAIOJIOXEeHHUS, UCIONb3ys Bbipaxenue (8), monyunm (24)
B BHIE:

Np (1, ¢)

N = =A@ (25)

Ecny BeITOparoliuil MOIIOTUTENb PACIOTIOXKEH TOMOTEHHO, a TOpIOYee reTepo-
T€HHO, TO B IPEANOJIONEHHUH O HEH3MEHHOCTH CIeKTpa HEHTPOHOB M3 YpaBHEHUS
(10) mosyyym :*

Np (r,0) 0

3ametuM, 4TO BuipakeHue (26) He MepexoauT TO4HO B (25), ecnut B koo dureHTe
C=B+4 (22 av n0a0x%HuTs B=0 (4TO COOTBETCTBYeT FOMOTEHHOMY pacIpese-
JIEHHIO TOPIOYETO). DTO SBISETCS CIEACTBHEM TOTO, YTO HpU monydeHuu (26)
npeHeOperasioch W3MEHEHHEM CIEKTpa HEHTPOHOB B TEYCHHE KAMIAHWH, B TO
BpeMs KaK OpM TOJNy4eHHH BhIpaxeHHUs (25) MCOONB30BAIOCH MEHee CHJIBHOE
npeanonoxenue (Dy (r, 1)/ D: (r, 1)=1).

Ucnons3ys eeipaxenue (20) B IpeAnoJIOKEHNH O HE3aBUCUMOCTH CHEKTPa U
TEHHOCTH HEUTPOHOB B PEAKTOPE OT BPEeMEHH, HaliieM OTHOCHTEJIbHOE U3MEHEHME
BO BPEMEHHU peaKTHBHOCTH, BHOCHMOH B PEaKTOP IIOIJIOTUTEIEM.

on (2) <NH (t)>:v
] = S () 12 /av 27
w0~ SO s 27)
HIIU B 6e3pa3MepHLIx nmapamMeTpax
on (y) _ ( __dy):" —1 2
oa (0) =\ Xr ( 9)

* AuajioruyHbiM 0o0pazom u3 ypaeseHus (10) MoxeT GBITH TIOJIyY€HO BBIpaXX€HME, ClpPABEA-
JIMBOE IUISL chyvas, KOTAa NOTJIOTUTENb Pa3MeIleH HEMOCPEACTBEHHO B roproyeM, u daxkTop
CaMOJKPaHUPOBAHHUSA MOTJOTUTEIA MOXKHO HOJIOKHTH DABHBEIM (aKTOpPY CaMOIKPaHHMPOBAHUS
roproyero. OOBIMHO TaKoe MPEANOJIONKEHHE ONPaBIAHO, TaK KaK MaKPOCKONMYECKOE CEHECHME
MOrJIOTUTENS, AOGABICHHOIO B rOproYee, 3HAYMTENLHO MEHBINE MaKPOCKONMYECKOTO CeuYeHUs
ropioyero. B 3ToM cnyvyae BhIropaHue IODIOTUTENSI ONMCHIBAaeTCsA (HOPMYINOi:

N ( B PR
DNale9) c [ ¢ ‘m ']_ 20 () Ay
Moo — d—ed) ew T
rue
~ A (r,u) fr0 (r, u) oot (uw) B, (T, w) du
An(l‘)=f (r,u) fr° (x, u) ocn (u) @y (X, )

J-fl'o (l‘, u) oot (u) (DO (l‘, u) du
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I[J'Iﬂ OIIpENECNCHUS BCJIMYUHBI pa36anauca PEAKTHBHOCTU OT HECOOTBETCTBHUSA
34KOHOB BBLITOpaHUSA HOTIJOTHTEII M I'OPHOYETO HaﬁIICM, HCIOJIBb3yA TCOPHURO
BOSMYMCHHﬁ, 3aBUCHMOCTh H3MCHECHUA pPECAKTMBHOCTH, n3pacxo;103aHH0171 Ha
KOMIICHCAUMIO BBIFOPAHUS TOPXOYCTIO U 3alJIAKOBBIBAHUA

S (t
Orun () = e | e (0,0 — o (1,5 %5, un (1) o
3aech:
 ®*(r, 0
Z*r LI (l') = f [Gcwn_acr - D/"O'Hf—_*‘(_"i ¢0 (I‘, u) ‘I)*O (I', u) dw
’ P *(r, u)
P, * (r, 4) — IEHHOCTb OJHOrO HEHTpOHa HeJICHUS,
0%un—CeYeHHe TOoroLieHus 1uakoB (BMecte ¢ U-236), HOpMHpPOBaHHOE Ha
OJIHO BBIFOpEBILEE PO TOPIOYETro.

OTHOCHTEIEHOE H3MEHEHHE PEAKTUBHOCTH, PACXOAYIOILEHCT HA KOMIICHCALUIO
[POLECCOB BLITOPAHMS TOPIOYEr0 M 3aLUIAKOBBIBAHHS, MOXHO TPEICTaBUTH
TOrJa B BHIE:

1 (Nr (8))*av

orun(®) _ S (Ne (0)%av (30)
%, wn §(T) 1— (Nr (7)) *av
(Nt (0)) *av
rae o - — HavYaNbHBLIH 3alac PEAKTUBHOCTH HAa BLITODAHHE IOPIOYEr0 H
3all1JIAKOBbIBAHHEC,
% [ Ny (r,8) A% (1) do
<N > ay — f}»*r,mn()d’l]
Vcepennss cootHouenue (8) ¢ BecoM 0%y, (I), Haliiem YTo
(Nr (D' 1 0c\*
(Ne (0)7ay e 8ot @Y

s [ A0 (B) A% wn (1) do
<}.r 0 > av — f7~‘r, . (l‘) dv

HpI/I YCpEeOHCHHH UCNOAB30BaJIOCh HpI/IGJIPI)KeHHOC COOTHOLICHHE .

(N (0) 220y = (N (0))%ay - <Ay

Teneps, umes B Buay (31) u (9), MoxHO 3amucaTh 3aBUcHMOCTh (30) Kax sIBHYIO
(OYHKIMIO BpEMEHU !
or, wa (t) _I—CT t
(Por,mn - 1-Ct ’ T

HIIK B 6e3p33MepHBIX napameTpax

or, un (Y) y((l ——5;31:—) (32)

g?-‘ 1 - 1_(y/xl")

BenuuuHy OTHOCUTENIBHOTO pa3balaHca PeaKTUBHOCTH, OHpeAeeHHYIO COOT-
HomeHneM (22), yunteisas (29) u (32), MoxHO npeucrasurb B CJICAYIOUIEM BUHC
(npu m=1):
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o) _ (-2 w(- )

own g _ (1 - L)Z_l_ T (y/zr) (33)

BpCMﬂ MaKCHMaJIbLHOI'O pa36ancha PEAKTUBHOCTH HAXOAUM H3 YCIOBHSA :

i( ep (¥) )
AY\ opmm /7= Yyaxc

=0
. NII 2 j'n. d
rae  (Nu(t))a = ! j(;n't)(r) d(;) -
Ant (r) = J‘ 0" (u) (1)0 (r, u) (I)O' (r,w) du

Ana onpenenenns 3apucuMoctit {Ny (t)>av/{ Ny (0)>av yepeauuM ¢ Becom A" (r)
ypasxenue (10), nmes B Buny, uto fr=1.
Torpa monmy4um:

d (Na ()a 1 .
Wa Wav L G Mo (i (28)
Bynem npubimxeHHO CUMTaTh, YTO

<2n ‘ Nn (t)>;v ~ <ln>;v <Nn (t)>;,v

rae
s [Aa(r)in* (r)dw
o Daw = Tt (0 de
Teneps, unrerpupys (28), noayunMm:
W (av 3 i
(N (0))av

rne -
@ = (udiw/C

TToncraBnss 3To BeIpaxeHnue B (27) u ucnoinssys (9), HalineM, uTo

on (¥)fox (0) = (1 — Oty =1
e = i L T A

IoncTasnss (34) u (33), MOXHO HalTH BeJIMYMHY MAKCUMaJbHOrO pa3bajianca
PEAKTHBHOCTH B TEYEHHE KaMIIAHMM OT HECOOTBETCTBHS 3aKOHOB BBHITODPAHHS
TOPIOYEr0 M MOFJIOTHTEJIS.

BripakeHue AJis MOTEpH PEAKTHBHOCTH OT HEBHITOPEBILUETO K KOHILY KaMIIAHHH
NOrJIOTUTENS B JOJISX HAYaJbHOIO 3aIaca PeaKTHBHOCTH Ha BHITOPAHHE ¥ 3alIITa-
KOBBIBaHUE NOJy4uM u3 (29)

o _ 0L () )
Or, uut 1—-[1— (1/9-"'1‘)]’”_1

ITpu 3TOM c4UTanock, 910 gy (0) — Gocr = Or, wmn
B ciryyae oyeHb MaJIOTO BBITOPaHHsI TOPIOYETo 3a KaMIaHmo, T.¢. Z; > 1, BMecTo
cooTHowenuit (33), (34), (35) OynmeM umeTs:



PACUYET BBLII'OPAHUSA TIOTJIOTUTEJREN 205

1 —e—yixg
%W =T, ¥

Ym = — Xz Inx; (1 — e~ Y*n)

[} e— llxy
Qoer/Or, wn = T g1
3necn

X = 1/<ln>;v - T

Ha puc. 6 npeAcraBieHbl 3aBHCAMOCTH [0, (¥)/or, mnly — ym» Ym H @°°F /g,. o
Kak (GYHKIMHM % H Zg.

10 Xs=2
094
OA_ {
i [ \ 1?1_ /‘
07 ;;-— Ssun
V3 s T Xg=2 I— r 4
0s A\ ) e 27
s
04
NGO
Q3 ‘N ~
927 == ]
Qi //
0
0 61 02 03 04 05 06 07 08 09 10
Xn
Puc. 6

0 0
3aBucaMOcTh Op (Y ) /O, mas Ym ¥ Oocr /Of,mx B Clydae
TOMOTEHHOTO PA3MEINeHHs TOTJIOTHTEIIS.

s pHuc. 6 BHOHO, 4YTO B Cjiy4a€ TOMOICHHOI'O PaCHOJIOKCHHA JIOTJIOTHUTCIIA
TpeGOBaHI/Ie MHHAMAJIBFHOT O pa36ancha PEAKTHBHOCTH TIPHUBOOUT K 60J'II>IIIOMy
3HAYEHHIO OCTATOYHOM PCaKTUBHOCTH, a CICAOBATCIIPHO U K GosbuIoi AONOJIHHA~
TeALHOHI 3arpy3ke roprovero st €€ KOMICHCAuu.

Ha6opoT, npu MajbIx 3HaYeHUAX OCTATOYHOM peaKTHBHOCTH IoJrydaeTcs 60Jib-
mo# pa3basianc, a CJIeHOBATEIbHO YMEHBINAIOTCA IPSHMYLICCTBA OT IPHMEHEHHS
BHIFOPAOIIET0 MOTJIOTHTENs. ONTHMAaJIBHBIE XapaKTePUCTUKM BHITOPAIOIIETO
MOCJIOTHTENA BBIGUPAIOTCA MOITOMY IyTeM KOMIIPOMHCCA.

ClefyeT 3aMeTHTH, YTO NpHMEHEHWE CMECH IBYX PpPa3JMYHBIX TOMOTEHHBIX
MOTJIOTUTENEHl MOXeT HaTh 0oJjiee ONTHUMAJIbHBIE XapaKTEPHCTHKH BHITOpAHMS,
YeM KaXK bl U3 NOTIOTUTE/IEN B OTAEIBHOCTH. MOXKET TaKXKe 0KA3aThCA MOJIE3HEIM
IUTs] yMEHBILIICHHUS BEJIMYAHBI OCTATOYHON PeaKTUBHOCTH CKOMIEHCHPOBATH YacTh
HAYaJLHOTO 3aMaca peakTHBHOCTU Ha BHITOpaHue TOPIOYEro M 3alIaKOBBIBAHHUE
TOABIXHEIMY OpraHamu peryjaupoBauus (npu 31oM m<<1). CooTBETCTBYIOIHAE
BBEIpAXXEHHA [ JTHX CIIy4aeB JIETKO MOIYT OBbITH TOJYYeHBl AHAJIOTHYHBIM
oGpazom.
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6. Yder BiauAHMA U3MEHEHHN CleKTpa ueiiTponon B TeueHHE KaAMIIAHUH Ha Mpouece
Buri)pamm norjoTuresns npH roMoreHHoM pasMenleHHH ROTJIOTHTENA H roprovero

CrekTp HEATPOHOB B peakTope B 0o6lIEM CJyuae MOXHO TPeACTABUTH B BHIE
@ (r,u,t) = @, (r,u)eFnu) (36)

rae F (r,u,t) — ¢yHaxnus, y4uThIBaroIlas H3MEHEHHME CNEKTpa HEATPOHOB B
peaKkTope B TEYCHHE KaMIaHUM, o0YCIOBJICHHOE H3MEHEHHEM
HM30TOIHOTO COCTAaBa M HEPEMELIEHNEM PeryiNpyloIuX Opra-
HOB, KOMIIEHCHPYIOILNX pa30ballaHC peakTUBHOCTH.
"B Bo3pacTHOM NpHOIIKeHNN U1l peakTopa 6e3 0TpaskaTes B IPeANoIOKeHIH,
YTO BBIFOPAaHHE FOPIOYETO H MOINOTUTEINSI PONCXOANT PABHOMEPHO 1O 0OBEMY
peaxTopa, ¢yuxuus F (u, t) uMeeT BUA:

F (0,8) = [5 [(Ne (0)— Ne () (0" — 027) + (N (0) — Ny () 0] du
0

— 8% (t) T (w). (37)

3mech
3x%(1)— M3MeHeHHe reOMeTPHYECKOro NapaMeTpa peakTopa, CBA3aHHOE ¢ Nepe-
MEIEHHEM DPEeTryANPYIOIINX OpPraHoB, KOMIICHCHPYIOIUMX pa3bajianc

PEaKTHBHOCTH,
7 (u)— BO3PaCT HEATPOHOB,
& 1
win . __ 236 CK
ge 173 % T 1379

o = [ @yoidu/f Dy} du.

PaccMoTpeHue s NpocTOTH NpoBoawWTcs Oe3 yyeTa Cnekrpa JejieHHd, T.e.
npeamonaraercs x (u) = d (u)

Kpome TOro, BMECTO BBeAEHMS OTAEJLHONH TIPYNNLI TEMJIOBHIX HEATPOHOB
3aMeJICHUE PAacTIPOCTPAHACTCA A0 1==00, TIPHYEM CEYEHUS B OOJIACTH Upp -~ 0O CUH-
TaloTCAd IOCTOSHHBIMH M PaBHBIMH YCPEAHEHHBIM CEYEHUSAM B 3TOH 00macTy.

B nanpHeiiem OyneM cuntaTh, uto F (u, 1) <<0,2. Ecau 370 yCIOBHE He BHITIOJ-
HAeTCs, TO KAMIAHMIO MOXHO pa3OWTh Ha HECKOJIBKO Y4aCcTKOB TaK, YTOOH Ha
KaXXIOM M3 HHX 3TO HEPaBEHCTBO YHOBIETBOPAJIOCD.

Torna MOXHO ef #-!) pa3JIOKUTL B PAA ¥ OPraHMYUTHCS JIUHERHOM YacThio ;e =1 +
+F W3 ycnoBuA COXpaHEHMsS MOLIHOCTH peakTopa

N, (0) for ®odu = N, (t) for By [1 + F (u,1)] du,

HCNoJIb3ysa cooTHOLIeHHE (8) H BhIpaxeHue mit F (u, t) (37), MOXHO MOJYYNTH
ypasHenue, cesspiBaronree Ny (1) Ny (0) n 322 (f):

N“ T
Ty =l ) S — ey L@ —atu) A —7)) (68)
rae n=Ar"t

T = [T (u) ox Pydu [ o, By du,
AKX = (o, @, du | —:%;du/cgfbodu,

2d =o0d Ni 0),
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Bropoe ypaehenue, cassBatoniee Nyt)/N(a(0) u 3 (1) momyyaercss u3 ypas-
uenust (1) ¢ yseTom cootHoweHui (36), (37) U cheslaHHBIX BBILIE YNPOIHNAIOLIMX
NPEANOJIOKEHHIH :

d Nnu (p) _ N (n) . .
[N,, 0) ] = 7 Prow FL(0) [1 — 3% (1) Tn + 7 (@n" — Busn)

dn

+(0— ) arr] (39)

Broas o0o3HaveHHs :

p ) =0, (K+nL+ 1),

1—7
raoe
f 7T
K=1—a == +a"
n T n
t
L=a" n f af ~'En
—ar—amn_—(al‘— um)';
t
M=
Tt

n, noacTabiss B (39) Belpaxenue s dx2 (1) u3 (38), modyunm:
1 dz | ¥(p) _

ZFa, T, =—A
rae _ (40)
z—_—Nn/Ng ; A=o_ (:T'J—az—a;)
Tt
Vpasuenue (40) ssnsercs ypasHeHMeM beprynnu. Ero pemieHue umeer BHA:
—¥(n)

Nn(n) e

Nn (0) — (41)

n

1+ fe—‘l’(rz’)dﬂ,
0

rue

p(n)= f'ﬂ'(ﬂ')dﬁ = @, {’YK + sz'L_[" +In (1_’7)]M}
0

Tak Kak Ha NPAKTHKE yaxc OOBIYHO MeHbHIE 0,25, TO B pa3yIOKEHUH
2

n(l—n) =—n—"P—...

MOXHO OIrpaHAYHTLCA NEPBBIMHU NBYM: YJICHAMM. B stom ciiyyae

Vi 2 — ,
: Wi ePd {erf [(q +n) \/f] —erf (¢V/ P) }ecnu P >0,
Je_wm)d’?/= - 1Pjq @+nVviPl  gviP[ -
0 i 12 —_— 12
[ Vi { Ie d¢ fe dt}ec.rmP<0
0 ]

3necy q = K[(L + M)
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2 X
g2
— fe “dt
V=
0
Bruipaxenue (41) npencraBisieT cob0i 3aKOH BHITOPAHHUS IOIJOTHTENS C yde-
TOM H3MEHEHHS CIIEKTpa HEHTPOHOB Ha INPOTSNEHMS] KaMIIAHAW B BO3PACTHOM
npubnxenny. 38as Ny (1) N, (0) moxto u3 ypasnenus (38) oupenenuts dx% (1) u
paccynTaTh BPEMEHHYIO 3aBHCHMOCTb pa3fayaHca peakTUBHOCTH OT HeCOOT-

BETCTBHMA 3aKOHOB BBITOPAHHUS TOPIOYEr0 M IIOTJIOTHTENA, KOTOpas CBA3aHa C
3%% CIeAYIOLMM COOTHOLIEHHEM :

32 (¢
op ()= H())l

P; wr2°M (L-l— M), erf (x) -

JD D, (r,u) By* (r,u)dudv,

rae — xo3ddumment nudbdy3un Helirporos.
W3 ycrnoBus coXpaHeHUs KPUTHYHOCTH PEaKTopa B TeYeHHE KaMIAHUH

N, (&) [ of (u) @y () [1 + F (u,8)] du = const.

cnenyeT, uro [F (u,t)du<<0, TO ecTh COEKTp HEHTPOHOB B PEAKTOPE B TEUCHHUE
KaMIIAaHUH CMATYAeTCs. DTO IPUBOAUT K YBEJAYEHMIO CKOPOCTH BBITOPaHHS
OOTJIOTUTENS C TEYCHHEM BPEMEHM, a CJIEIOBATENIbHO K YMEHBIICHHIO MOTEpH
PEaxTMBHOCTH OT HEBHICOPEBIIETO K KOHIY KaMIIaHWM TIOTJIOTHTENS, IO CpaB-
HEHHUIO C BEJIMYHHOM IOTEpU PeaKTUBHOCTH, JaBaeMoi dopMyioid (35), He y4uTHI-
Balolliei M3MeHEHHE CIeKTpa HeHTPOHOB B TEYCHHE KaMIIAHUM.

B zaiuirouenue aptopnl Onarogapar A. W. Jleitnynckoro, I'. . Mapuyxka,
JI. H. Ycauera 3a uHTepec K paboTe M oOcyxkIeHHe IOJTYYEHHBIX Pe3yJIbTaTOB.

ABTopH Takxe 6marogapsat B. H. Ilerposa, npuHEMaBHIero yyacTie B Hayallb-
HOM cTaaun paboThL

TIPUJIOXEHHME

3asucumocms eauyun pa36a/tauca peakmusHocmu om m

TIycts 3" 1 y” (cM. puc. 7) MOMEHTH BpeMeHH (B JOJIX KAMIIAHUH), TIPH KO-
TOPEIX UMEIOT MECTO COOTBETCTBEHHO MAKCHMAJIBHBIA OTPUIATENBbHBIA K II0JI0-
KHUTENbHBIA pazbanancel Ans ciayyas m=1 (kpusas II).

Torna (TQL)  =A—a=u«a
O°r, i /Make
+
d (O—QP—) =b—B=24§
0°r, wa fmaxke

IIpn m<I xpusas 1I nepeiiner B xpusyro III. ITycTs Terepr 3HaYEHMA MAKCH-
MAaJIBHOTO OTPULATENLHOIO0 M MAKCHMAJIbHOTO IIOJNIOXKHTENLHOrO pa3fanaHcoB
OyayT HOCTHraThesi B Toukax y’ (m) u y” (m)*

* MoxHo I10Ka3aTh, YTO NPH YMEHBILICHUN 7 NOJIXKHBI BBIITOJHATHCA HEPABCHCTBA

Y (m) >y my’(m) <y” (@

310 CJIeAYET U3 TOTO, YTO B TOYKAX 3KCTpeMyma pa36ana1{ca

_ @n )
i or, wn (Y) ] o __é__ en (0) 6
dy [ Qor, 1w =m dy 1— Qu °¢T ©

en (0)
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10

\\
: \'\2
—

Y Ym Y'Ym []
y
) Puc.7
3aBUCUMOCTD BeNWYMHBI pa3zbanaHca peaKTABHOCTH OT m,
roe m= (Qn (0) — 0" ) /qu, wsn

W3 dopMbl KpHBOH OCBOGOXKMAIOIICHCS PEAKTHBHOCTH BHIHO, YTO IJIA yAOBJIETBOPEHHA COOT-
HoweHus (6) NpH YMEHBIIEHHH m TPeOYETCs BHIOJHEHUE HEPABEHCTB (a).

Torma HOBBIE 3HAYCHHUS MAaKCHMAJIBHOIO OTPUIATEIBHOTO M IOJOXHTEIBHOIO
pa3banaHCcoB 3aNUINYTCS CACAYIOLMIAM 00pa3oM:

amy=4, —a,m
B (m)=b,m—B,;

TpeGyercs 1moKaszath, 4To a-+pB>a (m)+p (m)
o (m) u B (m) MOXHO TIepenucaTs B BUOC:

o(m) =0, +a,(1 —m)

p(m)=p4,—b; (1 —m)
Cre10BaTENBHO

(0“—9‘1) +(B—p) +(1—m)(by—a)>0

3T10 HEPABCHCTBO SABJACTCA OYEBHMOHBIM, TaK KaK BCE YJICHBI JICBOU YacTu
HOJIOXHATEIIbHBI.

Taxum 06pa3oM, OEHCTBHTENIBHO, CYMMa MAaKCHMAJIEBHOTO OTPHLATEIBHOIO M
MOJIOXKHUTEILHOTO pa3banaHcoB OyIeT YMEHBINATHCS ¢ YMEHBIUEHUEM 1.
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III. 4. LONG-TERM EFFECTS






SM-18/2
LONG-TIME BEHAVIOUR OF FAST BREEDERS

K. Orr AND A. JANSEN
KERNFORSCHUNGSZENTRUM, KARLSRUHE,
FEpERAL REPUBLIC OF GERMANY

Abstract — Résumé — Amoranmas — Resumen

Long-time behaviour of fast breeders. For studying the long-time behaviour of
fast breeders, a suitable O-dimensional model of fissile (plutonium), fertile (U?28)
and absorbing material (structural material and coolant) is investigated. Charging,
discharging and re-charging of fissile and fertile material are idealized as continuous
processes. Criticality requires continuous discharge of each specific Pu-composition.
The time behaviour of the isotope composition is described by a first-order-differential-
equation system whose solution was determined numerically for different initial
conditions. Calculating the stationary isotope composition (stationary after a long
time) leads to an eigenvalue problem with the plutonium current to be discharged
as eigenvalue and the Pu-isotope concentrations as eigenvector components. Generally;
this eigenvalue problem has but one physically reasonable solution with the so-called
Pu> as eigenvector. The eigenvalue determines the breeding rate. The principal
structure of fuel recycling is investigated.

Comportement & long terme des réacteurs surgénérateurs & neutrons rapides. Pour
étudier le comportement a long terme des réacteurs surgénérateurs & neutrons rapides,
les auteurs ont considéré un modéle ponctuel approprié composé de matiéres fissile
(plutonium), fertile (33%U) et absorbante (matériau de construction et fluide de re-
froidissement). Le chargement, le déchargement et le rechargement des matiéres
fissile et fertile sont idéalisés en opérations continues. L’état critique exige un décharge-
ment continu de chaque composition spécifique de plutonium. Le comportement
en fonction du temps de la composition isotopique est décrit par un systéme d’équations
différentielles du premier ordre dont la solution numérique a été faite pour des con-
ditions initiales différentes. Le calcul de la composition isotopique stationnaire
(stationnaire aprés une longue période) conduit & un probléeme de valeur propre,
oi1 le flux de plutonium & décharger est la valeur propre et les concéntrations iso-
topiques de plutonium les eomposantes du vecteur propre. D’une maniére générale,
ce probléme de valeur propre n’a, du point de vue physique, qu'une seule solution
raisonnable ou Pu™ est le vecteur propre. La valeur propre détermine le taux de
surgénération. Les auteurs examinent la structure principale du retraitement du
combustible.

Bpemennoil pexxuM peakTopoB-Pa3MHOKHTeNeH HA ObICTPbHIX HelTpoHaX. s u3yueHus Bpe-
MEHHOr0 peXyMa peakTOPOB-Pa3MHOXUTENel Ha ObICTPHIX HEHTPOHAX UCCIIeNyeT s IOAXOAAIasn
O-pa3mMepHast MOA€ENb pacImeruisiiomerocs (IIyTOHWI), poussoasmero (ypan-238) m nornoma-
JOIIEro MaTepuana. 3arpyska, pasrpy3ka ¥ Neperpy3ka pacllellIfolerocs ¥ IpoU3BOaSLIEro
MaTepHaa HAeaIM3HPOBAHbI KaK HEIPephIBHbI Iponecc. KpUTHYHOCTE TpeGyeT HenpephiBHOM
pa3rpy3Ki Kaxaoro KOHKPETHOrO COcTaBa MiyToHus. TloBeneHHe H30TONHOrO COCTaBa ONMCHIBA-
€TCs C IOMOBbIO NMddepeHIManbHOM CHCTEMBI YPaBHEHUI NEPBOTO NOPSAKA, PELICHHE KOTOPOI
TIPOM3BOAMTCS YHCIIEHHBIM METOAOM [JIA PAa3JIM4HbIX HayanbHbIX ycnosuit. IToacyer craumoHap-
HOTO H30TONHOI O COCTaBa (CTauHOHaPHOCTh NOCE AJTUTENBHOT O BPEMEHH) IPUBOJHUT K npoGneme
COGCTBEHHOTO 3HAYCHMSA, TAe NOTOK PasrpykaeMoro ILIyTOHMSA SBJISCTCA COGCTBEHHBIM 3Have-
HHEM, a KOHIEHTPALVS HIOTOMOB MyTOHUA — KOMIOHEHTaMM COGCTBEHHOI0 BeKTOpa. OOBIYHO
5Ta npobrneMa cOOCTBEHHOrO 3HAYeHUsA UMeeT NHIE OJHO (U3NYECKM pa3syMHOe pellueHue
¢ T.H. Pu® B xavectBe coBGcTBEHHOro BekTOpa. COGCTBEHHOE 3HAYCHHE ONpEAEsnsieT CKOPOCThH
pasMuoxenns. Ycenenyercs NpHHIMIKANIBHAS CTPYKTYPa MOBTOPHOT O MCTIOIB30BAHUS TOMIIMBA.
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Comportamiento a largo plazo de los reactores reproductores rapidos. Para estudiar
el comportamiento a largo plazo de los reactores reproductores rapidos, los autores
consideran un modelo puntual adecuado compuesto por materiales fisionables (plu-
tonio), fértiles (*3%U), y absorbentes (materiales estructurales y refrigerantes). Se
supone que la carga, la descarga y el reemplazo de los materiales fisionables y fértiles
so realizan de manera continua. El estado critico exige la descarga continua del
plutonio para cada una de las composiciones isotdépicas. La ley de variacién de la
composicién isotépica del plutonio en funcién del tiempo viene dada por un sistema
de ecuaciones diferenciales de primer orden, cuya solucién ha sido determinada
numéricamente para diferentes condiciones iniciales. El eédleulo de la composicién
isotépica estacionaria (al cabo de un largo periodo) exige la solucién de un problema
de valor propio en el que la corriente del plutonio que se ha de descargar constituye
el valor propio y las concentraciones de los is6topos del plutonio, los componentes
del vector propio. En general, desde el punto de vista fisico s6lo existe para este
problema de valor propio una solucién Unica en que el asi lamado Pu* representa
el vector propio. El valor propio determina el indice de reproduccién. Los autores
examinan la estructura principal del reciclado del combustible.

Introduction

Two questions must be answered by investigations on the long-time behaviour
of fast-breeder reactors: (¢) How does a reactor system behave between two
interventions from the outside, i.e. what is the time behaviour of neutron flux,
of reactivity, and of the fuel-isotope mixture between two charging events?
(b) How does a reactor system behave over long periods of time, taking into
account reprocessing and refabricating plants ?

When looking into the second question, to which we are going to restrict
ourselves here, one is permitted by the type of question to make some simpli-
fications, which make it possible to arrive at general interrelationships. Especially
the influence of the principal structure of the fuel cycle between blanket, core,
and reprocessing plant is to be investigated.

In general, fuel recycling is made in batches which are small compared to the
volume of the core, and for this reason it may be replaced by a continuous stream
of matter. Moreover, some other simplifications will be introduced which are
permissible for the purposes of the investigation, and thus do not alter the main
features of the results. First we regard the two media (core and blanket) as
homogeneous ones. This has the consequence that the fuel stream drawn off
from the core at the time ¢ is of the same isotope composition present in the core
at that time t. Secondly, the time required for reprocessing and refabrication
may be neglected because in general it is small compared to the time it takes
for the isotope composition to be changed essentially.

For this reason we do not have to take into account the streams of fissile
and fertile material which only pass reprocessing and refabricating plants and
are fed back into the core unchanged. This also applies to trivial inflow and
outflow of structural material. Also that part of the fuel produced by breeding
in the blanket which reaches the core via reprocessing and fuel-element-fabrication
plants may be regarded as an immediate stream from the blanket to the core.

Fig. 1 schematically shows the non-trivial streams of fissile and fertile material
for a reactor system consisting of two zones. The scheme is restricted to the
case where the breeder is able to satisfy its fuel needs by itself. For the sake
of simplicity, we also neglected the U235-content of the fertile material. g3 and Uy,
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are the streams of U?8 into the core or the blanket, respectively. yp and y¢
designate the fuel streams which are not recycled into the system and thus can
be sold. There are two extreme cases of the fuel cycle.

ot

CORE BLANKET

99

lrc 15

Fig. 1
Scheme of the fertile- and fissile-material streams in a two-zone system.

Case B. yp# 0, and yc=0, i.e. plutonium produced by breeding is only sold
from the blanket. No plutonium is ever drawn off from the core.

Case C. yc# 0,and yp=0, i.e. all plutonium produced by breeding in the blanket
is fed into the core, from where a stream yp¢ of the isotope mixture present there
at the moment must be drawn off continuously for criticality reasons if the
system works with a breeding gain >0.

In the following sections, the long-term change of the isotope mixture in
the core is first calculated in a general way. Another section gives numerical
results for the two extreme cases B and C.

The time differential equations of the two-media problem

Fundamentally, neutron flux is a function of space, energy, and time.

The dependence on time, however, is very weak, if one idealizes the recharging
batch process to appear as a continuous stream, as is done here, and, moreover,
it demands that the volume of the core be not changed in time (see below).
At least the flux may be taken as being constant over relatively large time inter-
vals. Within such an interval of time, the quantities appearing in the reaction
rates may be replaced by average values or integrated quantities in the following
way:

) =g E)dE | o0

7=[p@adr @)

where volume integration is over the core or over the blanket.
The average values of the cross-sections are given by the following term:

fa(E)«p(r,E)dEdr L :
T = =—:fa(E)(p(r,E)dEdr. 3)

f(p (v, ) dE dr ?
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For the differential equations describing the change of the isotope mixture
in the core, this results in

dNa

VC = —g¢ Ns&C’I"gs
dN e
Ve di =—0y Nygc + 0¢ Ns@c + go—yc Ny
dN, e e —
Vo dt = —0; Nogc + 0, Ny@c + (go) —vc Ny 4
dnN, — — -~ — — —
Ve dz = —0{Nypc + d§No@c + (1) —yc N,
dN — — - — _ _
Ve *=—0,Ny0c + 0y N1@c + (§o) —7c N,
0=—?3 + 0, N, ¢
where Ng, Ny, N ... are the numbers of U238, Pu®9 Pu¢ ... nuclei per cubic-

centimeter of core volume (V¢), @ is the volume integral of neutron flux in the
core, g, the total stream of particles of sort N, into the core. gy, g, and §, are put
in brackets, because in the following part we are going to assume that no remark-
able concentration of higher Pu-isotopes builds up in the blanket. This assumption
is unimportant for the fundamental results, but it will be improved upon continua-
tion of this work. In the last equation, it is assumed that Am?24 is removed from
the core so quickly that its concentration can be neglected or else has such a
low constant value that it is of no interest for the criticality of the system.

Egs. (4) are altered in such a way as to contain only quantities without
dimensions. Instead of time, a quantity

PC -
Ve » (5)

T =

proportional to the flux-time is introduced. The average values of the effective
cross- -sections are replaced by their (dimensionless) measured figures in barns.

=0 X 1072 cm?, (6)

The particle concentrations are changed into pure numbers by multiplication
with a “unit volume” where the unit volume V has been selected so as to render

Zni=1 (7
ni=N; V. ’ (8)
In this case tke streams change to
Yo = %g— x 102 cm—3 9)
gi = J{J—i(_;;—CT/— X 102 em~2 . (10)

Plutonium production in the blanket per unit time is given by this expression:

G5 Nsn[Fn () dr = G Nsngn. (1)



LONG-TIME BEHAVIOUR OF FAST BREEDERS 217

Cut of this, the fraction yp (stream directed toward the outside) is available
for sale, and the fraction 1-—ypg is fed into the core. For the Pu®®-stream within
the core we then have:

gy=03BNsn ¥B (1—YB) (12)
or, after introducing quantities without dimensions,
gy =088V Nsp—2 (1 —yr) = o s B (L —¥3) (13)
where " B
7ign = Nsp 22— 7 (14)
¢C

is the number of nuclei in the fertile material, reduced to core conditions with
the rate of reaction maintained:

EB’fNSB(r) Py’ (r)dr =05 Nsp ¢ 5’ = 0B Nsp ¥c. (15)
B

From the reduced concentration Ngg we obtain the reduced number of particles
by multiplication with the unit volume:

ﬁgBZI\?gB V. (16)
Thus, out of (4) comes
dn
“de =-—0%mng T+ gs
d
dnr9 =-—0a%ny + 0%Ng + gy —YC Ny
dn
d.:' = -—0% Ny + 0% Ty —YCTy (17)
dn
drl =—0%n + 09N —ycn
dn i
d: =-—0%n, + 0" ——YChy
"0 = —9y3 + %%, .

The system of equations (17) is to be solved under the secondary condition
of normalization, which corresponds to the postulation of a particle-density
constant with regard to time, and under the secondary condition of criticality,
i.e. all neutrons produced in the reactor either are also absorbed in it or get out
of the system:

2 .
Zn; (v) =1 ' - (18)
i—8

2
Zaini(f) + agpngp + '+ A =0 (19)

i=8

with

ai=0% —vicghi, 1=8 ... 2 and 8B (20)

where A’ is the number of leakage neutrons for the unit volume V, and =’ is the
number of neutrons absorbed by parasitic capture in the unit volume. In one
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special case, calculation of the place and energy-dependent neutron flux leads
to 1’. As we do not aim at a special case, we treat A’ and n’ as free parameters
with a scope of quantities:

O < *

O<m'<m'* (21)

where A'* and z’* may, e.g., limit the scope of positive breeding gain.

The system of equations (17) to (19) first contains ten unknown time functions,
the six particle numbers ng to n, and ngg, and the four streams gg, yB, yc and
yg flowing in or out. For their determination there are five differential equations
and three algebraic equations, so that two remaining time functions may be
presupposed at random from the mathematical point of view.

The five initial values of the particle numbers to be presupposed according
to the five first-order differential equations must satisfy the secondary condition
{18) and, inserted in (19), furnish a value for ngg>0.

The fact that two of the time functions contained in the system of equations
(17) to (19) may be freely presupposed within certain limits reflects the freedom
in operating a reactor system consisting of core and blanket. For this reason,
one is going to use this freedom in order to lay down regulations for operating
the system fixed by the initial conditions. The first freedom will be disposed
of by the postulation that the reactor, with the size of core and blanket dimen-
sioned in the beginning, remains critical at all times. This leads to the conse-
quence that within the periods of time quoted above, where the flux may be
regarded as independent of time, the same number of neutrons streams from
the core into the blanket at any moment, so that

ngp (t)=nss (0). (22)

There is genuine freedom in selecting the second free time function, not only
from the mathematical point of view, but also from that of the physics of the reactor
system. According to the statements made above, this freedom is used for laying
down an exact regulation for the fuel cycle. Mathematically, this regulation
consists in presupposing ys (7) or yc(7) astime functions within the permissible
limits. In case yy () is presupposed, this decides what share of the plutonium
produced in the blanket by breeding will be fed into the core. One may freely
choose the curve of a function between a minimal function Min(1—yp (7)) and
the maximum value 1 (i.e. all blanket plutonium will be fed into the core). The
corresponding fact is true of yc (t) between the minimum value yc=0 and a
maximum function Max(yc(t), which results if all plutonium produced by breeding
in the blanket is fed into the core (yp=0).

The structure of the differential equation system (17) is very different in both
extreme cases. In case B, yc=0 and (17) is a linear differential equation system
with constant coefficients. Even if y¢(7)>0 is presupposed, the system remains
linear. In case C, however, the system of differential equations (17) becomes
non-linear, because the unknown functions yc(t) and n;(t) appear as a product.
The same thing holds true if yg(7)>0 is presupposed. Thus we have to calculate
in the following section the solution of the systems (17) to (19) in both the linear
and non-linear cases. ‘

The initial conditions will be presupposed in this form:

" (©)  m0) () _
(0 m @ (0 YO =0 (23)
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with
y (1) = 2— (24)
Z i (1)
9
as quantities which may be chosen freely. Then

3 (0 | m©) , n(0) .
na(0) = [(1+ e + TG+ 2] @+ wo)] (25)

is calculated from the normalization condition. The criticality postulation then
determines ngp (0) and thus, lastly, the size of the reactor.

Solution of system (17) to (19)

First, the system (17) to (19), consisting of differential and algebraic equations,
was to be changed into a pure system of differential equations for the particle
- numbers of the plutonium isotopes. For the sake of simplicity, we restrict our-
selves in this section to the situation where 1, or y¢, respectively, are presumed
not to be time functions, but constant quantities, as this takes care of the extreme
cases B and C which are investigated here numerically. Depending upon whether
the linear or the non-linear problem is treated, it is useful to apply different
eliminations, because in the latter case g, is presupposed, whereas it is wanted
in the first one. '

SOLUTION OF THE LINEAR PROBLEM

Normalization condition and criticality should be met any time. Apart from
(18) and (19), it should therefore also apply that

(26)

7 (T)

=0
a; n; () = 0 27)

3
2

If one inserts Egs. (17) into (26), one obtains the general balance equation
of the fissile and fertile material nuclei:

2
— D hmi+ g5 + gy—y; =0 (28)
8

i.e., all nuclei introduced into the core as U238 or Pu??® are either fissioned or
drawn off as Am?%3, Elimination of y; by using Egs. (17) gives

2
gs 1+ 9o =z‘7if i+ 05Ny . (29)
8

Another relation between g; and g, is obtained by inserting (17) into (27):
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g + gy = Ng(Ag0%—1y0%%) + Tg(@g0%G—A40%) + Tp( 07— 10%)
+74(216%—250%)) +ng@0%.  (30)
It is possible, by using (29) and (30), to express g, and g, in terms of =;:
Js =

Gy — g [”s 0% (@g— dg) + Mg 0% (Ag— ) + 19 0% (@g— ) + 145 (@ — @y)

+ 7 0% (@g— 1) + 7y 6% (G — ) + N, 0% (a's—‘az)] (31)

Gy = [ns 0% (@9 — ag) + My 0% (Bg— ) + Mg 0% (A5 — @) + 7507 (@) — ag)

ag — Qg
+ 19 0% (@g — ) + 71 0% (@ — ag) + 0y 0% (ag— ;) + ny0% (“s._az)] . (32)

If one inserts (32) into Egs. (17), the terms with ng cancel out and the four
central equations in (17) become a homonegeous linear system of differential
equations for determining the numbers of plutonium particles. One may consider-
ably abbreviate this notation by regarding the quantities n, to n, as components
of one vector:

2
Mg

n= - (33)
Ty

and writing the core of the equation system (17) in this way:

dn
where
Of oy OG0 —— 0% 0% 0% ay— 0%ty
o¢ — 07 0 0
B= ® 0 35
0 0% —ay 0 (35)
0 0 0% — 0%
with «; given by the following quotients:
L Gi—a
w— L (36)

With the eigenvalues of the matrix B to be determined from the determinant
|B—rE|=0 ' (37

and the relevant eigenvectors X, one obtains the solution of the time-dependent
linear problem in this shape:

4
n(7) =Z Ll Xe 6Tk (38)
k=1

The quantities {r must be calculated from the initial conditions, where the
interrelations between the Pu-isotopes could be chosen freely and parasitic
absorption (n’), leakage (4’), and distribution of the fertile material in core
and blanket (y,) only appear in one common factor. As the matrix B and thus
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also the eigenvalues 7, and the eigenvectors do not depend upon z'4 1’ and
Yo» Yo and the neutron loss influence the total solution (38) only through a factor
common to all terms. Thus, if one does not take into account spectral shifts,
the following facts apply:
In the extreme case B, where no plutonium for sale is taken out of the core,
the relative concentration of the plutonium isotopes at any time is indepen-
dent of parasitic absorption, leakage, and initial distribution of fertile mate-
rial in the core and blanket.
Especially for Pu®®, if one introduces the normalization (without ny)

2

Z n =1 (39)

9

which is much more illustrative for regarding the relative plutonium concen-
trations (the superscript is to denote the quantities normalized according to
(39) instead of (18)), — the following terms result from (35):

’ og of 0 .,
Ny = ot af gf 2
999 01
’ __ 01110-121 z
Ny = o’ o’ 2
051
(40)
-
’ 2
Ny = —n
1 c V2
o1
a a ~a —_
11 Oy O3 01 o5 0f af 1
ne=|1+ o + of af of of o :
1 1% 190 9%

All other quantities may be directly determined from ng to n,: ng from (18),
gs from (31), g, from (32), and vy, from (17).

SOLUTION OF THE NON-LINEAR PROBLEM

In the extreme case C, where plutonium for sale is only drawn from the core,
go is presupposed. We therefore change the mixed system of Eqgs. (17) to (19)
in the following way so as to form a pure system of differential equations.

First we regard the term g, in the second of Egs. (17) as being equipped with

2

a factor Z ni=1 and also in the criticality condition the terms agpn sg +n’ + 4’

8
This latter fact, physically speaking means that net absorption of uranium-238
in the blanket, parasitic absorption, and leakage are taken into account in the

core as increased absorption:
2

dn a .
I = — Og M+ ogng + ggz Ni— Y Ty (41)
8
2
0 =z(a‘; (—vio® + agn7gs + 7 + V)i . (42)
8

The parentheses in (42) we ‘denote by b;:
b= (o":—v,af +agpnsp +7 + ). (43)
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We resolve (42) for ng and insert into (41):

dng

2
> =—a‘,’,n9+20;n;-ycn9 (44)
9

with
bi
C; = go— (03 + §y) B (45)

As in the treatment of linear problems we introduce the plutonium vector
{33). Instead of (34) we now obtain:

dn
H—;=Cn——-yc(r)n (46)
with
—o3+Cy G Gy C,
o§ —a3 0 0
= . 47
C=1, p —6t 0 (47)
0 0 af — 0%

where the quantities C; are dependent upon &/, A’, and y, In contrast to the
extreme case B, the following statement holds, even if one does not take into
account spectral shifts:
In the extreme case C and in every other fuel recycling with yc(t) not pre-
supposed, the whole time plot of the relative plutonium concentrations
and especially Pu® depends upon parasitic absorption, leakage, and the dis-
tribution of fertile material in the core and in the blanket.
Corresponding to (40) one obtains this term in the specific normalization
(39) for the components of the Pu™-mixture in case C: '

+ {98+ 7c) (91 + yo) (96 + ¥c) ny’

]
n, ¢ g gt
6§ af of

, (9% + yc) (ef+vo) o
- 2

"o a§ ot
! (48)
o4
nll — 2 :‘i YC nz'
, of + yo (¢ + vo) (o] +vc) (9§ + vc) (6 + vc) (06§ + yo) T2
m =1+ LI o o + of 0, 0% :

Thus the stationary plutonium concentrations depend upon yg(oco), which
(together with the »; (0o)) results from the solution of the eigenvalue problem:

Cn =ychn. (49)

As the matrix C is not a symmetrical one, not necessarily all four eigenvalues
are real. Moreover, negative real eigenvalues have no practical meaning as they
describe a plutonium stream into the core which has the same composition as the
plutonium already present in the core. Such a fuel charge is not possible in general.
Negative values of y¢, which lead to negative particle numbers according to
(49) or (48), must be excluded because they are physically impossible.
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The average cross-sections typical for a reactor fuelled with fuel oxide or
carbide were taken as a basis of this work (cf. Table I). They furnished one
positive and three negative eigenvalues. The positive eigenvalue has been realized
physically. ,

The solution of the non-linear differential equation system (46) can be calculated
in the following way in the form of a Taylor series: with n(0) presupposed by
the initial condition, c(0) appears in (46) only as a product with the known
vector n(0).

At t=0, (46) together with (26) and (27) form an inhomogeneous, linear
system of equations for determining the six unknown quantities #; (0) (=8 to 2)
and ygc(0). By differentiating (46), (26) and (27), one obtains a corresponding
system of equations for calculating #:(0) (=8 to 2) and y¢(0), and by continuing
these processes the whole Taylor development of the functions yc(t) and »;(7)
at 7=0 is obtained. g4(7) and y4(r) thus may be calculated immediately from
(17). In the numerical evaluation, the Taylor development was used only in such
a small interval Az that at the end of the interval the quantities n; (t+ A7)
described by ten-series terms had an error of less than 10-1%. These particle
numbers were taken as initial conditions for the next Az-interval, ete.

NUMERICAL RESULTS

Table I gives the average values typical of a reactor fuelled with oxide or
carbide fuel used for the capture and fission cross-sections.

TaBLE I
AVERAGE CROSS-SECTIONS
(barns)
i U23 8 , Puzsa ' Puzm ] Puzn | Puzdz
ot 0.16 0.29 0.29 i 0.20 0.29
of 0.01 1.70 0.03 2.05 0.05
v 2.5 2.9 3.1 3.0 3.1

For U238 jdentical cross-sections were used for core and blanket in the first
informative results quoted here.

The two stationary Pu-isotope mixtures calculated with these cross-sections
for the two extreme cases B and C are quoted in Table II in normalization (39).
In case B, the relative concentrations are independent of the amount of neutron
losses as well as of y, In case C, the relative Pu-concentrations at constant
7’ + A’ depend upon y,. However, if one relates the neutron losses not to the nuclei
present in the core (Xn;==1) but to 1 +ngs, i.e. if instead of #’ + 1’ the quantity

a4+ A

A=

(50)

is kept constant, also in case C the relative plutonium concentrations are in-
dependent of y,, the initial distribution of fertile material in core and blanket.
w4+ 4 is quoted as a parameter in Table II.
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TarLe IT
Extreme case B C
A ) 0 0.01 0.02 0.03 0.0946
100-n, 47.76 83.41 81.18 78.70 76.03 47.76
100-n/ 43.28 15.19 17.10 19.21 21.46 43.28
100-n) 5.58 1.25 1.50 1.79 2.11 5.58
100-n, 3.38 0.16 0.22 0.30 0.41 3.38
YC 0 1.273 1.057 0.868 0.707 0
cf.
BR—1 Table III 0.733 0.620 0.520 0.434 0
T+
-
9
g 0
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Fig. 2

Time variation of relative concentrations of Pu-isotopes with neutron losses as
parameter in case C for clean Pu®?® at 7 =0.
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n' 0.03

Fig. 3
Time variation of relative concentrations of Pu-isotopes with neutron losses as
parameter in case C for thermal Pu at r=0.

Obviously, the breeding rate must be defined differently for cases B and C.
In case B, pure Pu?® is produced in the blanket by breeding and then sold.
The core is kept critical by addition of Pu?®. The higher plutonium isotopes
cannot be included in the definition of the breeding gain, because they have
effects similar to those of catalysts unchanged by time.

— C
CDn = — N8B 08B VB ]
(BR ) ngposp (1 — yp) + ng oy (51)

In case C, however, only the plutonium mixture as a whole taken out of the
core for sale may be termed fuel produced by breeding. Therefore in this case
the breeding gain must not be defined by (51), but by an expression containing
for the fuel gain the output of stationary isotope mixture and for the fuel con-
sumption the amount of this mixture turned over in the core per unit time:

15
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2

z'm‘

(BE—1)o =yc5— . (52)

S
9

For discussing Table II, we will use the following terminology for the sake
of brevity. A plutonium-isotope mixture is to be termed the better, the higher
is its share of Pu®® 4 Pu?4, relative to the share of Pu?4® + Pu242. The essentials
of Table Il can be summarized in this terminology in the following way:

In charging regulation C, the Pu® mixture is very good for m+ A=0. With
increasing neutron losses, on the one hand the breeding gain decreases, on the
other Pu-isotope mixture deteriorates. High neutron losses thus create a twofold
disadvantage. In cases of vanishing breeding gain (yc=0) the Pu* mixture
deteriorates to the same extent as in charging regulation B. The higher quality
of the isotope mixture in case C is achieved at the expense of the inferior quality
of plutonium available for sale.

Table III shows the breeding gain in case B for the same values of neutron
loss (7t + 1) as in Table II.

1
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15
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Fig. 4
Time variation of relative concentrations of Pu-isotopes in case B for clean Pu?®
at 7=0.
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TasLe II1 _
BREEDING GAIN IN CASE B
n+ i i 0 0.01 } 0.02 0.03 0.0946
BR—1 0.762 0.634 ‘ 0.526 0.435 0

Tables IT and IIT show that the breeding gain at equal neutron loss is practically
independent of the type of fuel recycling. All values are somewhat higher in case B
thdn in case C, which might be due to the higher Pu?!!-content in case B. However,
an accurate discussion of small differences does not seem feasible, because the
breeding ratios refer to the increase of the different isotope mixtures.

In Figs. 2 and 3 the relative concentrations of Pu-isotopes in case C are plotted
as a function of time, with 7z + 1 as a parameter. Pure Pu?® has been assumed
as the initial fuel in Fig. 2, and Pu* of thermal reactors in Fig. 3.

At a specific power of 0.2 MW/ kg, a period of 23 years corresponds to the
quantity of r=1. Fig. 3 shows how Pu>, because of the necessary extensive
changes in concentration, is decreased only slowly and then changed lnto the
mixture corresponding to the fast reactor.

Fig. 4 shows the relative Pu-concentrations of case B (the initial conditions
are the same as in Fig. 2); they are independent of neutron loss. The stationary
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Fig. 5

Time variation of relative content of U238 with its initial content and neutron losses
as parameter in case C.
clean Pu®® at r = 0
— — — — Pu® thermal at r =0

15¢
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isotope mixture is only established after a longer period of time, because Pu??9,
Pu?4l, and Pu?®? must increase to higher concentrations than in case C. Figs. 5
and 6 show the U238 concentrations for cases C (Fig. 5) and B (Fig. 6). With
pure Pu?? as the initial fuel (solid lines in Fig. 5 and 6) the U238 concentrations

0 2 H g
T
Fig. 6
Time variation of relative content of U288 with its initial content in case B for clean
. Pu?? at v =0.

decrease with increasing time, corresponding to the build-up of Pu?*® and Pu?2,
In case Pu> of thermal reactors is taken as an initial fuel (dotted line in Fig. 5),
ng(7) increases, because the initially high concentration of Pu?*? decreases. For
all changes of time of the U%%-Pu mixtures approximately the following fact
holds, if one postulates the invariability of the core volume:

The Pu?39.ghare decreases in proportion with the build-up of Pu?%. The U238.

share is reduced with increasing concentration of Pu?t® and Pu2¢?, so that

this approximation holds:

' Nig + N, A const.
ng + My + Ny R const.

The physical reason for this is that the cross-sections of odd or even nuclei,
respectively, differ only slightly. As a consequence, the neutron flux is nearly
constant in time.
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Abstract — Résumé — Annoramus — Resumen

Fission gas pressure build-up and fast-breeder ecomomy. Fuel-cycle costs and
doubling time of fast-breeder reactors are strongly affected by the fuel-burn-up
obtainable. Use of oxide or carbide fuel offers the possibility of reaching a burn-up
of 100000 MWd/t. In fuel-clad elements, a limiting factor is the fission-gas-pres-
sure build-up. At the high burn-up considered, an appreciable fraction of the fission
gases gets into the pores and thus contributes to the pressure on the can.

Starting from tbhe known fission-product yields and decay chains, gas production
and pressure build-up have been calculated. Three physical models have been employed
in calculating the pressure acting upon the can: the gas is contained either in inter-
connected pores, in separate pores, or in a central hole.

The pressure-dependence upon free volume (fuel density) and temperature will
be discussed. Cans made of high-strength materials as Inconel-X and molybdenum
could stand the fission-gas pressure at operating temperatures. Unfortunately, these
materials have higher absorption cross-sections than stainless steel. Results of a
multi-group calculation are given, showing the effect of using these can materials
and of decreasing the fuel density on critical mass and breeding ratio in small and
medium-size breeders. '

Accumulation de la pression des gaz de fission et économie des réacteurs surgénéra-
teurs & neutrons rapides. Le colit du cycle de combustible et la période de doublement
des réacteurs surgénérateurs & neutrons rapides dépendent étroitement du taux
de combustion. En utilisant pcur combustible un oxyde ou un carbure, on peut
atteindre un taux de combustion de 100 000 MW j/t. Avec des combustibles gainés,
I'accumulation de la pression des gaz de fission est un facteur limitatif. Pour le fort
taux de combustion envisagé, une fraction non négligeable des gaz de fission pénétre
dans les interstices et contribue ainsi & la pression sur la gaine.

A partir des rendements en produits de fission et des chaines de désintégration
connus, I'auteur a calculé la production de gaz et 'accumulation de pression. Pour
calculer la pression exercée sur la gaine, il a utilisé trois modéles ot le gaz était contenu
dans des interstices reliés entre eux, dans des interstices séparés ou dans un orifice
central.

Le mémoire traite de la variation de la pression en fonction du volume libre (densité
du combustible) et de la température. Des gaines en matériaux trés résistants, comme
I'Inconel-X et le molybdéne, ont pu supporter la pression des gaz de fission aux
températures de fonctionnement. Malheureusement, les sections efficaces d’absorption
de ces matériaux sont plus élevées que celle de I’aluminium. Les résultats de calculs
multigroupes sont présentés, pour montrer comment ces matériaux de gainage et
la diminution de la densité du combustible influent sur la masse critique et le rapport
de surgénération dans les réacteurs surgénérateurs de petites ou moyennes dimensions.
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Haxkonnenne naBjieH#s ra3os NpoAyKTOB AeACHHA H IKOHOMHKA PEAKTOPOB-PA3MHOKHTENIEH HA
ObicTphix HeiiTponax. Ha CTOMMOCTb TOINIMBHOTO LiMKNa M Ha BpPEeMS YOBOSHUS DPEakTOPOB-
OpunepoB Ha OGBICTPBIX HeHTPOHAX CHIILHO BIIMSET CTENEHb NOCTHTAEMOTO BLIFOPAHMS
Tomnusa. Mcrmonp3oBanme  OKCMOHOTO HWJIM  XKapSMAHOrO TOIIMBA — OA€T  BO3IMOX-
HOCTh HOCTHTHYTHL BbiropanMs mnopsanka 100 000 MeT-H/T. B TOIUIMBHLIX J7leMEHTAX C
NMOKPLITHEM OTPaHUMYHBAIOIUAM (GAaKTOPOM ABIAAETCH POCT Ta30B IPOAYKTOB JeICHUA.
TIpn paccMaTprBaeMOM BHICOXOM BBITOPAHMM MOAJANOMIAsCA OLEHKe (Bpakuus razos, oGpasye-
MBIX TIPH JETEHKMH, TONAJAeT B IOPHI M TEM CaMbIM YBelIMYHBAeT NaBIEHUE HAa ODONIOUKY.

Hcxona u3 M3BECTHBIX BBIXONOB NMPOAYKTOB HENCHHUS M LENOYEK pacmaza ObUIO BBIYHCIEHO
KOJIM4ecTBO 00pa3yIolIerocs ra3a u cozgasaeMoe UM Aasnenue. [Ipu pacueTe gaBleHus, IEHCT-
BYIOILETO Ha 000/104Ky, OBIIM MCIONB30BaHbl TPH (QU3MYECKAX MOJENH: 1) ra3 CONepxkajcs B
CBsI3aHBIX Mexay coboif nopax, ii) B OTHENbHBIX MOpax M iii) B LEHTPAaJbHOM OTBEPCTHH.

Bbyner paccMOTpeHa 3aBMCHMOCTH HaBJIEHHS OT CBOGONHOro o0beMa (IIOTHOCTH TOMJIMBA)
W TeMnepaTyphl. OGONOUKY, WITOTOBJCHHbIE M3 BBICOKONPOYHBIX MATEPHANIOB, HANPHMED, U3
MHKOHeNA-X ¥ MonbaeHa, MOTIIH Obl BIAEPKATE NPU pabovNX TeMOepaTypax JaBjeHUE rasos,
BBIAENSIIOMINXCSA B pe3ynbrate peienus. K coxaneHuro, st Matepuansl o6iaagatoT 6oiee Bbi-
COKHMH IOTIEPEYHBIMH CEYEHHAMH HOTJIOIICHNS, YeM HEPIXKABEIOIIAs CTaNb, BynyT OaHsl pe3yis-
TaTbl MHOTOTDYNMOBOI'O PAcyeTa, MOKA3LIBAIOLIME BIIMSHUE HMCIIOJIL30OBAHUSA 3THX MATEPHAIOB
17151 060NIOYKM M YMEHBLICHUS INTOTHOCTH TOIUIMBA HA KPUTHYECKYIO MACCY, & TakKe KO DUIMEHT
Pa3MHOXeEHUS B MalbIX ¥ CPeAHMX Gpuaepax.

Aumento de la presién de los gases de fisién y economia de los reactores reproductores
rapidos. El costo del ciclo de combustible y el perfodo de duplicacién en los reactores
reproductores de neutrones rédpidos dependen en gran medida del grado de com-
bustién que pueda alcanzarse. La utilizacién de combustikle en forma de éxido o
de carburo permite obtener un grado de combustién de 100000 MWd/t. Cuando
se emplean elementos combustibles con revestimiento, el aumento de presién de
los gases de fisién constituye un factor limitativo. En el caso del elevado grado de
combustién previsto, una fraccién considerable de log gases de fisién penetra en los
pcros del material, contribuyendo asf a aumentar la presién en el interior de la en-
voltura.

Sobre la base de los rendimientos de fisién y de las cadenas de desintegracién
conocidas, el autor ha evaluado la produccién de gas y e! aumento de presién. Para
calcular la presién ejercida sobre la envoltura, ha empleado tres modelos fisicos
en que el gas estaba contenido en poros conectados entre si, en poros separados, o
en un orificio central.

El autor analiza la variacién de la presién, en funcién de! volumen libre (densidad
del combustible) y de la temperatura. Las envolturas de materiales de alta resistencia,
tales como el Inconel-X y el molibdeno pueden soportar la presién de los gases de
fisién a las temperaturas de funcionamiento corrientes. Desgraciadamente, la seccién
eficaz de absorcién de estos materiales es superior a la del acero inoxidable. El autor
presenta los resultados de célculos, realizados segin una teoria de varios grupos,
que permite conocer el efecto de la utilizacién de estos materiales y de la disminucién
de la densidad del combustible, sobre la masa critica y sobre la razén de reproduccién
en los reactores reproductores de pequeilas y medianas dimensiones.

Introduction

The economy of fast-breeding reactors is strongly dependent on the attainable
fuel burn-up for the following reasons: (@) low burn-up leads to frequent changes
of fuel and thus to disturbances in the operation of the power plant; (b) cost
of reprocessing and re-fabricating fuel elements as well as losses in fissile material
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decreases with higher burn-up; (¢) the external inventory decreases with higher
burn-up, which reduces capital costs for the fuel inventory and shortens doubling
time.

In the fast reactors, burn-up is limited not by fission-product poisoning but
by the mechanical stability of the fuel elements. Essentially this is determined
by the fission-gas pressure causing “swelling” in metallic fuel and can ruptures in
ceramic fuel.

In ceramic fuel, the burn-up may be increased by using a very sturdy can
andfor by reducing the fission-gas pressure. This is effected through working
at low operating temperatures and thus keeping fission-gas diffusion at a minimum.
However, this procedure is unreliable: the fission gases may be released in a
power excursion and tear up the can. Moreover, it is costly: the fuel elements
must be of very small dimensions in order to keep temperatures low at this
high-power density.

It seems more favourable to permit a release of the fission gases from the lattice
and reduce the pressure by a pore volume in the fuel and/or by a storage volume
for the fission gases.

This work calculates the pressure of the fission gas for various reactor systems
in porous oxide fuels (UO,-Pu0,). This then leads to the establishment of con-
ditions permitting a burn-up of 65—100 MWd/kg fuel. The various possibilities
are compared with each other.

Calculation of fission-gas pressure

The following elements contribute to the gas pressure when Pu?°0, is used
as a fuel:

(@) The inert gases xenon and krypton; they make up the major portion with
some 909, of the fission-gas pressure.

{b) The fission products: iodine, rubidium, caesium, cadmium, bromine and
selenium, which are vaporous at operating temperature.

TasLe I
FISSION YIELDS AND PRESSURE CONTRIBUTION

Fission yield | Boiling point . :
Element Isotopes (atoms pg’r 100|at atmgsgheric C;’;‘ ;;:;:‘t;zn
fissions) pressure (°C)
Selenium ....... 717,178, 79, 80, 82 0.008 680 Negligible
Bromine ....... 79, 81, 83, 84, 85 < 0.001 58 Negligible
Krypton ....... 83, 84, 85, 86, 87, 88 0.894 —152 Some 4%,
Rubidium ...... 85, 87, 88, 89 1.074 680 < 4%
Cadmium ...... 111, 112, 113, 114,
115, 116 0.901 765 < 3%
Todine ......... 127, 129, 131, 132,
133, 134, 135 3.011 183 <109%,
Xenon ......... 129, 131, 132, 133, !
134, 135, 136, 138 23.270 —108 Some 909,
Caesium ........ 133, 135, 137, 138, 139 16.464 690 <10%,
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(¢) The oxygen of PuQ, released during the fission. However, it is quantitatively
bound by addition to the lattices of PuO, or UO,, respectively, which are stable
at high temperatures up to UQO,,. Part of it also forms compounds with the
fission products Mo, Nb, Cs, Zr, ete.

The fission yields were calculated for fast fission of Pu®? and a burn-up period
of some 100—1000 days according to statements made by DirLrox efal. [1].
The results have been compiled in Table I. .

The pressure contributed by.the vapours of selenium and bromine is negligible
because of the low fission yield (less than 19,). The largest pressure contribution
at high operating temperatures is made by caesium, but according to the vapour-
pressure equation (2) this pressure stays below 109%, of the gas pressure of the
inert gases xenon and krypton in the temperature range that is of interest here.
Rubidium and caesium have low fission yields and high boiling points, and for
this reason their contribution to the fission-gas pressure is only a few per cent.
Todine could make a pressure contribution up to 10%, but it is expected that
this element forms compounds not easily volatile with other fission products,
as e.g., caesium, and thus cannot contribute towards the fission-gas pressure.
Under this assumption, the fission-gas pressure p results in

p=p(Xe)+p(Kr) +p(Cs) + p(Rb) + p(Cd)

p(Xe) and p(Kr) being calculated from concentration and temperature on the
basis of the ideal gas equation. For p(Cs), p(Rb), p(Cd), the saturation vapour
pressure according to (2) is inserted in those cases where there is a saturation.
Otherwise, the pressure of unsaturated vapour is calculated by the ideal gas equa-
tion (conservative assumption). The mean gas concentration # in the pore volume
can be calculated from the fission yield, the burn-up b, and the relative pore
volume o of the fuel:
pore volume
volume of porous fuel

For a burn-up of 100 kg Pu??® per metric ton of fuel, i.e. about 100 MWd kg
fuel, the figures resulting for complete release of the fission-gas atoms from the
lattice into the porous volume are given in Table II.

Tasre I1

INERT GAS CONCENTRATION IN THE PORE VOLUME
at a burn-up of 100 MWd/kg fuel

. Specific pore | 7 (Xe + Kr)
Fuel density
a (%) volume (Mol/l pore
er (gfom®) (1/kg fuel) volume)
0 11.0 0 oo

10 9.9 0.010 10.1
20 8.8 0.022 4.6
30 7.7 0.039 2.6

The pressure upon the can depends on the qualities of the fuel. The gases have
a nearly homogeneous source distribution in the fuel element; because of the large
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differences in temperature, high pressure gradients are formed. An equalization
of pressure may take place either by diffusion of gases between the pores or by
displacement of fuel. Under certain operating conditions, a central cavity col-
lecting all fission gases may be formed in the fuel rods. These three possibilities
were examined more closely as models No. 1, 2, and 3 for fuel rods.

MopEeL No.1: PRESSURE EQUALIZATION BY DIFFUSION

Radial equalization is highly probable because of the high pressure gradient.
Formation of cracks in starting up and cooling the reactor favours the pressure
equalization. For the pressure of the inert gases, it follows, at a fixed height
z of the fuel rod, that

P (r) = n (r) BT (r) = const. = py, (1)
T
nir) = gpibs = 200 ) 2)

where 7T'—the absolute temperature at an axial distance r, measured in degrees
Kelvin,
R=the universal gas constant,
ro—="the radius of the rod, measured in centimeters.
With homogeneous power distribution over the cross-section of the rod, the
temperature curve is parabolic.

T =Ty +AT{1— (|} ®)

]
where AT == T(0)— T(r,).
From the known mean fission-gas concentration 7z and the distribution ac-
cording to equation (2), n(r,) and thus p,; may be calculated:

To

fn(r)rdr

= 00— (4)

f'r dr

0
From (2), (3), and (4) it results that

_ AT

pu=nk W . (5)
T (7o) }

Added to this pressure of the inert gases Xe + Kr is the pressure of the vapours,
which according to this model is the saturation vapour pressure at T(r,).

In case there is an axial equalization of pressure, the following equation holds
true for the inert gases:

P17, 2)=n(r, z) R T(r, z)=const. =p,. (6)
For the measurement of z, c¢f. Fig. 1.

Prg _ (15, 0) T (r,,0)

n(rz) = RT (r,2) T (7, 2) (7)
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w2 ro

f dz l n(r,z)rdr
-2 0
= W2 . (8)

To
[ dz J.r dr
]
Let Ad be the temperature increase of the coolant inside the core, and let
the core be cylindrical. Then for the temperature distribution it holds that

]!

T (r,2) = T (rs,2) + AT (2) {1—(1_)2} )

To
, E i} . :
T (ry, 2} = T (ry, 0) cos—hz— +Aﬁﬁ—_:—h,—fcostdz—

LT
S —

2 h

0

In this case, a distribution of flux or power is assumed proportional
to cos mz/h, with A>>h’, that is to say, at the edge of the core the power level
does not decrease to zero. The second summand on the right side of (10) gives
the coolant temperature {(z), the first summand furnishes the temperature jump
between wall of the rod and temperature of the coolant; it is proportional to
the power. Finally, the temperature drop in the fuel is

(10)

AT(z):AT(O)cosﬂ}—f. (11)

If » is known, the pressure p,, may be calculated from Egs. (7), (8), (9), and
(10). Whereas closed integration over dr is possible in (8), one has to integrate
numerically over dz.

A decrease in the fission-gas pressure can be obtained by storage volumes
at the ends of the rod. These volumes, for instance, may be filled with a highly
porous fertile material (U280,). Let the storage volumes be situated between
2= (i)% and z= (4_—) —};— and have the identical radius r, (cf. Fig. 1). The tempera-
ture behaviour in the fuel section again is given by (9), (10), and (11); in the upper
fertile section (=storage volume) it shall hold that

T (7'05 }; ) + 7, 1% B
T(r,z)=—~2-— 3 <z < 3 (12)
and in the lower fertile section
T (7‘0, — "};‘) +01 % %

Thus, a constant temperature is assumed at the end pieces resulting as a mean

value of each coolant temperature (191 or ¢, and of the border temperature

of the fuel at the end of the rod (T(ro,:}:g ))
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As no gases are formed in the end pieces, the mean fission-gas density at complete
pressure equalization decreases to a value of
. we=n (14)
if the relative pore volume is the same in the fuel as in the fertile sections. In
the case of unequal pore portions, « in the fuel section, and f in the fertile section,
it is
A L S
n *"nh/a_*_(h//_h/)ﬂ'
The fission-gas pressure p;, can be calculated again on the basis of Egs. (7),

(9), (10), (11), (12), (13), if the mean gas density % is known, in which case n(r, 0)
is determined from

(15)

—H2
_, 1 n(ro, ro, O)rdr
no=— /z o ] B +
r y, ——
rd'r ‘ 0 )+ }
—h /2 0 z=—h “12 r=0
h'[2 7o )T 0)rd
n (7, 7 rdr
[ [ " AT ( 01 .
T +07 0 {1 (7]}
~h’/2 0
e 0) T (r, 0) 7 d
+ [dZ/ 1n (7'05 ) }(:;0; yrdr (16)
: {70 +5) o100}
+h'[2

Again, it is closed integration over dr, numerical integra,tion over dz in the
fuel section.

The contribution of vapours to the fission-gas pressure is still more reduced
by storage volumes because the vapours diffuse at the relatively cold ends and
condensate there. The results will be given after discussion of the other two
models.

MoDEL No. 2: SEPARATE PORES, PRESSURE EQUALIZATION BY DISPLACEMENT

If there is no fission-gas diffusion between the pores, the high pressure gradient
causes the inner pores to inflate under the compression caused by the outer
ones, until there has been a pressure equalization. For the pressure of the inert
gases, this results in the same value as was found according to model No. 1, but
the pressure of the vapours increases, because now it must be calculated not for
the cold wall temperature but for a higher mean temperature. As the total pressure
determined according to model No. 2 is only by a maximum of 10% higher than
that determined according to model No. 1, no special values were quoted in the
results.

The essential difference is that according to model No. 2,a reduction in pressure
by external pore volumes is not possible without displacement of fuel from the
core area. Such a displacement of fuel, however, must be prevented in all fuel
elements for reasons of reactivity.
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MopEL No. 3: FISSION GASES IN CENTRAL CAVITY

RosErTSON [3] reports that a central cavity is formed in the course of
burn-up in fuel rods with porous oxide fuel at high central temperatures; this
cavity collects fission gases. The cause for this phenomenon is a recrystallization
in such a way that the oxide crystals grow towards the interior from the colder
region of the wall. Porous inclusions and empty spots are pushed into the interior.
At the same time, the thermal conductivity in the recrystallized area improves
and the temperature drop in the fuel is reduced.

In case the central cavity contains the whole pore volume, the temperature
drop in the full rod

0. r2
AT, = Lo 17
1 4701 ( )

is replaced by the temperature drop in the “cavity rod” with outside cooling
_ “;2 7'20_ (e 7o
AT, = T2 { (%) (1+2ln Ti)} (18)

with 7, radius of the rod,
ri radius of the central cavity,

'Y power density,
k  thermal conductivity.

In model No. 3, the fission-gas pressure is composed of the pressure of the
inert gases at the temperature of the central cavity

p(Xe + Kr) =2 R(T (ry) + AT,) (19)

and the pressure of the vapours

p(Rb + Cs + Cd) =Zpi (T (ry) + ATy) (20)

with p; mostly being the saturation vapour pressure at 7'(rg) +AT,.

For relative pore volumes o>>209%,, the temperature 'drop is
AT, <05AT,

and the fission-gas pressure remains below the value calculated by model No. 1,
which may be written in an approximation for the inert gases as

AT,

{7230

Py =nkR

~ 7R (T (rg) + 0.5AT,) (1)
(5"

The central cavity makes it possible to derivate the fission gases into a storage
volume, which may result in a considerable reduction of pressure.
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Stability of ean

The fission-gas pressure p causes a hoop-stress ¢ in the can of the fuel rod
which may be described, for low wall thicknesses s, by the relation

d
6=p, (22)
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Maximum permissible pressure on can at various operating conditions vs. relative
can thickness.

It is connected with 2s/d by the relation .

@+ --(d—s)P " 928 28
T= T ~2 221+ 2

(24)

In this connection, d=2r +s is the mean tube diameter (cf. Fig. 1). Therma
stresses which additionally arise in the can are negligible as against the pressure
stress, because of the low wall thickness and of the relatively good thermal

conductivity. For this reason, the pressure resistance of the can may be cal-
culated from

p=o 2. 23)

In case of a long-time load, the creep strength has to be inserted for ¢’. In
case of a short-time load, the yield strength must be inserted: it is somewhat
higher at higher temperatures.

Fig. 2 shows the creep strength o, for 1%, elongation within 1000 hours and
the yield strength for heat-resistant steel, Inconel X Type 550, and a low molyb-
denum alloy as a function of temperature.

Fig. 3 gives the pressure stability as a function of the relative amount of
material, x, for the materials regarded and for several operating temperatures,
where z is defined as

can volume
" fuel volume"*
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Results: fission-gas pressure and attainable burn-up .

The fission-gas pressure was calculated according to the equations for model
No. 1. The value for this pressure is about the same as that determined ac-
cording to model No. 3 and only lower by 10% than that of model No. 2. With
a corresponding safety factor, these values may therefore be looked upon as upper
limits for all fuel models discussed.

The pressure was calculated for a burn-up of 100 kg Pu?? per metric ton of
fuel (i.e. for about 100 MWd/t fuel). From this the attainable burn-up was deter-
mined by comparison with the pressure stability of the can. In this connection,
the well-sustained presumption was made that the fission-gas pressure increases
as a proportion of the burn-up. A precondition for all calculations is the complete
release of the fission gases from the lattice into the pore volume.

The following safety factors were included in calculating the attainable burn-up:

1. The can should withstand short-time operation at 509 overload without
damage. Because of the higher can temperature, the yield strength is lower in
that case. At the same time, the higher operating temperatures make the fission-
gas pressure rise. For simplicity, as maximum pressure the value was taken
which is produced if there is no equalization of pressure during the excursion
(this is an overestimate):

Pmex = Po Tex(rys O) + ATex(0) ]
To(re. 0)+ AT, (0)

(25)

The values indexed O refer to normal operation, those marked with an index
‘“ex’’ denote excursion (overload by 509%).

2. Because of several uncertainties in the calculation, as for instance the
pressure contributed by the vapours and the stability of the can materials under irra-
diation, another safety factor of 1.5 was included, that is to say, the attainable burn-
up is defined as the burn-up calculated for 509% overload, divided by 1.5.

Three reactor systems were investigated :

(a) Fast breeder with Na-cooling and Inconel X, type 550 can.
(b) Fast breeder with He-cooling and Inconel X, type 550 can.
(¢) Fast breeder with He-cooling and molybdenum (0.5% Ti) can.

The fuel elements are presumed to be rods of some 0.5 cm diameter, and the
operating conditions were always adapted to each system.

The fuel is made up of a mixture of porous Pu??0, and U280, in a 1/2 ratio.
This ratio results from the requirement of a critical mass as small as possible
at a negative Doppler reactivity coefficient*. This type of fuel will be referred
to as oxide fuel. '

The thermal conductivity of the oxide fuel can probably be doubled by adding
209, metal (Ni or Mo) (oxide-metal fuel mixture).

Pore component («), storage volumes (h”’/k’, §), and can material component
(x) were varied.

The results of the calculations are given for a small parameter area in Table I11.

The burn-up values included in Table ITI do not yet contain the safety factor
of 1.5.

* According to more recent calculations, the 1:2 ratio will lead to. a positive Doppler
reactivity coefficient. The ratio, therefore, should be changed for future considerations
into about 1:4.



0%3

NNVIWTIONE ‘d

TasLe IIT
FISSION-GAS PRESSURE AND OBTAINABLE FUEL BURN-UP
Clad I:’[na‘;’:; Fission-gas pressure p (atm) at burn-up 100 MWd/kg fuel, and obtainable burn-up b (MWd/kg)
el Can/ .
System | ding | T )8 ()] Fuel | fuol |Permis- a=0.1 a=02 |
specific |tempe-| (r,, o sible .
power rature | (°K) (°K) | type voh‘:.me pres- Model a=01]0=02|a=03[p#=05|p=05|p8=05]p=035 Opeci‘fligmg
°K) ratio e Roh= |B7R = BN | R = conditions
. (atm) 1.5 1.25 =15 | 125
Na- 873 900 | 1600 | Oxide | 0.5 1200 | Pressure p=1210 |[p=550 (p=310 | p=220| p=400 p=160| p=250| Full power
Inconel 1023 1050 | (2400)| Oxide | 0.5 980 | equaliza- |p=1750 |p=800 (p=450 | p=320| p=580| p=230| p=360| 50% overload
0.5 980 | tion b =56 b=120 |b=220 b=300] b=170| b=425| b=270
Pgpee = 0.25 530 b =30 b =66 b=118 b=165| =90 b=230| b=145
MW
0.8 % 873 | 900 | 800 | Oxide-| 0.5 1200 | Pressure |p=970 |p=440 |p=250 | p=200| p=340| p=140| p=220| Full power
gru | 1023 1050 1200 | Metal | 0.5 980 | equaliza- [p=1350|p=610 [p=350 | p=280] p=470| p=195| p=305| 50% overload
0.5 980 | tion b=72 |b=160 [b=280 | b=350| b=210] b=500| b=320| at 50% overload
0.25 530 b=39 b =87 b =150 b=190| 5=110| b=270| b=175| at 50% overload
He-Tnconell 973 | 1000 | 800 | Oxide | 0.5 980 | Pressure |p=1050 |p =480 |p=270 | p=210| p=370| p=150| p~230| Full power
Pgpec = 1173 1200 | 1200 | Oxide | 0.5 605 | equaliza- [p=1400 |p =640 [p=360 | p=280| p=495| p=200| p=310| 50% overload
Mw 0.5 605 | tion b =43 b=95 b =168 b=216| b=122| b=300| b=195| at 50% overload
04 g Pua 0.25 330 b=23 |b=51 |b=90 | b=118| b=66 | b=165| 5=106| at 50% overload
973 1000 400 | Oxide-; 0.5 980 | Pressure |p=900 |p=420 [p=240 | p=190| p=340| p=110| p=210| Full power
1173 | 1200 600 | Metal | 0.5 605 | equaliza- [p=1160 |p=540 [p=310 | p=245| p=440| p=180| p=270| 509% overload
0.5 605 | tion b=>52 b=112 |b=195 b=245| b=137| b=335] b=225| at 50% overload
0.25 330 b=28 b =61 b=105 b=135| b=175 b=180| b=120| at 509% overload
He-Mo 1073 1100 | 1200 | Oxide | 0.5 1015 | Pressure [p=1240|p=580 (p=330 | p=230| p=420| p=170| p=270| Full power
1273 1300 1600 | Oxide | 0.5 800 | equaliza- [p=1570 |p =740 |p =420 p=290| p=530, p=215| p=345| 50% overload
Papeo = 0.5 800 | tion b=52 [b=108 |b=190 | b=275| b=148| b =370 b=230] at 50% overload
MW 0.25 440 b=28 b=59 b=105 b=152| b:=83 b=205| b=127| at 50% overload
0.6 -
kgPu| 1973 | 1100 | 600 | Oxide-| 0.5 1015 | Pressure |p=1050 |p=>500 |p=280 | p=210| p=380| p=160| »=240| Full power
1273 1300 900 | Metal | 0.5 800 | equaliza- |p=1360|p=650 |[p=365 | p=275| p=500| p=210| p=310}| 509 overload
0.5 800 | tion b =59 b=123 |b=220 b=290( b=160| b==380| b=258| at 50% overload
0.25 440 b =32 b=67 b=120 b=160| 5=88 b=210] b=142| at 50 9% overload
T (ry O) =surface temperature of fuel rod at core centre; B =void fraction in breeding section;
A T (0) =temperature drop in fuel rod at core centre; 14 =length of fuel section;
o = void fraction in fuel section: h” =length of fuel + breeding section.
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The investigation has this result: with oxide fuel permitting the fission gas
to escape into the pore volume, it is possible to obtain a very high burn-up if
suitable canning material is used and the pore volume is made sufficiently large.

For a burn-up of some 100 MWd/kg fuel, corresponding to a burn-up of some
309, of the fissile Pu2®® nuclei at the enrichment of 339 quoted, one needs
the components of pore and canning material, given in Table IV, where the
safety factor of 1.5 has been taken into account*.

From Table IV the value of the storage volumes may be seen. They make
it possible to reduce at equal burn-up the pore component in the fuel and the
canning material component, which in turn is of advantage for critical mass
and breeding ratio.

According to Table IV, the pure oxide fuel is more advantageous than the
oxide-metal fuel mixture. This is because the operating data were adapted to
the oxide fuel. The fuel mixture, however, delays melting of the fuel during
powerex cursions and permits larger fuel-element dimensions, thusreducing fabrica-
ting costs.

Discussion of resnlts and optimization

In order to achieve high burn-up, one has to put up with either a large pore
volume, i.e. low fuel density, or a high percentage of canning material. This
adversely influences the critical mass and breeding ratio. It still remains open to
debate which combination of parameters, (z; «) or (x; «, 8, A”’/h’), is best suited
for the desired burn-up of 100 kg Pu per ton of fuel. :

TaBLE IV

CAN/FUEL VOLUME RATIO (x) AND PORE/FUEL VOLUME RATIO («)
NECESSARY TO OBTAIN A BURN-UP OF 100 MWd/kg FUEL, AND EFFECT OF
STORAGE VOLUME

System | z aora; B; bW Fuel
Na-Inconel (specific
power 0.8 MW/ kg Pu) . 0.5 0.23 or 0.1; 0.5; 1.20 Oxide
, 0.25 0.34 or 0.1; 0.5; 1.45 Oxide
0.5% 0.30 or 0.1; 0.5; 1.38 Oxide-metal
He-Inconel (specific
power 0.4 MW kg Pu) . 0.5 0.275 or 0.1; 0.5; 1.35 Oxide
0.25 0.40 or 0.1; 0.5; 1.70 Oxide
0.5% 0.37 or 0.1; 0.5; 1.60 Oxide-metal
He-Mo (specific
power 0.6 MW/kg Pu) . 0.5 0.25 or 0.1; 0.5; 1.26 Oxide
0.25 0.38 or 0.1; 0.5; 1.50 Oxide
0.5% 0.34 or 0.1; 0.5; 1.45 Oxide-metal

* The value of x = 0.5 in the oxide-metal fuel mixture includes the metal portion of the fuel; only
2’ =0.25 is due to the can. Identical values of z furnish identical critical masses and breeding ratios.

* These pore components must be present after a burn-up of 100 MWd/t. Corres-
pondingly, the original pore volume must be larger than the volume of the original
fissionable material by the volume the solid fission products take up. At 100 MWd/t,
this may amount to 109%,.

16
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For the combination of parameters (x; «) this question could be decided by
a one-dimensijonal multi-group calculation in an IBM-704 computer. The effect
of storage volumes on critical mass (M.) and breeding ratio (Ry) could not be
determined by the one-dimensional calculation.

Fixed values in this calculation were

Percentage of coolant in the core 40 vol. %
Percentage of structural material in the 15 vol. % (identical materials
core ' for structure and can)
Fuel composition Pu90,/U280,=1/2
Composition of blanket:

o,
%t:,il 28 Xg% "//Z } for the He-systems
Steel 20 vol. %,
U238 64 vol. %, for the Na-Inconel reactors
Na 16 vol. 9,
Blanket thickness about 80 cm

Varied were the relative volumes of can

__ volume of canning material
" volume of UO, + Pu0,

and the fuel density or relative pore volume o . . .

Table V shows results of this calculation for a pore volume of 259%,.

Figs. 4 and 5 show the dependence on the pore volume of critical mass and
breeding ratio for the helium-Inconel reactor with £=0.5. As a rule of thumb
one may take it from these calculations that

increases M, by about 1.2%* or 1.69% **

an inerease in the pore volume by 1% { decreases Ry, by about 0.0012* or 0.0025**.

TABLE V
RESULTS OF MULTI-GROUP CALCULATION

System z=0 z= 0.25 x=0.5 =1
Na-Inconel Mc 132 kg 169 kg 206 kg 284 kg
Ry 0.189 0.203 0.216 0.239
Rye 1.518 1.367 1.242 1.046
Ry, 1.707 1.570 1.458 1.285
He-Inconel M 150 kg 190 kg 233 kg 333 kg
Rui — — 0.202 0.222
Rpe — — 1.333 1.137
Rpt, 1.780 1.648 1.535 1.359
He-Mo M, 162 kg 258 kg 420 kg 1595 kg
Ry 0.181 0.190 0.197 0.209
Rpe 1.486 1.223 0.978 0.497
Ryt 1.667 1.413 1.175 0.706

M, =critical mass; Rb =breeding ratio; i =internal; e = external; t = total.

* Inconel systems.
** Molybdenum systems.
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A better measure of the qualities of a breeding reactor than the breeding
ratio is the doubling time. Doubling time 7'p for internal plus external inventory
form a relation with the breeding ratio Ry, the specific power Pgpec (MW /kg Pu),
the burn-up b’ (MWd/kg Pu), and the reprocessing time 7T'g:

1 A A—b
Tp = Bp—1 {Pspec L Y TR} : (26)
A is the fission energy released per kg of Pu?? at complete burn-up:
A~ 1000 MWd/ kg Pu. (27)

For the burn-up, we use the terms b and &’, where b is burn-up in megawatt-
days per kilogram of fuel, the fuel being a U0, — PuO, mixture, and b’ is the
burn-up in megawatt-days per kilogram of plutonium. 7'g will be assumed. to be
200 d.

Table VI gives a survey of nuclear data (breeding ratio and critical mass)
and operational data (doubling time and burn-up period) for the reactor systems
included in Table IV. In the calculation, the reduction in the pore volume by the
volume of the solid fission products was not taken into account. At an initial

M.
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’ Fig. 4
Critical mass M¢ vs. relative fuel density and/or relative volume of pores in fuel.
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Fig. 5
Breeding ratio R), vs. relative fuel density and/or relative volume of pores in fuel.
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TaBLE VI
COMPARISON AMONG DIFFERENT REACTOR SYSTEMS

Pspec * Tiy* M, Burn-up
St R R o (O~
Na-Inconel | 0.8 0.5 " 0.23 1.458 15 202 0.85
« 0.8 0.25 0.34 1.554 13 204 0.85
He-Inconel | 0.4 0.5 0.28 1.513 21 240 1.70
0.4 025 0.40 1.622 18 225 1.70
He-Mo 0.6 0.5 0.25 1.175 48 420 1.30
0.6 0.25 0.38 1.381 21 308 1.30

* 80 % load factor assumed.

pore volume of o X volume-of-fuel there is only a pore volume of «’ X volume-of-
fuel at the end of the burn-up period for taking up the fission gases, with

o' =a—Aa (b) _ (28)
Aw (b)<< 1% per MWd/kg fuel. (29)

Part of the reduction in volume is compensated by the elongation of the fuel
element can.

If one regards the values « as portions of the pores in the new fuel element, the
attainable burn-up of b=100 MWd/kg fuel will be reduced to about b= 65 MWd kg
fuel because of o’ <<a. At 339 enrichment, this means a burn-up of some 209,
of the Pu??® nuclei, or b’'~ 200 MWd/ kg Pu.

The following facts may be gathered from Table VI:

1. In general, it is more favourable to use arelatively high pore component and
low can thickness, because the materials Inconel and molybdenum are neutron
absorbers. Especially with molybdenum, the can thickness is critical, as can be
seen from a comparison between the two values for x=0.25 and x=0.5. The
possible pore content of the fuel is determined by the manufacturing processes
and by safety considerations.

2. Because of the high burn-up, the fuel elements stay in the reactor for about
one year. Thus the operation of the power plant is not impeded by frequent
exchange of fuel elements®.

3. Doubling times of 15 to 20 years can be attained. The plutonium credit and
thel ow number of reprocessing operations lead to low fuel-cycle costs.

4. Despite the use of porous oxide fuel at an enrichment of 339%, the fuel
inventory may be kept below 300 kg of Pu?®. This enables the design of small
and medium-sized plants. In order to assure a negative Doppler reactivity
coefficient, the fuel enrichment probably has to be lowered to about 20—
259%,. This might change the situation to some extent.

The systems having an additional storage volume for the fission gases could not
be investigated in the one-dimensional calculation. However, it is to be expected

* The low internal breeding ratio may, however, necessitate reloading operations for
reactivity reasons.
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that, because of their lower portions of canning material and pore volume in
the core, they will lead to more favourable critical masses and breeding ratios.

We plan to investigate the properties of special oxide and oxide-metal fuels
under irradiation. We shall attempt to measure the pressure build-up during
irradiation and to determine the composition of the gaseous or vaporous figsion
products.
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Abstract — Résumé — Amnoramuss — Resumen

Fission-product burn-up in fast reactors. In fast reactors where breeding is empha-
sized the burn-up of fission products can be of considerable importance. Statistical
estimates of fission-product cross-sections are combined with recent yield data for
the various fissionable species to estimate the gross fission-product cross-section -
as a function of irradiation time in a number of fast reactor spectra with various
fuels.

Because of gaps in yield data for some of the fuel species, it is necessary to inter-
polate on the yield curves in some cases. The chain yield for a given mass is then
apportioned among the chain members through use of the equal charge displace-
ment recipe. The cross-sections estimated for U2 fission products by previous authors
are supplemented by estimates for fission products important for other fuels.

A range of such spectra is considered. These spectra are characterized by the
index {(average (&£~1/%)} in the spectra. The sensitivity of the gross poisoning and
its burn-up with respect to spectrum variations are considered.

The results are also expressed in terms of a few pseudo-fission products, so that
changes in effective cross-section of fission products with irradiation can be taken
into account in a simple computational fashion.

Combustion des produits de fission dans les réacteurs & neutrons rapides. La com-
bustion des produits de fission peut présenter une grande importance dans les réacteurs
4 neutrons rapides ot la surgénération est primordiale. L’auteur associe des esti-
mations statistiques relatives aux sections efficaces des produits de fission aux données
récentes relatives au rendement de fission de diverses matiéres fissiles, afin d’évaluer
la section efficace globale des produits de fission en fonction du temps d’irradiation
dans un certain nombre de spectres neutroniques de réacteurs & neutrons rapides
avec divers combustibles.

Du fait des lacunes des données numériques relatives & certains combustibles,
il faut parfois procéder a des interpolations dans les courbes de rendement. Le rende-
ment de la réaction en chaine est réparti parmi les différents produits de la réaction
en se basant sur la méthode du déplacement de charge identique. Les sections efficaces
évaluées par d’autres auteurs pour les produits de fission de #%U sont complétées
par des estimations relatives & des produits de fission d’autres combustibles.

L’auteur étudie certaines zones de ces spectres, qui sont caractérisés par l'indice
{(E~''?) moyen) dans les spectres. Il étudie, en fonction des variations du spectre,
la sensibilité de l’empoisonnement global et la combustion qui s’ensuit.

Les résultats sont également exprimés en termes de quelques produits de pseudo-
fission, de sorte qu’il peut étre tenu compte des variations de la section efficace effective
des produits de fission avec l'irradiation au moyen d’une méthode de caleul simple.

Beiropanse npogyKTOR JieJIeHMS B PEAKTOPaX Ha GbICTPBIX HeliTpoHAX. B peakTopax Ha GhICTPBIX
HEKTPOHAX, Ie YIOp AeaeTcs Ha PacliipeHHOe BOCTIPOU3BOACTBO SAEPHOTO TOMIIMBA, 60NBLIOE
3HAYCHUE MMEET BHITOPaHNe IMPOAYKTOB AeeHNA. CTaTHCTHYECKUE OLCHKW CEYEHHS MPOAYKTOB
IieTIeHUs] OOBEOMHAIOTCS C HENABHO IOJIyYCHHBIMH AAHHBIMH AJA PA3IMYHBIX NENSAIIMXCS M30-
TOMOB, YTOOB! OLEHUTH HOJHOE CEYEHME NPOAYKTOB NCICHUsA, KaK QYHKIMKY BpEMEHH OOIyyeHNs
B psiie CIEKTPOB OBICTPHIX PEAKTOPOB C PA3TMYHBIM TOILTHBOM.
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BenencTue HEROCTATKA B MMEIOIMMXCA NAHHBIX IS HEKOTOPHIX BUIOB TOMIMBA HEOGXOIIMO
B HEKOTOPRIX CIIy4asX MHTEPIOIHPOBATH KPHMBbIC BHIXOZA. BEIXOM N306apHOM LETOYKY TIpH Je-
JIEHWM JU1s1 NaHHON MAacChl pacripenensieTcs 3aTeM CPeN YJICHOB LETIOYKH IIYTEM HCIIOTb30BAHNS
METOAa PABHOTO CMEINCHMs 3apAna. Ilonepednoe ceyeHue, ONPENEIICHHOE NPENEIAYIIIAMHA aBTO-
pamMy Ui IOPONYKTOB OEJICHUs ypaHa-235, HOMONHSETCS OUCHKAMM [UI MPOXYKTOB NeJCHUS
BaXHBIX AN APYTMX BUJIOB TOIUTHBA. ’

VYUTEIBAETCA ANANA30H TAKOTO CIEKTPA. DTH COEKTPhI XaPAKTEPUIYIOTCA UHIEKCOM {CpenHee
snavenne (#1/%)) B cmexTpe. PaccMaTpUBaeTCsi MyBCTBUTENBSHOCTh HOJHOTO OTPaBJICHUS M
BBLITODAHUA 10 OTHOILCHUIO K BAPUALAAM CHIEKTPA.

Pe3ynbTaThl BRIpaXKeHbl TAKXKE B WIEHAX HECKOIBKHX MCEBIONCTAINNXCA IPOLYKTOB TaK, YTO
M3MeHEHNs B 3PGHEKTHBHOM NONEPEYHOM CEYEHHM NPOLYKTOB AENICHUsl C OBJIyMEHUEM MOTYT
ObITH y4YTEHBl IPM NOMOUIM MPOCTOrO BBHIYUCIICHUS.

Combustible de los productos de fisién en los reactores ripidos. La combustion
de los productos de fisién puede presentar una importancia considerable en los reactores
rapidos en que la reproduccién desempefia un papel primordial. El autor combina
las evaluaciones estadisticas de las secciones eficaces de los productos de fisién con
los datos mas recientes sobre rendimientos de fisién para las diversas especies fisionables,
con el fin de calcular la seccién eficaz global de los productos de fisién en funcién
del tiempo de irradiacién en cierto ndimero de espectros neutrénicos de reactores
réapidos alimentados con distintos combustibles.

En algunos casos, debido a la falta de datos numéricos sobre el rendimiento para
algunas de las especies combustibles, es preciso proceder a interpolaciones en las
curvas respectivas. En estas condiciones, el rendimiento de la reaccién en cadena,
para una masa dada, se prorratea entre los eslabones de la cadena, aplicando el pro-
cedimiento del desplazamiento de cargas iguales. Las secciones eficaces evaluadas
por otros autores para los productos de fisién del 233U se complementan con estima-
ciones relativas a los productos de fisién correspondientes a otros combustibles.

El autor examina una serie de tales espectros, que se caracterizan por el indice
{((E7'/%) medio) en los espectros. Estudia, en funcién de las variaciones del espectro,
la sensibilidad del envenenamiento global y de la combustién consiguiente.

Los resultados se expresan también con referencia a unos pocos productos de pseu-
dofisién, de modo que, mediante un simple célculo, se pueden tomar en cuenta las
variaciones de la seccién eficaz efectiva de los productos de fisién a medida que la
rradiacién progresa.

Introduction

The character of fission-product poisoning in a fast reactor differs considerably
from that in a thermal reactor. In the thermal system, the fission-product cross-
sections go over a total range from zero to many thousands of times the fuel
atom cross-sections; and in a thermal reactor, even aside from the very quickly
saturating poisons there are a considerable number of poisons with cross-sections
comparable to and somewhat larger than the fuel cross-section. This broad range
of thermal cross-sections is due to the fact that in such a large ensemble of nuclear
species as the group of fission products, there will be many members with lowest
resonances quite close to thermal energy. In a fast-reactor spectrum, on the other
hand, the cross-sections of importance are at such high energies and averaged over
such large ranges of energies that the accidents of the exact locations of the
resonances become of practically no importance, and most of the poisoning comes
from fission products with a much narrower range of cross-sections. Thus the be-
haviour in time of fission-product poisoning in a fast reactor should show a much
simpler behaviour than that in a thermal reactor as given in detail by WALEER [1].
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The gross fission-product poisoning in a fast reactor does, however, change its
character slowly as the irradiation proceeds. There are two main reasons for
this—{first the preferential burn-up of the higher cross-section poisons brings
about a decreasing poison increment per fission, and secondly the change in the
reactor spectrum as a function of burn-up causes the effective average cross-
section of the individual fission products to change. The latter effect is probably
important only for those reactors initially charged with one species of fuel and
breeding substantial amounts of another (e.g. a U235.]oaded plutonium breeder).

Gross fission-produet cross-sections

To find the effective poisoning as a function of irradiation time, it is necessary
to have information both on cross-section of fission products as functions of energy
and on the spectra in which the irradiation takes place. A number of authors [2,
3, 4, 5, 10] have estimated the cross-sections of fission products at high energy.
These estimates are to a large extent indirect, having been based on statistical
models for resonance parameter distribution and on nuclear systematics for the
estimates of the average resonance parameters themselves. It is not surprising
therefore that there is appreciable disagreement among the results obtained by
the various authors. The present work used the cross-section estimates of GREEBLER,
Hurwirz and StorMm [2]. The later work of Roos and Garrisox [5] and of Benzt
and SarUis [10] has exploited much new information on strength functions and
appears to be a more accurate estimate. These results will be used in subsequent
work.

The effects of the radioactive decay of the fission products were taken into
account only approximately. That is, fission products with half-lives of the order
of a year and up were treated as stable, and the rest were assumed to decay
immediately.

Taking as the independent variable the fuel burn-up F defined by

F:fap(pdt (1)

the equations for the concentrations N and M of a direct fission product (first
generation) and its direct descendent through neutron capture (second generation)
are

dN

_ﬁzny — Nojop

A (2)
W:NU/GF —Ms/or

where y is the yield of the fission product; ¢ and s are the cross-sections of the
fission product and its descendent; and N¢ and op are the concentration and
fission cross-section of the fuel.

The quantity of barns per fission, denoted by y, is defined here as

y=d (No+ Ms)/d (Nropept) | 3)
=(cdN/dF +sd M/dF)/N;. |
Making use of the solution of Egs.2 gives
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°F “—
y=yge °F [1+»;i—8(e F ——1)] (4)
The term in square brackets gives the correction due to the second generation.
It is useful to evaluate Eq. (4) approximately. To lowest order in F it is

Yy~ yo—(yo®—yos) Flor . (5)

If we sum over all fission-product species ¢, then it is clear that (to first order)
the ratio of the positive contribution by the second-generation poison to the
negative contribution caused by burn-up of the first-generation poisons is

r=zyi0i8f/zyi0i2- (6)

Because of the small degree of correlation to be expected between the cross-sections
of the first and second generations (more accurately, one expects an anti-correla-
tion), it is clear that this ratio r should be small. For typical cases in the range
of spectra considered here, this ratio varied approximately from 0.25 to 0.35.
Therefore, for the purpose of simplifying the calculation, it will be assumed that
the effect of the second generation can be described adequately by considering
only first-generation burn-up but decreasing the burn-up rate by 30%, the approx-
imate average value of r. This approximation, although somewhat rough, ought
to be all right in view of the uncertainties in the cross-sections themselves.
Hence the gross barns-per-fission value will be taken as

s
y= yigie °F (7)

and the appropriate corrections for second-generation effects will be performed
on the results.

Spectrum effects

Eq. (7) requires knowledge of the fission-product cross-sections averaged over
the reactor spectrum. A range of reactor spectra were considered. They were
drawn from several sources [6, 7, 8] and are listed in Table I. They were chosen
to give a range of representative spectra rather than for the significance of the
particular reactor systems from which they were drawn. It is necessary to find
some way of characterizing the spectrum shape with regard to hardness and other
characteristics. Use of the average fission cross-section, the median fission energy,
or other indices which depend on the shape of the fuel cross-section vs. energy
are probably not so useful for this purpose as some index which depends rather
on theshape of the cross-fission-products cross-section vs. energy. Since the latter
changes with fuel and with burn-up, however, the simple expedient of quoting
the average value (in the spectrum) of E—1/2 is taken. This is not too far different
from the behaviour of most cross-sections at high energy; however, the best
indication of the usefulness of this index is that the results show a fairly smooth
behaviour when plotted against it, despite the fact that the spectra were drawn
from several quite different sources. Further work on just how to characterize
the spectrum might, however, be useful.
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TaBLE 1
SOURCES FOR SPECTRA

Spel\(;:;rum Ref. Description <B712>MeVT1i2
1 [6] PuA oxide, 25001 7.42
2 — Interpolated between 1 and 3 6.45
3 [7 Fast oxide breeder 5.70
4 — Interpolated between 3 and 5 4.96
5 [6] PuA oxide, 8001 4.14
6 [6] PuA metal, 25001 3.60
7 [6] PuA metal, 8001 2.71
8 (8] Pu Bi breeder 2.41
9 [8] Pu Bi breeder 1.93

10 — Fission spectrum 0.73

The weighting of the cross-sections of the fission products and the fissile atoms
were carried out in a simple scheme which is a variation of the multi-group treat-
ment. The cross-sections at energies of 102, 103, 10%, 10% and 10% eV were taken
from the sources quoted and assumed to vary linearly in lethargy between these
points. (Cross-section ws. lethargy was extrapolated up to 107 eV according to
the straight line in the preceding lower energy range. However, this high-energy
cross-section has little influence on the results in the spectra investigated here.)
Then it is possible to define weights w, for any given spectrum such that

F— Z wn 0 (Ey) (8)

making it a simple task to obtain average cross-sections for any spectrum and any
fission product once the weighting functions are established for that spectrum.
The w, values are obtained from the spectrum by

wp=Xy —Xn_1+In 9)
where
(n+1) n10 . (n+1)In10 o \
X,,E[nf (p(u)du—mf utp(u)du]/ftp (u)du
nln10 nln10 0
(n+1) In10 oo (10)
InEf (p(%b)du/fq) (w)du.
n1n10 0

The very large number of fission products makes an evaluation of Eq. (7) a rather
formidable task when non-zero values of F are involved. Hence the evaluation
was carried out by means of a digital computer.

One effect not taken into account is the increasing amount of resonance self-
shielding as the fission products build up. The amount of self-shielding cannot be
estimated from the averaged cross-sections as used here, but rather it must be
computed from the peak cross-sections of the individual resonances making up
these cross-sections. This correction will be investigated in subsequent work.

Because the effective cross-section of the fuel varies so strongly with spectrum,
a simple statement of the value of y is not nearly so informative here as it is in
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Effect of burn-up fission poisoning 1—y (F)/y (0) vs. burn-up F.

the case of a thermal reactor, where the average fuel cross-section is predominantly
that in the thermal group and is not particularly sensitive to changes in epithermal
spectrum. Therefore, instead of quoting barns/fission values, Fig. 1 shows the
ratio of absorptions in fission products at burn-up F to the initial value
(y (0)—y (IN)/y (0) as a function of burn-up for two different values of the spectral
index. This gives a qualitative picture of how important the burn-up of the fission
products is.

For the purpose of including these results in actual reactor calculations, another
approach is more useful. For each fissile material it is possible to find a pseudo
fission product having such values of yield and cross-section that it matches the

TasrLE 11

PSEUDO-FISSION-PRODUCT
YIELDS AND CROSS-SECTIONS

sPec_ U233 U235 Pu239
trum | <E VY, > MeV~)2 = iy = - — —
No. 4 l o | oF ¥ a oF ¥ a oF
1 7.42 1.25 | 0.473 | 4.00 | 1.36 | 0.500 | 2.77 | 1.55 | 0.536 | 2.70
2 . 6.45 1.21 | 0.383 | 3.74 | 1.31 |0.404 | 2.56 | 1.48 | 0.442 | 2.47
3 5.70 1.16 1 0.316| 3.54 | 1.25 [ 0.335| 2.40 | 1.42 | 0.369 | 2.31
4 4.96 1.13 [0.270| 3.29 | 1.22 | 0.286 | 2.22 | 1.37 10.321 | 2.21
5 4.14 1.08 |0.225| 3.02 | 1.17 10.238 | 2.02 | 1.81 {0.270| 2.10
-6 3.60 0.99 [0.176| 2.94 | 1.07 10.187| 1.91 | 1.19 [ 0.220| 1.98
7 2.71 0.88 [0.137| 2.58 | 0.96 | 0.145; 1.68 | 1.05 | 0.178 | 1.89
8 2.41 0.81 1 0.133 | 2.45 0.90 [ 0.139| 1.61 | 0.99 | 0.171| 1.88
9 1.93 0.79 | 0.119| 2.28 | 0.86 [ 0.127 | 1.50 | 0.94 | 0.158 | 1.86
10 0.73 0.70 [ 0.109| 1.87 | 0.74 [ 0.120| 1.25 | 0.84 | 0.144 | 1.86
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gross fission-product-poisoning behaviour. That is, it is possible to find yield ¥

and cross-section ¢ such that
g

goe op Ay (11)

to good accuracy over a range of burn-up to F=2. These values are presented
in Table II and plotted in Figs. 2 and 3 ws. the spectrum index. ¥ and ¢ were

v

YIELD

=12 =1/2
(g ) MeV é

Fig. 2
Yield of pseudo fission product vs. spectrum index (£-1/%).
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Fig. 3
Cross-section of pseudo fission product vs. spectrum index (Z-1/2).
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TasrLe 111
FISSION CROSS-SECTIONS OF FUELS

E (MeV) op (U2) o (U5) op (Pu2?)
109 1.95 1.3 1.85
101 2.65 1.7 1.8
10-2 6.0 3.7 2.4
10-3 10.0 8.5 6.0
104 30.0 ‘ 23.0 24.0

chosen to make the pseudo fission-product poisoning agree exactly with the
gross fission-product poisoning at F=0, and even for large values of F the error
in y (0)—y (F) is not more than about 10%, which is much more than adequate
in view of the uncertainties in the cross-sections of the fission products them-
selves.

Fission-product cross-sections and U?23.yields on which these results were
based are those of Greebler, Hurwitz and Storm [2]. The U23. and Pu®®.yields
are from the compilation by Hype [9]. Many of the cross-sections given by
Garrison and Roos [5] and by Benzi and Saruis [10] are considerably higher in
the important 10%- to 10%-eV range than those of Greebler, Hurwitz and Storm.
This will cause a corresponding difference in the g-values of the pseudo fission
products, but probably much less difference in the yields of the pseudo fission
products. Hence, until this work is extended to the cross-sections of Garrison and
Roos, it appears to be reasonable approximation to use the y values developed
here and to obtain the g-values from the Garrison and Roos data by defining

5=(Zyi6i)/?7- (12)

The values in Table 1I and Fig. 2 are not the direct results of the matching
between Eq. (11) and Eq. (7). In accordance with the earlier discussion about
second-generation fission-products, the ¢ has been lowered by 309% and ¥ has been
raised correspondingly in order to keep y (0)=7 & correct but to decrease the rate
at which y falls off as the burn-up proceeds.

It should be observed that these results do not depend on the accuracy of the
values of the fission cross-sections of the fuel atoms in Table ITI. As Eqs. (7) and (11)
show, the fission cross-section enters only in the combination F/ot, so that changes
in gt can be likened to changes in F, thereby modifying the range of the fit between
Egs. (11) and (7).

Because of the way the fitting of the pseudo fission products was done, it is
possible to rewrite (Eq. 11) in the form

(13)

and therefore

Z b (14)
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Since o/or as shown in Table I is never more than 0.2, it is clear that the percentage
error in y is considerably less than.in ¥ even for the largest value of F considered
here, and is of course proportional to F. The contribution of fission products
which result from symmetric and near symmetric fission—omitted by Greebler,
Hurwitz and Storm because of their small effect—is of little importance even in
the hard spectra considered here. For Pu??® this contribution was less than 2%
of the burn-up effect, and it was smaller for U233 and U5, The error in matching
the pseudo fission products to the gross fission products is negligible, but the error

in the quantity zyi agi, 1.e. in the original data, is likely to be quite large and

i
probably cannot be assessed properly until the basic cross-section information
is more firmly established.
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Effect of the plutonium isotopic composition on the performance of fast reactors.
The isotopic composition of plutonium to be used as fuel for fast reactors will depend
on the source of plutonium. In principle three different sources are possible: (@) pro-
duction reactors; (b) thermal power reactors (using natural uranium or enriched
uranium as fuel); (¢) fast reactor blankets.

In general, source (@) and to some extent source (c) will provide relatively ‘“‘clean’
plutonium, that is mostly Pu?®, while plutonium from source (b) will be ‘“‘dirty”
plutonium, that is plutonium rich in Pu24, Pu24l, and Pu?‘2, The degree of “‘dirtiness”
will depend on the kind of reactor, amount of burn-up and in general on the irradiation
history of the fuel.

The question then arises, can one use as fuel for fast reactors any kind of plutonium ?

To investigate the effect of different isotopic composition of the plutonium fuel,
in the metallic, oxide and carbide form, on the performance of fast reactors, a limited
series of spherical geometry 18-group diffusion theory calculations were performed,
using the 16-group cross-section set developed recently by Yiftah, Okrent and Moldauer
and taking three different kinds of plutonium, starting with pure Pu?*® and increasing
the amount of higher isotopes.

For the systems studied—800, 1500 and 2500-1 core-volumes, which are typical
for large fast power reactors—the result is, when one takes into account only the
thermally fissionable isotopes Pu?? and Pu2!, that the “dirtier’’ the plutonium,
the smaller the critical mass and the higher the breeding ratio.

For the 1500-1 reactor, taken as an example, it is further found that in the metallic,
oxide and carbide plutonium fuels the reactivity change upon removal of 40% of
the sodium initially present in the core is made more negative (or less positive) when
the plutonium is richer in higher isotopes.

Effet de la composition isotopique du plutonium sur le rendement de réacteurs a
neutrons rapides. La composition isotopique du plutonium qui doit étre utilisé comme
combustible dans des réacteurs & neutrons rapides dépend de son origine. En principe,
ce plutonium peut provenir de trois sources différentes; @) réacteurs plutonigénes;
b) réacteurs de puissance & neutrons thermiques, utilisant I'uranium naturel ou
l'uranium enrichi comme combustible; ¢) couches fertiles de réacteurs & neutrons
rapides.

En général, la source @) et, & un degré moindre, la source ¢) fourniront du plutonium
relativement «propre», c’est-a-dire composé en majeure partie de 2*°Pu, tandis que
le plutonium provenant de la source b) sera un plutonium «sale», c’est-a-dire un
plutonium contenant une forte proportion de 20Pu, *'Pu et 242Pu. Ce plutonium
sera plus ou moins «sale» suivant le type du réacteur, le taux de combustion et,
de maniére générale, suivant l'irradiation subie par le combustible.

La question qui se pose est alors la suivante: peut-on utiliser comme combustible,
dans les réacteurs a neutrons rapides, n’importe quelle sorte de plutonium ?

Pour étudier l'effet des différentes compositions isotopiques de plutonium utilisé
comme combustible sous forme de métal, d’oxyde ou de carbure, sur le rendement

17



258 S. YIFTAH

de réacteurs & neutrons rapides, les auteurs ont procédé & une série de calculs dans
une théorie de la diffusion & 16 groupes en géométrie sphérique; ils ont utilisé & cet
effet I’ensemble de sections efficaces & 16 groupes, récemment mis au point par Yiftah,
Okrent et Moldauer, et ont étudié trois types différents de plutonium en prenant
d’abord le %#°Pu & I'état pur et en augmentant ensuite la quantité des isotopes
supérieurs.

Pour les systémes étudiés — cceurs d'un volume de 800, 500 et 25001, qui sont
courants pour les grands réacteurs de puissance & neutrons rapides — on constate,
en ne tenant compte que des isotopes #%Pu et #1Pu, fissiles sous P'action de neutrons
thermiques, que plus le plutonium est «sale», plus la masse critique est faible et
plus le rapport de conversion est élevé.

Dans le cas d’un réacteur dont le cceur & un volume de 15001, on constate égale-
ment que dans le plutonium utilisé comme combustible sous forme de métal, d’oxyde
ou de carbure, les variations de la réactivité, aprés enlévement de 409, du sodium
initialement présent dans le cceur, sont plus négatives (ou moins positives) si le
plutonium a une plus forte teneur en isotopes supérieurs.

BinsinMe M30TONHOrO COCTaBA IVIYTOHHS HA padOTy PeaKTOpoB Ha OBICTPBLIX HeiiTponax. V3o-
TONHBIA COCTAB NMIYTOHMS, KOTOPbIH HOJDKEH MCTIONB30BATHCH B KAYeCTBe FOPIOYEro IUIS peak-
TOPOB Ha OBLICTPBIX HEATPOHAX, OyneT 3aBICETh OT MCTOYHMKA TIOJTYYESHHS IIYTOHKS. B npuHuune
BO3MOXHbl TPU Pa3NMYHBIX MCTOYHHMKA: d) IPOU3BOISIINE PEAKTOPHI; b) TEMJIOBbIE IHEPIeTH-
YECKHE PEaKTOPbI (MCIIONB3YIOIIUE B KaYeCTBE TOIUIMBA €CTECTBEHHBIH MM O0OraleHH bl ypaH);
¢) 30HBI BOCIPOM3BOACTBA PEakTOpa Ha ObICTPBIX HEUTPOHAX.

B 0CHOBHOM MCTOYHJK (2) M B HEKOTOPOM OTHOIIEHHH MCTOYHHK (C) Oy IyT aBaTh CPABHUTEILHO
»YMCTBIR" MIIYTOHMIA, T.€. TIaBHBIM O6pa3oM NiIyTOHuiE-239, TOraa Xak mayTOHMM M3 UCTOYHHUKA
(b) 6ynet ,,rpa3HbIM®, T.e. IIyTOHHMEM, GOTaTHIM M30TONAMH NAYTOHHMA-240, MayTOHUA-241 M
nnyronus-242. CreneHs ,3arpsstenns’ GyleT 3aBUCeTh OT THIIA PEAKTODA, BEJMYHHbI BBIFO-
paHuA 4 BOOOLIE OT MCTOPHU OOJydeHHsl TOIUIHBA.

B TakoM cny4yae BO3HHKAaeT BONPOC, MOXHO JIM MCHOJB30BaTh B KayeCTBE I'OPIOYEro s
peakTopoB Ha OBICTPBIX HEHTpOHaX MIoOble BUABI MNYTOHUs?

51t M3yyeHns BIMSHUS Pa3IMYHOr0 M30TOIHOTO COCTAaBa JUIyTOHHEBOIO TOMIMBA B METAJIIHU-
YeCKOM, OKCHOHOM M KapOMIHOM BHUZe Ha paboOTy peakTOpPOB Ha OBICTPBIX HEHTpOHax ObLNKM
OCYLUECTBIIEHbl OTPAHUYEHHBLIE CEPMM IOACYETOB MO 16-rpynmoBoil nuddy3HOHHON Teopuu
cepryeckoii T€OMETPUM ¢ MOMOIIBIO 16-TPYMIIOBOTO KOMILIEKTa TOTIEPEYHBIX CEMeHMii, pas-
pabotanroro HexasHo MdraxoM, OkpeHTOM 1 MonibaayepoM ¢ UCNOJIb30BAHUEM TPeX pa3Nuyi-
HBIX BUJOB ILUTYTOHHS, HAYHHAS C YWACTOTO TUIyTOHUA-239 1 NOBBULIAS KONUYECTBO 0ONIee BHICOKUX
M30TOIOB.

Jnsa uzyvaeMbix cucreM (00bem aktuBHOM 30HEI B 800, 1.500 u 2.500 naTpos, KoTOpHIe
ABISIOTCS TMIMYHBIMH [JIS8 KPYIHBIX 3HEPTETHUYECKMX PEAKTOPOB HA OBICTPHIX HEWTPOHAX)
pe3ysibTaT CBOOWICH K TOMY (ecinu yuecTh NuUOIb pacmcnnmomnecsl OT TEIUIOBBIX HEHTPOHOB
M30TOIBl INYTOHHA-239 M miyTOHMs-241), 4TO YeM ,,rpsA3Hee” IUTYTOHMH, TEM MEHbILE KPUTH-
yeckasi Macca H BbIEe KOIDPUIMECHT pa3zMHOKCHUA.

Jna peaktopa ¢ 06eMOM aKTHUBHOM 30HB B 1.500 11, KOTOpLIA ObLT B3AT B KaYecTBe NNPUMEpPa,
6bUIO TAKXKE HAlEHO, YTO B METAJUIHYECKOM, OKCUIHOM M KapOHIHOM ILUTyTOHMEBOM TOIIMBE
M3MEHEHNE PEaKTUBHOCTH O yaaneuun:io 409, HaTpus, KOTOPHIi NEPBOHAYANBLHO TIPHCYTCTBYET
B aKTHBHOM 30HE, HOCUT O0Jice OTpUIIATE/IBHBIN XapakTep (mm MeHee TMOJIOKUTENbHBIN), KOrAa
IyTOHMH OoJjiee 60raT BBICOKMMH M3OTOHaMH

Efectos de la composicion isotépica del plutonio sobre el funcionamiento de los
reactores rapidos. La composicién isotépica del plutonio empleado como combustible
en los reactores de neutrones rapidos depende de su procedencia. En principio, existen
tres fuentes posibles, a saber: a) los reactores generadores de plutonio; b) los reactores
de potencia térmicos (alimentados con uranio natural o enriquecido); ¢) las envolturas
fértiles de los reactores de neutrones rapidos.

La fuente a), y hasta cierto punto la fuente ¢), proporcionan plutonio-239 relativa-
mente puro, mientras que el plutonio de la fuente b) es rico en 24°Pu, 21Pu y 24?Pu.
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La cantidad de impurezas depende, del tipo de reactor empleado, del grado de com-
bustién y, en general, de las condiciones de irradiacién del combustible.

Cabe preguntarse, entonces, si es posible emplear cualquier clase de plutonio como
combustible en los reactores de neutrones répidos.

Con el propédsito de estudiar los efectos que ejerce sobre el funcionamiento de los
reactores la composicién isotépica del combustible de plutonio, en forma de metal,
6xido o carburo, se realizé una serie de célculos de geometria segin una teoria de
difusién de 16 grupos, utilizando el conjunto de secciones eficaces de 16 grupos reciente-
mente establecido por Yiftah, Okrent y Moldauer; esos célculos se aplicaron a plutonio
de tres composiciones isotépicas diferentes, empezando por 22*Pu puro y aumentando
la concentracién de los isétopos de nimero mésico mas elevado.

Se han estudiado sistemas con cuerpos de 800, 1500 y 2500 litros de volumen,
que son los tipicos de los reactores generadores rapidos de grandes dimensiones.
Se llega a la conclusién de que, si s6lo se tienen en cuenta los isétopos fisionables
por neutrones térmicos (2*°Pu y 2#'Pu), cuanto més impuro sea el plutonio, tanto
menor serd la masa critica y mayor la razén de reproduccién. Tomando como ejemplo
el reactor de 1500 1, se comprobé ademéas que al eliminar un 40 por ciento del sodio
inicialmente presente en el cuerpo, la variacién de reactividad tiende a ser negativa
a medida qué aumenta la proporcién de isétopos superiores contenidos en el com-
bustible de plutonio (en forma de metal, 6xido o carburo}.

Introduetion

It has been often mentioned that, although the biggest plutonium critical
assemblies to date have not exceeded critical masses of up to 50 kg of plutonium
in any form, the fast power breeders of the future will be Pu-fuelled reactors
requiring ten to twenty times as much plutonium, that is, 500—1000 kg. The
core volumes of these reactors will probably be of 800—3000 L

Such reactors have special physics problems of their own, which are and should
be investigated. ,

The present report deals with one of these problems, connected with the
source or sources of the big amounts of plutonium needed. It mentions very
briefly a second problem, namely the sodium reactivity coefficient, only to the
.extent that it is affected by the first.

The isotopic composition of plutonium to be used as fuel for fast reactors
will depend on the source of the plutonium. In principle, three different sources
are possible:

(@) So-called production reactors, that is, thermal reactors whose natural uranium
fuel elements are run to relatively small burn-ups before reprocessing and separa-
tion of built-in plutonium from the uranium.

(b) Thermal power reactors fuelled with either natural or enriched uranium, in
which plutonium is produced as a by-product of the electrical power. This should
provide in the future a considerable source whose size is proportional to the
number of thermal power reactors. The bigger the volume of a nuclear-power
industry based on thermal reactors, the larger will become the quantities of plu-
tonium produced.

(c¢) In the future, if many fast breeders are in operation, a third source will
become the blankets of the fast reactors themselves.

In general, production reactors and to some extent blankets of fast reactors will
provide relatively ‘“‘clean” plutonium, that is mostly Pu2?®, while plutonium
from thermal power reactors will have an isotopic“composition depending on the

17+
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kind of reactor, amount of burn-up and, in general, on the irradiation history of
the fuel. Varying compositions of “dirty’” plutonium, that is, plutonium rich
in the higher isotopes Pu24?, Pu?! and Pu??, are possible from this latter source.

The questions then arise, what effect does a differing isotopic composition of
plutonium have on the performance of the reactor for which it is used as fuel. Can
one use any kind of plutonium ¢ What penalty does one have to pay, if at all, for
using plutonium from high-burn-up reactors, and therefore, presumably, rich in
higher isotopes ?

Of course, once plutonium-fuelled big critical assemblies—the necessity of
which is emphasized by LoEwENSTEIN and MENEGHETTI [1]-—are operated, and
if plutonium of different isotopic content is available for experimentation, at least
part of these questions can be answered experimentally. Until such time, however,
one has to rely on provisional answers which can be arrived at by performing
theoretical calculations. -

Any calculations of this nature, performed by multi-group techniques, depend
on the reliability of the various cross-sections of Pu?9, Pu24®, Pu?!! and Pu2?,
at least part of which are inadequately known. The results are therefore provisional .
because of the state of knowledge or state of ignorance of the nuclear cross-
sections, and also because no experimental checking is as yet possible.

With the above remarks in mind, a limited series of comparative calculations
have been performed [2], using spherical geometry 16-group diffusion theory and
the recent 16-group fast-reactor cross-sections set of Yirram, ORRENT and MoL-
DAUZER [3]. Plutonium fuel in the metallic, oxide and carbide form was investigated.
Three representative isotopic compositions of plutonium were chosen, so as to
bracket the range of interest. The effects on critical mass, breeding ratios, neutron-
energy spectra and neutron balance were efamined for systems of- 800, 1500
and 25001 core volumes, which are typical for large fast-power reactors. An
example of the effect of the plutonium isotopic composition on the sodium re-
activity coefficient is given for the 1500-1 system.

Three isotopic compositions of plutonium

The three representative isotopic compositions of plutonium chosen for this
study are given in Table 1.

Tasie I
PLUTONIUM COMPOSITION
(Atom %)
Type Pu239 l Puzw l PuNl puzn
Pu A 100 0 0 0
PuB 74.7 10.2 12.4 2.7
PuC 40. 10 25 25

Plutonium A is pure Pu?39,
Plutonium B corresponds to the composition of the recycled plutonium ex-
tracted from a thermal reactor fuelled with enriched uranium, in this case the
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pressurized-water, oxide-fuelled Yankee reactor*, as calculated by JAYE, BENNETT
and LiETzZKE [4].

Plutonium C corresponds to the plutonium which might result from not one,
but several recycles in a thermal reactor with large burn-up, and provides some
sort of extreme condition of potential feed material.

It is seen that the 39 and 41 fraction in plutonium B is 87.1% and that in
spite of the relatively low percentage of Pu?*® in plutonium C we still have a two-
to-one ratio of Pu®? and Pu?! to Pu?® and Pu2%,

The three different compositions can be considered as plutonium from different
sources, or as different stages resulting from the recycling of core plutonium. This
recycling results in changing isotopic concentrations approaching an equilibrium
condition (approximated by plutonium C), which is a function of core design,
feed material and fuel-cycle characteristics.

Speeifications of the systems studied
The specifications of the system studied are given in Table IL.

TarLe 11
SPECIFICATIONS OF THE SYSTEMS
Core volume 800, 1500 and 25001*
Fuel and fertile material 0.25
ﬁxﬁi::;ume Structural material 0.25
Coolant 0.50
Metallic : { Pu-U2S, density 19  g/em3 S
PuO,-UO, density 8.4 g/crmn® — 779%, of
Fuels theoretical density (10.9 g/cm?)
Ceramic: § PuC-UC  density 11.39 g/em® — 849, of
theoretical density (13.63
g/em3, PuC — 13.99 g/em?)
Coolant Liquid sodium, density 0.84 g/em?
Structure Stainless steel
Blanket 45 cm uranium
2
Blanket volume g ; ’ gg
fractions Fe O: 9
Reflector 30 cm steel
Reflector volume Fe 0.6
Sfractions Na 0.4

* These volumes correspond to core radii of 57, 59, 71 and 84 cm.

* The Yankee reactor is a 136-MWe (485-MWt), PWR-type reactor fuelled with
3.4%, enriched UOr pellets in stainless-steel tubes (core loading: 25 t).
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It is seen that everything in the system is kept constant except the core.
The changes made in the core are of three types: (a) size, (b) fuel type and
(c) isotopic composition of Pu. We shall display our results, accordingly, in terms

of three effects, namely the size effect, the fuel-type effect and the isotopic-composi-
tion effect.

Results: critical masses, breeding ratios, neutron energy spectra, neutron balances

The following definitions are used.

The breeding ratio is the rate at which Pu?9 and Pu?* are being formed to the
rate at which they are being destroyed, that is,

. . _ U238 and Pu?% captures in reactor
Breeding ratio (BR) = (Pu®® gnd Pu?!) captures + fissions in reactor (1)

. . Production of thermally fissionable isotopes in core
Internal breeding ratio (IBR) = Destruction of thermally fissionable isotopes in
entire reactor

The rate at which reactor fuel is “wasted” by neutron capture, a, is given by:

Pu?® and Pu?!! captures
Pu??® and Pu?! fissions

The comparative calculated results of critical masses, breeding ratios and
a’s for the 800, 1500 and 2500 1 reactors are given respectively in Tables III,
IV and V and Figs. 1-—4, while the detailed neutron energy spectra and neutron
balances are displayed in the corresponding Tables III-A, IV-A and V-A.

Tables III, IV and V combine the isotopic-composition effect (horizontal)

with the fuel-type effet (vertical) for the same sizes of respectively 800, 1500 and
2500 1.

&_=

TasLe 111

EFFECT OF ISOTOPIC COMPOSITION OF PLUTONIUM IN 800-1 REACTOR
: FUELLED WITH METAL, OXIDE AND CARBIDE FUEL

Pu A Pu B Pu C
Fuel type
Total Pu + gﬁ:i: Total Pu + gﬁ:::
Critical Metal 431 458 399 533 346
mass Oxide 372 392 341 452 294
(kg) Carbide 396 417 363 480 312
Metal IBR 0.73 0.79 0.86
. BR 1.82 1.93 2.12
Breeding Oxide IBR 0.31 0.35 0.37
ratio BR 1.55 1.65 1.81
Carbide IBR 0.46 0.51 0.55
BR 1.62 1.73 1.90
Metal 0.188 0.173 0.150
« Oxide 0.230 0.209 0.178
Carbide 0.224 0.204 0.174
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Tasre IV
EFFECT OF ISOTOPIC COMPOSITION OF PLUTONIUM IN 1500-1 REACTOR

FUELLED WITH METAL, OXIDE AND CARBIDE FUEL

263

Pu A Pu B PuC
Fuel type
Total Pu +£3::: Total Pu _*_1;3:::
Critical Metal 686 729 635 849 552
mass Oxide 562 590 514 680 .| 442
(kg) Carbide 613 645 562 743 483
Metal IBR 0.91 0.97 1.05
BR 1.79 1.90 2.08
Breeding Oxide IBR 0.44 0.48 0.51
ratio BR 1.47 1.57 1.72
Carbide IBR 0.61 0.66 0.71
BR 1.56 - 1.67 1.82
. Metal 0.198 0.182 0.156
o Oxide 0.251 0.228 0.192
Carbide 0.241 0.218 0.185
TaBLE V

EFFECT OF ISOTOPIC COMPOSITION OF PLUTONIUM IN 2500-1 REACTOR

FUELLED WITH METAL, OXIDE AND CARBIDE FUEL

Pu A PuB "PuC
Fuel type
Total Pu +]I?"111::: Total Pu _*_g‘:;i:
Critical Metal 1025 1089 949 ©1269 825
mass Oxide 806 845 736 973 632
(kg) Carbide 897 943 821 1086 706
Metal IBR 1.04 111 1.21
BR 1.76 1.87 2.05
Breeding Oxide IBR 0.54 0.59 0.64
ratio BR 1.42 1.52 1.65
Carbide IBR 0.73 0.79 0.85
BR 1.52 1.62 1.77
Metal 0.205 0.187 0.161
=« Oxide 0.267 0.240 0.203
Carbide 0.253 0.229 0.192




TaBLE 111 A

STUDY OF 800-LITER SPHERICAL REACTORS FUELLED WITH METAL, OXIDE AND CARBIDE PLUTONIUM FUELS
WITH DIFFERENT ISOTOPIC COMPOSITIONS OF PLUTONIUM

Fuel Pu A PuB PuC
ue
Metal Oxide Carbide Metal Oxide Carbide Metal Oxide Carbide
Ratio of fuel atoms to
diluent ators (Pu/U%#) 0.128 0.336 0.222 0.137 0.360 0.237 0.163 0.439 0.283
Critical mass of fuel (kg) 431 372 396 399 (458)* 341 (392)* 363 (417)* 346 (533)* 294 (452)* 312 (480)*
Flux integrals .
Group Energy interval Core |Blanket| Core |Blanket| Core |Blanket| Core |Blanket Core |Blanket| Core |Blanket| Core |Blanket{ Core |Blanket Core |Blanket
(MeV)
1 3.668 —10.00 | 1.62 0.21 2.13 0.30 1.92 [0.26 1.62 0.21 2,13 0.30 1.92 [0.26 1.62 0.21 2.13 0.29 1.92  (0.26
2 2.225 — 3.668 | 3.16 .|0.38 4.37 0.56 3.90 |0.49 3.16 {0.38 4.37 0.56 3.90 049 3.16 [0.38 4.38 0.56 3.91 (0.49
3 1.35 — 2.225( 5.66 0.80 8.00 1.18 7.14  |1.05 566 |0.80 8.00 1.18 7.15  [1.0S 5.67 [0.80 8.02 1.18 7.16 [1.05
4 0.825 — 1.35 | 9.51 1222 11.02 2.86 [10.58 [2.69 9.50 2.22 11.03 2.86 |10.58 [2.69 9.47 .21 11.00 2.85 |10.55 |2.68
5 0.5 — 08251618 [5.72 16.30 6.83 (1575 [6.41 16.16 [5.72 16.31 6.84 |1575 [6.41 16.08 [5.70 16.24 6.81 15.69 6.39
6 03 —0. 20.15 8.60 18.93 9.75 |[18.63 [9.24 20.19 -~ [8.61 18.99 9.76 |18.68 [9.25 20.17 (8.59 1898 | 9.74 (18.68 [9.24
7 018 — 03 |18.22 18.94 19.80 11043 [17.62 9.56 18.34 [8.96 19.95 [10.47 [17.74 [9.59 18.46 18.96 20.07 |10.47 [17.85 [9.59
8 0.11 — 0.18 [14.80 [8.23 17.17 9.87 [15.09 [8.88 1494 [8.26 17.34 9.91 1523 [8.91 15.11 (8.28 17.53 994 1540 [8.94
9 0.067 — 0.11 { 8,10 [4.53 11.73 577 11028 |5.14 8.17 |4.55 11.86 581 11038 15.17 8.28 |4.57 12.02 5.83 1052 |5.19
10 0.0407— 0.067 | 7.40  [5.76 10.26 7.35 9.10 (6.54 7.46 [5.79 10.34 7.40 9.20 6.58 7.54 [5.81 10.47 7.43 9.33 (6.61
11 0.025 — 0.0407| 3.24 [2.33 5.53 3.12 502 [2.78 326 [2.34 5.60 3.14 508 [2.80 | 330 [2.35 5.68 3.16 515 [2.81
12 0.015 — 0.025 | 3.73 |2.80 6.79 4.00 583 |[3.50 375 |2.81 6.86 4.03 594 [3.52 3.77 [2.82 6.94 4.06 6.0t [3.55
13 0.0091— 0.015 | 1.42  [1.05 3.50 1.65 3.10 |1.44 1.41 1.05 3.52 1.66 312 [l.45 1.41 1.06 3.53 1.67 313 145
14 0.0055— 0.0091} 0.61  10.40 1.93 Q.70 173 lo.6t 0.60 10.40 193 .71 173 j0.62 0.59 {0.40 1.91 0.71 .72 j0.62
15 0.0021— 0.0055{ 0.26  {0.18 1.12 0.34 096 0.30 026 [0.18 1.12 0.34 096 10.30 025 [0.18 111 0.34 095 [0.30
16 0.0005— 0.0021| 0.20  [0.070 1.54 0.19 1.21  [0.16 0.20 |0.070 1.55 0.19 1.22  [0.16 0.19  {0.070 1.56 0.19 1.22  [0.16
Neutron balance
Pu®® Fissions 0.282 — 0.313 — 0.301 — 0.224 — 0.247 — 0.238 — 0.140 — 0.153 — 0.148 —
Pu® Captures 0.0532 — 0.0720 | — 0.0676 — 0.0424 — 0.0570 — 0.0536 — 0.0266 — 0.0355 — 0.0333 —_
Pu® Fissions — — — — — — 0.0069¢ - 0.00702} — 0.00694 — 0.00786f — 0.00788) — 0.00782) —
Pu® Captures — — — — — — 0.00599| — 0.00768] — 0.00724f — 0.00686] — 0.00869] — 0.00822) —
Pu?i! Fissions — — — — — — 0.0469 — 0.0549 — 0.0524 — 0.110 — 0.128 — 0.122 —_
Pu? Captures — — — — — — 0.00473 — 0.00629] — 0.00591] — 0.0111 — 0.0147 — 0.0138 —_
Pu?? Fissions — — — — — — 0.00177, — 0.00177] — 0.00180] — 0.0191 — 0.0191 — 0.0190 —_
Pu?? Captures — — — — — — 0.00158] — 0.00199] — 0.00193) — 0.0171 — 00217  — 0.0205 —
ok Fissions 0.0583 10.0214 | 0.0264 [0.0311 | 0.0379 [0.0277 | 0.0578 [0.0214 | 0.0259 [0.0311 | 0.0375 0.0276 | 0.0366 [0.0214 | 0.0245 0.0310 | 0.0362 |0.0276
y=e Captures 0.245 [0.364 0.120 |0.476 0.171 0.427 0.244 |0.366 0.119 [(0.479 0.170 [0.429 0.240 [0.366 0.113 0.480 0.165 [0.430
Coolant (Na) captures | 0.001440.000353| 0.005020.000635| 0.004330.000535) 0.00142'0.000353] 0.00500/0.000637] 0.0043110.000556/ 0.00139,0.000353 0.00495|0A000637 0.00427,0.000556
Structural captures 0.0149 10.00637 | 0.0179 |0.00805 0.0179 |0.00728 | 0.0150 0.00639 | 0.9200 [0.00810 | 0.0180 |0.00731 0.0150 '0.00641 0.0202 /0.00813 | 0.0182 f0.00933
Internal breeding ratio 0.73 0.31 0.46 Q.79 0.35 0.51 0.86 0.37 0.55
Breeding ratio 1.82 1.55 1.62 1.93 1.65 1.73 2.12 1.81 1.90
Ratio captures to
fissions in Pu®*® 4 Py 0.188 0.230 0.224 0.173 0.209 0.204 0.150 0.178 0.174
Escape from blanket 0.0118 0.0143 0.0135 0.0118 0.0144 0.0133 0.0118 0.0143 0.0134

* The figures of critical mass represent the critical mass of the two fissionable isotopes Pu?*® and Pu®!, The values in parentheses give the total mass of all four plu-

tonium isotopes, Pu??, Pu2¢®, Pu?! and Pu?.
s



TaBLE IV A

STUDY OF 1500-LITER SPHERICAL REACTORS FUELLED WITH METAL, OXIDE, AND CARBIDE PLUTONIUM FUELS
WITH DIFFERENT ISOTOPIC COMPOSITIONS OF PLUTONIUM

Fuel Pu A PuB PuC
Metal Oxide Carbide Metal Oxide | Carbide Metal Oxide Carbide
Ratio of fuel atoms to .
diluent atoms (Pu/U%®) 0.106 0.253 0.176 0.113 0.269 0.187 0.135 0.323 0.222
Critical mass of fuel (kg) 686 562 613 635 (729)* 514 (590)* 562 (645)* 552 (849)* 442 (680)* 483 (743)*
Flux integrals .
Group Energy interval Core |Blanket| Core |Blanket] Core |Blanket| Core |Blanket| Core |Blanket| Core |Blanket| Core |Blanket| Core [Blanket| Core |Blanket
(MeV)
1 3.668 —10.00 | 1.68 10.15 224 [0.22 2,00 [0.19 1.68 [0.15 224 (0.22 2.00 [0.19 1.68 0.15 224 1022 2.01 0.19
2 2,225 — 3.668 | 3.28 [0.28 4.62 042 4.10  [0.37 3.28 [0.28 4.62 [0.42 4.10 10.37 3,28 0.28 4.63 10.42 4.10 0.37
3 1.35 — 2225|595 [0.60 8.61  [0.90 7.63 0.79 596 |0.60 8.62 |0.90 7.64 [0.79 5.96 0.60 8.63 (0.90 7.65 10.79
4 0.825 — 1.35 |10.23 [1.67 12.06 2.20 11.52  [2.05 1022 [1.67 12.07  [2.20 1152 [2.05 10.19 (11,67 (12,04 [2.19 11.50 [2.05
5 0.5 — 0.82517.84 |4.38 18.19 (5.31 17.47 495 17.83 [4.38 18.21 [5.31 17.48 |4.96 17.74 4.37 |18.15 |5.30 1743 494
6 0.3 — 05 (2285 1670 21.63 (7.67 21.15 |7.24 2290 [6.70 21.69 [7.68 2122 [7.25 22.88 6.69 121.69 |7.67 21.22 [7.24
7 0.18 — 0.3 121.21 7.07 23.38 [8.38 20.52 |71.60 21.35 [7.09 23.54 (8.41 20.65 {7.62 21.47 7.09 [23.66 [8.42 20.77 {7.63
8 0.11 — 0.18 {17.66 [6.60 20.90 |8.08 18.00 [7.16 17.81 6.63 21.10  [8.12 18.16  |{7.19 18.00 6.65 [21.31 i8.14 18.34 [7.21
9 0.067 — 0.11 | 7.84 }3.68 14.69 14.82 12.55 4.21 993 [3.69 14.85 [4.85 12.68 |4.24 10.05 3.7 15.03 [4.87 12.83 14.25
10 0.0407— 0.067 | 9.23 |4.72 1322 (6.21 1143  |5.42 9.31 {474 13.37 [6.25 11.55 [5.45 9.41 4.76 13.53 [6.29 11.69 |5.47
il 0.025 — 0.0407| 4.13  ]1.92 7.38 [2.68 647 [2.33 417" |1.94 746 [2.70 6.54 [2.35 4.21 1.94 7.56 .72 6.62 [2.36
12 0.015 — 0.025 | 496 |2.36 9.54  |3.57 791 [3.02 499 [2.37 9.65 [3.59 799 [3.04 5.02 2.38 9.76 ]3.62 8.08 13.06
13 0.0091— 0.015 |{ 1.94 (0,90 5.14  |1.52 4.33 [1.28 1.94 [0.90 5.17 [1.53 4.36 [1.28 1.94 0.90 520 {1.53 4.38 [1.29
14 0.0055— 0.0091| 0.86 [0.35 294 0.67 2.50 [0.56 0.85 [0.35 294 (0.67 2,50 [0.56 0.83 0.35 293 |0.67 249 [0.56
15 0.0021-— 0.0055 0.39  [0.16 1.77  10.33 1.43  [0.28 0.37 [0.16 1.76 [0.33 1.42 [0.28 0.37 0.16 1.75 |0.34 141 [0.28
16 0.0005— 0.0021| 0.31  [0.062 276 (0.2t 198 0.16 0.31 |0.061 279 [0.21 2.00 [0.16 0.30 0.061 | 2.82 |0.21 2.01 [0.16
Neutron balance
Pu?%? Fissions 0.278 — 0.310 — 0299 | — 0.222 — 0.244 — 0.236 — 0.139 — 0.151 — 0.146 -
Pu®® Captures 0.0553 — 0.0780 — 0.072 — 0.0441 — 0.0616 — 0.0569 — 0.0276 —_ 0.0383 — 0.0354 —
Pué0 Fissions — — — — —_ — 0.00631] — 0.00615| — 0.00621] — 0.00719] — 0.00691] — 0.00701| —
Pu0 Captures — — — — —_ — 0.00614] — 0.00816| — 0.00758] — 0.00705| — 0.00923] — 0.00861] —
Pu?t! Fissions — — — — —_ — 0.0471 — 0.0558 — 0.0530 — 0.111 — 0.130 — 0.124 —
Pu?t Captures — — — — — — 0.00490, — 0.00679] — 0.00628] — 0.0115 — 0.0158 — 0.0147 —
Pu?42 Fissions — — — — — — 0.00162] — 0.00156;, — 0.00162] — 0.0175 — 0.0168 — 0.0170 —
Pu?? Captures —_ — —_ — —_ — 0.00162] — 0.002120 — 0.00202) — 0.0176 — 0.0230 — 0.0215 —
s Fissions 0.0621 |0.0159 | 0.0300 [0.0235 | 0.0417 [0.0208 | 0.0617 [0.0159 | 0.0296 (0.0235 | 0.0413 [0.0208 | 0.0606 [0.0159 | 0.0284 0.0235 | 0.0402 |0.0208
U2ss Captures 0.302 /0.295 0.169 |0.404 0.226 [0.354 0.302 10.297 0.168 |0.406 0.225 |0.355 0.297 10.297 0.162 0.407 0.220 [0.357
Coolant (Na) captures 0.001920.000303| 0.00774/5.000606| 0.00629.0.000507| 0.001940.000303] 0.00772,0.000608| 0.00628/0.000509, 0.00171,0.000303| 0.00767,0.000609| 0.00623 0.000509
Structural captures 0.0178 10.00513 | 0.0251 [0.00673 | 0.0220 |0.00595 0.0179 {0.00515 | 0.0253 |0.00676 0.0221 [0.00598 | 0.0180 !0.00516 0.0255 |0.00678 0.0223 |0.00599
Internal breeding ratio 0.91 0.44 0.61 . 0.48 0.66 1.05 0.51 0.71
Breeding ratio 1.79 1.47 1.56 1.90 1.57 1.67 2.08 1.72 1.82
Ratio captures to
fissions in Pu?®- Pu? 0.198 0.251 0.241 0.182 0.228 0.218 0.156 0.192 0.185
Escape (rom blanket 0.00865 0.0104 0.00972 0.00866 0.0104 0.00974 0.00865 0.0104 0.00971

* The figures of critical mass represent the critical mass of the two fissionable isotopes Pu?® and Pu®!. The values in parentheses give the total mass of all four
plutonium isotopes, Pu??, Pu??, Pu?! and Pu??,



TaBLE V A

STUDY OF 2500-LITER SPHERICAL REACTORS FUELLED WITH METAL, OXIDE AND CARBIDE PLUTONIUM FUELS
WITH DIFFERENT ISOTOPIC COMPOSITIONS OF PLUTONIUM

Fuel Pu A PuB PuC
Metal Oxide Carbide Metal Oxide Carbide Metal Oxide Carbide
Ratio f‘;";‘o"[‘r‘l‘s“(“; u‘/(bm) 0.0945 0.210 0.152 0.100 0.223 0.161 0.119 0.265 0.190
Critical mass of fuel (kg) 1026 806 897 949 (1089)* 736 (845)* 821 (943)* 825 (1269)* 632 (973)* 706 (1086)*
Flux integrals o
Group Energl\),; il\l]t;erval Core |Blanket| Core |Blanket| Core |Blanket| Core |Blanket] Core |Blanket| Core |Blanket| Core {Blanket| Core |Blanket] Core |Blanket
e
1 3.668 — 10.00 | 1.72 [0.12 2.31 0.17 206 0.15 172 [0.12 2.31 0.17 2.06 0.15 1.72 . [0.12 2.31 0.17 2,06 [0.15
2 2225 — 3.668 | 3.36 [0.22 4.79 |0.33 422 0.29 3.36 [0.22 479 [0.33 4.23  10.29 336 [0.22 480 1033 4.23 0.29
3 1.35 — 2225 6.15 10.46 9.02 |0.70 7.96 0.62 6.15 0.46 9.03 10.70 796 10.62 6.15 0.46 9.04 (0.70 7.97 0.62
4 0.825 — 1.35 (10.71 1.31 12.78 1.74 12.16 1.62 10.70 1.31 12.79 1.73 12.18 1.62 10.67 1.30 12.76 1.73 12.14 1.61
5 0.5 — 0.825 (1898 3.45 19.53 [4.22 18.68 3.93 18.97 3.45 19.54 |4.22 18.69 3.93 18.89 3.44 19.49 421 18.63 3.92
6 03 — 05 |2477 [5.33 23.58 16.16 2296 [5.79 24.82  (5.34 23.64 [6.16 23,03 [5.80 24.81  [5.33 23.64 16.15 23.03 |5.79
7 0.18 — 0.3 |2341 5.69 26.05 6.82 22.65 [6.14 23.55 5.71 26.21 6.84 22.78 6.16 23.68 5.71 26.35 6.85 2290 16.16
8 0.11 — 0.18 |19.81 5.37 23.78 6.67 20.19 5.85 19.98 5.39 23.99  [6.69 20.36 5.87 20.17 5.41 24.21 6.71 20.54 5.89
9 0.067 — 0.11 |11.18 3.01 17.03 |4.03 1430 (348 11.27 3.03 17.20 4.05 14.44 3.49 11.40 3.04 17.40 [4.07 14.59  13.51
10 0.0407— 0.067 {10.67 3.89 15.65 5.24 13.25 4.50 10.77 3.91 15.82 5.27 13.39 4.52 10.87 3.92 16.00 5.30 13.53 4.54
11 0.025 — 0.0407| 4.85 1.60 890 (229 7.63 1.96 4.89 1.61 9.00 12.30 7.71 1.97 4.94 1.61 9.11 2.32 7.80 1.98
12 0.015 — 0.025 | 598 1.99 1192  [3.12 9.59 2.59 6.02 12.00 12.06 3.15 9.69 2.60 6.05 2.00 12.18 3.17 9.78 2.62
13 0.0091— 0.015 | 2.39 0.76 6.61 1.36 5.38 1.11 2.39 1076 6.66 1.37 5.42 1.12 2.38 0.77 6.70 1.37 5.44 1.12
14 0.0055— 0.0091] 1.07 ]0.30 3.87 0.61 3.17 |0.50 1.06 |0.30 3.88 0.62 3.17 0.50 1.05 0.30 3.87 0.62 3.16 |0.50
15 0.0021— 0.0055; 0.48 0.13 237 (0.31 1.83 0.25 0.48 0.13 237 0.31 1.83 0.25 047 [0.13 2.36 031 1.82 |0.25
16 0.0005— 0.0021] 0.41 0.054 4.03 0.21 272 [0.15 0.40 [0.054 4.08 0.21 2.75 0.15 0.40 10.053 4.13 0.21 277 0.15
Neutron balance
Py Fissions 0.276 — 0.308 —_ 0.296 _ 0.220 — 0.243 — 0.234 — 0.138 — 0.150 — 0.145 —
Pu®® Captures 0.0568 — 0.0823 — 0.0750 — 0.0452 — 0.0650 — 0.0593 — 0.0283 — 0.0404 —_ 0.0368 —
Py Fissions — — — —_— — — 0.00593 — 0.00560] — 0.00575 — 0.00677) — 0.00628, — 0.00649, —
Pu® Captures —_ — — —_ — — 0.00625| — 0.00851] — 0.00782] — 0.00718] — 0.00962] — 0.00888) —
Pyt Fissions — —_ - —_ — —_— 0.0473 — 0.0564 — 0.0534 — 0.111 — 0.131 — 0.125 —
Pu® Captures —_ _— — — — -— 0.00501] — 0.00715f — 0.00653] — 0.0118 — 0.0167 — 0.0153 —
Pu?é? Fissions —_ —_ — — — — 0.00153] — 0.00142] — 0.00150) — 0.0165 — 0.0153 — 0.0158 —
Py Captures —_ — — — — —_ 0.00165) — 0.0022t) — 0.00208] — 0.0179 — 0.0240 — 0.0222 —
Y8 Fissions 0.0646 (0.0122 | 0.0323 |0.0184 | 0.0442 |0.0162 | 0.0642 {0.0122 0.0320 [0.0184 | 0.0439 [0.0162 | 0.0632 |0.0122 | 0.0310 [0.0184 | 0.0428 0.0162
yea8 Captures 0.347 0.242 0.212 0.342 0.271 0.295 0.347 (0.243 0.212 [0.344 0.271 10.296 0.342 0.244 0.206 [0.345 0.266 [0.297
Coolant (Na) captures 0.00242/0.000259; 0.0102 {0.000558; 0.00802/0.000452] 0.002400.000259] 0.0102 0.000560| 0.00801/0.000454{ 0.002360.000258; 0.0102 [0.000561| 0.00796,0.000454
Structural captures 0.0200 [0.00419 0.0298 [0.00563 | 0.0252 [0.00491 | 0.0201 |0.00421 0.0297 [0.00565 | 0.0254 0.00493 | 0.0202 [0.00421 | 0.0299 [0.00567 [ 0.0255 0.00494
Internal breeding ratio 1.04 0.54 Q.73 111 0.59 0.79 - 1.21 0.64 0.85
Total breeding ratio 1.76 1.42 1.52 1.87 1.52 1.62 2.05 1.65 1.77
Ratio captures to
fissions in Pu?¥® -+ Py 0.205 0.267 0.253 0.187 0.240 0.229 0.161 0.203 0.192
Escape from blanket 0.00620 0.00811 0.00718 0.00623 0.00812 0.00720 | 0.00620 0.00811 0.00718

* The figures of critical mass represent the critical mass of the two fissionable isotopes Pu®*® and Pu®1. The values in parentheses give the total mass of all four
plutonium isotopes, Pu?3?, Pu0, Pu and Pu??,
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Figs. 1—3 show the combination of the size effect with the isotopic composition
effect for the same fuel types, namely, respectively, metal, oxide and carbide
plutonium fuels.

Fig. 4 combines all three effects—size, fuel type and isotopic composition—on
breeding ratios, but shows the isotopic-composition effect only for the metallic
case in order not to complicate the figure.
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Fig. 1
Plutonium metallic fuel: critical mass as function of core size and plutonium isotopic
composition.
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Plutonium oxide fuel: critical mass as function of core size and plutonium isotopic
composition.
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Plutonium oxide fuel: critical mass as function of core size and plutonium isotopic
composition. ‘
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Plutonium metallic and ceramic fuels: breeding ratios.
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The following observations arise from these results:

(a) When one takes into account only the thermally fissionable isotopes Pu23?
and Pu?!, one finds that the “dirtier” the plutonium, the smaller the critical
mass and the higher the breeding ratio. These results are both a direct consequence
of the fact that Pu?? is preferable to U238 as a fertile material, due to its larger
fission cross-section, and that Pu?* is preferable to Pu®®,

(b) The critical masses which are about 300—400 kg for the 800-1 cores, about
450—700 for the 1500-1 cores and about 650—1000 for the 2500-1 cores are
diminished by typically 209 when one passes from pure Pu2?® to Pu C, which
contains 409% Pu?®,

(c) The total breeding ratios decrease slightly with increasing size (they are
almost independent of core size) and also decrease when one passes from metallic
to carbide to oxide fuel, in that order. On the other hand, the internal breeding
ratios increase with increasing core size. Internal breeding ratios have some
economic importance because of the possibility of burning the plutonium
produced in the core in situ, without reprocessing and fabrication, as is the case
for plutonium formed in the blanket.

-(d) Again, replacing Pu A by Pu C, the breeding ratios increase from 1.76—1.82
t0 2.05—2.12 in the metallic fuel, from 1.52—1.62 to 1.77—190 in the carbide fuel
and from 1.42—1.55 to 1.65—1.81 in the oxide fuel.

It is of importance to note that for Pu C and metallic fuel, the breeding ratio is
calculated to be above 2 for the three reactor sizes, 800, 1500 and 2500 1.

It is here interesting to mention without details a somewhat similar provisional
result obtained at Hanford [4] for large thermal reactors, namely, that plutonium
with a high Pu? and Pu?!! content was calculated to be a better enrichment
material than either plutonium-239 or uranium-235, in that order.

Combined with ourresults, this provisionally seems to indicate that the “dirtier”
the plutonium the better it is as fuel jor both fast and thermal reactors.
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Example of efiect on sodium reactivity coefficients

If some of the sodium coolant in the core of a fast reactor were removed, re-
presenting either a change in density due to heating or some accidental condition,
it would be desirable, of course, to lose reactivity, that is to have a negative sodium
reactivity coefficient.

Positive sodium reactivity coefficients for some large fast reactor designs
were first reported by Nims and ZwEIrFeL [5] and have since been calculated by
others [6]. )

A rough calculation of the effect for the systems considered in this study has
been performed by removing uniformly 40% of the core sodium. The reactivity
change is reported in terms of 8 Mo/ M., the fractional increment in critical mass
which would produce the same reactivity effect as the removal of the sodium.
(The constant of proportionality, (k/3k)/(8 M./M.), was observed to be between
0.5 and 0.7 for these reactors.)

The resulting positive sodium coefficient was found to be a function of size,
structural material and type of fuel as reported by Yiftah and Okrent [2], who
calculate, for instance, that the threshold size for the positive effect for a metal-
fuelled system with niobium structure is about 400 1.

It should be noted that since these calculations were performed about a year
ago, some of them have been repeated with two refinements: (a) the effect of
elastic resonance scattering of light and medium elements, and (b) the use of the
lower «-values of Pu2??? measured by Hopkins and Diven.

According to BHIDE and HumMMEL [10], who did the first refinement in general,
since the elastic removal cross-sections of Na are higher than those used in [2],
the spectral shift effect is enhanced by the decrease in sodium density, and the
reactivity coefficients become more positive than we calculated. Thus the threshold
sizes for the positive coefficients seem to be lower than previously predicted.

The second refinement also tends to make the sodium coefficients for the oxide
and carbide cases less negative (or more positive), as shown by Okrent [9].

It can be concluded, therefore, that the positive sodium coefficient is more
positive today than it used to be a year ago. This is what happens when one
refines one’s calculations.

The effect of the isotopic composition of plutonium on the sodium reactivity
coefficient was calculated for the 1500-1 reactor fuelled with metallic, oxide and
carbide fuels and having a steel structure. The results are summarized in Table VI.

It is seen that, in all cases calculated, the ‘““dirtier’’ the plutonium, the less
positive (or more negative) is the sodium removal reactivity coefficient.

TaBLE VI

REACTIVITY CHANGE UPON REMOVING 409 OF SODIUM FROM 1500-1 STEEL
STRUCTURE REACTORS FUELLED WITH METAL, OXIDE OR CARBIDE
PLUTONIUM FUELS OF TWO ISOTOPIC COMPOSITIONS

8§ Mc/M¢ to produce same reactivity change

Fuel type ‘ Metal ‘ Oxide I Carbide

{

—0.0140 —0.0058
—0.0162 —0.0076

Pu A | 4+0.0041
PuC l 40.0014
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Remarks on cross-sections

The dependence of the above results on the reliability of the various cross-
sections of Pu??, Pu?, Pu?" and Pu?? has been emphasized in the Introduction.
The present study uses the recent 16-group cross-section set of Yiftah, Okrent
and Moldauer [3], to which we refer for an analysis of the available experimental
data as well as the methods, assumptions and theoretical calculations on which
the set is based.

It should be mentioned, however, that the recent Los Alamos measurements of
the ratio of capture to fission cross-sections of Pu?®? [8] would imply somewhat
lower Pu®9 capture cross-sections than used in the 16-group set. Previous cal-
culations with low alphas for Pu?3® [7] seem to indicate that the new lower Pu239
capture cross-sections will probably decrease slightly the critical masses and
increase slightly the breeding ratios.

The sensitivity of the calculated results to neutron cross-section data, con-
sidering the above alpha measurements and also making arbitrary changes in
the least-certain multi-group cross-sections, is treated by Okrent [9].

Conclusions

The two main conclusions of this report can be summarized as follows.

1. For typical large fast-power plutonium reactors, exemplified by 800, 1500
and 2500 | core volumes, it is found that when one takes into account only the
thermally fissionable Pu?*® and Pu?!, the “dirtier”’ the plutonium, the smaller
the critical mass and the higher the breeding ratio.

2. For the 1500-1 reactor, taken as an example, it is found that in the metallic,
oxide and carbide plutonium fuels, the “dirtier’’ the plutonium, the less positive
(or more negative) the sodium removal reactivity coefficient. It is emphasized,
however, that this statement is only applicable to the example calculated, and
further calculations should be performed before one can generalize for all cases.
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Abstract — Résumé — Annoramus — Resumen

Performance of large fast power reactors, including effects of higher isotopes, re-
cyeling and fission products. Using a new sixteen-group cross-section set, the initial
and long-term performance of a representative group of large fast power reactors
will be examined. The build-up of higher isotopes of plutonium as a function of core-
feed material and reactor design will be analysed, and the influence of changing
plutonium isotopic composition on critical mass, breeding ratio, reactivity, coolant
void coefficient, and delayed-neutron fraction will be treated. The sensitivity of these
results to neutron-cross-section data will be discussed (a) in the light of recent measure-
ments of « = oefor of Pu?*® and (b) by making arbitrary changes in the least-certain
multi-group cross-sections.

The effects of fission-product build-up on critical mass, breeding ratio and reactivity
will be calculated. Measurements with mock fission products at ZPR-IIT will be
correlated and compared with predictions based on the estimates of theoretical
nuclear physics.

Other effects to be treated include the reactivity growth associated with blanket
plutonium build-up, the sensitivity of sodium void coefficient to reactor-core com-
position and the high-energy spectrum (> 1.4 MeV) of such reactor systems.

Fonctionnement des grands réacteurs i neutrons rapides: effets des isotopes lourds,
recyclage et produits de fission. L’auteur étudie le fonctionnement initial et & long
terme d’un groupe représentatif de grands réacteurs a neutrons rapides, en utilisant
un nouvel ensemble de sections efficaces de seize groupes. Il analyse 1’accumulation
des isotopes lourds du plutonium en fonction du combustible initial et du type du
réacteur, ainsi que I'influence de la composition en isotopes du plutonium sur la masse
critique, le taux de surgénération, la réactivité, le coefficient cavitaire du fluide
de refroidissement et la fraction des neutrons retardés. Il étudie également 1'influence
sur ces résultats des données relatives aux sections efficaces neutroniques: a) en
tenant compte des mesures récentes de « = o¢/of de 23%Pu, et b) en modifiant arbitraive-
ment les sections efficaces multigroupes les moins stres.

L’auteur calcule les effets de Paccumulation des produits de fission sur la masse
critique, le taux de surgénération et la réactivité. Il fait une corrélation et une com-
paraison entre les mesures avec des produits de fission simulée dans le ZPR-III et
les estimations fondées sur la physique nucléaire théorique.

L’auteur examine également 1’accroissement de réactivité associé & 1’accumulation
de la couche fertile de plutonium, I'influence de la composition du eceur sur le coefficient,
cavitaire du sodium, et le spectre de haute énergie ( > 1,4 MeV) des réacteurs de ce type.

Xapalc'repuc'rmca KPYNHbIX 3HCPreTHYECKHX PpPEaKTOpOB Ha 6blCprlX HelTpoHAX, BKJIOYARA
IEeHCTBHE TSIKEJIbIX HSO'TOHOB, NMPOXYKTOB NOBTOPHOI'O HCNOJL30OBAHMS H NPOXYKTOB MeJIeHHs.
B nmoxnane 6y)1y1‘ PACCMOTPEHBI XapaKTEePUCTHKHM THUITUYHON TPyNnObl KPYIHBIX SHEPIreTUYCCKUX
PCAKTOpPOB Ha GLICprIX HEHTPOHAX B NYCKOBbBIE nepvoabl ¥ NpH YCTAHOBMBUIMXCA PCKMMaAX C

* Work done under the auspices of the United States Atomic Energy Commission.
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NPMMECHEHHEM HOBOrO Habopa WIECTHIDYNIOBBIX TIONEPEUHBIX ceveHHit. ByAeT u3y4yeHo HaKom-
JIEHHE TSKENBIX H30TONOB INTyTOHMSA, KaK (yHKIMH SAEPHOTO TOMJIMBA K KOHCTPYKIMHU PEAKTOPA,
a Takxke OyneT onpeneneHo BIMAHME H3MEHEHHs! H30TONMYECKOTO COCTaBa IUTyTOHHA HA KPUTH-
4ECKYH0 Maccy, K03 dHULMEHT BOCTIPON3BOACTBA, PEAKTHBHOCTb, IyCTOTHBIN KO GHUUMERT TemI0-
HOCHMTEJII M HA JOAIO 3ama3jblBalOlINX HEHTPOHOB. B noxnane GymeT paccMOTpEHO BIMAHKE
3THX PE3YNLTATOB Ha HAHHAIC MO HEHTPOHHBIM CEYEHHSM @) B CBETE MOC/IEAHMX W3IMEDCHHUI
a=o¢/ot Pu®?, b) myTeM BHECEHNs IPOU3BOJIbHLIX U3MEHEHHH B HAMMEHEE TOYHbIC MHOTOrPYIl-
TOBBIE CEYEHUS.

Bynet noncuntan 3hhexT HaKONIEHNA NPOAYKTOB JENEHUS HAa KPUTHYECKYIO Maccy, Ko3gidu-
UMEHT BOCOPOM3BOACTBA U peaKTUBHOCTh. M3MepeHis, npon3BeeHHbIE C NOKHBIMM IPOAYKTAMHI
nenenust Ha ZPR-111 6ynyT oTKOppenupoOBaHbl ¥ CPaBHEHB! C NPEANONOKEHUAMH, OCHOBAHHBIMHI
Ha OLEHKaX TEOPETHYECKOW sLEPHOM (HM3HKH.

K apyrium shdektam, koToprie 6yayT paccMOTpPEHbI, OTHOCSTCS yBeJIMYEHHE PeaKTHBHOCTH,
CBfI3aHHOE C HAaKOIJICHUEM IUIyTOHHA B 30HE BOCIPOU3BOACTBA, YYBCTBHUTENLHOCTH MYCTOTHOTO
koabdHuUMEnRTa HATPHA K COCTABY AKTHBHOH 30HBI DPEAKTOPA M CHEKTPY BBICOKWX JHEprit
(> 1,4 M3B) Takux peaKTOPHBIX CHCTEM.

Funcionamiento de los grandes reactores de potencia rapides: efectos de los isétopos
superiores, del reciclado y de los productos de fisién. Utilizando un nuevo conjunto
de secciones eficaces para una teoria de 16 grupos, el autor examina el funcionamiento
inicial y a largo plazo de un grupo representativo de veactores répidos de potencia
de grandes dimensiones. Analiza la acumulacién de isétopos superiores del plutonio
en funcién de la composicién inicial del combustible del tipo de reactor, y estudia
la influencia de modificaciones de la composicién isotépica del plutonio sobre la masa
critica, la razén de reproduccién, la reactividad, el coeficiente de vacio del refrigerante
vy la fraccién de neutrones retardados. Estudia igualmente la influencia ejercida
sobre estos resultados por los datos relativos a las secciones eficaces neutrénicas:
a) teniendo en cuenta las mediciones més recientes de « = o¢/ot del 2?Pu, y b) modi-
ficando arbitrariamente las secciones eficaces multigrupales més inciertas.

El autor calcula los efectos de la acumulacion de productos de fisién sobre la masa,
critica, la razén de reproduccién y la reactividad. Establece una correlacién y com-
paracién entre las mediciones efectuadas con productos de fisién simulados en el
ZPR-III y las predicciones basadas en los cilculos de la fisica nuclear teérica.

Ademas, el autor examina el aumento de reactividad asociado a la acumulacién
de plutonio en la envoltura fértil, la influencia de la composicién del cuerpo del reactor
sobre el coeficiente de vacio del sodio y el espectro de elevada energia (> 1,4 MeV)
de los reactores de este tipo.

Introduction

In the past, performance calculations for large, fast power reactors have fre-
quently been concentrated on initial conditions of operation {1, 2]. Ounly a single
fissionable isotope, not representative of recycled fuel, was usually considered.
The results were intended to provide general background information.

As the design of such reactors approaches closer to reality, and as cross-section
information on the higher isotopes of plutonium becomes more available, the long-
term physics characteristics warrant attention. Some preliminary calculations
aimed in this direction provide the central theme of this paper.

Y1rTAH and ORRENT [3] have recently reported the initial performance charac-
teristics of a series of large, fast reactors, using the new 16-group cross-section set
they developed jointly with MoLDAUER {4]. By choosing as a possible plutonium
supply the material resulting from thermal-reactor recycle, the effects of higher
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plutoarium isotopes on breeding ratio and critical mass [5], and to some extent
on sodium-coolant reactivity coefficient, were examined. These calculations are
used, herein, as a starting point from which to examine the effects of fuel re-
cycling. Specifically, the difference between initial and equilibrium isotopic
composition is compared for metal-, oxide- and carbide-fuelled reactors assuming
different types of plutonium-feed material. For some of these systems, furthermore,
the change from initial to equilibrium composition is followed in a step-wise fashion.
The effects of specific cross-section uncertainties on these results are computed,
as well as the influence of reprocessing losses.

The change in performance characteristics such as critical mass, breeding ratio,
sodium reactivity coefficient and delayed-neutron fraction are reported, as well as
the reactivity changes associated with build-up of fission products and the burn-
out and build-up of fuel during a single cycle.

In addition, certain other phenomena of interest in fast-reactor analysis, such
as the high-energy end of the neutron spectrum, are treated.

All criticality calculations have been made in spherical geometry by means of
diffusion theory. Each reactor was assumed to consist of three regions, namely,
core, blanket and external reflector. The specifications of the systems studied
were as follows, except where noted otherwise. '

Core volume: 800 or 15001
Core volume fractions:

Fuel and fertile material 0.25
Structural material (usually steel) 0.25
Coolant 0.50
Fuels: Density (g/em?)

Pu-U28 19

Pu0,-UO, 8.4

PuC-UC 11.39

Plutonium composition: Atom. 9,

Type Pu239 Pu240 Pu241 Pu242
A 100 0 0 0
AB 920 10 0 0
B 74.7 10.2 12.4 2.7
C 40 10 25 25

Blanket thickness: 45 cm
Blanket volume fractions:
Ue2as
Na
Fe

j= R ]

.6
.2 (0.84 g/em?)
.2

Reflector thickness: 30 cm
Reflector volume fraction: Fe 0.6
Na 0.4

Isotopic composition changes with recycle

THE CONSTANT REACTIVITY APPROACH TO EQUILIBRIUM

The change in isotopic composition of plutonium on recycle was computed
with two different methods developed primarily by H. J. Wheeler of Argonne.
In the so-called “constant reactivity” or “infinitesimal burn-up” method, the
‘differential equations describing burn-up, build-up and make-up of each isotope
were constrained to maintain continuously both reactivity and total combined

18
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fissile and fertile atoms. Thus, the equations to be solved simultaneously were as
follows:

LT
i
d 1\11 Pt“m = NPu™® g Pus g N g Put0 g, | fPuseo
° lilpz“_m = NPw g Pu® g NPutt g Puttl g . fPusét
iy

where

g is the radiative capture cross-section

Ga includes capture and fission

@ is the flux

N is the atoms/cm?

f* is the feed of isotope “2” from an external source.

Since the ratio of fPu™ to fPu™ to fPu™ 4o fPu* ig originally specified, there
remain seven unknowns in the form of the N’s and two f’s. Maintaining the total
number of atoms constant provides one equation:

Z N#* = constant.
x

Maintaining the reactivity constant in the form of a figure of merit (vor— oc—ot)
summed over all fissionable and fertile isotopes provided the final equation:

zN * (v 0f— 0. — 01)* = constant.
x

TaBLE I
EQUILIBRIUM COMPOSITION FOR 800-1 REACTORS

Comp. of Equilibrium Pu composition Atoms Pu|Atoms Pu
Reactor type f:edpi’uo atoms U228 | atoms U238
Pu2s® ' Pu240 l Pyzel ’ Pu2é? at equil. | initially

Pu A 0.653 0.293 0.041 0.013 0.172 0.128
Metal PuB 0.613 0.307 0.055 0.025 .| 0.176 0.137
PuC 0.544 0.281 0.066 0.109 0.189 0.163,

Pu A 0.609 0.324 0.049 0.018 0.510 0.336
Oxide PuB 0.474 0.366 0.096 0.064 0.571 0.360
PuC 0.288 0.266 0.121 0.325 0.795 0.439

Pu A 0.618 0.318 0.048 0.017 0.319 0.222
Carbide PuB 0.517 0.350 0.082 0.051 0.344 0.237
PuC 0.367 0.276 0.104 0.253 0.420 0.283
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The figure of merit was computed for each isotope in each reactor from a multi-
group solution for the initial reactor composition and assumed not to vary with
burn-up and recycle.

The initial and equilibrium compositions for a group of reactors having a core
volume of 800 1 are presented in Table I. For metal, oxide and carbide fuels, cal-
culations have been made assuming that the initial plutonium composition and
associated feed material were either plutonium A, B or C. (The equilibrium com-
position, of course, depends only on the composition of the feed material.) The
results show the fraction of Pu?? present at equilibrium to be particularly sensitive
to the feed material.

The results of similar calculations for a group of 1500-1 reactors are given in
Table II. The oxide and carbide reactors exhibit a behaviour similar to that
of their 800-1 counterparts. The build-up of Pu?*? is reduced, since greater

TasLe II
EQUILIBRIUM COMPOSITION FOR 1500-1 REACTORS

Equillibrium Pu composition Atoms Pu|Atoms Pu

Reactor type (i-zgépi,ﬁf atoms U238 | atoms U238
Py ‘ Puzeo \ Pu2t ‘ Puz4z at equil. | initially

Pu A 0.656 0.291 0.041 0.012 0.143 0.106
Metal PuB 0.665 0.284 0.039 0.011 0.139 0.113
PuC 0.654 0.293 0.041 0.012 0.144 0.135

Pu A 0.582 0.343 0.054 0.021 0.391 0.253
Oxide PuB 0.481 0.372 0.088 0.059 0.425 0.269
PuC 0.329 0.287 0.109 0.275 0.542 0.323

Pu A 0.594 0.334 0.052 0.020 0.259 0.176
Carbide PuB 0.532 | 0.353 0.073 0.042 0.271 0.187
PuC 0.430 0.302 0.088 0.180 0.309 0.222

internal breeding requires less Pu®¥?-bearing feed material. The metal-fuelled
reactors are distinctly different, however. These reactors gained reactivity with
burn-out and build-up. At equilibrium, it was necessary to remove some core
plutonium, replacing it- with U238 to maintain reactivity. Hence, the results are
independent of the composition of the plutonium feed.

STEP-WISE APPROACH TO EQUILIBRIUM

The so-called “infinitesimal burn-up” or ‘“‘constant local reactivity’’ approach
to equilibrium is an approximation of the actual ‘“‘step-wise” approach in the
reactor. The real fuel elements undergo an appreciable burn-up before reprocessing
and reconstitution with the addition of feed material. To test the error introduced
by the “infinitesimal burn-up” approximation, five of the reactors listed in Tables I
and II were rerun, using a computing programme for the step-wise approach
devised by WEEELER [6]. In this programme, the average reactivity (in the form
of the figure of merit described earlier) during a cycle is maintained at the pre-
scribed value automatically. For a given burn-up of combined fissionable and fertile

18*
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atoms, assuming a plutonium-feed composition and knowing the composition of
irradiated element sent to the reprocessing stage, the initial, final and average
compositions of the next cycle are computed. Other reactivity effects, such as
fuel growth under irradiation and neutron capture by fission products are ignored.

Major results of the step-wise calculation for 1500-1 oxide reactors fed with
Pu A, B and C, a 1500-1 carbide reactor fed with Pu C, and an 800-1 metal reactor
fed with Pu A are listed respectively in Tables III—VII. The total number of
fissionable: and fertile atoms has been normalized to unity at the beginning of
each cycle. Ten per cent burn-up is used for the oxide and carbide, five per cent
for the metal. No reprocessing loss is assumed herein. In all cases the initial plu-
tonium composition is that of the feed material.

The composition was always very close to the equilibrium value by twenty
cycles. To attain 80% of equilibrium, usually measured by the change in relative

TaBLE III

STEP-WISE APPROACH TO EQUILIBRIUM
1500-1 oxide, Pu A feed

Cyele No. Stage y2ss ‘ Pu? 1 Puzeo Puzét Puz
1 initial 0.767 0.233 0 0 0

final 0.712 0.167 0.021 0.001 0.000

average 0.739 0.197 0.012 0.0004 | 0.000

2 initial 0.752 0.227 0.021 0.001 0.000

final 0.697 0.163 0.037 0.003 0.000

average 0.724 0.192 0.030 0.002 0.000

4 initial 0.731 0.214 0.050 0.005 0.000

final 0.678 0.154 0.060 0.007 0.001

average 0.704 0.182 0.056 0.006 0.001

7 initial 0.713 0.201 0.074 0.010 0.002

final 0.662 0.146 0.079 0.011 0.002

average 0.687 0.171 0.077 0.010 0.002

12 initial 0.702 0.192. | 0.089 0.014 0.004

final 0.651 0.141 0.090 0.014 0.004

average 0.676 0.164 0.090 0.014 0.004

20 initial 0.696 0.189 0.094 0.015 0.005

final 0.647 0.139 0.094 0.015 0.005

average 0.672 0.162 0.095 0.015 0.005

30 initial 0.696 0.188 0.095 0.015 0.006

final 0.646 0.138 0.095 0.015 0.006

average 0.671 0.161 0.095 0.015 0.006

40 initial 0.696 0.188 0.095 0.015 0.006

final 0.646 0.138 0.095 0.015 0.006

average 0.671 0.161 0.095 0.015 0.006
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TaBLE IV

STEP-WISE APPROACH TO EQUILIBRIUM
1500-1 oxide Pu B feed

Cycle No. Stage [zss | Pu?® \ Pu?® Put Pu22
1 initial 0.754 0.183 0.025 0.030 0.007
final 0.700 0.138 0.037 0.018 0.007
average 0.727 0.159 0.032 0.023 0.007
2 initial 0.736 0.186 0.044 0.025 0.009
final 0.683 0.139 0.053 0.016 0.009
average 0.710 0.160 0.049 0.020 0.009
4 initial 0.713 0.181 0.071 0.024 0.011
final 0.662 0.135 0.075 0.018 0.011
average 0.687 0.156 0.073 0.020 0.011
7 initial 0.695 0.172 0.094 0.026 0.014
final 0.645 0.129 0.092 0.020 0.013
average 0.669 0.148 0.093 0.023 0.013
12 initial 0.683 0.164 0.108 0.029 0.016
final 0.634 0.124 0.103 0.023 0.015
average 0.658 0.142 0.106 0.026 0.016
20 initial 0.678 | 0.162 | 0.112 | 0.030 | 0.018
final 0.630 0.123 0.107 0.024 0.017
average 0.654 0.140 0.110 0.026 0.017
26 initial 0.678 0.161 0.112 0.030 0.018
. final . 0.630 0.123 0.107 0.024 0.017
average / 0.653 0.140 0.110 0.026 0.018

TaBLE V

STEP-WISE APPROACH TO EQUILIBRIﬁM
1500-1 oxide Pu C feed

Cycle No. Stage U*s Py ’ Pu?40 Py Py2ez
1 initial 0.716 0.114 0.028 0.071 0.071
final 0.666 0.098 0.034 0.039 0.063

average 0.691 0.105 0.032 0.053 0.067

2 initial 0.691 0.128 0.042 0.058 0.081
final 0.644 0.105 | 0.046 0.033 0.071

average 0.668 0.116 0.044 0.044 0.076

4 initial 0.661 0.135 0.063 0.047 0.093
final 0.617 0.109 0.064 0.030 0.081

average 0.638 0.121 0.064 0.038 0.087

Cont. following page.
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TaABLE V, cont.

Cycle Nr. Stage Usss Pu® Py Pu Pu2t
7 initial 0.638 | 0.132 | 0083 | 0.045 | 0.102
final 0.596 0.106 0.080 0.030 0.088
average 0.616 0.118 0.082 0.037 0.094
12 initial 0.624 0.127 0.096 0.046 0.106
final 0.583 0.102 0.092 0.031 0.091
average 0.603 0.114¢ 0.094 0.038 0.099
20 initial 0.619 0.125 0.102 0.047 0.107
final 0.578 0.101 0.096 0.032 0.093
average 0.598 0.112 0.099 0.039 0.100
30 initial 0.618 0.124 0.103 0.047 0.108
final 0.578 0.101 0.097 0.032 0.093
average 0.598 0.112 0.100 0.039 0.100
40 initial 0.618 0.124 0.103 0.047 0.108
final 0.578 0.101 0.097 0.032 0.093
average 0.598 0.112 0.100 0.039 0.100
TasLE VI
STEP-WISE APPROACH TO EQUILIBRIUM
1500-1 carbide, Pu C feed
Cycle No. Stage Uzas I Pu®? i Puto Py Pu2t
1 initial 0.792 0.083 0.021 0.052 0.052
final 0.723 0.082 0.026. | 0.024 0.044
average 0.757 0.083 0.024 0.036 0.048
2 initial 0.775 0.102 0.031 0.036 0.056
final 0.709 0.091 0.036 0.018 | :0.046
average 0.741 0.096 0.034 0.026 0.051
4 initial 0.758 0.110 0.048 0.027 0.057
final 0.693 0.094 0.050 0.016 0.047
average 0.725 0.102 0.049 0.020 0.052
7 initial 0.749 0.108 0.062 0.026 0.055
. final 0.685 0.093 0.061 0.016 0.045
average 0.716 0.100 0.062 0.020 0.050
12 initial 0.746 0.106 0.070 0.026 0.052
final 0.682 0.092 0.067 0.017 0.043
average 0.714 0.098 0.068 0.021 0.047
20 initial 0.746 0.105 0.072 0.026 0.051
final 0.682 0.091 0.068 0.017 0.042
average 0.713 0.098 0.070 0.021 0.046
23 initial 0.746 0.105 0.072 0.026 0.050
final 0.682 0.091 0.068 0.017 0.041
average 0.713 0.098 0.070 0.021 0.046
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TasLe VIL

STEP-WISE APPROACH TO EQUILIBRIUM
800-1 metal Pu A feed

Cyele No. Stage Y [ Puzse Pueo Puzet Puze
1 initial 0.881 0.119 0 0 (U
final 0.837 0.105 0.007 0.000 0.000

average 0.859 0.112 0.004 0.000 0.000

2 initial 0.876 0.117 0.007 0.000 0.000
final 0.832 0.104 0.013 0.000 0.000

average 0.854 0.110 0.010 0.000 0.000

4 initial 0.868 0.112 0.018 0.001 0.000
final - 0.825 0.100 0.022 0.002 0.000

average 0.846 0.106 0.020 0.001 0.000

7 initial ~ * 0.861 0.107 0.030 0.003 0.000
final 0.818 0.097 0.031 0.004 0.000

average 0.839 0.101 0.030 0.003 0.000

12 initial 0.855 0.102 0.037 0.005 0.001
final 0.812 0.094 0.038 0.005 0.001

average 0.832 0.098 0.038 0.005 0.001

20 initial 0.851 0.100 0.042 0.006 0.001
final 0.809 0.092 0.042 0.006 0.002

average + 0.830 0.096 0.042 0.006 0.001

30 initial 0.851 0.099 0.042 0.006 0.002
final 0.808 0.091 0.043 0.006 0.002

average 0.829 0.095 0.043 0.006 0.002

concentration of Pu23® in the plutonium from the beginning of the initial cycle, it
was found to take the following times:

Reactor Cycles to 80°%, equil. % Burn-up/eycle
1500-1 oxide, Pu-A 7—8 10
1500-1 oxide, Pu-B 8 10
1500-1 oxide, Pu-C 10 10
1500-1 carbide, Pu-C 8 10
800-1 metal, Pu-A 10 5

The equilibrium composition obtained by the step-wise procedure was nearly
identical to that derived from ‘“‘the infinitesimal burn-up’” method. The results
obtained by the two methods are compared for five different reactors in Table VIII.
For the step-wise calculation the average composition during an equilibrium cycle
is tabulated. The volume fractions are normalized to unity.

As described earlier, a “figure of merit” was used to ‘“‘maintain’ criticality
throughout the many cycles needed to approach equilibrium. The validity of this
approach was checked by calculating the actual deviation from criticality of the
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TasLe VIII
EQUILIBRIUM COMPOSITION BY STEP-WISE AND INFINITESIMAL BURN-UP
METHODS
Relative volume fractions
Feed Method of
Reactor type material ca.lcui)a.tion U2ss I Pu2ss I P20 l Pu2el l Puzz
1500-1 oxide Pu A Step-wise 0.708 (0.170 (0.100 }0.016 0.006

Inf. burn-up {0.719 |0.164 0.096 |0.015 [0.006

. Step-wise  0.680 [0.148 (0.116 [0.028 (0.019
1500-1 oxide PuB Inf. burn-up |0.702 |0.143 |0.111 {0.026 |0.018

. Step-wise  [0.630 |0.118 [0.105 |0.041 |0.105
1500-1 oxide PuC Inf. burn-up |0.648 |0.116 |0.101 |0.038 |0.097

. . Step-wise  [0.752 |0.103 |0.074 [0.023 |0.048
1500-1 carbide Pu C Inf. burn-up |0.764 |0.102 0.071 |0.021 |0.043

Step-wise  [0.850 [0.098 |0.044 |0.006 |0.002
800-1 metal Pu A Inf. burn-up [0.853 |0.096 |0.043 |0.006 |0.002

nominally critical systems. The oxide reactors fed with Pu A, B and C were all
tested at various cycles between the initial and equilibrium point. The deviation
of the average composition from a ket of 1.0 was always less than 0.01.

EFFECT OF REPROCESSING LOSSES ON EQUILIBRIUM COMPOSITION

To investigate the effect of reprocessing losses on equilibrium composition, in
each of two reactors 2%, of the fuel alloy was assumed to be Jost in processing at
the end of each burn-up cycle. The results are presented in Table IX for the
1500-1 oxide reactor, fuelled and fed with either Pu A or Pu C. Comparison with
the case of no reprocessing loss shows the difference to be slight.

TasLe IX
EQUILIBRIUM COMPOSITION WITH REPROCESSING LOSS

Relative volume .fractions

Reactor type mff:;iial pzz' {;‘;(sje U Pu? Pueo Pyt Pu?

1500-1 oxide Pu A 0 0.708 0.170 0.100 0.016 0.006
1500-1 oxide Pu A 2 0.714 0.174 0.093 0.014 0.005
1500-1 oxide PucC 0 " 0.631 0.118 0.105 0.041 0.105
1500-1 oxide PuC 2 0.638 0.119 0.099 0.041 0.103

SENSITIVITY OF EQUILIBRIUM COMPOSITION TO Op, y FOR PLUTONIUM ISOTOPES

Since the cross-section for radiative capture is poorly known or unknown for
all the plutonium isotopes, it is of interest to study the sensitivity of various
performance parameters to changes in these cross-sections. In this section the
change in equilibrium composition with certain specific cross-section variation
is reported. ' Lo
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Some data for neutron capture by Pu?? existed at the time of formulation of
the 16-group used herein. However, recent measurements of the capture-to-fission
ratio of fast neutrons for this isotope [7] are appreciably lower than earlier experi-
ments. A set of 16-group capture cross-sections for Pu?3? utilizing the new data
in the energy range measured is compared with those of Ref. [4] in Table X.
These cross-sections represent an obvious variation with which to study per-
formance sensitivity.

TasLe X
NEW 16-GROUP o, vy FOR Pu®?
Group Ener(gl\)ielxl;)terval o,y of Ref. [4] " New %,y

1 10 —3.668 0.054 0

2 3.668 —2.225 0.0798 0

3 2.225 —1.35 0.0965 0.020
4 1.35 —0.825 0.104 0.050
5 0.825 —0.5 0.129 0.096
6 0.5 —0.3 0.182 0.153
7 0.3 —0.18 0.290 0.204
8 0.18 —0.11 0.409 0.240
9 0.11 —0.067 0.534 0.265
10 0.067 —0.0407 0.686 ©0.315
11 0.0407—0.025 0.892 0.675
12 0.025 —0.015 1.084 1.056
13 0.015 —0.0091 1.211 1.211
14 0.0091—0.0055 1.280 1.280
15 0.0055—0.0021 1.891 1.891
16 0.0021—0.0005 4.020 4.020

For each of the three higher plutonium isotopes, the variation assumed was to
double the capture cross-section of Ref. [4] uniformly as a function of energy,
maintaining the original fission and scattering cross-sections.

These four variations have been applied individually and as a group to the
calculation of equilibrium mixture of a series of reactors. In Table XTI the equili-
brium mixture for each variation separately and for the group simultaneously is
compared with that calculated with the reference cross-sections for six metal- and
oxide-fuelled, 800-1 reactors. In addition, the equilibrium mixture for all variations
simultaneously is compared with reference cross-section results for three 800-1
carbide-fuelled reactors and three 1500-1 oxide-fuelled reactors.

The changes in equilibrium composition are measurable but not huge. Major
design decisions are not likely to be delayed by these composition uncertainties.
However, the effects on reactivity of such cross-section variations may be of some
significance.

Critical mass and breeding ratios

DIFFERENCES BETWEEN INITIAL AND EQUILIBRIUM COMPOSITION

Earlier calculations [3, 5] have already provided a measure of how breeding
ratio rises and critical mass, measured in terms of thermally fissionable plutonium
isotopes, falls with increases in the proportion of higher isotopes. This results
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TaBLE XI

" SENSITIVITY OF EQUILIBRIUM COMPOSITION TO VARIATIONS IN THE CAPTURE
CROSS-SECTION (on,y) OF PLUTONIUM ISOTOPES

Equilibrium Pu composition Atoms Pu
Reactor type | Change in Pu cross-sections atoms U238
Pu?e? I Pu2e ’ Put | Pu? atequilibrium
800-1metal | None 0.653 | 0.293 | 0.041 | 0.013 0.172
Pu A feed | Lower oy, v (Pu®?) 0.732 | 0.226 | 0.032 | 0.010 0.160
Double oy, y (Pu?49) 0.705 | 0.216 | 0.061 | 0.019 0.162
Double oy, v (Pu?4) 0.649 | 0.291 | 0.038 | 0.023 0.175
Double o ¢ (Pu24?) 0.656 | 0.294 | 0.041 | 0.009 0.171
Change all together 0.776 | 0.164 | 0.042 | 0.018 0.155
800-1 metal | None 0.613 | 0.307 | 0.055 | 0.025 0.176
Pu B feed | Lower og, y (Pu®?) 0.688 | 0.244 | 0.046 | 0.022 0.164
Double oy, v (Pu??) 0.663 | 0.227 | 0.077 | 0.033 0.164
Double oy ¢ (Pu?#) 0.606 | 0.305 | 0.050 | 0.039 0.179
Double oy v (Pu??) 0.618 | 0.310 | 0.055 { 0.017 0.175
Change all together 0.734 | 0.178 | 0.058 ; 0.030 0.155
800-1 metal | None 0.544 | 0.281 | 0.066 | 0.109 0.189
Pu C feed | Lower ap v (Pu®? 0.618 | 0.225 | 0.057 { 0.100 0.173
Double oy, v (Pu?9) 0.685 | 0.206 | 0.087 | 0.123 0.176
Double oy, v (Pu2! 0.543 | 0.278 | 0.059 | 0.120 0.189
Double oy, v (Pu24?) 0.574 | 0.291 | 0.065 | 0.069 0.178
Change all together 0.697 | 0.166 | 0.063 | 0.074 0.151
800-1 oxide | None 0.609 | 0.324 | 0.049 | 0.018 0.510
Pu A feed | Lower oy, v (Pu®? 0.677 | 0.268 | 0.041 | 0.014 0.470
Double oy, v (Pu®?) 0.670 | 0.234 | 0.071 | 0.025 0.464
Double oy, v (Pu?¥?) 0.604 | 0.321 | 0.044 | 0.031 0.527
Double oy, v (Pu?4?) 0.613 | 0.326 | 0.049 | 0.012 0.508
Change all together 0.733 | 0.190 | 0.052 | 0.025 0.447
800-1 oxide | None 0.474 | 0.366 | 0.096 | 0.064 0.571
Pu B feed | Lower oy, v (Pu®?) 0.522 | 0.324 | 0.090 | 0.064 0.533
Double oy, y (Pu40) 0.529 | 0.267 | 0.125 | 0.078 0.504
Double oy, v (Pu®?) 0.464 | 0.359 | 0.086 | 0.091 0.602
Double oy, y (Pu24?) 0.485 | 0.374 | 0.098 | 0.043 0.560
Change all together 0.581 | 0.238 | 0.107 | 0.073 0.488
800-1 oxide | None 0.288 | 0.266 | 0.121 | 0.325 0.795
Pu C feed | Lower oy, v (Pu??) 0.314 | 0.238 | 0.118 | 0.329 0.752
Double oy, v (Pu*?) 0.314 | 0.189 | 0.144 | 0.353 0.715
Double oy, v (Pu®?) 0.278 { 0.259 | 0.108 | 0.356 0.852
Double oy, v (Pu??) 0.326 | 0.299 | 0.136 | 0.238 0.698
Change all together 0.376 | 0.188 | 0.142 | 0.293 0.637
800-1 :
carbide None 0.618 | 0.318 | 0.048 | 0.017 0.319
Pu A feed | Change all together 0.739 | 0.187 | 0.051 | 0.023 0.286
1

Cont. following page
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TasLE XI, cont.

283

Equilibrium Pu composition” Atoms Pu
Reactor type | Change in Pu cross-sections atoms 28
Purd® | Puzse | Puzdt | Pu®® gt oquilibrium

800-1

carbide None 0.517 | 0.350 | 0.082 | 0.051 0.344
Pu B feed | Change all together 0.626 | 0.222 | 0.092 | 0.059 0.299
800-1

carbide None 0.367 | 0.276 | 0.104 | 0.253 0.420
Pu C feed | Change all together 0.470 | 0.187 | 0.119 | 0.224 0.340
1500-1

oxide None 0.582 | 0.343 | 0.054 | 0.021 0.391 °
Pu A feed | Change all together 0.709 | 0.204 | 0.058 | 0.029 0.342
1500-1

oxide None 0.481 | 0.372 | 0.088 | 0.059 0.425
Pu B feed | Change all together 0.595 | 0.238 | 0.099 | 0.068 0.360
1500-1 . :
oxide . None 0.329 | 0.287 | 0.109 | 0.275 0.542
Pu C feed | Change all together 0.434 | 0.200 | 0.126 | 0.243 0.427

because Pu?*! is more reactive than Pu®? and because Pu?4® provides a greater
fast-fission bonus than U238,

The change in performance from initial to equilibrium composition has been
computed herein for the three oxide reactors whose step-wise approach to equili-
brium was reported above. The critical mass and breeding ratio are compared in
Table XII. The considerable increases in breeding ratio in each case are attributed
primarily to a net build-up of Pu?!0 in the equilibrium mixture, and the consequent
increased fast-fission bonus.

COMPARISON OF INITIAL AND EQ

TasLe XII

UILIBRIUM CRITICAL MASS AND BREEDING
RATIO FOR 1500-1 OXIDE REACTORS

Critical mass* Breeding ratio**
Feed Initial Equil. Initial Equil.
Pu A 562 496 1.47 1.67
Pu B 514 468 1.57 1.80
Pu C 442 421 1.72 1.96

* Kilograms of (Pu?3® 4 Pu?!).

** (Pu®?® 4 Pu?! produced) [ (Pu?®® 4 Pu?!! consumed).

EFFECT OF CAPTURE CROSS-SECTION OF PLUTONIUM ISOTOPES ON BREEDING AND
CRITICAL MASS :

The changes in breeding ratio and critical mass occasioned by the use of recent
data on o (=o0y, y/or) for Pu?3? [7] are illustrated in Table XIII. The performances
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for an 800-1 metal-fuelled reactor and for 1500-1 metal-, oxide- and carbide-fuelled
reactors are compared, using the oPu* cross-sections of Yirras et al. [4] and the
altered multi-group cross-sections listed in Table X.

TasrLe XIIT
CHANGE IN BREEDING RATIO AND CRITICAL MASS WITH NEW DATA FOR
on,y Pu2??
01d data (Ref. [4]) New data (Ref. [7])
Reactor type* C::S:: 1 Breec_ling y—Pu® Cl;:;;: ! Breec'ling y—Puse
(kg) ratio (kg) - ratio

800-1 metal fuel 431 1.82 0.188 422 1.96 0.132

1500-1 metal fuel 686 1.79 0.198 672 1.93 0.140

1500-1 oxide fuel 567 - 1.47 0.251 562 1.55 0.190

1500-1 carbide fuel 613 1.56 0.241 601 1.68 0.183

* All use Pu A fuel and st;ee] structure.

The critical mass is seen to drop slightly, while the breeding ratio rises by 0.08
to 0.14. The metal-fuelled reactors show greater gains. They have a harder spec-
trum and take greater advantage of the reductions in « above 100 kV.

The effect of possibly higher capture cross-sections in the higher plutonium
isotopes was also investigated. Metal-, oxide- and carbide-fuelled reactors using
Pu C with doubled capture cross-sections for the higher isotopes were calculated.
Their performance is compared against that predicted by the original 16-group
cross-section set in Table XIV. The critical mass rises 5 to 10%, while the breeding
ratio drops by about 0.15 for this fairly extreme mixture of plutonium isotopes.

TasrLe XIV

CHANGE IN BREEDING RATIO AND CRITICAL MASS UPON DOUBLING op, v
FOR Pu2¢®, Pu21, Py2e

Old data (Ref. [4]) _ Doubled o,

Reactor type*
Critical ma.ss**(kg)| Breeding ratio | Critical mass (kg) l Breeding ratio

Metal fuel 552 2.08 579 1.94
Oxide fuel 442 1.72 486 1.55
Carbide fuel 483 1.82 514 1.68

* All reactors have 1500-1 core, use Pu C and steel structure,
** Critical mass in terms of thermally fissionable isotopes.

EFFECT OF STRUCTURAL MATERIAL ON PERFORMANCE

The effect of substituting other structural materials for the 256% by volume
of steel (iron) used in the usual calculations is illustrated in Table XV, which
is reproduced from Ref. [3]. Titanium and zirconium perform similarly to steel,
while vanadium is slightly worse because of a large inelastic-scattering cross-
section. Appreciable capture in molybdenum and niobium reduces the breeding
considerably in these 800-1 metal-fuelled reactors, while tantalum drops the
breeding ratio nearly to unity.
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TaBLE XV

EFFECT OF VARIOUS STRUCTURAL MATERIALS ON 800-1 PLUTONIUM-METAL-
FUELLED REACTORS

Structural Critical mass Breedin

material (kg) ratio 8 Alpha
Fe 431 1.82 0.188

(stainless '

steel)

Ti 425 1.92 0.180
Vv 456 1.68 0.222
Zr 415 1.89 0.181
Nb 494 1.51 0.169
Mo 502 1.46 0.185
Ta 716 1.02 0.170

Sodium coefficients
INFLUENCE OF HIGHER ISOTOPES OF PLUTONIUM

A cursory look at the influence of higher plutonium isotopes on the sodium
reactivity coefficient was taken in Ref. [3]. For 1500-1 metal-, oxide- and carbide-
fuelled reactors, using Pu A or Pu C, the sodium coefficients were compared and
found to be more negative in each case with Pu C. However, Pu C contains a
very large proportion of Pu?%, an isotope which has been assumed to exhibit
a flatter dependence with energy of %, the neutrons emitted per absorption.
It was believed that this might have overridden anticipated positive contributions
from the threshold-fissionable isotopes, Pu**® and Pu?%?. Hence, a sodium-
reactivity-coefficient calculation has been made for a 1500-1 metal-fuelled reactor,
using Pu AB, which contains 90% Pu?? and 10% Pu?*. In this case the sodium
coefficient was calculated to be more positive than for the same reactor fuelled
with Pu A. For a 409, reduction in core sodium, the /M. which produced the
same reactivity change was +0.004 with Pu A and +0.006 with Pu AB.

VARIATION OF SODIUM COEFFICIENT WITH RECYCLE

The change in plutonium isotopic composition with recycle can be expected
to produce some change in the sodium reactivity coefficient. Actually, the change
can be appreciable, as is shown in Table XVI. Sodium coefficients for 1500-1
oxide reactors fed with Pu A, B and C respectively have been followed from
the initial to the equilibrium cycle. The numbers reported are in terms of the
fractional change in critical mass producing the same reactivity change as a
409, reduction in core sodium. In these three cases, the sodium coefficient became
less negative as the equilibrium composition built up.

SENSITIVITY TO CROSS-SECTION UNCERTAINTIES

The sensitivity of the sodium reactivity coefficient to uncertainties in capture
cross-sections for the plutonium isotopes was examined briefly. For an 800-1
metal and for 1500-1 metal, oxide and carbide reactors using Pu A, the sodium
coefficient was compared, using the cross-sections of Ref. [3] and the new data
for Pu?®. The results given in Table XVII show practically no effect for the

i
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TaBLe XVI
VARIATION IN SODIUM COEFFICIENT WITH RECYCLE IN OXIDE REACTORS
Feed material* | Cycle No. AMg| Mg
Pu A 1 —0.0115

3 —0.0091

6 —0.0077

9 —0.0069

12 —0.0064

Equil. —0.0061

Pu B 1 —0.0131
3 —0.0094

7 —0.0071

Equil. —0.0058

Pu C 1 —0.0130
3 —0.0074

6 —0.0041

8 —0.0032

10 —0.0028

Equil. —0.0021

* Initial Pu composition same as feed. 1500-1 reactors.

metal-fuelled reactors with this specific cross-section change. The oxide and carbide,
with many more neutrons at low energies, apparently have a spectral shift -
carrying over into the energy region of large deviation in the cross-section, and
show a less negative sodium coefficient, on the other hand.

TasLe XVII
SENSITIVITY OF SODIUM REACTIVITY COEFFICIENT TO ALPHA OF Pu2%?

Sodium coefficient in § M[/M¢
required to provide same
reactivity effect as 409

Reactor type removal of Na in core

‘ Data of Ref. [4] New data

800-1 metal —0.0047 —0.0048
1500-1 metal +0.0041 +0.0043
1500-1 oxide —0.0140 —0.0107
1500-1 carbide —0.0058 —0.0033

Sodium-coefficient calculations were also made maintaining the original
On,y in Pu®? and doubling capture in all groups for Pu??, Pu?! and Pu?%. For
1500-1 reactors fuelled with Pu C, the sodium coefficient became appreciably
more positive in all cases, as expected. The results are presented in Table X VIII.

It must be cautioned that the two effects studied are not additive in linear
fashion.
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TaBLE XVIII

SENSITIVITY OF SODIUM REACTIVITY COEFFICIENT TO CAPTURE IN Pu?,
Pu®t AND Pu??

Sodium coef. in § M/Mc required
to provide same reactivity effect

Reactor & . as 409% removal of Na in core
eactor type

Double capture
Data of Ref. [4] | in Pu?®, Pu2#

and Pu??
Metal +0.0014 +0.0035
Oxide —0.0162. —0.0113
Carbide —0.0076 —0.0039

* All reactors have 1500-1 core volume, used Pu C and steel structure.

SENSITIVITY TO CORE COMPOSITION

The competing reactivity effects of neutron scattering and neutron moderation
by sodium [8] will depend on the composition of the core. In the large metal-
fuelled reactors, it may be possible to change the sign of the net sodium coefficient
by reducing the volume fractions of U8 and steel appreciably, so that sodium
scattering becomes a greater fraction of the total. The results from some 1500-1
metal-fuelled reactors in Table XIX confirm this effect to be significant, with
the U238 being of greater importance.

Tasre XIX
VARIATION OF SODIUM COEFFICIENT WITH CORE COMPOSITION
Reactor type* Sodium coefficient, in terms
of 8M[M to produce same
ivi ffect as removal
Vol 4 Vol 9 Vol % Type reactivity offec
ys structure Na structure of 40% Na
25 25 50 Steel +0.0043
15 ) 25 60 Steel —0.0093
15 15 70 Steel —0.0116
15 15 70 Nb +0.0067

* 1500-1, metal-fuelled reactors. The new Pu?? cross-sections for ony were used.

A calculation where niobijum has been substituted: for steel in the “reduced
scattering” composition core reconfirms an effect demonstrated earlier [3],
namely, that strongly capturing structural materials can make the sodium coef-
ficient more positive. This follows from a reduection in core leakage as well as an
+ increase in the slope of d#n/dE for the mixture. Such calculations suggest strongly
that the future of very large fast reactors may require the use of structural and
cladding materials with small capture cross-sections, like titanium or zirconium.
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Delayed-neutron characteristics

Another reactor characteristic affected by changes in plutonium isotopic
composition is the delayed-neutron fraction. Simple estimates of this quantity
are presented for a series of reactors in Table XX. Criticality calculations were
used to determine the relative number of fissions by each isotope in the core,
using the 16-group set of Ref. [4]). The delayed-neutron fractions for the pure
isotopes were taken as follows:

Material B*
U2s . 0.0157
Puze 0.0021
Pu240 0.00267
Pyl 0.00534
Pu242 0.0080

No allowance was made for spatial variation of fission in the various isotopes,
and contributions from the blanket were not included.

The reactors fuelled with Pu A exhibit the expected increase in g above that
for pure Pu?®? which is due to contributions from U238, As a large fraction of higher
plutonium isotopes is added, g is found to increase appreciably. For the oxide

fuel a 509, increase in the delayed neutrons from the core is experienced on going
from Pu A to Pu C.

TasrLe XX

DELAYED-NEUTRON FRACTION FOR CORE OF REACTORS FUELLED WITH
PuA, B, AND C :

Reactor type ‘ 8 core v
Pu A Metal 0.00454 2.932
Oxide 0.00326 2.939
Carbide 0.00372 2.936
Pu B Metal 0.00501 2.950
Oxide 0.00384 2.958
Carbide 0.00427 2.955
Pu C Metal 0.00596 2.984
Oxide 0.00491 2.993
Carbide 0.00530 2.989

Within any given composition, much smaller changes in g were calculated
upon changing reactor size. Of course, the relative number of different delay
groups will also be altered, resulting in further changes in the kinetic behaviour
of the reactor, as evidenced by the zero power transfer function, for example.

* Data for all isotopes but Pu?4? taken from ANL-6300, Reactor Physics Constants
(to be published) or 8. A. Cox (submitted to Phys. Rev., April 1961). Value for Pu??
estimated by A. B. Smith empirically from systematics.
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The delayed-neutron fraction for a given reactor will also change measurably
with burn-up and recycle. Assuming 109, burn-up of combined fissile and fertile
isotopes, the change in delay fraction during a single cycle was computed for
the 1500-1 oxide reactors fuelled with Pu A, B and C respectively. The calculation
was repeated for the same reactors fuelled with the equilibrium composition
resulting from feeds of Pu A, B and Crespectively. The results given in Table XXI
indicate the effect to be minor from safety considerations. However, if routine
transfer measurements are to be made during the lifetime of areactor, measurable
shifts in the zero-power results can be anticipated, even during a single burn-up
cycle. Actually, the results of Table XX1I indicate that the change over the reactor
lifetime with recycle may not be very much greater than that in a single cyecle.

TasLe XXI

CHANGE IN DELAYED-NEUTRON FRACTION DURING A SINGLE €YCLE OF
10% BURN-UP

Beginning of cycle End of cycle
Reactor type* :
s 3 8 N
Pu A fuel 0.003079 2.940 0.003415 2.946
Pu B fuel 0.003 669 2.960 0.003794 2.962
Pu C fuel 0.004 747 2.996 0.004 702 2.994
Equil. comp. for Pu A feed 0.003385 2.973 0.003635 2.980
Equil. comp. for Pu B feed 0.003731 2.988 0.003901 2.992
Equil. comp. for Pu C feed 0.004509 3.018 0.004 580 3.021

* 1500-1 oxide reactors.

Fission products and long-term reactivity effects

Fission PRODUCTS

Measurements of the fast-neutron cross-sections for most fission products
are very sparse. Theoretical estimates have been made of their average capture
cross-section as a function of energy, however, and the most recent of these [9]
has been adopted herein. For simplicity, the inelastic- and elastic-scattering
cross-sections have been assumed to be the same as those of molybdenum, and
the 16-group representation of Yiftah ef al. [4] was used. The 16-group capture
cross-sections adopted for fission products are given in Table XXII.

This cross-section set was used to analyse a series of central reactivity measure-
ments made upon Physicum I and II, a pair of non-radioactive mixtures of
natural elements which are nuclear mock-ups [10, 11] of the fission products.
Similar measurements made on samples of molybdenum, niobium and tantalum
were also calculated. A comparison of theory and experiment is presented in
Table XXTII. The agreement is about the same for all materials analysed, not
perfect but much better than a factor of 2 on the average. The measurements
for Physicum on Assembly No. 32 were subject to some uncertainty, hence have a
question mark attached. The composition and geometry of the various ZPR-III
assemblies can be found in Ref. [4], [11] and [12]. The relation between inhours

19
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TaBrLE XXII
CAPTURE CROSS-SECTIONS FOR FISSION PRODUCT

Group On,y

0.020
0.040
0.063
0.090
0.092
0.095
0.110
0.125
0.140
0.165
0.200
0.250
0.330
0.450
0.690
1.54

= b b et
S WNNRFOOR-TINITTE W

TAaBLE XXIII

CENTRAL REACTIVITY EFFECTS FOR PHYSICUM, Mo, Nb AND Ta IN VARIOUS
ZPR-III ASSEMBLIES

Measured and calculated

Assembly Inhours per Loss in 8k/k per gram atom

No. % 8k[k PhI Ph 11 Mo Nb Ta
8 430 Meas. 0.000053 |0.000063 | 0.000030| 0.000047| 0.000123
Cale. 0.000081 [0.000081 | 0.000042| 0.000053| 0.000153
20 444 Meas. 0.000063 — 0.000023 — 0.000101
Cale. [0.000060! —  |0.000048] — |0.000113
24 475 Meas. |0.000048 [0.000063 | 0.000032] 0.000040| 0.000124

Cale. 0.000048 (0.000048 | 0.000035| 0.000037| 0.000095

25 478 Meas. (0.000052 [0.000050 { 0.000025| 0.000031} 0.000098
Calc. 0.000036 [0.000036 | 0.000025| 0.000025; 0.000073

29 437 Meas. |0.00G076 |0.000058 | 0.000026| 0.000041| 0.000134
Calec. 0.000049 |0.000049 | 0.000030| 0.000045| 0.000123

30 433 Meas. 10.000049 {0.000052 — — —
Calc. 0.000044 {0.000044 — — —

31 434 Meas. 10.000031 {0.000028 — — —
Calc. 0.000034 {0.000034 — — -—

32 422 Meas. |0.000100 |0.000069 | 0.000014 — —
Calc. 0.000066 [0.000066 | 0.000029 — —

33 422 Meas. [0.000092 [0.000073 | 0.000014} 0.000026| 0.000131
Calc. 0.000055 (0.000055 | 0.000024| 0.000038} 0.000121
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and % 3k/k used to convert experimental measurements was crudely estimated
and does not represent a sophisticated calculation.

Of course, Physicum itself represents only a simple approximation of fission
products. And the central reactivity measurements are sensitive to both capture
and energy degradation, but not elastic transport. Hence, the validity of per-
formance calculations on the effect of fission products in large reactor systems
is by no means assured.

Tasre XXIV

INFLUENCE OF FISSION PRODUCTS* ON BREEDING RATIO, CRITICAL MASS
AND REACTIVITY

Critical mass (kg) Breeding ratio r?;:{;siviilzy
Reactor type** - ; N N
New reactor “},Ijlrihd f cs ts ;2“ New reactor ‘;;lggu%isz skik
Metal 686 700 1.79 1.74 0.0115
Oxide 562 592 1.47 1.39 0.0312
Carbide 613 630 1.56 1.47 0.0165

* 0.0008 x 10%* atoms per cubic centimeter of fission product.
** 1500-1, fuelled with Pu A.

The effect of fission products on critical mass, breeding ratio and reactivity
is given in Table XXIV for 1500-1 reactors using metal, oxide and carbide fuels
respectively. To the original reactor, 0.0008 X 10%* atoms per cubic centimeter
of fission product have been added uniformly to the core and the ratio of Pu A
to U238 adjusted slightly for criticality. This many atoms of fission products
would accumulate if 339 of the combined Pu and U238 fissioned in the metal
reactor, for an average of 33,000 MWD per ton. The corresponding burn-up
is 8.559% for the oxide, 5.89% for the carbide.

The method of calculation introduces small side-effects, since a spectral change
occurs and the U238-fission bonus is influenced. Cross-section uncertainties
represent a greater potential error, however. The drop of 0.05 to 0.09 in breeding
ratio can only be considered semi-quantitative.

The loss in reactivity for each reactor was computed by finding the change
in ket upon addition of 0.0008 x 1024 atoms per cubic centimeter of fission product,
other things remaining undisturbed.

BUuILD-UP OF PLUTONIUM IN BLANKET

The reactivity gain accompanying the build-up of plutonium in the blanket
was calculated, neglecting second-order effects such as burn-out of bred plutonium.
For 800-, 1500- and 2500-1 metal-fuelled reactors, the plutonium build-up corres-
ponding to the fissioning of 5% of the combined uranium and plutonium atoms
in the core was inserted into the blanket. For 1500-1 oxide and carbide reactors,
the identical blanket-plutonium build-up was used as in the 1500-1 metal case.
The reactivity gains are listed in Table XXV,

The reactivity gain decreases with increasing size, even though the amount
of plutonium bred in the blanket for the 2500-1 reactor doubles that at 800 1.
This must be due to the reduced reactivity value of plutonium at greater radii.

19*
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TaBLE XXV
REACTIVITY EFFECT OF BLANKET PLUTONIUM

Reactor type A kfk*

800-1 metal 0.026
1500-1 metal 0.021
1500-1 oxide 0.027
1500-1 carbide 0.025
2500-1 metal 0.017

* Corresponding to 5% burn-up for metal-
fuelled reactors, and exactly the same plutonium
build-up for oxide and carbide as in the 1500-1
metal reactor.

In the oxide and carbide, the reduced core density makes for a greater reactivity
worth of plutonium near the core boundary, hence a greater reactivity gain.

Other studies [13] bave indicated that the shape of the plutonium production
in the blanket is relatively insensitive to the core composition. Hence, the cal-
culations reported herein for the oxide and carbide can be applied directly to
reactors of this size with a correction for differences in external breeding relative
to core burn-up.

REACTIVITY EFFECT OF BURN-OUT AND BUILD-UP IN CORE

The change in reactivity due to burn-out and/or build-up of core plutonium
and uranium has been computed for five reactors, as follows.

1500-1 oxide, fuelled and fed with Pu A, B and C respectively;
1500-1 carbide, fuelled and fed with Pu C;
800-1 metal, fuelled and fed with Pu A.

TaBLe XXVI
REACTIVITY LOSS FROM BURN-OUT AND BUILD-UP IN CORE OF Pu AND U238
Reactor type Cycle Akfk
1500-1 oxide Initial 0.169
Pu A
10% burn-up Equil. 0.137
1500-1 oxide Initial 0.171
PuB
109, burn-up Equil. 0.178
1500-1 oxide Initial 0.136
PuC
109, burn-up Equil. 0.154
1500-1 carbide Initial 0.147
Pu C
109, burn-up Equil. 0.105
800-1 metal Initial 0.054
Pu A
5%, burn-up Equil. 0.034
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In each case the reactivity change has been computed for the first cycle of
the reactor, and for a cycle at equilibrium composition. Ten per cent of the com-
bined uranium and plutonium atoms fission in an oxide or carbide cycle, five
per cent in the metal case. The results are listed in Table XXVI. The reactivity
change is moderately sensitive to thée plutonium isotopic composition, but by
far the biggest effect occurs with change in internal breeding ratio. For the
800-1 metal reactor the internal breeding ratio is 0.7—0.8. For the oxide this

parameter is only half as great.

COMBINED FISSION-PRODUCT, BLANKET-BUILD-UP AND CORE-BURN-OUT REAC-
TIVITY EFFECTS

The combined reactivity effects of fission products, blanket build-up and core
burn-out are listed in Table XXVII for a metal-, oxide- and carbide-fuelled re-
actor respectively. The burn-ups chosen are arbitrary; the numbers can quickly be
scaled for other conditions. The initial, rather than equilibrium, condition,
using Pu A, is represented.

TaBLE XXVII
COMBINED REACTIVITY EFFECTS

Sklk
Atoms/cm? |Burn-up, % - ./ P
Reactor type* Pu plu_s Ulof Pu+TU | Burn-out Build-up ission
(x 10724 | fissioned in core | in blanket Ell;cl)l((iiuﬁ; Total
800-1 metal 0.012 5 —0.054 | +0.026 ‘—0.017** —0.045
1500-1 oxide 0.00467 10 —0.169 | +0.025 |—0.037 —0.181
1500-1 carbide 0.0069 10 —0.147 | +0.031 |—0.028 —0.144

* All use Pu A. :
** Actually computed for 1500-1 reactor.

The reactivity loss is seen to be very large for the oxide and carbide. Frequent,
partial reloading will be needed for such reactors, unless the internal breeding
ratio can be raised. Unfortunately, increased internal breeding can be expected
to lead to a more positive sodium coefficient.

High-energy spectrum

It had been the practice in the past to assume that the high-energy spectrum
of fast reactors had the shape of the fission spectrum. For multi-group cross-
section sets with only one group above the U238 fission threshold (~1.4 MeV),
this assumption was ‘usually applied to group 1. In the recent 16-group set [4],
where three groups were used above 1.4 MeV, a fission spectrum was assumed
for the first two groups.

The existence of this latter cross-section set, with some degree of meaning
to the inelastic cross-sections for most materials at high energies, makes it of
interest to examine the calculated high-energy spectra of various reactors,
comparing them with the fission spectrum.

First, the series of ZPR-III and Los Alamos criticals calculated to test the
16-group set of Yiftah et al. [4] are treated. The ratio of the flux in group 1 to
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that in group 2, and the ratios of the fluxes in groups 1 and 2 respectively to
that in group 3 are tabulated and compared to similar ratios for fission spectrum
neutrons in Tables XXVIII and XXIX. Since the overall spectrum may change
appreciably in traversing these fairly small cores, the ratios are listed for three
core positions, centre, half-way out and near the core boundary. Table XXVIII
shows that the high-energy spectrum is essentially constant in the bare reactors
GODIVA and JEZEBEL, and does not deviate greatly from the fission spectrum.

TaBLE XXVIII
RATIO OF CORE FLUXES IN HIGH ENERGY-GROUPS FOR LOS ALAMOS

CRITICALS
Group 1/Group 2 Group 1/Group 3 Group 2/Group 3

Assembly
Centre |Midway l;T;;er Centre |Midway ljc;’g‘: Centre [Midway ?;ga;
GODIVA 0.60 | 0.60 | 0.61 {| 0.48 | 0.49 | 0.49 | 0.81 | 0.81 | 0.81
TOPSY 0.59 | 0.62 | 0.66 | 0.48 | 0.36 | 0.35 | 0.81 | 0.57 | 0.53
JEZEBEL 0.59 | 0.60 | 0.61 | 0.51 | 0.51 | 0.52 || 0.86 | 0.86 | 0.86
POPSY 0.59 | 0.63 | 0.66 | 0.50 | 0.35 | 0.35 | 0.85 | 0.56 | 0.53

U with U»s
reflector 0.59 | 0.60 | 0.61 |} 0.51 | 0.51 | 0.52 | 0.86 | 0.86 | 0.86

Fission spectrum 0.62 0.57 0.92

Group 1: 3.668 to 10 MeV. Group 2: 2.225 to 3.668 MeV. Group 3: 1.35 to 2.225 MeV.

Tasre XXIX _
RATIO OF CORE FLUXES IN HIGH-ENERGY GROUPS FOR ZPR-III CRITICALS

Group 1/Group 2 Group 1/Group 3 Group 2/Group 3

Assembly No. -
Centre |Midway J;T;ga: Centre |Midwey 1;;;; Centre |Midway 1;;2:
2A 049 | 0.54 | 0.63 | 0.31 | 0.28 | 0.30 | 0.63 | 0.52 | 0.48
6F 0.54 | 0.55 | 0.57 || 0.36 | 0.30 | 0.26 | 0.67 | 0.54 | 0.45
9A 0.55 | 0.58 | 0.65 || 0.35 | 0.31 | 0.32 | 0.64 | 0.54 | 0.49
10 0.56 | 0.57 | 0.65 || 0.36 | 0.36 | 0.32 | 0.64 | 0.64 | 0.49
11 0.58 | 0.59 | 0.65 || 0.37 | 0.3¢ | 0.32 | 0.64 | 0.58 | 0.49
12 0.58 | 0.60 | 0.58 | 0.38 | 0.34 | 0.27 | 0.66 | 0.57 | 0.45
14 0.55 | 0.62 | 0.67 | 0.35 | 0.34 | 0.33 | 0.66 | 0.56 ' 0.48
15 0.55 | 0.56 | 0.65 || 0.35 | 0.33 | 0.31 | 0.64 | 0.58 | 0.49
16 0.58 | 0.60 | 0.66 | 0.37 | 0.34 | 0.32 | 0.65 | 0.57 | 0.49
17 0.56 | 0.61 | 0.67 || 0.37 | 0.34 | 0.33 || 0.65 | 0.56 | 0.49
20 0.51 | 0.51 | 0.56 || 0.30 | 0.26 | 0.24 || 0.59 | 0.50 | 0.44
24 0.59 | 0.59 | 0.65 | 0.37 | 0.37 | 0.32 || 0.63 | 0.64 | 0.50
25 0.59 | 0.59 | 0.59 | 0.37 | 0.37 | 0.36 | 0.63 | 0.63 | 0.61

Fission spectrum 0.62 0.57 0.92

Group 1: 3.668 to 10 MeV. Group 2: 2.225 to 3.668 MeV. Group 3: 1.35 to 2.225 MeV.
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However, the small reflected assemblies TOPSY and POPSY show a considerable
change in the ratio of groups 1 or 2 to group 3 on traversing the core. Closer
examination of the calculations showed that this change was not gradual but,
took place rather abruptly on traversing 10 cm radially in the inner half of the
core.

Since the statistical model was used to describe the energy loss upon inelastic
scattering in groups 1 and 2 for essentially all materials in the 16-group set [4],
it is not surprising that the ratio of the fluxes in these two groups remains rela-
tively constant. _

In Table XXIX, considerably more deviation from the fission spectrum is
demonstrated for the series of moderate-sized critical assemblies performed in
the ZPR-III facility.

The calculated spectra for a series of large, fast power reactors [3] provide
the basis for comparing the high-energy flux in more dilute assemblies with the
fission spectrum. The results for average core flux of Table XXX show the high-
energy spectra to be further degraded from fission spectrum than was calculated
for the intermediate-sized ZPR-IIT assemblies. However, for any particular
reactor type, little change in the high-energy spectrum was found on going from
800 to 25001 core volume. The substitution of Pb-Bi for the sodium coolant
reduced the relative amount of group 1 flux, as would be expected from an

TaBLe XXX

RATIO OF AVERAGE CORE FLUXES IN HIGH-ENERGY GROUPS FOR LARGE
POWER REACTORS

Reactor type
Group 1 | Group 1 | Group 2

Core Group 2 | Group 3 | Group 3
volume Fuel alloy Coolant | Structure

U}

800 Pu-U238 Na S8 * 0.51 0.29 0.56
1500 Pu-U238 Na SS 0.51 0.28 0.55
2500 Pu-U2¢8 Na SS 0.51 0.28 0.55

800 Pu-U238 Na Ta 0.60 0.40 0.66

800 Pu-U238 Na Mo 0.55 0.34 0.61

, 800 Pu-U28 Na Zr 0.54 0.30 0.56

800 Pu-U2e Na Nb 0.60 0.36 0.60

800 Pu-U?8 Na Ti 0.51 0.30 0.58

800 Pu-U28 Na A 0.56 0.34 0.61
1500 Pu0,-U280, Na S8 0.49 0.26 0.54
1500 PuC-U238C Na SS 0.49 0.26 0.54

800 Pu-U238 Pb-Bi S8 0.44 0.22 0.51

800 Pu0,-U280, Pb-Bi SS 0.41 0.20 0.49

800 Pu C-UzsC Pb-Bi SS 0.41 0.20 0.49

800 U23.-Th Na SS 0.50 0.28 0.56

800 U30,-Th O, Na S8 0.48 0.27 0.55

i
Fission spectrum 0.62 0.57 0.92

Group 1: 3.668 to 10 MeV. Group 2: 2.225 to 3.668 MeV. Group 3: 1.35 to 2.225 MeV.
* 88 =stainless steel.
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examination of the inelastic cross-sections. In a similar vein, there was some
effect due to a change in structural material or a change from metal to ceramic
fuel. The latter was effective primarily as a reduction in U238 concentration.

From a practical point of view, these variations from fission spectrum are
important in how they affect multi-group cross-sections. A simple but indicative
test was made by forming flux-weighted cross-sections for Pu2®® and graphite
in groups 1 and 2, using the fission spectrum on the one hand, and a smooth
curve, drawn through the block diagram of the spectrum calculated for the 1500-1
oxide-fuelled reactor of Table XXX. The percentage differences for groups 1
and 2 are shown in Table XXXI.

TaBre XXXI

PERCENTAGE DIFFERENCE IN CROSS-SECTIONS FOR Puz? AND GRAPHITE
upon averaging with fission spectrum or reactor spectrum

i )
%tot %tr Tes* n Ter** %inel I % ot
|
Pu 239
Group 1 2.1 3.4 3.4 1.0 17.5 10.3 3.6 0.2
Group 2 0.8 1.6 1.6 0.9 53.2 0 1.2 0.1
Carbon
Group 1 3.7 9.3 3.7 6.7 22.6 - —
Group 2 3.3 1.4 3.3 7.8 50.9 — — —

* geg = elastic-scattering cross-section.
** geor = elastic-removal cross-gection.

It is jmmediately obvious that the major error will arise from the elastic
removal cross-section for reactors containing light elements. Significant changes
also appeared in other cross-sections, however, e.g., transport in graphite in
group 1, also inelastic scattering in plutonium. Of course, the “reactor spectrum”
chosen for flux-weighting here is only approximate, and merely is used to provide
trends.
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Abstract — Résumé — Amnnorammas — Resumen

Some studies of fast power reaetors. After some neutron studies with fast reactors
of 800 MW thermal, in which changés were made in the type of fuel (metal, carbide,
oxide, different cermets) and in the shape and dimensions of the core, an atterpt
has been made to determine the factors affecting the price per kilowatt of power
produced under these conditions. The paper emphasizes the part played by the
breeding ratio, the permissible irradiation rate and the specific power, and gives
optimum values of the latter for adoption in fast power reactors.

Quelques études de piles rapides de puissance. Aprés des études neutroniques con-
cernant des piles rapides de 800 MW thermiques, dans lesquelles on a fait varier
la nature du combustible (métal, carbure, oxyde, cermets divers), la forme et les
dimensions du cceur, on a voulu déterminer les facteurs influencant le prix du kilowatt
électrique produit par cette filiére. On met ainsi en évidence le réle joué par le taux
de régénération, le taux d’irradiation admissible et la puissance spécifique, et on
donne les valeurs optima de cette derniére & adopter pour les réacteurs rapides de
puissance.

HexoTopsie HceseJ0BAHNS 3HePreTHYECKHX PeaKTOPOB HA OBICTPLIX HeiiTponax. Ilocie HeliTpOH-
HBIX MCCTIENOBAHMIA, KACAIOIIMXCS PEaKTOPOB Ha OBICTPHIX HEHTPOHAX MOIIHOCTRIO 800 Termo-
BBIX METABAaTT, B KOTOPHIX M3MEHSIM B TOIUTMBA (MeTAaTI, KapOMa, OKMCEN, pa3IMuHbIe Kep-
MeThI), GOpPMy ¥ pa3Mep aKTUBHOMN 30HBI, ABTODPHI MBITAJIMCh YCTAHOBUTL GAKTOPHI, BAHAIOIIKE
Ha CTOMMOCTH 3JNEKTPHYECKOTO KUNIOBATTA, MPOM3BEACHHOTO 3THMH BHAAMM TOIIMBa. TakuMm
obpa3oM, cTasa M3BECTHAa pOJIb, KOTOPYIO WMIPAET CTEMEHb BOCMPOM3BOACTBA, IOMyCTHMAst
MHTEHCUBHOCTH OOJIyYeHMs M yAenbHas MOIIHOCTh TOIUIMBA, & TAKXKE BLIABJICHBI ONTUMAJTLHBIC
3HaYeHMs 3TOrO BMAA TOIUIMBA [UISl SHEPTEeTMYECKHX DPEAaKTOPOB HAa OBICTPBIX HEHTpPOHaX.

Estudios sobre reactores de potencia rapidos. Después de efectuar algunos estudios
neutrénicos relativos a los reactores rdapidos de 800 MW, en los que se modificé la
naturaleza del combustible (metal, carburo, éxido, cermets de varios tipos), asi
como la forma y las dimensiones del cuerpo, los autores de la presente memoria han
tratado de determinar los factores que influyen sobre el precio del kilovatio eléctrico
producido con esas variantes. De esta manera ponen de manifiesto el papel que
desempefia el indice de regeneracién, el grado de irradiacién admisible y la potencia
especifica; presentan los valores éptimos correspondientes a esta ultima que conviene
adoptar para los reactores de potencia répidos.

Introduction

Malgré les incertitudes des évaluations économiques & long terme, en particulier
de celles concernant les réalisations qui, techniquement, ne sont pas encore au
point, il nous a semblé utile de faire une étude paramétrique des piles rapides de
puissance, avee, comme critére de qualité, le prix du kilowattheure.

Nous espérons que ce travail pourra contribuer & orienter les efforts consacrés
a ’étude des piles rapides.
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Nous nous sommes limités & I’étude de combustibles solides et & I'utilisation
du plutonium comme matiére fissile. Par contre, nous envisageons l'emploi comme
matiére fertile du thorium-232 et de l'uranium-238.

Nous avons étudié les types de combustibles suivants:

— Alliage Pu—U—Mo,

— Céramique Pu02—U02,

— Céramique PuC—UC,

— Cermet PuO2 — dans UMo,

— Cermet PuO2 — dans Th,

~— Cermet PuO2 — dans acier.

Pour aborder cette étude paramétrique, nous avons été amenés & distinguer
d’une part les paramétres dont nous désirons voir 'influence sur le prix du kilo-
wattheure, et que nous appellerons par la suite les variables, et d’autre part le
cadre fixe de I'étude, c’est-a-dire les équations, qui relient entre elles les variables
et les parameétres fixes et donnent le prix du kilowattheure.

Deux séries de calculs ont été faits, la premiére supposant un retraitement par
cycle court (tel que la pyrométallurgie), la seconde utilisant le retraitement par
voie aqueuse.

Pour chaque type de combustible traité indépendamment, nous avons choisi
comme variables:

-— Le taux de régénération de matiere fissile, x;

— La puissance spécifique par kilogramme de matiére fissile (Pu-239), y

— Le taux de combustion admissible exprimé en MWj par tonne de com-

bustible, z.

Les paramétres fixes communs & tous les combustibles sont les suivants:

— La puissance totale produite, 800 MWt;

— La forme géométrique du combustible (aiguilles assemblées dans des fais-

ceaux);

— Le prix du kilowatt installé (1300 NF/kW);

— La durée d’amortissement (15 ans) des lnstallatlons fixes et le taux d’intérét

(7%);

— Le prix du plutonium-239 (60 NF/g);

— Le prix du retraitement défini par unité de poids de combustible ou de

matiére fertile traités;

— Le prix de refabrication du combustible fonction du nombre d’aiguilles et

de la masse traitées.

Notre étude comporte trois parties: ’étude neutronique, 1’étude économique
et la conclusion.

L’étude neutronique a pour objet essentiel de déterminer le pourcentage de
plutonium dans le cceur, la masse critique et le taux de régénération pour les
combustibles cités plus haut, et d’étudier la variation de ces valeurs en fonction
du volume du ceeur, ou de la puissance spéeifique, la puissance totale restant cons-
tante. Pour tenir compte de la variation possible en fonction du dessin exact de
la pile du facteur de régénération, nous avons étudié de fagon assez complete
Pinfluence de la géométrie dans le cas des combustibles cermets surtout & matrice
inerte, et nous avons, sur quelques exemples, évalué 'effet de la variation de
I’épaisseur des couvertures axiales et de leur teneur en fertile, ainsi que l’effet
de la teneur volumétrique du cceur en combustible. En plus, nous avons évalué
les effets des moyens de contréle sur le gain de régénération et la masse critique,
la répartition des taux de combustion dans le coeur et les couvertures et I’évolution
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de la réactivité. Ces évaluations permettent d’indiquer les fréquences de retraite-
ment pour un taux de combustion admissible donné.

A partir de ces résultats, il a été possible, dans la deuxiéme partie, de tracer
les courbes donnant le prix du kilowattheure pour divers combustibles et en fone-
tion des variables que nous avons définies plus haut. Pour cela, nous avons été
amenés & fixer un certain nombre d’hypothéses et de parametres dont 1'essentiel
est exposé plus haut, et dont certains détails sont donnés en particulier dans la
partie économique de cet article. De plus, nous avons jugé intéressant de voir
dans quelques cas types (z, y et z étant donnés) I'influence sur le prix du kilo-
wattheure de la variation de certains parameétres dits fixes, tels que: le prix du
kilowatt installé, le prix du traitement de combustible par kilogramme, le prix
de refabrication des aiguilles et le prix du plutonium-239.

Finalement, dans la conclusion, nous essayons d’interpréter les courbes obtenues
dans la deuxitme partie en précisant les domaines possibles et intéressants des
valeurs de z, y et z pour les divers combustibles, et en insistant sur certains
arrangements particuliers possibles comme ceux comportant des assemblages
de cermets avec matrice d’acier inoxydable et des assemblages fertiles disposés
de fagon homogeéne dans le cceur.

1. Etude neutronique

GENERALITES

Cette premiére partie est consacrée & la détermination des caractéristiques
neutroniques des combustibles solides déja signalés.

On trouvera d’abord une comparaison de ces divers types de combustible placés
dans des conditions identiques, puis une étude particuliére des cermets: effets de
la forme du cceur, de la composition et de I’épaisseur des couvertures axiales,
emploi du thorium comme matériau fertile.

Les calculs correspondants ont été faits dans les hypothéses suivantes:

Volume du ceeur: 10001 .

Composition volumétrique du ceeur constante: 309 combustible, 209, d’acier
de structure, 509 de sodium

Puissance du réacteur: 800 MWt.

Ceci conduit, comme on le verra, & une puissance moyenne par litre de coeur
assez élevée — de l’ordre de 0,7 MW — et & des taux de combustion du plutonium
parfois trés importants. Ces hypotheéses faites dans un but de simplification ne
sauraient étre considérées comme les meilleures, et ceci dans tous les cas. Cest
pourquoi nous avons ensuite, par des calculs ou le volume du cceur a été porté a
3000 1 et sa composition changée sur un exemple, étudié la variation des masses
critiques et du taux de régénération en fonction du volume du cceur.

En dernier lieu, nous avons étudié I’effet du systéme de contréle sur les carac-
téristiques neutroniques, ainsi que I’évolution de la réactivité et des taux de com-
bustion pendant la marche du réacteur dans les principaux cas envisagés.

‘Nos calculs ont été faits en géométrie (r, z) avec le code «PDQ» sur ordinateur
IBM-7090, avec des sections efficaces & 3 groupes qui ont été obtenues & partir
des sections efficaces d’Argonne.

Des calculs & 8 groupes (d’aprées ANL-5800) et une dimension ont également
été faits pour la détermination des spectres neutroniques et des constantes & 3
groupes.
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PriEs pE 1000 LITRES — COMPARAISON DE DIVERS TYPES DE COMBUSTIBLES

Nous avons étudié, dans les mémes conditions, les combustibles suivants:

— Alliage U—Pu—Mo & 109% en poids de molybdéne (A)
— Carbures PuC—UC (B),

— Oxydes Pu0O2—U02 (Cl),

— Cermet constitué par une dispersion de PuO2 dans lacier (D)

H
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— Cermet constitué par une dispersion de PuO2 dans une matrice U—Mo
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Coupe axiale de la pile — Ceeur cylindrique.

Le réacteur calculé est schématisé sur la figure 1. Le cceur est un orthocylindre
(H/D=1), ce qui, pour un volume de 10001 conduit aux dimensions suivantes:

H=D=108,4 cm.

Les compositions volumétriques des divers milieux (numérotés de I & VI) sont

indiquées sur le tableau I.

TaBLEAU 1
COMPOSITIONS VOLUMETRIQUES
(%)
Fertile
Milieux Combustible U_l\é[: 1?{03 % Acier Sodium
en poids*
I Ceur .................. 30 — 20 50
IT Couv.rad. .............. — 60 15 25
IITCouv.ax. .............. — 35 15 50
IV Réfl.acier .............. — _— 80 20
V  Zone de trans. interne . ... — _— 40 60
VI Zone de trans. externe ... — —_ 40 60

* Pour atteindre des taux de combustion de I'ordre de 1% dans les couvertures il est probablement
nécessaire de porter la teneur en molybdéne des fertiles & 10%. Les taux de régénération externes

seront de ce fait légérement diminués.
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Nous avons supposé que le plutonium était du 239Pu, ce qui n’est pas treés
réaliste dans la mesure ol I’'on s’intéresse & une filiere existante et ou le plutonium
provient de l'usine de retraitement. Cependant la présence des deux isotopes
240 et 241 n’est pas génante, le 241 est un excellent combustible et le 240 contribue
de facon importante aux fissions rapides. Nous montrerons sur un exemple l'in-
fluence que 1’on peut attendre d’une forte teneur du plutonium en 240 sur les
caractéristiques neutroniques du réacteur.

Nous avons supposé aussi que U'uranium, qu’il s’agisse de celui se trouvant dans
le coeur ou du matériau fertile, était de I'uranium naturel — allié & 3% en poids
de molybdeéne pour le fertile — il est & noter qu’alors les fissions du 235 ne sont
pas négligeables.

Pour les calculs nous avons adopté les densités suivantes:

U—Pu—Mo: 16,8

PuC: 12,24
UC: 12,27
PuO2: 10,31
v02: 9,86
Acier: 7,8

Thorium: 11,5
soit 90% de la densité théorique pour ce qui est des carbures et des oxydes. Pour
les combustibles céramiques ou cermets, nous avons supposé que la densité variait
linéairement en fonction de la composition.

La puissance spécifique maximale atteinte dans le coeur est importante, et son
évacuation peut étre difficile dans le cas des oxydes, combustible dont la conducti-
bilité thermique est faible. C’est pourquoi nous avons envisagé un deuxiéme coeur
& oxydes dont le volume serait porté a4 1200 1 (C2) pour produire la méme puissance
totale de 800 MW. On a conservé la méme hauteur du cceur (108,4 cm), et on a
porté le diamétre 3 118,7 cm, ce qui donne H/D=0,913.

Le tableau II rassemble les principaux résultats de calcul; compositions, masses
critiques, taux de régénération, puissances spécifiques et taux de combustion au
bout de 30 jours (pour 800 MW thermiques). Toutes ces valeurs se rapportent
au schéma idéalisé de la figure I; il n’est pas tenu compte, en particulier, de la
présence des canaux du systéme de contréle et des barres de controle elles-mémes.
Les masses critiques sont donc sous -évaluées, les taux de régénération surévalués.
Nous verrons plus loin quel est 'ordre de grandeur des corrections & apporter.

A volume de cceur égal, ce sont les combustibles A et D’ qui nécessitent le plus

" grand investissement en 23° Pu, tandis que le cermet D parait particulierement
avantageux & cause du role modérateur et peu capturant de 1’acier.

Nous avons défini le taux de régénération comme étant le rapport du nombre
d’atomes de 23°Pu formés par captures de 238U au nombre d’atomes de 23°Pu
détruits par captures ou fissions. On constate qu’il est particuliérement bon pour
le combustible A et conserve une valeur intéressante pour les combustibles B,
Cl et D’. Il y a & cela deux raisons: la conversion interne est importante et le
pourcentage des fissions du cceur qui se produisent dans I'uranium est important
(de 28,7% pour A & 13,6% pour Cl). Pour le cermet D, bien qu’il n’y ait pas de
conversion interne, le taux de régénération reste trés nettement supérieur 4 l'unité.

Prés de 909% de la puissance se dégage dans le coeur pour les combustibles A,
B, Cl et D’, 849 pour D. Pourtant, du fait de sa masse critique plus faible, c’est
ce combustible qui conduit & la plus grande puissance moyenne par kilogramme de
matiére fissile.

20
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TasrEaU 11
COMPARAISON DE DIVERS TYPES DE COMBUSTIBLES
Yolume du ceeur: 10001 — H/D=1 (sauf pour C2) — Puissance: 800 MWt

U-Pu239- PuO2- PuO2-

Combustible Mo PuC-UC UO0o2 U002 Cermet Cermet
(A) (B) (9] (C2) (D) (D1)
Composition 10,3% | 14,06% | 16,399%, | 15,46% | 12,75% 199,

, en poids | envol. | en vol. | envol. | en vol. | en vol.
nombre d’atomes Pu | de Pu | de PuC |de PuO2 | de PuO2|de PuO2|de PuO2

nombre d’atomes U 0,129 0,1625 0,204 0,1905 oo 0,1228
Masses critiques (kg)
Total 5040 3679 2982 3577 2436 4792
289Py 519 492 447 507 348 518
U naturel 4017 3011 2182 2647 0 3784

__captures **'Pu
tissions #3%Pu

% des fissions dans
le coeur dues &

0,235| 0,261 0,263| 0,265| 0,266| 0,238

Turanium 28,7 16,6 13,6 14,5 0 20
Taux de régénération
Ceeur 0,81 0,72 0,56 0,63 0 0,80
Couverture radiale 0,82 0,80 0,86 0,81 1,12 0,74
Couvertures axiales 0,14 0,14 0,15 0,17 0,20 0,14
Total 1,77 1,66 1,57 1,61 1,32 1,68
Puissances (MW)
Ceeur 716 712 702 707 671 723
Couverture radiale 74 77 86 79 112 67
Couvertures axiales 10 11 12 14 17 10
Puissance moyenne

(MW 1 coeur) 0,716 | 0,712 0,702 | 0,589 | 0,671 0,723
MW /kg #3%Pu 1,541 1,626 1,790 1,578 2,299 1,544
Puissance max.

ceeur (MW/1 coeur) 1,425 1,405 1,375 1,173 1,294 1,466
P max./P moy.(cceur) 1,99 1,97 1,96 1,99 1,93 2,03
Taux de combustion

(%) ,

(800 MW) (1 mois)
1. Combustible 0,418 0,345 0,301 0,253 0,236 0,360
2. MWij/t de

combustible 4,260 5,810 7,060 5,930 8,260 4,530
5. 239p,, § Combustion | 3,72 4,09 4,60 4,05 6,57 3,79

: | Disparition 4,60 5,16 5,82 5,13 8,31 4,69

Un autre fait nous parait important a signaler: c’est que le rapport Pmax/Pmoy
est particulierement élevé dans le cceur (voisin de 2); I’évacuation de la puissance
maximale peut poser de sérieux problémes, et il pourrait étre intéressant d’«apla-
tir» le flux neutronique en disposant par exemple du fertile au centre du cceur.
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Notons qu’avee les configurations A, B, Cl étudiées, le flux total au centre du
ceeur est de Pordre de 1,5 & 1,6-10'% em?/s.

Pour chiffrer le taux de combustion nous avons adopté plusieurs définitions:

1. Taux de combustion du combustible, défini comme le rapport du nombre
d’atomes détruits par fission (plutonium et uranium) au nombre total d’atomes
de combustible présents initialement, y compris les éléments non fissiles tels

que molybdéne, oxygéne, carbone et fer dans le cas des cermets.
© 2. Taux d’irradiation en MWj par tonne de combustible avec la méme définition
que ci-dessus pour le combustible (seule est comptée la puissance développée
dans le cceur).

3. Nous avons traité & part le plutonium-239, considéré comme le seul élément
précieux, en distinguant le taux de combustion qui ne tient compte que des
fissions de cet élément et le taux de disparition qui tient compte des fissions et
des captures, étant entendu que ces taux sont définis comme le rapport du nombre
d’atomes de 23%Pu ainsi disparus au nombre d’atomes initial de 23°Pu.

Ces différents taux ont été calculés aprés une marche du réacteur de trente
jours & la puissance constante de 800 MW. Ils sont donnés dans le tableau IT en
pourcentage.

On notera que le taux brut de disparition du plutonium est particuliérement
élevé. Toutefois, pour les combustibles A, B, C1 et D’, pour lesquels la régénération
interne est importante, le taux net de disparition est bien plus faible: 0,85%
seulement pour A, 1,65% pour B, 2,559, pour Cl, 0,94% pour D’. Cest de ce
taux net que va dépendre essentiellement 1’évolution de la réactivité (voir
tableau XII). Pour les cermets & matrice inerte, par contre, le taux de disparition
de 289Pu est si élevé que I'on peut s’attendre a une baisse tres rapide de la réactivité.

Remarque. Un taux d’irradiation de 10 000 j par tonne du combustible corres-
pond & un taux de combustion des atomes lourds (plutonium et uranium) qui est
sensiblement de 1%, pour le métal, 1,29 pour les carbures et 1,39 pour les oxydes.

Comparaison des deux cours o oxydes CI1 et C2

L’accroissement du volume du ceeur a pour effet d’augmenter de 129, environ
Iinvestissement en plutonium et de diminuer les puissances spécifiques qui restent
cependant élevées. Les taux de combustion sont évidemment diminués, et ceci
permettra un plus long séjour en pile; le taux de régénération est accru, mais dans
des proportions modestes.

Evolution de la teneur en plutonium dans le ceur et les couvertures

A partir des résultats du tableau IT, nous avons évalué les masses de 9Pu
et 24°Pu détruites ou formées aprés un mois & 800 MW, dans le cceur et les couver-
tures. On les trouvera dans le tableau III.

Ces évaluations supposent les phénomeénes linéaires et ne tiennent pas compte
des événements qui interviennent au «deuxiéme ordre», tels que production de
241Pu & partir du #%Pu dans le coeur, de 2#%Pu & partir de 239Pu dans les couver-
tures.

Les temps de doublement théoriques que nous en avons déduits (rapport de la
masse critique de 22°Pu & la production nette par mois) sont évidemment beaucoup
plus optimistes que les temps de doublement réels. Ils seraient & peu prés vrais
pour des cceurs dont on effectuerait le déchargement tous les mois — ou mieux &
des intervalles encore plus courts — sans que le temps de déchargement soit pris
en compte (facteur de charge égal & 1); ils sont & considérer seulement en valeurs

20*
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TaBrLeaUu III

MASSES DU #°Pu ET *#Pu FORMEES 0U DETRUITES APRES 30 JOURS DE
FONCTIONNEMENT A 800 MW

(Kilogrammes)
Combustible A B | a ez | b D’
Ceeur
239Py détruit 23,87 25,34 26,01 25,98 28,82 24,30
239Py formé 19,45 18,31 14,60 16,29 0 19,48
0Py formé 4,46 5,26 5,42 5,45 6,06 4,67
Couverture radiale
239Py formé - 19,60 20,22 22,35 21,02 33,08 17,85
Couvertures axiales
22Pu formé 3,42 3,54 3,92 4,40 5,89 3,13
Production nette de
239Pu
dans le réacteur 18,60 16,74 14,86 15,73 10,15 16,15
Temps de doublement | 2 ans 2 ans 2 ans 2 ans 2 ans 2 ans
théorique 4 mois | 5mois | 6 mois | 8 mois {10 mois | 8 mois
11 jours 8 jours |10 jours

relatives: le temps de doublement du plutonium, & faétem* d’utilisation égal, est
de 229, plus grand pour le cermet D que pour le combustible métallique A, bien
que la masse critique soit de 33% plus faible. On constate d’autre part quun

accroissement du volume du coeur conduit & un accroissement du temps de double-
ment.

150 7
ORDONNEES A
MULTIPLIER PAR 100

LE LONG DE L'AXE

DANS LE PLAN MEDIAN

- 100l . _GOUVERTURE AXIALE |__|
s

-

13 It
L COEUR __ . !
n

(")

2 :

- .

< gl i

DANS LE PLAN MEDIAN

T
|
LE LONG DE L'AX

50 75 100
DISTANCES AU CENTRE (cm)

Figure 2
Combustible PuC—UC. Teneur en 239Pu ( ) et *Pu (— —) aprés un mois
de fonctionnement continu du réacteur & 800 MW.
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Les courbes de la figure 2 représentent la teneur en 2°Pu en nombre d’atomes
par centimétre cube dans le plan médian dela couvertureradiale et le long de’axe
dela couverture axiale dans le cas du combustible carbures B, au bout d’une marche
d’un mois & 800 MW. Nous avons également porté la teneur en 239 et 240 le long
des mémes directions dans le ceeur. On voit que le 239Pu se forme surtout dans les
couches de couvertures adjacentes au cosur.

Les teneurs initiales avec B (combustible et fertile neufs) sont:

Noyawx/cm?
239Pu dans le coeur 0,001 239.1024
239Py dans les couvertures 0
200Py dans le ceeur et les couvertures 0
238 dans le coeur 0,007 567 - 1024
28] dans la couverture radiale 0,027 066 .10
2387J dans les couvertures axiales 0,015788-10

Effets de la densité dans le cas des combustibles PuO2— UO2

On sait que la densité pratique des oxydes varie dans d’assez larges proportions,
selon le procédé de fabrication. Pour les ceeurs C1 et C2, nous avons supposé
qu’elle était 90% de la densité théorique, soit presque le maximum réalisable. Nous
avons comparé C1 & un combustible & oxydes C3 ayant la densité minimale actuelle-
ment admise, soit 65% de la densité théorique (tableau IV). La masse critique
est légérement diminuée, et le taux de régénération est pratiquement inchangé:
la diminution de la conversion interne consécutive & I'abaissement de la teneur
du coeur en 28U est compensée par un accroissement dans la couverture.

TasrLeaUu IV
EFFETS DE DENSITE DES OXYDES

Combustible l C1 ] C3
Densité 0,9 din 0,65dn
Masses critiques
230Pu 447 428
Totale 2982 2160
Taux de régénération
Interne 0,56 0,39
Externe 1,01 1,17
Total 1,57 1,56

Note. Les réacteurs ayant pour combustibles C1 et C3 ont exactement les mémes caractéristiques,
densité des oxydes exceptée.

Il semble donc que le choix d’une densité plutét que 1'autre ne doive pas dé-
pendre de considérations telles qu’investissement en plutonium et régénération
totale.

Effets de la teneur du plutonium en 240.

Nous avons envisagé une variante du combustible métallique A, Al, dans
lequel un tiers du plutonium serait du 220Pu. On trouvera dans le tableau V les
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comparaisons des masies critiques et du taux de régénération. Pour Al nous
avons donné deux définitions du taux de régénération:

1. Rapport du nombre d’atomes de 229Pu formés au nombre d’atomes de
9Py détruits.

2. Rapport du nombre d’atomes de 289Pu et 24'Pu formés au nombre d’atomes
de 29Pu détruits, le 24'Pu étant un excellent combustible.

Par rapport & A, Al conduit & une masse critique de 23°Pu plus faible et & un
taux de régénération nettement supérieur, surtout si I'on tient compte du 241Pu

TasrLEAU V
EFFETS DU 24°Pu DANS LE COMBUSTIBLE U — Pu— Mo

Combustible | a Al
240Py/289Pu 0 0,5
Masses critiques (kg)
239Pq 519 486
40Py 0 243
Tavx de régénération (@) (b)
Interne 0,81 0,82 0,99
Externe 0,96 1,01 1,01
Total 1,77 1,83 2,00

TaBrLEAU VI

SPECTRES NEUTRONIQUES AVEC DIFFERENTS TYPES DE COMBUSTIBLES
(Volume du cceur: 1000 I)

| U-Pu | y_p, . | UO2d= |Pu02-U02
N° de groupe Eing, U-—-29Py | 20 Pu/ i Mo* Pu02— (d=0,65 | PuC—-UC
(MeV) =Py 1), | O 0.9dg,) | den)
Ceeur
1 1,35 0,0824 0,0835 0,0808 0,0936 0,0968 0,0933
2 0,825 0,0748 0,0747 0,0741 0.0696 0,0733 0,0800
3 0,5 0,1374 0,1353 0,1276 0,1114 0,1118 0,1165
4 0,3 0,1786 | 0,1769 | 0,1674 | 0,1675 | 0,1629 | 0,1469
5 0,18 0,1525 0,1520 0,1460 0,1203 0,1206 0,1304
6 0,0674 0,2328 0,2344 0,2340 0,1662 0,1724 0,1715
7 0,0091 0,1322 0,1331 0,1551 0,1884 0,1868 0,1851
8 0 0,0097 0,0103 0,0148 0,0828 0,0756 0,0763
Couverture radiale
1 1,35 04,0125 0,0124 0,0122 0,0138 0,0155 0,0137
2 0,825 0,0163 0,0161 0,0160 0,0159 0,0181 0,0175
3 0,5 0,0543 0,0533 0,0515 0,0496 0,0548 0,0517
4 0,3 0,0805 0,0792 0,0765 0,0753 0,0823 0,0745
5 0,18 0,0778 0,0768 0,0744 0,0699 0,0767 0,0720
6 0,0674 0,1311 0,1302 0,1283 0,1122 0,1242 0,1148
7 0,0091 0,0804 0,0801 0,0832 0,0851 0,0926 0,0849
8 0 0,0043 0,0043 0,0047 0,0098 0,0099 0,0093

* Le réacteur & combustible U—Pu— Mo dont on donne ici le spectre différe de A par la composition
du cceur: combustible: 25 9% - acier: 259 -—— sodium: 50 %.
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formé. Ceci est dit au fait que dans Al une partie du *8U est remplacée par du
240Py, qui est plus fissile: seuil de fission plus bas, sections efficaces de fission
et nombre de neutrons émis par fission plus grands. Une fraction importante
des fissions est due au 24%Pu.

10! 102 19° 10¢ 10° 10°
T T T T T
o4
o3
o2
o
pululinsbionbtiirios Vomimsbississisisrasosius | | | 1
TheV 10keV 01 Mev 1MV 10MeV
Figure 3
Spectres moyens dans le ceeur. Flux par unité de léthargie.
——— PuMo
~~~~~ Pu0,~U0,
.......... PuC ~Ue
10 102 10° 104 10t 108
T T T T
Hos
- 1 1 1
heV 10keV 01MeV eV 10MeV
Figure 4
Spectres moyens dans la couverture radiale. Flux par unité de léthargie.
PuMo
————— Pu0,-UO,
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Spectres des neutrons

A titre indicatif, nous donnons dans le tableau VI les spectres neutroniques
calculés dans le coeur et la couverture radiale en géométrie sphérique & 8 groupes
pour plusieurs types de combustible identiques ou trés voisins de ceux étudiés
dans ce paragraphe (volume de cceur: 1000 1). Les valeurs données sont les inté-
grales de flux dans chaque région, normalisées de fagon que leur somme pour

tous les groupes soit égale & 1000.

Les figures 3 et 4 représentent ces mémes spectres en flux par unité de léthar-
gie, dans le coeur et dans la couverture radiale, avec les combustibles U—Pu—

Mo (A),PuC—UC (B) et Pu02—UO02 (Cl).

TaBreau VII
CERMETS AVEC CEURS CYLINDRIQUES
Influence de H/D et de P’épaisseur de la couverture axiale
(Volume du cceur: 1000 1 — Puissance: 800 MWt)

Combustible D1 D2 D3 D4 D5 D6
H|D 1 0,8 . 0,6 0,4 0,4 0,4
Epaisseur couv.

axiale (cm) 50 50 50 50 .. 40 60
Composition

(vol. % de Pu0O2) 12,8 12,85 13,1 14,2 14,2 14,2
Masses critiques (kg)
PuO2 et matrice 2437 2438 2439 2448 2448 2448
Pu02 396 398 405 439 439 439
Pu 350 351 358 388 388 388

239
o — captures 2Pu 0,265 | 0,265 | 0,264 | 0,262 | 0,262 | 0,262
fissions 239Pu

Taux de régénération
Couverture radiale 1,11 1,00 0,884 0,723 0,715 0,728
Couvertures axiales 0,24 0,34 0,454 0,629 0,606 0,643
Total 1,35 1,34 1,338 1,352 1,321 1,371
Puissances (MW)
Ceur 665 668 672 670 673 669
Couverture radiale 109 99 86 71 70 71
Couvertures axiales 26 33 42 59 517 60

(MW kg Pu) 2,286 2,279 2,235 2,062 2,062 2,062
Puiss. max. ceeur

(MW/1) 1,296 1,298 1,301 1,291 1,295 1,289
P max.[Pmoy.(cceur) 1,95 1,94 1,94 1,93 1,92 1,93
Tauzx de combustion

(%) ‘

(800 MW—1 mois)
1. Combustible 0,23 0,23 0,24 0,23 0,23 0,23
2. MWj/tcombustible | 8190 . | 8220 8270 8210 8250 8200
3. 239py combustion 6,46 6,44 6,38 5,87 5,89 5,86

. disparition 8,17 8,14 8,07 7,41 7,44 7.40
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PiLes pE 1000 LITRES — ETUDE PARTICULIERE DES CERMETS

Les cermets dont la matrice est inerte ayant une régénération interne nulle,
on peut chercher & accroitre la régénération externe en favorisant la fuite des
neutrons hors du coeur par accroissement du rapport surface/volume.

Un premier moyen est d’aplatir le cosur en diminuant H/D, un autre de placer
du fertile au centre du cceur, ce qui présente en outre ’avantage d’aplatir le flux.
Nous avons également envisagé le cas ol un assemblage cceur sur deux serait
un assemblage fertile. Enfin, nous avons, & des fins de comparaison, envisagé
des cermets & matrice fertile, le matériau fertile étant du 232Th, élément dont
on peut espérer une tenue sous irradiation meilleure que celle de l'uranium.

)

Cermets a matrice inerte — coeurs cylindriques

Nous avons conservé le schéma de principe de la figure 1 et les compositions
volumétriques du tableau I, avec cependant deux modifications de la couverture
axiale destinées & augmenter la régénération externe:

a) Un accroissement de la hauteur, portée de 45 & 50 cm, au détriment de
I'espace de transition interne ramené de 10 & 5 cm.

b) Une nouvelle composition volumétrique:

fertile. 459,
acier 159,
sodium 409,

Nous avons successivement donné & H/D les valeurs: 1, 0,8, 0,6, 0,4 (cermets
D1, D2, D3, D4), et avec H/D=0,4 nous avons étudié l'effet de I’épaisseur de
la couverture axiale en lui donnant les valeurs 40 puis 60 cm (cermets D5 et D6).
On trouvera les résultats des calculs dans le tableau VII.

Influence de H/D. La masse critique augmente lorsque H/D diminue, un plus
grand nombre de neutrons quittant le cceur. Mais cet accroissement n’est pas
trés important, du moins tant que H/D reste dans la gamme étudiée.

Le taux de régénération total reste & peu prés constant. En effet, I’aplatissement
du ceeur favorise la fuite des neutrons dans les couvertures axiales qui, ayant
une teneur en fertile plus faible, du fait du volume de sodium de refroidissement
nécessaire, sont moins efficaces que la couverture radiale du point de vue pro-
duction de 29Pu. Pour qu’un aplatissement du ceeur conduise & un aceroissement
du taux de régénération, il faudrait accroitre la teneur en fertile des couvertures
axiales ou leur épaisseur. Remarquons que ceci est théoriquement réalisable:
la diminution de la hauteur du coeur conduit 4 une diminution de la puissance &
évacuer par unité de surface (de section droite) du cceur et, par conséquent,
a une diminution du débit de sodium nécessaire.

Les puissances maximales dans le cceur varient peu avec H/D.

Influence de Uépaisseur des couvertures axiales. A la précision du calcul pres,
les masses critiques sont inchangées.

Le taux de régénération augmente avec I’épaisseur de la couverture axiale,
mais on peut penser qu’au-dela de 60 cm le gain est faible.

Influence de la teneur en fertile des couvertures axiales. Les réacteurs D et D1
ne different que par 1’épaisseur de I'espace de transition (5 cm pour D1 contre
.10 em pour D) et par la composition de la couverture axiale (459, de fertile avec
D1, 35% avec D). Ces modifications conduisent & un taux de régénération légere-
ment meilleur pour D1: 1,35 contre 1,32 pour D.



314 A. KANIA et al.

Ewolution de la teneur en plutonium dans le coeur et les couvertures. Des résultats
du tableau VII on peut déduire que, au bout de 30 jours de marche & 800 MW,
la masse de 23°Pu détruite dans le cceur est de I’ordre de 29 kg, dont 6 kg sont
transformés en 240Pu, et la masse de 23%Pu formée dans les couvertures varie
entre 30 et 40 kg selon le cas.

On a donc une production nette de 29Pu de 9 & 11 kg, et les temps de double-
ment théoriques vont de 31 mois (D1) 4 42 mois (D5). Les temps de doublement
réels seront beaucoup plus longs, d’autant plus que la vitesse de combustion
du #%Pu du coeur obligera & des déchargements, donc & des arréts du réacteur
trés fréquents.

Autres exemples de cermels avec matrice inerte

Coeurs annulaires. Le schéma de principe du réacteur est indiqué sur la figure 5.
Le cceur a la forme d’un cylindre creux, le centre étant occupé par une région
de méme composition que la couverture radiale, de 30 cm de rayon. Les régions
numérotées de I & VI ont les compositions du tableau I, sauf pour les couvertures

axiales (III), qui contiennent 45% en volume de fertile. Le volume du cceur
est de 1000 1. '

Z(em)

30

50

nlx

LT -= REm)

Rj Re

Figure 5
Coupe axiale de la pile. Coeur annulaire.
E;: H=67,45 cm Re="74,97 cm
E,: H=41,63 cm Re=92,45 cm

Nous avons étudié deux exemples caractérisés par H|(R. — R;)=1,5 (E1)
et 2/3 (E2), H étant la hauteur du ceeur, Ri{=30cm) le rayon intérieur, et
R, le rayon extérieur. .

Ceeur « mixte » combustible—fertile. Afin d’éviter I'inconvénient majeur —
du point de vue régénération — des cermets & matrice inerte, nous avons imaginé
un modeéle de réacteur (F) dans lequel le chargement serait réalisé de fagon
qu'un assemblage coeur sur deux soit un assemblage de la méme nature que
ceux de la couverture radiale. Nous avons conservé un volume de combustible
de 10001, ce qui conduit pour le cceur «mixte » & un volume de 20001, que
nous avons choisi tel que H/D=0,6, soit H=97,1cm et D=161,9 cm. Les
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autres dimensions et les compositions des zones du réacteur sont les mémes que
pour les autres types de cermets.

Résultats. Les caractéristiques calculées des trois réacteurs ainsi définis sont
indiquées par le tableau VIIX. Par rapport aux cermets & cceur cylindrique, on
notera accroissement du taux de régénération, mais surtout de la masse critique.
Ceci est particulitrement net avec le «cceur mixte »: le taux de régénération
devient meilleur qu’avec le combustible U—Pu—Mo (A), mais la masse de
239Pu investie est presque doublée.

TaBLEAU VIII

CERMETS A CEUR ANNULAIRE ET A «CEUR MIXTE» —
PRINCIPALES CARACTERISTIQUES

E1l E 2 F
Type (annulaire) (annulaire) (mixte)
% en volume de PuO2 dans le combustible 19,8 21,5 36
Masses critiqgues (kg)
PuO2 et matrice (total) 2490 2502 2612
PuO2 613 665 1114
Pu 540 587 982
__ captures **Pu
=P 0,250 0,250 0,239
Taux de régénération total 1,47 1,47 1,80*
Puzssances (MW)
Ceeur 648 650 743%*
Couverture radiale 119 85 33
Couvertures axiales 33 65 24
MW /kg 22°Pu 1,481 1,363 0,815
Puiss. max. ceeur (MW/1) 0,920 0,914 —
P max./P moy. (cceur) 1,420 1,406 —
Taux de combustion %, (800 MW—1 mois)
1. Combustible 0,23 0,23 0,20
2. MWj/t combustible 7810 7790 6450
3. 239py | combustion 4,07 3,76 1,92
: | disparition 5,09 4,70 2,39

* Le taux de régénération dans le fertile présent dans le «cceur mixte» est 1,15.

** La puissance dans le ceeur donnée pour F concerne le cosur mixte; elle se répartit ainsi: 560 MW
pour le combustible et 183 MW pour le fertile présent dans le cceur.

Le fait de placer du fertile au centre du cceur (El et E2) présente 1'avantage
de diminuer la puissance maximale dans le- cceur de fagon appréciable ainsi
que le rapport Prax/Pmoy. Le flux total est plus plat qu’avec un cceur cylindrique
de méme volume, comme le montre la figure 6, ou sont tracés les flux dans le
plan médian pour les réacteurs E2 et DI.

Remarquons que la teneur volumétrique en PuO2 de la matrice devient im-
portante avec ces structures. Il se peut méme que le cermet F ne soit pas réalisable;
il ne semble pas que lon ait jusqu’ici dépassé les 25%,.
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Flux total dans le plan médian.
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Cermets avec matrice fertile et couvertures en thorium

Trois exemples ont été étudiés: deux avec cceur cylindrique caractérisés par
H|D=1 (T1) et H/D==0,6 (T2), et un avec cceur « mixte » (T3) comme précédem-
ment, un assemblage du ceeur sur deux étant fertile (avec thorium), le combustible
étant constitué par une dispersion de PuO2 dans le thorium.

Pour ce qui est des dimensions et des compositions volumétriques, T1, T2 et T3
ont les mémes caractéristiques, respectivement, que D1, D3 et F, mais 'uranium
naturel allié & 3%, de molybdéne a été remplacé par du thorium pur comme ma-
tériau fertile*,

Les principales caratéristiques correspondant & ces trois exemples de réacteurs
sont données dans le tableau IX.

Le taux de régénération total, défini ici comme le rapport du nombre d’atomes
de 20U formés au nombre d’atomes de 239Pu détruits est toujours supérieur
4 1,30, presque aussi bon que celui obtenu avec les cermets & matrice inerte
et a fertile U—Mo, et en tous cas trés nettement supérieur & ce qu’il est possible
d’obtenir avec des réacteurs régénérateurs thermiques utilisant le thorium
comme matériau fertile.

Cependant, il n’est peut-étre pas trés justifié d’accorder la méme valeur au
237 qu’au 29Pu.

* Signalons, d’une part, que nous avons pris des couvertures de méme épaisseur
que dans le cas du fertile U—Mo, ce qui n’est pas trés justifié car en prenant des
épaisseurs plus grandes on peut espérer augmenter le taux de régénération, et d’autre
part qu’il n’est peut-étre pas sir que le thorium ait une tenue sous irradiation suf-
fisante pour pouvoir étre utilisé sans stabilisant — mais dans ce cas les performances
neutroniques ne seraient que légérement diminudes.
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TaBLEAU IX
CERMETS AVEC MATRICE ET COUVERTURES EN THORIUM — PRINCIPALES

CARACTERISTIQUES

Type T1 T2 T3
% en volume de PuO2 dans le combustible 22,55 22,75 41,50
Masses critiques (kg)
PuO2 et matrice 3370 3369 2653
PuO2 698 704 1284
Pu 615 621 1132

_captures ®%Pu 0,240 | 0,240 0,235

" fissions 2°Pu

% des fissions dans le coeur dues au

thorium 2,84 2,81 —
Taux de régénération
Interne 0,54 0,54 0,76
Externe 0,80 0,79 0,56
Total 1,34 1,33 1,32
Puissances (MW)
Ceeur 791,9 792,3 795*
Couverture radiale 6,7 5,3 2,9
Couvertures axiales 1,4 2,4 2,1
MW /kg 229Pu 1,301 1,288 0,707
Puissance max. cceur (MW/1) 1,576 1,567 —
P max./P moy. (coeur) 1,99 1,98 —
Taux de combustion % (800 MW—1 mois)
1. Combustible 0,584 0,583 0,257
2. MWj/t combustible 7050 7050 8990

239 combustion 4,24 4,21 2,27
3. mopy | Gombust

disparition 5,26 5,22 2,81

* Cette valeur concerne le cceur mixte. 4,49 % de cette puissance est due aux fissions du thorium.

Il est & noter que la solution «cceur mixte » n’améliore pas le taux de ré-
génération.

INFLUENCE DU VOLUME DU COEUR ET DE LA TENEUR EN COMBUSTIBLE

Nous avons déja signalé le caractére arbitraire des hypothéses faites lors des
calculs précédents: méme volume de cceur (1000]1) et mémes compositions
volumétriques pour tous les combustibles pour une puissance de 800 MWt.
Gardant inchangée cette puissance, nous avons donc étudié I'influence du volume
du ceeur et de la teneur en combustible sur les masses critiques et le taux de régénéra-
tion en nous appuyant sur quelques exemples, des cermets et un alliage métallique :

H1 dispersion de PuO2 dans le thorium avec couvertures en thorium;

H2 dispersion de PuO2 dans une matrice en uranium-molybdéne & 10% de
molybdéne en poids avec couvertures en U—Mo & 39 de molybdeéne;
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H3 méme combustible que H2, mais avec un «ceceur mixte », un assemblage
ceeur sur deux étant du type couverture radiale;

H4 dispersion de PuQ2 dans une matrice en acier inoxydable avec couvertures
en U—Mo; .

H5 méme combustible que H4, mais avec «cceur mixte »;

H6 alliage U-—Pu—>Mo & 10% en poids de molybdéne, couvertures en U—Mo.

TasLEaU X
CEURS DE 3000 LITRES — PRINCIPALES CARACTERISTIQUES

Type H1 H2 H3 He | H5 | me
% en vol. de Pu02 )
dans le combustible 17,15 15,45 34,40 7,63 30,0 6,409,
Puen
pds

Masses critigues (kg)
Combustible (total) 10167 14600 13407 7193 7700 22680

PuO2 1592 1437 | 3103 708 | 2785
Pu 1404 | 1267 | 2816 625 | 2456 1452
o - captures #°Pu 0,245 | 0,241 | 0237 | 0,284 | 0,241 | 0,222

" fissions 2°Pu

% de fissions dans le
ceeur dues a
Puranium ou au :

thorium 3,3 23 29,4 * 0 26,25%* | 278

Taux de ré-
génération.
Interne 0,78 1,10 1,47%* 0 1,37%%* 1,32
Externe 0,57 0,61 0,33 1,16 0,42 0,50
Total 1,35 1,71 1,80 1,16 1,79 1,82
Puissances (MW) .
Ceeur 795 751 T73* 695 765*%* | 760
Couverture radiale 4 42 15 83 19 33
Couvertures axiales 1 7 12 22 16 7
MW/kg 29Pu 0,570 0,631 0,284 1,280 0,326 0,551
Puiss. max. cosur
(MW /1) 0,586 0,575 — 0,510 — 0,590
Pmax./{Pmoy.(coeur) 2,211 2,300 — 2,198 — 2,332
Tauzx de combustion
(%)
(800 MW —Imois)
1. Combustible 0,21 0,13 0,10 0,08 0,07 0,10
2. MWj/t combustible 2350 1550 1350 2900 2200 1000
3. 239py combustion’ 1,86 1,55 0,63 3,77 0,78 1,28

: disparition 2,31 1,92 0,78 4,84 0,97 1,57

* Ces valeurs se rapportent au «coeur mixte». Le pourcentage des fissions dues & I'uranium dans le
combustible est 9,1 %, la puissance dégagée dans le combustible est 600 MW,
** Méme remarque: 26,25 % des fissions se produisent dans les assemblages fertiles du coeur mixte.
La puissance dégagée dans le combustible est 564 MW.
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Dans tous les cas le volume du cceur a été pris égal & 3000 1.

Pour H1, H2, H4 et HG6, les dimensions du cceur sont H=D=156,32 cm.

H3 et H5 sont définis par le rapport: H/D=0,6, ce qui conduit &: H=140,1 cm
et D=233,5 cm. : :

Les compositions volumétriques du cceur sont les mémes que pour les études
précédentes pour H1, H2, H3, H4 et H5, & savoir:

combustible 30%
acier 209,
sodium 50%
Par contre, avec H6, nous ‘avons adopté la composition volumétrique suivante:
combustible 459,
acier 159%,
sodium 409,

Les compositions de toutes les autres régions sont inchangées. Nous avons
adopté en particulier la méme couverture axiale qu’avec les cermets: 45% en
volume de fertile. )

On trouvera dans le tableau X les caractéristiques neutroniques se rapportant
A ces divers exemples.

Une étude particuliere de la variation en fonction du volume du cceur de la
teneur pondérale en 23%Pu du combustible w, du taux de régénération » et de la
puissance y par kilogramme de 23°Pu a été faite avec le combustible métallique
U—Pu-—Mo (fig. 7). Nous avons utilisé pour cela d’autres résultats de calculs
internes, dont il n’est pas fait mention dans ce rapport. Les courbes de la figure 7
se rapportent 4 une composition volumétrique constante du cceur qui est celle
adoptée tout au long de cette étude, les points isolés & la composition de H6.

On peut aisément étendre cette étude en fonction du volume & quelques autres
types de combustibles en comparant D’ & H2 (cermets Pu0O2 dans U—Mo),
T1 & H1 (PuO2 dans Th), D1 & H4 (PuO2 dans acier) et F 4 H5 (PuO2 dans acier
avec cceur mixte).
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Figure 7
Combustible U-Pu-Mo. Variation de quelques caractéristiques en fonction_du volume
du cceur.
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Les conclusions & retenir sont les suivantes:

1. Le taux de régénération reste pratiquement constant entre 1000 1 et 3000 1.
Il augmente cependant légérement pour H6, cceur pour lequel la teneur en com-
bustible est portée & 45%, et diminue dans le cas du cermet & PuQ2 dans I’acier
H4. Dans ce dernier cas, la teneur en acier dans le coeur devient si importante
que les captures parasites favorisées par la dégradation du spectre (le rapport
a du 29Pu est plus grand qu’avec les autres types de piles) sont accrues de fagon
sensible.

2. Les masses critiques sont 2,3 & 2,5 fois plus grandes pour 30001 que pour
1000 1, sauf pour le cermet Pu02 dans l'acier, pour lequel elle n’est accrue que
d’un facteur 1,8 a cause de l'adoucissement du spectre. Le paramétre 4 varie
en raison inverse. Le paramétre y diminue évidemment lorsque le volume du
cceur augmente, mais de plus en plus lentement (fig. 7).

3. Le taux d’irradiation en MWj par tonne de combustible est inversement
proportionnel au volume du combustible.

" 4. Avec les cermets mixtes, la teneur volumétrique du combustible en PuO2
reste tres importante, méme avec un cceur de 30001: 309 dans le cas d’une
matrice acier.

5. Les temps de doublement théoriques sont beaucoup plus longs qu’avec
un volume de cceur de 1000 1.

H2: 6 ans -6 mois
H3: 12 ans 9 mois
H4: 10 ans 11 mois
H5: 10 ans 11 mois
H6: 6 ans 6 mois.

EVOLUTION DANS LE TEMPS ET CORRECTIONS A APPORTER AUX RESULTATS
PRECEDENTS

La combustion des isotopes lourds, particulierement le 2°Pu, lors du fonctionne-
ment du réacteur & un niveau élevé de puissance, se traduit —si le taux de
régénération interne est inférieur & 1 — par une diminution de la réactivité qu’il
faut compenser par le retrait progressif de barres de contrdle du type «poison »
par exemple. Nous avons fixé la compensation maximale — c¢’est-a-dire la dimi-
nution de réactivité que 1’on peut admettre sans avoir a recharger le combustible —
4 3000 pem (39%)*.

Masses critigues réelles

Lors de la mise en route du réacteur, il est nécessaire de disposer dans le
cceur d’'une masse de matiére fissile nettement supérieure & la masse critique
calculée, pour apporter le complément de réactivité de 3000 pcm. Pour le com-
bustible (B), ’exces de masse de 23%Pu doit étre de 103 kg, soit & peu pres 20%,
de la masse critique calculée sans tenir compte du systéme de contrdle. Nous
avons admis qu’il est du méme ordre pour tous les autres combustibles. Les
masses de 239Pu notées dans les tableaux II, VII, VIII, IX et X sont donc &
majorer de 20%.,

* Dans le cas du combustible carbures (B) par exemple, on a calculé que le
contrdle peut étre réalisé au moyen de barres au carbure de bore trés enrichi en
B 10 (90%) placées & 23 cm de I'axe du réacteur et contenant sensiblement 4000 g
au total de B 10: 'antiréactivité totale disponible est alors de 1’ordre de 7000 pcm.
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Incertitude sur le taux de régénération

Le taux de régénération est un facteur économique important. Celui que nous
avons indiqué pour chaque combustible correspond & des conditions bien déter-
minées, mais dans la pratique il sera probablement plus faible, et ceci pour deux
raisons surtout:

1° La présence de barres de contrdle et les captures parasites du B 10 qu’elles
entrainent; )

2° Le fait qu’il faudra probablement porter la teneur du fertile des couvertures
en molybdéne de 3 & 109, pour atteindre des taux de combustion de l’ordre de
19,. Nous avons estimé que l’on obtiendrait ainsi un taux de régénération x’
inférieur de 10% & celui calculé x. Compte tenu des incertitudes de calcul, en
particulier des sections efficaces, nous avons pensé qu’il était raisonnable de
prévoir une marge d’incertitude de ’ordre de 4-10% sur z’. En définitive, ceci
revient & attribuer & chaque combustible un taux de régénération se situant
entre la valeur calculée, portée dans les différents tableaux, et une valeur inférieure
de 209%,.

Tauwx de combustion dans les couvertures

Les figures 8 et 9 représentent, dans le plan médian duréacteur et le long de 'axe,
les taux de combustion des isotopes lourds (Pu et U) aprées un mois de fonctionne-
ment du réacteur 4 la puissance constante de 800 MW dans le cas des combustibles
B et D respectivement. A noter que dans les couvertures il n’est pas tenu compte
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Combustible PuC—UC (B). Taux de combustion des isotopes lourds aprés un mois
de fonctionnement continu du réacteur & 800 MW.
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Combustible cermet (D). Taux de combustion des isotopes lourds aprés un mois de

Tasreau XI
TAUX DE COMBUSTION DANS LES COUVERTURES AVEC DIFFERENTS
COMBUSTIBLES

(Aprés 80 jours a 800 MW)

fonctionnement continu du réacteur & 800 MW,

Volume de Type de Couverture radiale Convertures axiales
coeur combustible Taux max. Taux moy. Taux max. Taux moy.
A 0,067 0,0043 0,038 0,0069
B 0,073 0,0044 0,042 0,0071
10001 C1 0,082 0,0049 0,047 0,0080
C2 0,069 0,0043 0,043 0,0073
D—D1 0,096 0,0065 0,059 0,0108
D’ 0,058 0,0036 0,033 0,0058
H2 0,019 0,0014 0,012 0,0022 ]
30001 H4 0,034 0,0028 0,031 0,0045
H5 0,0064 0,0005 0,018 0,0011
H6 0,015 0,0011 0,010 0,0015
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des fissions du 22°Pu formé au course de la marche, mais que ces fissions peuvent
devenir importantes si les assemblages de la couverture restent longtemps en pile.

Avec les mémes hypotheses, le tableau XI indique les taux de combustion
maximal (dans le plan médian) et moyen (intégrale sur le volume) dans la couver-
ture radiale avec plusieurs combustibles.

Les courbes 8 et 9 et les résultats du tableau XI serviront dans la deuxiéme
partie de ce rapport & déterminer la fréquence de déchargement des éléments
de la couverture radiale.

Cas des ceeurs annulasres et mixtes. Des assemblages fertiles sont placés dans
des zones & flux élevé, au centre du réacteur (cceurs annulaires) ou & l'intérieur
du coeur mixte. On peut s’attendre pour eux a des taux de combustion importants
qui nécessitent des déchargements fréquents.

La figure 6 montre que le taux de combustion maximal des éléments fertiles
placés au centre de (E2) est — si 1'on suppose les spectres peu différents —
légérement inférieur au taux de combustion maximal dans la couverture radiale
de D1 soit 0,096 en un mois 4 800 MW. On pourra donc appliquer & ces éléments
centraux le méme rythme de déchargement qu’aux éléments fertiles placés
3 la périphérie du coeur dans la plupart des cas étudiés & 10001 (B, C1, D1...).

Dans le cas du cermet mixte F, le taux de combustion en un mois & 800 MW
des assemblages fertiles placés dans le coeur varie de 0,13% au centre du cceur
a 0,02% & la périphérie.

Evolution de la réactivité

Elle dépend essentiellement de trois facteurs:

a) Le taux net de disparition du 239Pu dans le coeur, c’est-a-dire la différence
entre le taux brut de disparition de cet isotope (par fissions et captures) et son
taux de formation par captures de 238U. Ce taux net peut étre positif si le taux
de régénération interne est inférieur & 1, mais aussi négatif si le taux de régénération
interne est supérieur &4 1. Dans le premier cas, il s’ensuit un effet négatif sur la
réactivité, dans le second cas, un effet positif. C’est le facteur le plus important.

b) Le taux de régénération externe, qui a un effet positif sur la réactivité,
d’autant plus que le plutonium se forme surtout dans les assemblages fertiles
contigus au cceur.

¢) L’accumulation des produits de fission, qui accroit les captures parasites;
cet effet peut devenir trés important si ’on atteint des taux de combustion élevés.

L’étude de 1’évolution de la réactivité — différente avec chaque type de coeur
et de combustible — est complexe; les phénomeénes ne sont pas linéaires, et
les sections efficaces de capture des produits de fission sont mal connues.

Nous avons cependant évalué grossiérement le temps de séjour en pile de
chaque coeur compatible avec une baisse de réactivité de 3%, le réacteur fonction-
nant & 800 MW, en négligeant I'effet des produits de fission.

Cas des piles de 1000 1. Le taux de régénération interne, dans tous les exemples
étudiés sauf un, est assez nettement inférieur & 1'unité. On peut done s’attendre
4 une diminution de la réactivité. Dans le cas des cceurs B (carbures) et D (cermet
4 matrice inox), cette diminution, calculée aprés 30 jours de fonctionnement
continu & 800 MW, est respectivement de 640 et de 4400 pcm, ce qui autorise
des séjours en pile de 140 et 20 jours. Nous basant sur ces chiffres et sur les taux
de disparition du plutonium et de régénération calculés, nous avons estimé
le temps de séjour en pile possible avec les autres coeurs (tableau XII).
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TABLEAU XI1

TEMPS DE SEJOUR DU CEUR EN PILE (A 800 MW)

compatibles avec une baisse de réactivité maximale de 8% et un taux de disparition
du plutonium inférieur i 309,

Nombre de jours possibles Trradiation
imposés par
Volume Type de corres-
du coeur combustible . . pondante
la réactivite | & disparition | (MWifk
du 239Pu combustible)
A U—Pu—Mo 230 — 32 700
B PuC—UC . 140 — 27 300
Cl Pu0O2—UO02 85 — 20 000
C2 Pu02—U02 110 — 21 600"
D cermet & matrice merte 20 —_— 5 500
D’ cermet & matrice U—Mo 210 — 32 000
10001 D6 cermet &4 matrice inerte 23 — 6 300
E2 cermet annulaire, matrice
inerte 45 — 11 700
F cermet mixte, matrice
inerte — 375 80 000
T1 cermet & matrice Th 75 — 17 600
T3 cermet mixte, matrice Th 180 ——— 54 000
H1 cermet & matrice en Th 270 — 21 000
H2 cermet & matrice U—Mo — — sans limite
H3 cermet mixte, matrice
30001 U—Mo o — — sans limite
H4 cermet & matrice inox 35 — 3 400
H5 cermet mixte, matrice
inox — 930 68 000
H6 U—Pu—Mo — — sans limite

L’exception est constituée par le cermet «mixte » F, pour lequel le taux
de régénération interne est 1,15, mais il faut noter que dans ce cas la production
de plutonium se fait dans les assemblages fertiles dans le coeur, donc d’une fagon
non homogeéne, et que la valeur calculée en supposant une composition homogeéne
est peut-étre optimiste. Il est donc difficile de prévoir comment va évoluer la
réactivité, mais, étant donnée la valeur assez nettement supérieure & 1 du taux
de régénération calculé, on peut penser quand méme qu’elle n’est pas une limi-
tation sérieuse pour le séjour en pile du coeur.

Cas des piles de 3000 1. Le taux de régénération interne est toujours trés nette-
ment supérieur & 1, sauf pour H1 et H4. Il se peut donc que la réactivité augmente
pendant la marche du réacteur, et qu’il soit nécessaire de la compenser par une
insertion des barres. Quoi qu’il en soit, et les taux de régénération étant probable-
ment un peu surévalués, on peut penser que le probléeme de la réactivité est
secondaire avec les cceurs H2, H3, H5 et H6, et que la limitation du temps de
séjour en pile dépendra d’autres facteurs. :

Temps de séjour en pile et irradiations correspondantes

Le rythme de chargement-déchargement ducceur sera imposé selon le com-
bustible, par I'un des facteurs suivants: la réactivité, que nous venons d’étudier;
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la diminution du nombre d’atomes fissiles (239Pu) dans le combustible, qui entraine
une diminution des sources de chaleur et une distorsion importante du flux, et
le taux d’irradiation que peut supporter le combustible, et que I’on peut exprimer
en mégawattjours par tonne. Les deux premiers facteurs sont d’ordre physique,
et nous nous sommes fixés comme critéres une baisse de réactivité admissible
de 39% ainsi que nous l'avons déja signalé, et un taux de disparition maximal
du 239Pu égal & 309 des atomes initiaux. Le troisiéme facteur, d’ordre métallur-
gique, est assez mal connu; nous avons adopté les valeurs généralement admises
(voir deuxiéme partie).

Dans le tableau XII nous avons porté les temps de séjour en pile compatibles
avec celui des deux premiers facteurs qui est limitatif pour le cceur considéré;
en regard, nous avons indiqué le taux d’irradiation correspondant en mégawatt-
jours par tonne de combustible, que ce taux soit ou non supportable par le com-
bustible.

Dans le cas ol le volume du cceur est 10001, le facteur limitatif est presque
toujours la réactivité, sauf pour les coeurs A, D’ et F (pour A et D’ les deux
critéres sont d’ailleurs pratiquement équivalents). Avec le combustible métallique
A, on arrive sensiblement au taux d’irradiation maximal qui puisse étre envisagé;
par contre, les combustibles carbures et oxydes peuvent certainement accepter
des irradiations supérieures a 27 000 ou 20 000 MWj/t. Enfin, les cermets & matrice
inerte qui, théoriquement, peuvent supporter des irradiations trés importantes,
ne sont intéressants qu’avec une solution du type «cceur mixte ».

Dans le cas ol le volume du cceur est 30001, ¢’est la disparition de I'élément
fissile qui devient limitative, sauf pour les cermets & matrice en thorium ou en
acier inox. Les temps de séjour en pile peuvent étre beaucoup plus longs et on
aboutit — en se fixant pour critére la disparition de 30% des atomes de plutonium
— & des taux d’irradiation qui sont vraisemblablement, pour chaque exemple
envisagé, supportables par le combustible ou la matrice, sauf peut-étre pour les
cermets mixtes.

Remarques générales

a) Nous avons étudié des exemples de piles dont la réalisation technique
ne semble pas, & priori, poser des problémes insolubles. Toutefois, il peut quand
méme subsister quelques difficultés dans certains cas: avec les cermets pour
ce qui est de la teneur en matiére fissile dans la matrice, avec quelques piles de
30001 en ce qui concerne la hauteur du cceur.

b) Il convient de faire quelques réserves sur les calculs intéressant les « cermets
mixtes »: leur structure trés hétérogéne. surtout si les assemblages sont de grandes
dimensions, s’adapte mal & des calculs qui supposent essentiellement les milieux
homogeénes.

¢) Nous n’avons pas étudié les coefficients de réactivité. Les coefficients dus
3 la dilatation du combustible sont toujours négatifs, par contre la dilatation
du sodium peut conduire & un effet positif dans le cas de grosses piles & forte
teneur en 28U dans le cceur. De méme, le coefficient Doppler sera certainement
positif dans le cas des cermets & matrice inerte, mais 'introduction de grandes
quantités de fertile dans le cceur avec la solution «coeur mixte » permettra
de diminuer fortement ce coefficient Doppler ou méme de le rendre négatif.

d) Les limitations que nous avons adoptées (indépendamment de la tenue
sous irradiation du combustible) pour déterminer le temps de séjour en pile
de chaque cceur — baisse de réactivité de 3% et disparition nette de 30 %, des atomes
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de 2°Pu — sont évidemment un peu arbitraires, mais elles nous paraissent
raisonnables. Nous avons vu que, pour des cceurs de 10001, Pévolution de la
" réactivité est un facteur particuliérement restrictif pouvant conduire & des
déchargements trés fréquents. Cette limitation peut étre rendue un peu moins
sévere en adoptant des coeurs de volume plus grand ou partiellement empoisonnés
par déchargements partiels (ce qui revient & accroitre la masse critique), mais
la meilleure solution pour permettre des taux d’irradiation importants est d’intro-
duire du fertile dans le coeur.

Etude économique

Apres avoir effectué des calculs neutroniques de quelques piles rapides, nous
voudrions voir l'influence de la nature du combustible, de la forme et des di-
mensions du cceur, sur I’économie du réacteur. Plus précisément, et ainsi qu’il
a été dit plus haut, nous voudrions mettre en évidence le rdle:

a) Du taux de régénération = (rapport du poids de matiére fissile précieuse
telle que le 239Pu formée dans la pile, au poids de méme matiére détruite dans
le coeur);

b) De la puissance spécifique y (exprimée en mégawatts par unité de poids
de matiére fissile précieuse telle que le 239Pu);

¢) Du taux de combustion z des combustibles (évalué le plus commodément
dans cette partie en mégawattjours par tonne de combustible).

GENERALITES

Nous nous sommes fixé comme cadre des piles d’une puissance thermique
constante et égale 4 800 MW. Cette hypothése vient de ce que le coiit du kilowatt
diminue quand la taille de la pile et de la centrale électrique associée augmente,
et de ce que des centrales de 300 MW électriques peuvent étre considérées comme
réalisables dans les prochaines années. )

En ce qui concerne le retraitement du combustible, nous avons étudié les
cas d'un cycle court (pyrométallurgie) et le cas du retraitement classique par
voie aqueuse. D’une fagon générale, nous pensons qu’d ’époque ol on construira
des réacteurs rapides industriels et 4 laquelle cette étude s’applique (1970—1980),
les usines de retraitement seront, quel que soit le procédé adopté, suffisamment
nombreuses pour qu’on puisse définir un prix y par unité de poids de combustible
irradié retraité. Nous prenons pour y les évaluations:
y1=250 NF par kilogramme de combustible retraité dans le cas du cycle court,
y5=600 NF par kilogramme de combustible retraité par voie aqueuse.

Nous précisons que la valeur de 250 NF/kg correspond & des études sur des
opérations effectuées dans des usines d'une capacité de 100 kilogrammes de
combustible par jour*.

Le prix P du kilowatt produit est évidemment directement influencé par
le prix du retraitement (nous faisons d’ailleurs, dans le cas du cycle court, une
étude de P en fonction des variations de y; — cf. fig. 27 & 29). Mais, de plus,
le procédé de retraitement adopté influe directement sur P par 'immobilisation
du plutonium qu’il entraine.

* Une telle usine nécessite un investissement de 30 000 000 NF, des frais d’ex-
ploitation annuels de 1 400 000 NF et des frais variables évalués & 50 NF par kLilo-
gramme de combustible traité [1].
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En effet, dans le cas du cycle court, dont la durée exacte est & déterminer
mais qui pourrait étre de I'ordre de deux mois, on peut imaginer qu’on immobilise
deux masses critiques dans le réacteur et les usines de retraitement et de re-
fabrication, tout au moins lorsque le taux d’irradiation admissible se trouve
dans les zones étudiées, c’est-a-dire au-dessus de 5000 MWj/t.

Au contraire, dans le retraitement par voie aqueuse, il peut s’écouler prés
d’une année entre deux mises en piles successives d’un méme cceur. Le temps
d’immobilisation hors pile d’un coeur peut se décomposer en:

Refroidissement ...........coiviiiiiiin.... 3 mois
Stockage avant envoi au traitement ........... 1 mois
Transport site-traitement .................... 0,5 mois
Stockage avant traitement ................... 1 mois
Traitement ...........c.ooiiiiiiiiiiiii 1 mois
Transport traitement-fabrication.............. 0,5 mois
Stockage avant fabrication .................. 1,5 mois
Fabrication .......cocireinieiiiininnienn.. 1,5 mois
Stockage apres fabrication ................... 0,5 mois
Transport fabrication-site .................... 0,5 mois
Stockage avant miseen pile .................. 1 mois

12 mois

Il s’en suit que, dans ce dernier cas, il devient difficile de considérer comme
fixe le nombre de cceurs immobilisés. Il faut I’évaluer comme une fonction de
la puissance spécifique ¥ et du taux d’irradiation admissible z.

Notre étude paramétrique comprendra donc.deux parties: celle du cycle
court, ol on admet un prix de retraitement de 250 NF par kilogramme de com-
bustible et ol on immobilise au total deux cceurs, et celle du retraitement par
voie aqueuse, ol le prix de retraitement est de 600 NF/kg et ou le nombre de
coeeurs immobilisés est calculé suivant les formules données & I’annexe 1.

Comme autre hypothése, nous postulons I'existence d’un marché de plutonium
dans lequel un prix s pourra étre affecté au gramme de plutonium et qui pourra
étre une valeur d’équilibre dans le cadre d’une production de plutonium faite
par un ensemble de réacteurs rapides et thermiques [2]*.

DEFINITION DU PRIX DU KILOWATTHEURE

Dans ces conditions, le prix de revient du kilowatt électrique produit par
Pensemble réacteur rapide—usines de retraitement et refabrication est donné
par la relation:

Cout annuel de fone- Colt annuel du cycle Recette due & la vente

tionnement d’un réac- -+ de combustible corres- — de la production de
teur de 800 MWt pondant plutonium

'P = Quantité d’énergie électrique produite

L’emploi de cette formule implique que nous voulons déterminer le prix du
kilowattheure dans un régime permanent ol le réacteur est supposé construit,
ol tous les coeurs immobilisés ont été fabriqués et ol on paie annuellement
les intéréts des capitaux investis. Cette situation est un peu différente de la réalité,
ol on doit dépenser & un moment initial bien précis les capitaux de construction

* Nous prenons pour s la valeur de $12 =60 NF/g, chiffre susceptible de repré-
senter le prix d’équilibre du marché de plutonium vers 1970—1980 [3].
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TaBLEAU XIIT

ESTIMATION DU PRIX DE REVIENT DU KILOWATTHEURE
produit par I’ensemble réacteur rapide—usines de retraitement par cyecle court et de
refabrication
L Coiit du fonctionnement du réacteur

A. Dépenses de capital
Amortissement du capital I, investi dans
la construction du réacteur al,

B. Dépenses de fonctionnement du réacteur ¥

ToraL g I, + f
IL Coiit du cycle de combustible
A. Frais de location du combustible

.105
(cf. Annexe 1) 2><8—yl()rs
B. Coiit de retraitement du coour
Frais de retraitement du cceur
288 - 10d y,

(cf. Annexe 1) p

C. Codt de refabrication du ceeur
Frais de refabrication des aiguilles

. 4
(cf. Annexe 2) b, MN = 38:10°syk, Md

z
D. Cott de retraitement et refabrication des couvertures
supérieure et inférieure et de refabrication des gaines
(cf. Annexe 3) 288108 23W1d 1 ' (01 +¢,)
2w d H
E. Codt de retraitement et refabrication des couvertures radiales
1. Retraitement annuel " 0,3¢gcy
2. Refabrication annuelle " 0,3¢c,
F. Frais de location de Uuranium des couvertures 1,6gs'r
108 .108 .104
ToTAL 2x8-10%rs 4 288 lz() dy, i 36-10 ;;yklMd n
288-108 2d w’ d’, H' (¢, +¢,) ,
cw,d, H + 0,3g(cy+ co)+1,6gsr
ITI. Crédit provenant de la vente du plutonium
(ef. Annexe 4) 8&0 dsd’ (x—1) (1 +«) 370 s

IV. Production annuelle &’électricité
8-10% dg X 360 x 24 kWh
Priz du kilowattheure P= (1) + 1) —(I1I)

Iv)

du réacteur et ol on ne fabrique pas & la méme époque tous les cceurs. Il s’agit
dans ce cas d'un régime transitoire tendant & l'établissement d’un état per-
manent. Si nous avons étudié ce dernier, c’est parce quune étude compléte
avec capitalisation initiale eit été trop lourde et que ce & quoi nous nous
attachions était moins une évolution précise de la valeur absolue du kilowattheure,
que la comparaison de diverses solutions techniques permettant de définir dans
quelle voie les recherches doivent étre poussées. Nous pensons néanmoins que
les résultats auxquels nous aboutissons, malgré I’hypothése du régime permanent
établi, représentent assez bien la- réalité, car les diverses solutions techniques
envisageables impliquent - toutes les mémes et gros investissements initiaux
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TasrLEAaU XIV

ESTIMATION DU PRIX DE REVIENT DU KILOWATTHEURE

produit par Pensemble réacteur rapide — usines de traitement par voie aqueuse et
de refabrication

I. Coiit du fonctionnement dq réacteur

A. Dépenses de capital
Amortissement du capital I, investi dans la
construction du réacteur al,

B. Dépenses de fonctionnement du réacteur
f

Torar al,+f
IIL. Coiit du cycle de combustible

A. Frazs de location du combustible

.10° . 10°
(cf. Annexe 1) 8-10°rs + 288 - 10°d urs

Y z

B. Coiit de retraitement du coeur
Frais de retraitement du ceeur

(cf. Annexe 1)

C. Codt de refabrication du coeur
Frais de refabrication des aiguilles

(cf. Annexe 2) kyMN =

288-10%d 7,
z

36-104d uyk, M
z
D. Codit de retraitement et refabrication des couvertures
supérieure et inférieure et de refabrication des gaines

(cf. Annexe 3) 288.106 2dwd'\ H (c1+¢y)

zw,d H
E. Codt de retraitement et refabrication des couvertures radiales
1. Retraitement annuel 0,3 gey
2. Refabrication annuelle 0,3 gc,
F. Frais de location de Uuranium naturel des couvertures 1,6 ¢gs'r
. 5 . 9 . 6 . 4
TomarL 8.10% rs + 288 1(; durs 4 288 le dy, i 36-10 zi,uyklM 4
2dw @y I (ug =+ 08) ;
8.10¢ — 0.: Ly =L, 1.6 43
4 288%. 10 zwlalﬂ 4 030 (c.4c,)41.608r

II1. Crédit provenant de la vente du plutonium

(cfi Annexe 4) 800dd¢ w—1) (1 +«) 3706

IV. Produetion annuelle d’électricité
8.105dp 360 x 24 kWh

Priz du kilowattheure P= () + 1) — (I1I)
Iv)

de construction de réacteur et ne différent que par le cycle de combustible,
et que le prix du réacteur représente, ainsi qu’on le verra plus loin, prés de 709
du cotit du kilowattheure produit.

Les tableaux XIII et XIV donnent les éléments qui permettent de définir P
respectivement dans le cas du cycle court et du retraitement par voie aqueuse.

On y voit en premier lieu que le colit de fonctionnement du réacteur (tableaux
XIII et XTIV, §1) se compose de deux postes fixes: ’amortissement du capital
investi I,, calculé sur la base de 1300 NF par kilowattheure électrique installé [4]
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(tableaux XIIT et XIV, § I-A), et les frais de fonctionnement f (tableaux XIII
et XIV, §I-B).

taux d’amortissement a été pris égal 4 a=0,11, ce qui correspond au taux
d’intérét pratiqué en France (r="79%) et & un amortissement des installations
en quinze ans [5].

Le cycle de combustible se compose de plusieurs parties. On doit en premier
lieu payer les frais de location du matériau fertile (uranium naturel ou thorium)
et du plutonium, puis le retraitement et la refabrication de ce dernier (tableaux
XIIT et XIV, §II-A).

En ce qui concerne les couvertures, nous avons admis que pour tous les types
de réacteurs nous immobilisions une quantité de matériau fertile dans la pile
de ¢=65000kg. Il est ceTtain qu’il s’agit 13 d’une hypothése simplificatrice
adoptée pour la commodité des calculs et parce que le prix de retraitement
¢, et de refabrication ¢, du kilogramme de matiére fertile influe assez peu sur le
prix du kilowattheure, mais qui rend d’autant moins compte de la réalité que
les dimensions de la pile augmentent, c’est-a-dire que la puissance spécifique
y diminue. Pour des études ultérieures plus précises, il serait nécessaire de revoir
P’évaluation de ce poste. De méme, nous avons, d’une fagon relativement arbitraire,
supposé pour I’évaluation de frais de location de 'uranium naturel ou du thorium

" s5)
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des couvertures, une immobilisation égale & 1,6 ¢, donc un cofit annuel (tableaux
XIII et XTIV, §II-F) de 1,6 g s’ r (s’: prix du kilogramme de matériau fertile,
§’=150 NT' par kilogramme d’uranium naturel et s’=200 NTF par kllogra,mme
de thorium).

Dans la refabrication des assemblages du cceur, nous avons distingué deux
parties:

a) Pour le cceur lui-méme, nous avons admis que le prix de refabrication
était proportionnel au nombre d’aiguilles M (nous avons évalué M pour chaque
type de combustible — cf. Annexe 2). Le prix de refabrication k, d’une aiguille
est, en effet, en premiére approximation, indépendant de ses dimensions. Le
colit annuel de refabrication des aiguilles du coeur est done k; M N (tableaux XIIT
et XTIV, § I1-C), relation ou N représente le nombre de cceurs & mettre en pile
par an et dépend a la fois de la puissance spécifique y et du taux d’irradiation
admissible z. I’évaluation de N est donnée & I’Annexe 1. On a pris pour kla
valeur de 350 NF par aiguille.

b) Pour les couvertures supérieure et inférieure (tableaux XIII et X1V, § I1-D),
nous avons postulé que le prix de retraitement et de refabrication s’évaluait
en fonction de leur poids et pouvait étre ramené au poids de combustible traité
par an (cf. Annexe 3). On remarquera que l'on inclut dans cette évaluation
le prix de refabrication des gaines des assemblages.
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Pour les couvertures latérales, nous avons supposé que nous retraitions par
an 0,3 ¢=0,3 X 65 000=19 500 kg de matérian fertile. La Justlﬁcatlon de cette
hypothése est discutée & 1’Annexe 5.

Le détail de la recette due 3 la vente du plutonium (tableaux XIII et XIV, § III)
est donné & I’Annexe 4.

RESULTATS OBTENUS

A partir de ces données, il a été possible de tracer, pour divers combustibles,
les variations du prix du kilowattheure en fonction des variables z, y et 2. Les
courbes des figures 10 et suivantes présentent pour chagque combustible les
variations de P en fonction du taux d’irradiation z pour diverses valeurs fixes
de la puissance spécifique y, et de la puissance spécifique y en fonction de valeurs
fixes du taux d’irradiation admissible z, On tient compte, d*une fagon implicite,
dans la plupart des cas, des valeurs du taux de régénération z. Ce dernier, pour
un combustible donné, varie trés peu en fonction de la puissance spécifique.
On donne initialement & z les valeurs trouvées dans les études neutroniques
(plus exactement, on a diminué de 109, les valeurs données par les calculs neu-
troniques pour tenir compte des barres de contréle dont la présence fait décroitre z),
et on réserve & plus loin la discussion du réle du taux de régénération.
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Rile du cycle de combustible

On remarquera l'importance du cycle de combustible qui se traduit par le
fait que P décroit lorsque z augmente. Cette variation de P avec z est d’autant
plus rapide que l'on se trouve dans les zones de faible 2. Par contre, dés que
Pon dépasse les taux de l’ordre de 30 000 MWj/t, on ne gagne plus beaucoup
sur la diminution de P. On peut penser pouvoir atteindre et méme dépasser
techniquement ce chiffre de 30 000 MWj/t pour certains combustibles (Pu02-—U02,
UC—PuC) alors que pour d’autres, comme le U—Pu—Mo, ce semble étre une limite
qu’il sera peut-étre trés difficile d’atteindre.

La comparaison entre le cycle court et le procédé de retraitement aqueux
montre le net avantage du premier, sensible surtout pour les faibles valeurs de z.
Ceci provient d’une part de ce que les prix de retraitement ne sont pas les mémes
(le retrajtement aqueux a été pris par unité de poids, 2,4 fois plus cher que celui
du cycle court), mais surtout de ce que ce dernier immobilise moins de plutonium.
C’est donc pour les combustibles qui nécessitent la plus grande masse de plutonium
dans le coeur (tels que U—Pu—Mo, PuO2—UMo, PuC—UC, cermets mixtes) que la
différence est la plus sensible.

Par contre, dés que le taux d’irradiation augmente beaucoup, la différence
entre les deux cycles est moins sensible. En effet, le prix de retraitement joue
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un roéle relativement faible, ainsi qu’il sera montré plus loin, et le nombre de
coeurs immobilisés, lorsque z devient grand, décroit dans le retraitement aqueux,
et arrive & étre, avec les hypothéses faites, inférieur & 2, valeur fixe prise pour
I’étude du cycle court.

11 s’ensuit que les deux cycles arrivent pour de grandes valeurs de z & donner
la méme valeur de P.

Réle de la puissance spécifique

Pour chaque taux d’irradiation donné, la variation de P en fonction de la puis-
sance spécifique y montre qu’il existe un minimum qui correspond (les formules
des tableaux XJII et XTIV permettent de le voir) & un optimum tenant compte
de ce que P comprend dans le § II-C des tableaux XIIT et XIV un poste de
refabrication du coeur proportionnel & y et des frais de location de plutonium
{(tableaux XIIT et XTIV, §II-A) inversement proportionnels & y.

L’ordonnée de ce minimum est d’autant plus faible que le taux d’irradiation
z auquel il s’applique est plus grand, mais la valeur de y correspondante est plus
forte. On en déduit qu’en général, si on n’est pas str de pouvoir atteindre des
taux z trés élevés, il vaudrait mieux construire des piles de grand volume (18001
environ) plutdét que des piles de 1000 1. Cette tendance est d’autant plus nette
si on ne peut utiliser que le retraitement par voie aqueuse. En tout état de cause,
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les valeurs optimales sont aux alentours de 0,6 & 1 MW par kilogramme de

plutonium et correspondent & environ 0,45 MW par litre de cceur (cf.
tableau XVIII).

Réle du facteur de régénération

Nous avons, dans le cas du cycle court, étudié 'influence du taux de
régénération x. Les études neutroniques montrent, comme il a déja été indiqué
plus haut, que, sauf dans le cas des cermets, il varie trés peu, pour une composition
volumétrique donnée, avec le volume du cceur. Néanmoins, on peut imaginer
qu’en faisant varier la forme des assemblages, done la composition volumétrique,
on puisse 'augmenter de 109 environ. Les courbes des figures 21 & 25 mettent
en évidence la variation de P qui en résulte. Elle n’est pas négligeable, mais
elle demeure faible. On ne peut pas espérer rendre compétitif P, dans les zones
oii il ne I’est pas, en essayant d’augmenter z, alors que des progrés technologiques
sur la tenue des combustibles autorisant une plus longue tenue en pile font
décroitre sensiblement P.

Role des paraméires fiwes

Influence du capital investi. Aprés avoir examiné I'influence des variables z,
y et z, considérons celle des parametres dits fixes. Les tableaux XV et XVI,

22*
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qui donnent la décomposition de P pour des valeurs que I'on peut espérer atteindre
pour z et correspondant au voisinage de I'optimum de y, montrent que le prix
du réacteur intervient pour 709% environ dans la valeur du kilowattheure.
On voit donc P'importance que joue la valeur du capital investi I, dans la cons-
truction du réacteur et calculé sur la base de 1300 NF/kWh. L’expérience que
Pon tirera des premiers réacteurs rapides expérimentaux devrait permettre
de réduire ce chiffre. Si on pouvait ’amener & 1000 NF/kW, il en résulterait
une baisse de P de 0,5 NC/kWh.

Influence du priz du plutonium. Les courbes de la figure 26 montrent le role
du prix s du gramme de plutonium. Lorsque s passe de 60 & 150 NF/g (12 &
30 $/g), les variations de P résultantes ne sont pas grandes aussi longtemps
que les puissances spécifiques ne sont pas trop faibles. Ceci tient & ce que 'immobi-
lisation de la matiére fissile est alors compensée par la recette provenant de
la vente du plutonium. On remarque que lorsque s augmente, les minima de
P en fonction de y sont légérement déplacés vers les zones de hautes puissances
spécifiques.

Influence de la refabrication et du retraitement. Dans le cas du cycle court,
on a étudié l'influence du prix de retraitement y, (figures 27, 28 et 29) et du
prix de refabrication k, des aiguilles (fig. 30). C’est ce dernier qui introduit les
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TaBLEaUu XV

EVALUATION DANS QUELQUES CAS TYPES DU PRIX DE REVIENT
DU KILOWATTHEURE ELECTRIQUE

Cas du cycle court de retraitement

TU-Pu-Mo | PuC-UC {Pu02-U0O2/Pu02-UMo| Pu0O2-Th
z=1,6 z=1,5 x=1,43 z=1,53 z=1,20
y =08 y=1,63 y=115 y=0,8 y=0,75
MW/kg MW /kg MW /kg MW /kg MW /kg

2=20000 { z=230000 | 2=60000 | z=35000 | z = 35000
MWj/t MWj/t MWijjt MWij/t MWjjt

Poste

I. Cott de fonctionnement
du réacteur

. Dépenses de capital 2,0689 2,0689 2,0689 2,0689 2,0689

. Dépenses de fonctionne-
ment 0,4759 | 0,4759 | 0,4759 | 0,4759 | 0,4759

I1. Coit du cycle du
combustible

. Frais de location du
combustible 0,3998 | 0,1962 0,2781 0,3998 | 0,4264
. Colit du retraitement du ‘
cceur . 0,1368 0,0912 0,0456 0,1173 0,1173
. Cotit de refabrication des
aiguilles du cceur 0,3971 0,1139 | 0,2422 0,3579 | 0,3296
. Cotlit de refabrication des :
couvertures supérieure et
inférieure 0,1419 | 0,1297 0,0800 | 0,0850 | 0,1209
. Cotit de refabrication des
couvertures radiales 0,2227 0,2227 0,2227 0,2227 | 0,2227
. Colit de location de }
T'uranium naturel (ou
thorium) des couvertures 0,0520 0,0520 0,0520 0,0520 0,0693

II11. Crédit provenant de la

g Qo w p & b

oA

vente du plutonium —0,3197 {—0,3278 |—0,2700 |—0,3183 [—0,1697
Prix du kilowatt électrique
produit (NC/kWh) 83,0754 | 3,0227 | 38,1954 | 38,4612 3,6613

plus grandes variations de P. Par contre, le prix du retraitement y, a une influence
d’autant moins grande que 2z est plus grand, c’est-a-dire que ’on retraite moins
souvent. On notera que dans le cas du carbure PuC—UC le prix de refabrication
joue un réle faible. Ceeci tient & ce que la conductibilité des carbures étant trés
bonne,; le nombre M &’aiguilles & utiliser est faible et Pimportance de leur re-
fabrication ost potitc:

Influence de la composition volumétrique. Nous avons voulu, dans un cas donné,
voir l'influence des proportions volumétriques du combustible, des structures
ot du sodium. La figure 31 montre les variations de P pour deux piles de 30001
ayant un combustible PuO2 dans une matrice UMo, et dont la composition
en volume est:

Combustible Structures Sodium
309, 209, 509
459, 159, 409,
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TaBLEAU XVI

EVALUATION DANS QUELQUES CAS TYPES DU PRIX DE REVIENT
KILOWATTHEURE

Cas du cycle aqueux de retraitement

U-Pu-Mo | PuC-UC [PuO2-U0O2{Pu02-UMo| PuO2-Th
x=1,6 =16 | =143 x=1,63 z=1,20
Poste y=0,8 y=1,63 y=115 y=0,8 y=0,75
MW /kg MW /kg MW /kg MW/k, MW /kg
’ 2=20000 | z=30000 | z=60000 | z =35000 | 2 = 35000
MWij/t MWij/t MWj/t MWij/t MWj/t

I.  Codt du réacteur

. Dépense de capital 2,0689 0,2689 2,0689 2,0689 2,0689
. Dépense de fonctionne-
ment 0,4759 | 0,4759 [ 0,4759 | 0,4759 | 0,4759

II. Codt du cycle du
combustible

. Frais de location du
combustible 0,4002 | 0,3040 | 0,2355 | 0,2131 0,2727
. Colit de retraitement du .
cceur 0,3283 | 0,2189( 0,1094 | 0,2815| 0,2815
. Colit de refabrication des
aiguilles du cceur 0,3971 | 0,1189 | 0,2422 | 0,3579 | 0,3296
. Cotit de refabrication des
couvertures supérieure
et inférieure 0,1419{ 0,1297 | 0,0800| 0,0850| 0,1209
. Cofit de refabrication des
couvertures radiales 0,2227 0,2227 0,2227 0,2227 0,2227
. Colit de location de
J'uranium naturel (ou
thorium) des couvertures 0,0520 0,0520 0,0520 0,0520 0,0693

I11. Crédit provenant de la

B oW B b

o o

vente du plutonium -0,3197 |—0,3278 |—0,2700 |—0,3183 |—0,1697
Prix du kilowattheure produit
(NC/kWh) 3,767 | 38,2673 | 3,2166 | 33,4387 83,6718

La proximité des deux courbes montre que le prix P est assez peu sensible
aux proportions volumétriques dés que le taux d’irradiation atteint 20000 MWj/t.

Influence de la nature du combustible. D une facon générale, on remarquera
I'intérét que présentent les carbures, intérét di & leur grande conductibilité
et & leur tenue sous irradiation supposée bonne. Dans la mesure olt on pourra
les fabriquer, ils seront un combustible de choix. Quant aux cermets inertes
(tels que ceux contenant du PuO2 dans une matrice d’acier inoxydable), ils
ont la caractéristique de ne pas avoir de régénération inerte. Par contre, il semble
qu’ils aient été déja fabriqués et qu’ils puissent subir de trés fortes irradiations
sans étre détruits (80000 MWj/t).

Nous avons, pour les cermets inertes, étudié le cas de trois piles de 10001
(cf. fig 20): une pile compacte (D1) ou la hauteur est égale au diametre (H|/D=1),
une pile & coeur annulaire (E1), et une pile mixte (F) ol des assemblages fertiles
sont disposés d’'une fagon homogeéne & lintérieur du coeur.

On remarquera que pour un taux d’irradiation donné le prix P varie assez
peu quand on passe d’un des trois types cités 4 un autre. Ceci vient (cf. tableau
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XVII, colonnes 3 et 4) de ce que le colit de I'immobilisation de matiére fissile
est compensé par la recette provenant de la vente du plutonium.

Le séjour en pile peut cependant ne pas étre uniquement déterminé par la
tenue sous irradiation du combustible, mais par.la variation de réactivité ou
le changement des sources de chaleur qui résultent du fonctionnement de la
pile. Dans les cermets inertes sans régénération interne, c’est précisément ce
qui se produit. Les études neutroniques (cf. tableau XII) montrent l'intérét
d’'un cermet mixte que I’on peut irradier & 80000 MWj/t sans que la réactivité
varie de plus de 3000 pcm ni que les sources de chaleur soient modifiées de plus
de 30%, alors que le cermet D1 doit étre déchargé a 5500 MWj/t.

II s’en suit que dans le cas de piles de 1000 1 seuls les cermets mixtes a matrice
inerte (cf. tableaux XVII et XVIII) peuvent arriver & étre économiquement
intéressants.

Pour des volumes plus grands (cf. fig. 20 bis), les cermets inertes, que 'on
ne peut guére espérer pouvoir irradier 4 plus de 6000 MWj/t, ne peuvent pas
étre compétitifs. Par contre, pour les dispositifs mixtes (cf. fig. 20ter), une variation .
de volume entre 1000 et 3000 1.lorsque le taux d’irradiation est de 80000 MWj/t
ne change pas beaucoup le prix du kilowattheure, qui est alors comparable
3 celui que fourniraient des combustibles U—Pu—Mo ou U02—PuO2 irradiés
respectivement & 20000 ou 25000 MWij/t.
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TaBrEAU XVII

EVALUATION DU PRIX DE REVIENT DU KILOWATTHEURE
Cas des cermets inertes — pile de 10001 — cycle court de retraitement

Cermet Cermet, Cermet Cermet

D * F % D *® F * %

Poste z= z= z= 2=
5500 80000 40000 40000

MWi/t | MWjt | MWjt | MWij/t

I. Codit de fonctionnement
A. Dépenses de capital 2,0689 2,0689 2,0689 2,0689
B. Dépenses de fonctionnement 0,4759 | 0,4759 | 0,4759 [ 0,4759
I1. Cotit du cycle du combustible
A. Frais de location du combustible 0,1390 0,3929 0,1390 0,3929
B. Coiit de retraitement du coeur 0,7476 0,0514 0,1028 0,1028
C. Cotit de refabrication des aiguilles du
ceeur 9,3278 | 0,5738 1,2826 1,1475
D. Cout de refabrication des couvertures
supérieure et inférieure 1,0673 | 0,0765| 0,1468 ) 0,1529
E. Cout de refabrication des couvertures
radiales 0,2227 0,2227 0,2227 0,2227
F. Cotit de location de I'uranium naturel
(ou thorium) des couvertures 0,0520 0,0520 0,0520 0,0520
II1. Orédit provenant de la vente du
plutonium —0,1365 |—0,3871 }—0,1365 |—0,3871
Prix du kilowattheure (NC/kWh) 13,9647 | 3,5270 | 4,3542 | 4,2285

* Configuration compacte (H/D =1).
** Configuration mixte.

TaBreau XVIII

CORRESPONDANCE ENTRE LES PUISSANCES SPECIFIQUES
par litre et par kilogramme de plutonium

Valeurs
Type de Valeurs optimales de : ‘
combustible (MW/kg do Pu) " b t °P§‘1"’,§?}ce;gf Y
U—Pu—Mo 0,8 (cf. fig. 10) 0,0865 0,3 16,8 0,436
UC—PuC 1,2 (cf. fig. 12) 0,1186 0,3 12,26 0,436
U02—Pu2 1 (cf. fig. 14) 0,1199 0,3 9,93 0,357
Pu0O2—UMo 0,7 (cf. fig. 16) 0,0887 0,3 16,7 0,444
PuQ2—Th 0,65 (cf. fig. 18) 0,143 0,3 11,23 0,482
PuO2—Acier
«mixte » 0,6 (cf. fig. 20 ter) —_ — — 0,400
# = enrichissement en poids du combustible en 2*Pu
w) = pourcentage du volume du combustible dans le ceeur
dy = densité du combustible
y = puissance spécifique par unité de poids de Pu (MW/kg)
y’ = puissance spécifique par litre (MW /litre)
y et y’ sont liés par la relation y" = yuw;d;
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Cermet PuO2 dans matrice UMo. Retraitement court. Influence du taux de régénéra-
tion z.
———— z calculé
————— z4+10%

TaBLEaU XIX
CALCUL DE M DANS QUELQUES CAS TYPES

Pu0O2—
: UT—Pu UCc— TO2— | Pu02—- | PuO2— | PuO2— | PuO2— i
Combustible —Mo PuC PuO2 TUMo Th acier D, | acier B, m‘ili:,zr F
8 0,895 0,895 0,895 0,895 0,895 0,831 0,81 0,700
j 2 2 2 2 2 1,95 1,42 2
H (em) 108,4* 108,4* 108,4* 108,4* 108,4* 108,4* 67,2 97,1
A (cal/cm 8°) 0,07 0,07 — 0,07 0,07 0,07 0,07 0,07
fmm 700° 1650° 2500° 700° 800° 700° 700° 700°
Al 150° 1100° |Trtsgrale 150° 250° 150° 150° 150°
de con-
ductibili-
té 12 calf
em s
M l‘ 23 964 3267 20 968 14 738 | 14 378 | 21 680 24 840 | 20 900
|

* Piles de 10001 (H/D =1).
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Figure 25
Cermet PuO2 dans matrice Th. Retraitement court. Influence du taux de régénération .

——— z calculé
————— x+10%

Conclusion

Existence d'un optimum de puissance spécifique

Pour tout combustible donné, il existe, pour chaque taux d’irradiation ad-
missible z (exprimé en mégawattjours par tonne de combustible) une puissance
spécifique ym optima qui donne un prix minimal du kilowattheure. Ces puissances
ym augmentent légérement avec le taux d’irradiation admissible, mais demeurent
faibles (0,45 MW par litre de coeur — ecf. tableau XVIII) et ne dépassent pas
les valeurs utilisées jusqu’a présent dans les piles rapides surrégénératrices en
projet. Pour les piles d’avenir, il semble qu’il n’y ait pas intérét a les augmenter.

Réle du taux dirradiation

Pour une pile donnée, c’est-a-dire pour une valeur fixée de la puissance spéci-
fique, le prix du kilowattheure décroit lorsque le taux d’irradiation admissible
augmente, soit d’une fagon trés rapide pour les faibles valeurs de =z
(2<<30000 MWij/t environ), soit d’une maniére beaucoup plus lente dés que z
est grand. Les courbes qui traduisent ces variations (fig. 10, 12, 14, 16 et 18)
présentent deux zones aux pentes trés différentes et, si on se trouve dans le
domaine des grandes valeurs de z (partie peu inclinée des courbes), le prix du
kilowattheure ne décroit pas sensiblement lorsque z augmente.
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Figure 26
Influence du prix du kilowattheure sur le prix du plutonium. Retraitement aqueux.

Charges de capital

Dés que l'on considére des taux d’irradiation pas trop bas (z>10000 MWj/t),
les charges de capital investi dans le réacteur représentent prés de 70% du colit
du kilowattheure. Une diminution du capital investi permettrait de faire décroitre
le colit du kilowattheure d’'une maniére sensible. On peut espérer que ce sera
possible du fait qu’on n’aura pas tendance & augmenter les puissances spécifiques
et qu’on ne créera pas ainsi de problemes technologiques nouveaux par rapport
& ceux que 'on est en train de résoudre actuellement et qui ont servi & définir
le capital investi.

Comparaison avec les procédés conventionnels

Le prix du kilowattheure nucléaire, produit par les réacteurs rapides se situe,
pour des valeurs convenables des puissances spécifiques et des taux d’irradiation
admissibles aux alentours de 3 & 4 NC, alors que le prix du kilowattheure con-
ventionnel en France est estimé & 3,50 NC* environ pour les années 4 venir.
On peut donc penser qu’avec l'avenement des grandes piles rapides, ’énergie
électrique d’origine nucléaire sera compétitive.

* Soit 0,007 dollar des Etats-Unis (7 mills).



348 , A. KANIA et al.

7

551 //
2:5000 MWjtt
/
/
210000 MwWjit
S0 T1=250NF/kg
/
/
/ /z=20000MWjit
7,2 250 NF/Kg

S st
w
@
=)
w
X
z
g
E4r 7~/ z=30000Mwijt
= T1-250NF1ig
x
=)
o
x
& 3sf-

aof

B A I L 1]
1

2 3
PUISSANCE SPECIFIQUE (MW/kg Pu)

Figure 27
Combustible U02—Pu02. Influence du prix de retraitement court y;.

Nature des combustibles & employer

Parmi tous les combustibles étudiés, ce sont les carbures UC—PuC qui semblent
les plus avantageux, car ils permettent d’espérer le prix de revient le plus bas
du kilowattheure (inférieur & 3 NC). Leur fabrication n’est cependant encore
qu’'au stade du laboratoire. S’il se révélait que leurs propriétés réelles étaient
moins bonnes que ce que 'on escomptait, les autres combustibles étudiés pour-
raient fort bien étre utilisés, & condition qu’ils puissent subir des irradiations
assez élevées dont la limite inférieure, correspondant & un prix de revient de
3,60 NC/kWh, peut étre de 'ordre de:

20 000 MWj/t pour I'U—Pu—Mo,

25 000 MWj/t pour 'UO2—PuO2,

30 000 MWj/t pour les cermets PuO2 dans une matrice U—Mo,
35000 MWj/t pour les cermets PuO2 dans une matrice Th.

Ces valeurs montrent tout I'intérét des combustibles oxydes, qui semblent
devoir supporter facilement des irradiations de 50000 MWj/t et qui de ce fait
peuvent étre considérés presque aussi intéressants que les carbures.

Quant aux cermets inertes (PuO2 dans une matrice d’acier), leur emploi ne
peut étre envisagé, & cause de conditions d’évolution du combustible, que sous
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Figure 28

Combustible U02—Pu02. Influence du prix de retraitement court y,.

forme de configurations mixtes ot des assemblages fertiles seraient présents
dans le cceur. Dans ce cas, avec des irradiations de 80 000 MWj/t, ils donnent
un prix de revient du kilowattheure comparable & celui de I'U—Pu—Mo irradié
3 20 000 MWij/t.

ANNEXE 1

Evaluation du nombre de cceurs immobilisés dans I’ensemble réacteur—usine de
retraitement et refabrication et du cofit annuel de retraitement

Soient:

RN Yoy

la masse de 2*°Pu contenu dans la masse critique,

le prix du gramme de plutonium (s =60 NF¥/g),

le taux d’intérét (r=0,07),

la puissance spécifique par unité de poids de 22°Pu investi (MW /kg),
le taux de combustion admissible (MWj/t ou kWij/kg),

le facteur de charge (d=0,8),

I'enrichissement du combustible en 23°Pu (p’/u =masse critique),

y, et y, les colts de retraitement dans le cycle court et par voie aqueuse du kilo-

N
T ’
T

gramme de combustible,

le nombre de cceurs & mettre en pile par an,

le temps de séjour en pile (exprimé en années) dun cceur (I =1/N),
le temps de séjour en pile (exprimé en jours) d’un cceur.
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Figure 29
Combustible PuC—UC. Influence du prix de retraitement court y,.

Calcul de Pimmobilisation

a) Dans le cas ot on emploie le cycle court de retraitement, on immobilise deux
cceurs dans I’ensemble réacteur—usine de retraitement. Le cotit de I'immobilisation est:

, 2x8000007s
L 2p'rs= —y——

b) Dans le cas du retraitement par voie aqueuse, le temps de retraiterment et de
refabrication est d'un an. La période pendant laquelle un coeur fait un cycle complet
est: t=T"+1. Sa fréquence d’utilisation est: n=1/t=1/(T"41); or on a besoin
de N =1/T" cceurs par an; on doit donc immobiliser: (7" + 1)/T" = (1/T"}+ 1= (1 + N)
coeurs.

Le coltt annuel est:

800000
—17rS.

4+ N)prs=(1+N) :

Or N est lié au taux de combustion qu’un combustible peut supporter par la relation:
ZMWijlt de combustible = 2k'Wj/ke de combustible = & XYMW kg de matiére tissile X 1000 T'=

=1000 dypu
d’our:

N

N=360000—d—:1. *
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Figure 30
Influence du prix de refabrication k des aiguilles. Retraitement court.

Le cott de I'immobilisation s’éerit done:

(1 + 1) 30000078 _ (1 + 360000 dﬂy) 80000075
Yy z y
_ 8000007s  288000000000d 75
Yy z :

Calcul du retraitement

Le colt annuel de retraitement par cycle court est [(y,p’)/#] N, soit, compte
tenu de la valeur de N et de p’:

’
1P 71 890 o066 000 24Y. _ 985000000 221
“ vy z z
De méme, le colit du retraitement par voie aqueuse est:
288 000 000%
ANNEXE 2

Détermination du nombre d’aiguilles d’un combustible donné

Le nombre d’aiguilles M & adopter dépend de la conductibilité thermique i du
combustible et de la température maximale 6, & laquelle on peut le porter.
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Figure 31
Combustible PuO2 dans matrice UMo. Retraitement court. Piles de 3000 1.

L’intégration de I’équation de conductibilité thermique de Fourier & un cylindre
permet d’écrire:
b2 b

A0—4Awlylmax—4lwl?y1 (1)

relation dans laquelle:
A0 =0y — 0 est la chute de température maximale entre le centre de laiguille
et la gaine (on fait I’hypothése simplificatrice que la température de
gaine Oy est égale a la température de sortie du sodium de la pile, soit

550°C),
w, est le pourcentage en volume du combustible dans le cceur,
b est le rayon de l'aiguille,
Y est la puissance spécifique moyenne par unité de volume de coeur (MW /1),
3 est le rapport de la puissance spécifique maximale au centre du réacteur

4 la puissance spécifique moyenne.
Par ailleurs, le nombre d’aiguilles M est déterminé par la relation:

M=V (@)
v
ou: :
14 est le volume critique,
v : est le volume du combustible contenu dans une aiguille,
6/

est le rapport de la puissance dégagée dans le cceur & la puissance
totale de la pile,

H est la hauteur du ceeur,
et oli: V=800 ¢&'/y, et v == H b (800 représente la puissance du réacteur en mégawatts).
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M est donc déterminé par:

800 &7 Wy /
M= @
qui devient, compte tenu de (1):
8004’ g ’
M= Haiao "

soit, si 4 est exprimé en calories par centimétre par seconde par degré, et H en centi-
metres:

800 000 000 6" §

M =
4,18 X 4 7w Hem Acaljem s degré & Odegrés

(2)

La formule (2’/) montre que, pour une hauteur du cceur donnée, le nombre M
d’aiguilles est fixé si 2 et A6 sont donnés, c’est-a-dire pour un combustible donné.
M se trouve étre indépendant de la puissance spécifique. Pour les combustibles
PuO2 ou 4 varie en fonction de la température, nous remplagons 4 A 6 par
I'intégrale de conductibilité dont la valeur sera prise égale & 12 calcm s [6].

On remarque que le nombre M dépend sensiblement de 4 A 6 (ou de Vintégrale
de conductibilité). Certains des résultats numériques de cette étude devront donc
étre revus lorsque des informations technologiques nouvelles concernant 2, 6, seront
connues.

ANNEXE 3

Cofit de retraitement et de refabrication des couvertures supérieure et inférieure

Nous avons supposé que le colt de retraitement et de refabrication des couvertures
supérieure et inférieure pouvait étre pris proportionnel a leur poids.
Soient:

couv. x
sup. 3
CEEUR z
couv.
inf. E
la hauteur du coeur,
H’ la hauteur des couvertures axiales supérieure et inférieure,
w, le pourcentage en volume de combustible dans le ceeur (w; =0,3 dans la
plupart des cas),
w'y le pourcentage en volume de matériau fertile dans les couvertures axiales
(w'y=0,35),
S la section droite d’un assemblage du cceur,
cy le prix de retraitement d’'un kilogramme de matériau fertile,

le prix de refabrication d’un kilogramme de matériau fertile,
d, et d’, les densités respectives du combustible et du matérian fertile.
La frequence de retraitement des couvertures est imposée par celle du cceur.
Chaque fois que ’on traite un cceur contenant p’/u kilogrammes de combustible,
on doit traiter: .
T; X ESLS—IHIw—LfIdI = % X Z—:fh%iﬂ—kilogrammes de matériau fertile.

Or on traite N cceurs par an, avee N =360 000 d (x y/z) (cf. Annexe 1). 11 s’ensuit
que Je cotit annuel de refabrication et de retraitement des couvertures axiales est:
p’ 2w, d’ H’ ,uy d 2w’1d’1H’
) — X — 1L = — x =LA :
(c; + ¢y) ; o d, H x 3600004 — = 288 000 000 o, d, B (¢q+¢y)

car p’ y = 800.

23
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On a adopté pour ¢, la valeur de 140 NF/kg, qui comprend: d’une part, pour
100 NF/kg environ, toutes les opérations qui ont lien depuis la sortie des couvertures
de la pile jusqu’a la fin de leur traitement par voie aqueuse et qui permettent d’obtenir
des sels d’uranium débarrassés de plutonium et des produits de fission, et d’autre
part, pour une valeur de 40 NF/kg environ, la refabrication d’uranium appauvri
métallique & partir des sels d’uranium.

Pour ¢,, on a pris la valeur ¢, = 100 NF kg, qui comprend le fagonnage de 'uranium
naturel métallique, la fourniture de l'acier et la refabrication des aiguilles et des
assemblages du cceur.

La valeur de ¢, +c¢, représente donc le colit du cycle complet des couvertures,
évalué par kilogramme de matiére fertile traitée.

ANNEXE 4

Evaluation de la recette provenant de la vente du plutonium
La quantité de plutonium produite par an et disponible pour la vente est donnée
par la relation:
u=2800d6¢ (x — 1) (1 + «) 370
ou:
é = fraction de la puissance produite dans le cceur par les fissions dues au 2°Pu,
¢’ =fraction de la puissance dégagée dans le cceur,
a =quotient de la section moyenne de capture et de la section moyenne de fission
dans le coeur pour le 229Pu (a = o/o1).

Cette relation s’établit facilement si on considére qu'un mégawattjour d’énergie
est produit par la fission de 1,03 gramme de plutonium. Or, la puissance moyenne
du ceeur est 800 d &' MW, et seule la fraction 800 d & &’ est due & la fission du 232Pu.
Il s’ensuit que pour produire 800d 6 &' MW-.an, il a fallu fissionner:

800 d 6 ¢ x 1,03 x 360=800d 6 & x 370 grammes de 23*Pu.

Or le coefficient de régénération étant défini comme:

p— Poids de Pu formé
" Poids de Pu fissionné + Poids de Pu détruit par captures parasites

Poids de Pu formé
Poids de Pu fissionné (1 + o)

on en déduit le poids de plutonium formé, égal &:
Poids de Pu formé== (1 + «) X poids de Pu fissioné=x (14 «) 800d 8 8" x 370.
L’augmentation annuelle de stock est donc:

u=800d ¢ (x—1) (1+«)370
et la recette annuelle est donc:

800d 6 & (x — 1) (1+a) 370 s NF.

xr =

ANNEXE 5

Détermination de la fréquence de déchargement des couvertures

Dans le cas des configurations «compactes » c’est-a-dire autres que celles des
cermets mixtes ou annulaires, on peut imaginer un déchargement de couvertures
par zone. Une zone donnée serait déchargée lorsqu’en un de ses points le taux d’ir-
radiation aurait atteint une valeur donnée & priori et qui peut étre fixée & 19, des
atomes fissionnés.

{ 50 cm (%)

|
CGEUR |

AXE DU
REACTEUR
ZONE 3

ZONE 5
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Considérons dans le cas des piles de 10001 les couvertures radiales de 50 cm, que
nous divisons en cing zones. Les calculs neutroniques montrent que dans le plan
médian du cceur le taux d’irradiation maximal ne dépasse pas 9,5-10-29% au bout
d'un mois de fonctionnement & pleine puissance, et que le taux décroit de 102 en
50 cm, cette décroissance étant en premlere approximation exponentielle.

Soient:

d le facteur de charge,
8; le temps de séjour (en mois) dans la zone ¢ (1 <4 < 5) pour que le taux d’irradiation

atteigne 19%,
B le taux de décroissance de lirradiation avec la distance, tel que e—538=10-2,
¢; le pourcentage en poids de la couverture de la zone 4,
6 le temps moyen de séjour en pile de la couverture.

t est donné par:

L ST BRI
=3, + 3 + oot
et les # sont fournis par:
1% = 9,5%-102 de-(—1)8 6;.

On trouve ainsi 6 =49,3 mois=4,1 ans.

Etant donné que pratiquement ce sont des assemblages (et non des couronnes
circulaires) que l’on décharge, on sera amené & un rythme de déchargement plus
rapide. Nous supposerons un temps de séjour moyen de 3,3 années, ce qui veut dire
que l'on doit traiter par an:

0,3 ¢=10,3 x 65000=19500 kilogrammes de matériau fertile.

Dans le cas du cermet annulaire & matrice inoxydable (combustible E1), on traitera,
pour le cas de la pile de 1000 l le noyau central dés que le taux d’irradiation en un
de ses points aura atteint 19,. Le calcul montre que ceci se produit en dix mois.
La quantité a traiter par an Pest:

d’y 10 b1 =~ H w'y = 2556 kg

ou:

d’; =densité de l'uranium naturel,

b, =rayon de la couverture centrale (=30 cm),

H =hauteur du coeur (=67,2 cm),

w’ = pourcentage en volume de matériau fertile dans la couverture considérée ( = 0,6).

A ce chiffre de 2556 kg, il convient d’ajouter les couvertures externes, ou le taux
d’irradiation est un peu moins fort que dans le cas des configurations compactes.
On prendra donc en premiére approximation 0,3 ¢=19500 kilogrammes de matiére
fertile & traiter par an comme pour les configurations compactes.

Dans le cas des cermets mixtes de 10001 (cas F), le taux d’irradiation varie rapide-
ment, du centre de la pile vers les bords, o il est quatre fois plus faible que dans une
configuration compacte. A I'intérieur du cceur mixte, il atteint 1%, en un an (valeur
moyenne sur le coeur). On doit donc traiter par an:

10001 x w'y x d’; = 10001 x 0,6 x 18,7 = 11220 kilogrammes d’uranium
& quoi il convient d’ajouter les couvertures externes, qui donnent une contnbutmn
quatre fois plus petite que les configurations compactes. On adoptera comme traite-
ment annuel la valeur 0,3 ¢=19 500 kg. ,

Ainsi, aussi longtemps que le volume du coeur reste constant, la quantité de couver-
tures & traiter par an ne varie pas en premiére approximation malgré les variations
que l'on peut imaginer dans les configurations ou les combustibles. Nous insistons
néanmoins sur le fait que ces hypothéses seraient & reprendre pour des études plus
précises.

GLOSSAIRE GENERAL DE L’ETUDE ECONOMIQUE
comprenant les valeurs numériques de certains paramétres
a taux d’amortissement des capitaux investis (=0,11),
b rayon des aiguilles,
b, rayon de la couverture ceuntrale (dans le cas des configurations annulaires),

¢, prix de retraitement des couvertures (=:140 NF par kilogramme de matériau
fertile) (cf. Annexe 3),

23*
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¢, prix de refabrication des couvertures (=100 NF par kilogramme de matériau
fertile refabriqué) (cf. Annexe 3),

d facteur de charge du réacteur (=0,80),

d, densité du combustible,

d’, densité de matériau fertile (=18,7 pour U naturel et 11,3 pour Th),

e;j pourcentage en poids de la couverture de la zone ¢ (cf. Annexe 5),

J dépenses annuelles de fonctionnement du réacteur (==10000000 NF/an),

H hauteur du cceur (cm) (cf. Annexe 3),

H’ hauteur des couvertures supérieure et inférieure (cm) (cf. Annexe 3),

I, capital investi dans la construction du réacteur (NF),

j  rapport de la puissance spécifique maximale au centre du cceur & la puissance
spécifique moyenne,

k  prix du kilowatt électrique prodait par des moyens conventionnels

(=0,035 NF = 3,5 NC),

prix de refabrication de I’aiguille de combustible (NF par aiguille),

fréquence d’utilisation d’un cceur,

nombre de cceurs & mettre en pile par an (N est lié & y et z) (cf. Annexe 1),

coit du kilowatt électrique produit par I’ensemble réacteur-usine (NC),

poids de matériau fissile immobilisé dans le coeur du réacteur (kg),

S yzs

¢ poids de matériau fertile immobilisé dans les couvertures (= 65000 kg),

r  taux d’intérét (=0,07),

s prix d’équilibre du plutonium métal (=60 NF/g=12 §/g),

S section droite d’un assemblage,

s’ prix de luranium naturel (=150 NF/kg) ou du thorium (=200 NF/kg).

t période d'un coeur (années)=temps s’écoulant entre deux retraitements,

T temps de séjour en pile d'un cceur (jours),

T temps de séjour en pile d'un cceur (années),

% quantité de plutonium produite par an et disponible & la vente (g),

w, pourcentage en volume du combustible dans le cceur,

w’ pourcentage en volume du fertile dans les couvertures,

w’, pourcentage en volume du fertile dans les couvertures axiales,

x taux de régénération = poids de Pu formé/poids de Pu détruit, .

y  puissance spécifique par unité de poids de matiére fissile investie (MW /par kilo-
grammes de plutonium investi dans le réacteur),

y, puissance spécifique moyenne par unité de volume de cceur (MW/1),

z  taux d’irradiation admissible (MWj par tonne de combustible ou kWj/kg),

« quotient de la section moyenne de capture et de la section moyenne de fission
dans le cceur pour le #%Pu (« = o4/0g),

B taux de déecroissance de l'irradiation dans les couvertures,

y, colt du retraitement du cceur par cycle court (=250 NF par kilogramme de
combustible),

ys colt de retraitement du coeur par voie aqueuse (=600 NF par kilogramme de
combustible),

6 fraction de la puissance produite dans le cceur par les fissions dues au 23°Pu,
4’ rapport de la puissance produite dans le cceur & la puissance totale du réacteur,
o rendement de séchangeurs et alternateurs (=0,38),

6; temps de séjour en pile de la zone 7 de couverture (mois) (cf. Annexe 5),

6  temps moyen des éjour en pile de la couverture (mois),

# taux d’enrichissement du combustible en matiére fissile telle que le 23°Pu.
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Abstract — Résumé — Ammoramms — Resumen

Some physics aspects of cermet and ceramic fast systems. The characteristics of a
system using an iron-based oxide cermet as fuel material are discussed. A transport
theory investigation to develop methods of predicting the effect of core heterogeneity
on reactivity and flux distribution is described. Some preliminary calculations are
also given of resonance self-shielding and Doppler temperature effects in a cermet
system.

Quelques aspects de la physique des réacteurs a neutrons rapides utilisant des ecermets
et des céramiques comme combustibles. Les auteurs étudient les caractéristiques
d’un réacteur utilisant comme combustible un cermet d’oxydes & armature de fer.

Ils exposent une application de la théorie du transport & la mise au point des
méthodes permettant de prévoir l'effet de I'hétérogénéité du eceur sur la réactivité
et sur la distribution du flux. )

Ils donnent également quelques calculs préliminaires d’effets d’autoprotection
due a la résonance et d’effet Doppler dii & la chaleur dans un réacteur utilisant un
cermet.

Hexotopsie du3nyeckne acneKThl KEPMETHBIX H KEPaMHYECKHX CHCTEM HA OBICTPHIX HEHTPOHAX.
O6cyxKoaroTcsi XapakTEPHCTHKY CUCTEMBI, HCHONB3YIONIEH B KavecTBe TOIUIMBHOrO MarepHaina
OKCHIHbIE KEpMETHI, pa3paboTaHHbIE Ha OCHOBE Xeje3a. ONUCHIBAETCS HCCIENOBAHNE TEOPHH
niepeHoca, YToObl PasBUTh METOMBI IPEACKA3AHNA BIHAHUA IeTePOreHHOCTH AaKTUBHOM 30HBI Ha
PEaKkTHBHOCTh M pacnpenenesye noroxa. JJaroTcs TakkKe HEKOTOphIe TPeIBapHTEIbHBIC PACUEThI
3¢ dexTOB pe3oHaHCHOM camMO3aumTHl M TeMneparypHoro 3dgdexra Jdonnnepa B kKepMETHOl
cucreme.

Algunos aspectos fisicos de los sistemas ripidos a base de combustibles cermet
y eeramicos. La memoria discute las caracteristicas de un sistema que emplea como
combustible un éxido tipo cermet & base de hierro. Describe una investigacién de la
teorfa de transporte con miras a desarrollar métodos para evaluar el efecto de la
heterogeneidad del cuerpo sobre la reactividad y la distribucién de flujo. También da
algunos célculos preliminares de los efectos del autoblindaje por resonancia y de la
temperatura de Doppler en un sistema de tipo cermet.

General introduetion

This paper falls into three Sections. In the first Section, consideration is given
to the characteristics of a fast reactor fuelled with an iron-based oxide cermet.

Section 2 contains a description of an investigation into methods of predicting
the effects of heterogeneity on reactivity and flux distribution.

Finally, in Section 3, some preliminary calculations are reported of resonance
self-shielding and Doppler temperature effects for an oxide cermet core.
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1. Some characteristics of a cermet-fuelled fast system

A prerequisite of a fast breeder-reactor is that it should breed more fuel than
it consumes. Equally, however, it is necessary that, as a power producer, it
should have an acceptably low electrical generation cost. This requirement
implies, among other things, that the fuel should be capable of achieving high
burn-up to reduce recycling losses and out-of-pile inventory and to minimize
the effects of fabrication and chemical reprocessing charges.

There are a number of fuel materials which potentially are capable of achieving
high burn-up, among them being the ceramics and cermets. The latter fuels
may either contain a dispersion of fissionable material in ceramic form in a fertile
matrix, or a dispersion of fissile and fertile ceramic material in a non-fertile
matrix.

The second of these alternatives is the one considered here. Inherently, this
type of fuel possesses the disadvantage of reduced breeding, and while the system
breeding ratio, depending on the matrix volume-fraction in the fuel, may be
greater than unity, core reactivity will tend to decrease with time. This effect
implies that either a more frequent loading schedule is required for a fixed amount
of excess reactivity held for operational control, or that, for a stipulated shut-
down cycle, more control reactivity must be provided than might be required
for other fuel types.

The system considered is described in Table TA.

Tare TA
REACTOR DIMENSIONS AND COMPOSITION
Core length, 3.7 ft — Overall core diameter, 5.6 ft — Inner core diameter, 3.9 ft

Axial blanket thickness, 1.5 ft — Overall radial blanket thickness, 2.0 ft.

| Volume composition Core and axia! Radial blankets
blankets Inner Middle Outer
Fuel | 0.372 0.40 0.55 0.70
Can and structure , 0.268 0.30 0.22 0.15
Coolant l 0.360 0.30 0.23 0.15

The core fuel material is a cermet of 50 vol. % plutonium and uranium dioxides
and 50 vol. 9% matrix material, assumed to be iron for calculational purposes.
The axial blankets are of the same volume composition as the core with a fertile
cermet containing no plutonium initially. The radial reflector contains uranium
metal as the fertile “fuel” material and is divided into three annuli, of equal
thickness, the uranium volume density increasing with distance from the core.
The core itself is divided radially inte two regions of approximately equal cross-
sectional areas. The plutonium content of the fuel within each region was ad-
justed for criticality so that the maximum fuel rating was the same in each region.
In practice this would result in some degree of flux and power flattening.

The coolant is assumed to be sodium, and the canning material and structure
are assumed to be iron. All feed uranium was assumed to be material depleted
in U%5 content. The feed-plutonium isotopic composition was assumed to be



CERMET AND CERAMIC SYSTEMS 359

Pu23?; Pu240: Pu?4: Pu292=76:18:5:1. This composition is one which might
arise in material produced from thermal reactors.

The pertinent results are listed in Table IB. The calculations were performed
using the 11-group cross-section set of reference [1] and the TDC computational
code.

TasrLe 1B

CRITICAL MASS, BREEDING RATIO AND NEUTRON BALANCE

[ Cor: : Radial blanket
Total = bﬁ):l:lt,

Inner | Outer " Inner |Midd1e Quter
Critical mass of plutonium (kg) 1123 | 434 | 689 | — — — —
Initial breeding ratio 1.153 | 0.350 | 0.184 [ 0.139 | 0.362 | 0.103 | 0.015
Neutron balance normalized to total fission source =1000
Production
Pu?8® and Pu?*! fissions 875.9 1452.9 {423.0 — — — —
Pu?® and Pu?*? fissions 21.8 | 10.3 | 11.5 — — —
U235 fissions 33.3 9.9 5.0 4.2 ] 10.8 3.0 0.4
U288 fissions 69.0 | 28.4 | 19.2 3.0 | 16.6 1.6 0.2
Absorption -
Pu?? and Pu*! fissions 298.0 |154.2 (143.8 | — — — —
Pu24® gnd Pu?*? fissions 8.7 4.1 4.6 —_ — — —
U235 fissions ) 13.4 4.0 2.0 1.7 4.3 1.2 0.2
U288 fissions 26.5 | 10.9 7.4 1.1 6.4 0.6 0.1
Pu?? and Pu?! captures 96.4 | 52.2 | 44.2 — — — ] —
Pu?0 and Pu?? captures 18.8 | 10.1 87| — — — —
U235 captures 4.1 1.2 0.6 0.6 1.3 0.3 0.1
U8 captures 435.9 |127.9 | 64.0 | 55.0 {142.4 | 40.6 6.0
Na captures 3.1 1.5 0.9 0.5 0.2 — —
Fe captures 87.7 { 42.0 | 25.5 | 12.6 6.4 1.1 0.1
Net leakage 7.4 — — — — — —
Regional normalized flux integrals
Group 1 2.36 | 2.65 ] 1.63 | 1.03 | 0.33 | 0.31
Group 2 3.59 | 4.30 | 1.30 | 1.82 | 0.57 | 0.43
Group 3 5.03 | 582 | 2.20 | 3.54 | 1.68 | 1.86
Group 4 9.07 |10.03 | 5.52 | 9.42 | 7.86 | 6.71
Group 5 8.93 | 9.82 | 6.06 |11.79 |12.72 [12.30
Group 6 11.02 {11.70 | 8.60 (12.78 |13.91 [14.09
Group 7 10.17 [10.54 | 8.77 [12.04 [13.41 [13.96
Group 8 9.10 | 9.26 | 8.51 {11.53 {13.80 (15.10
Group 9 . 112.31 |12.06 {13.00 |15.16 [18.97 |21.90
Group 10 11.07 |10.23 {13.70 {10.91 |{10.81 |10.23
Group 11 17.35 |13.26 |31.70 | 9.97 | 5.94 | 3.92

The plutonium-to-uranium ratios in the inner and outer core regions are
0.244 and 0.428 respectively for the cold, clean eritical condition. The corres-
ponding critical mass of plutonium (all isotopes) is 1123 kg. The breeding charac-
teristics are not good, a result which is to be expected. The overall breeding
ratio, defined as the ratio of the rate of production to the rate of destruction
of thermally fissile isotopes of plutonium, is only 1.15. The net gain would be
even less than this in a practical system when recycling losses are taken into
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consideration. About 469, of the breeding takes place in core regions. Of the total
blanket breeding, 22--%, is in the axial blanket, 582 % in the inner radial blanket,
and a further 161% in the middle radial blanket.

About 909% of the total neutrons from fission arise from plutonium. Of the
remaining 10% one-third arise from U2% and two-thirds from U238, Within
the core only, 939 of fissions occur in plutonium and only 5% occur in U238,

Considering the power distribution, 95% of the power is generated in the
core regions (509% in the inner region and 45% in the outer region), 1% in the
axial blankets and 49% in the radial blankets. The axial form factor is about
1.25 (maximum/average). The radial form factors are 1.17 and 1.34 respectively
for the inner and outer core regions, giving an overall radial power form-factor
across the core of 1.25 also.

Despite the large volume of the core (approximately 2500 1) there is considerable
leakage over the core reflector boundary. This effect is contributed in part by
the low uranium volume-density in the core and the two-zone enrichment scheme
adopted. The reflector dimensions considered could probably be reduced with-
out incurring a serious penalty. It is apparent that the outer radial reflector
could be dispensed with, for little loss in breeding, especially if the uranium
volume-density were increased in the inner regions. Similarly, the axial blanket
thickness could be reduced if the cermet fertile material were replaced by oxide.

Despite the high iron-content of the core (about 45 vol. %) capture in iron
accounts for less than 109 of total neutron absorptions. The presence of the
diluent is felt more through its effect on the neutron-energy.level through scat-
tering processes than by its direct effect on neutron absorption. Neutron losses
to coolant are small, as is to be expected, the parasitic loss being only 0.3%
of total absorption.

The flux spectra for the two core regions show considerable similarity, with
a slight hardening in the outer region. The spectrum for the axial reflectors
is very soft, the already degraded core leakage spectrum being further degraded
through scattering by iron and oxygen. The radial blanket spectra show a pro-
gressive change with increasing radial distance from the core, the flux tending
to concentrate in the middle range of energy groups due, on the one hand, to
preferential capture of low-energy neutrons by U?®® and, on the other hand, to
reduced production of fission-spectrum neutrons by U?#% fission. The spectra,
indicate that the group structure of the cross-section set used is barely adequate
for the representation of this type of system. Additionally, a large number of
reactions are occurring in the lower energy ranges where uncertainties in cross-
section data exist.

The effective delayed-neutron fraction has been calculated by a method sug-
gested by PALMER [2] in which the effective delayed-neutron fraction is deter-
mined from the difference in kesr between two multi-group calculations, one
being the usual delayed critical calculation and the other a calculation in which
prompt neutrons only are considered. In the latter calculation, if the delayed
neutrons from fission of an isotope are emitted in groups ¢, 4, ..., then the .
group values for the fission neutron-energy distribution, y, are modified to
{yi— i B), (zi— o B), ..., Where «;, oj, ... are the relative abundances of
delayed neutrons in groups ¢, §, ..., and § is the total delayed-neutron fraction
for the isotope. If the multi-group code requires y to be normalized to unity
then the sets of y should be normalized to unity and all the group »-values multi-
plied by (1—p) for each isotope. The prompt y distribution is of course different
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for each isotope. The method may be used to determine the effectiveness of the
individual delayed-neutron groups, or the effect of a particular reactor region
on the overall fes, and is a quick method, although it may not give the same
insight into the neutronics of the system as is given by the more usual method,
using adjoint calculations, of determining the relative worths, dependent on energy
and spatial position, of prompt and delayed fission-neutrons.

A five-group diffusion theory calculation, using the flux spectra from the 11-
group TDC calculation to weight cross-sections within the reduced groups for the
different reactor regions, resulted in values of keg for the prompt and delayed
caleulations differing by 0.0030. This low value of f§ is mainly a consequence
"of the use of plutonium as the fissile material, but is also a refiection of the low
U238 content of the core.

2. Heterogeneity in fast reactors — preliminary calculations
2.1. INTRODUCTION

Most calculations on a fast reactor assume a model that is constructed of
several homogeneous regions (e.g. the core and reflectors) of sizes that are large
compared with a neutron mean free path. However, in the real reactor, each
of these regions will be of heterogeneous construction, with alternating regions of,
say, coolant, canning and fuel or fertile material. Usually this heterogeneity
will be of a periodic nature, and, in a fast reactor, the size of a lattice cell will
be not much larger than a mean free path. The error in the calculated properties,
such as kegs and breeding ratio, due to the assumption of homogeneity, will there-
fore be small: in the system discussed below, the error in keg is ~1%.

However, as data and methods of calculation improve, such an error will become
larger than the errors due to remaining imperfections in them. Secondly, for a
large dilute fast reactor, an error of 1%, in ket may mean an error of ~109% in the
critical volume of the core, and hence perhaps about 100 kg of fuel. Thirdly, it
may be possible to bunch materials in such a way as to improve slightly some
of the properties of a reactor. For all these reasons, it has become important
to be able to estimate the effect of fine structure.

A method has been described by Loxa et al. [3] and by MENEGHETTI and
Loowmis [4] for converting the calculation of the ke and flux distribution of a
finite core with a periodic structure to the calculation of kesr and flux distribution
of an infinite lattice with the same structure. The first aim of the work described
here has been to test this method for a bare core in the shape of an infinite slab,
with the pieces of the different materials arranged with their faces parallel to the
faces of the slab, so that the core had a periodic structure in one dimension, and
was infinite in the other two. The second aim was to investigate the best method of
carrying out the cell calculation. Since the difference in ke of the heterogeneous
core and of the equivalent homogeneous core is small, it is necessary to calculate
kets to a high degree of accuracy. This requirement, coupled with the fact that
the size of some of the regions within the cell may be small compared with a
mean free path, implies that an approximation to the neutron transport equation
of high order must be used. It has been shown that, for the system considered,
the double-Gauss discrete-ordinates method ([5] p. 180) converges more quickly
(and hence gives an answer of required accuracy in less computing time) than
a method similar to CARLSON’s S, method [6]. An alternative method, based
on the integral transport equation, appears to be promising.
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In the next two sections, the method of Long et al. and Meneghetti is described,
and the methods used to solve the Boltzmann equation are discussed. Following
that, the reactor composition is described, and the results reviewed.

2.2, CONVERSION TO AN INFINITE LATTICE

The method used is as follows. A multi-group calculation is first performed for
the homogenized core. This can either be a fundamental-mode e¢alculation,
yielding the critical buckling B? or the ker; corresponding to a specified buckling,
or a more detailed calculation giving ke and the leakage of neutrons from the
core for each group. In the former case, the estimated probability of a neutron

in group g¢ leaking out is Dy B?, where D, is the diffusion coefficient of the homog-
enized core, in group g.

It is then assumed that the probability of a neutron in one of the lattice cells
escaping from the core without making a collision is the same as the corresponding
probability for a neutron in the corresponding volume of the homogeneous
core. This is a reasonable assumption, physically, if the size of the lattice cell
is small compared with the core dimensions. It is not known to the author whether
the assumption can be justified from rigorous mathematical arguments.

If this assumption is made, the calculations can then be performed on a lattice
cell of the same size and composition as a lattice cell of the finite reactor, but
with the total transport cross-section for each material in each group increased
by a fictitious absorption term that gives the probability of escape. If oty (X)
is the transport cross-section in group g for material X, then the cross-section
actually used is:

0'te( X) =01e(X) + Ly

number of neutronsin group g escaping from the homogeneous core per second
total flux in group g integrated over the whole homogeneous core
=DgB? if a fundamental-mode calculation has been carried out.

where L,=

All the other cross-sections are unchanged. The calculations are performed using
.boundary conditions that are appropriate for a typical cell in an infinite lattice.
There are two possible boundary conditions. First, if the structure of the lattice
cell to the right of a cell boundary is the mirror image, with respect to the boun-
dary, of the structure of the cell to the left of the boundary, there will be complete
reflection of neutrons at each boundary. Secondly, if the lattice structure is
merely periodic, without such mirror planes, the neutron flux leaving the right-
hand boundary in a particular direction must be equal to that entering the
left-hand boundary in the same direction, and vice-versa. Although all the calcula-
tions so far performed have used the first boundary condition, the discrete ordi-
nates programme that has been written can solve the second type, if required.
It should be noted that the second type can only apply to systems with plane
geometry.

2.3. METHODS OF SOLVING THE TRANSPORT EQUATION

The method used at first was based on the SNG programme [6] for the IBM-704.
However, it was known that this gave unsymmetric fluxes for a symmetric
reactor in plane geometry, owing to the basic assumptions of the method. To over-
come this, the programme was modified to solve the equations of the “double S,”
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method. If g4 is the direction-cosine of a neutron relative to the z-axis, 4 can have
any value in the range —1 to + 1, negative values representing neutrons moving
to the left, and positive values neutrons moving to the right. The S, method
starts from pu=-—1, and, assuming that the angular flux is a linear function of
w in each of n equal intervals, proceeds to calculate the fluxes at the edge of each
interval until the g=+1 direction is veached. In the double-S, programme
(SND), on the other hand, the S, method is applied separately to positive and to
negative y values, starting with the fluxes for y=+1 and y=—1 respectively.
This may give a discontinuity in angular flux at x=0, and as it is known that
such discontinuities will actually occur at interfaces between different materials,
this should give better accuracy.

A second programme, still based on SNG and using many of the routines of
that code, was written to solve the discrete ordinate equations, with arbitrary
weights and ordinates, in plane geometry. This has been used with Gaussian
weights and ordinates applied separately to positive and.to negative values of u.
An improved version of this programme has also been written but has not yet
been fully tested. This improves the spatial finite difference approximations
used for the smaller discrete angles w;, and solves the boundary conditions (of
either of the types discussed in the previous section) exactly, instead of itera-
tively.

A third method, that of “collision probabilities”, has so far only been used
in one simple desk-calculation. This is based on the integral transport equation.
The cell is sub-divided into regions, and a constant flux assumed in each. The
integral transport equation is then integrated over all space, yielding a set of
simultaneous linear equations for the group fluxes in each region.

2.4. REACTOR COMPOSITION

All the calculations were performed for an unreflected core of one basic com-
position. This was intended to represent.a mock-up in ZEBRA of a typical
uranium carbide cermet reactor. ZEBRA will contain stainless-steel tubes, 2 in2
in cross-sections, holding pieces of different materials. These pieces will be 1/; in
thick, except for some enriched-uranium pieces which will be only 1/,; in thick,
and all the pieces considered in these calculations were assumed not to be canned.
It was assumed that each tube throughout the core would, at any given position
along its length, contain the same type of piece. Probably without much loss of
accuracy, the stainless steel in each tray (assumed to be 0.03 in thick) was smeared
uniformly over the whole core, so that the core could be thought of as containing
uniform layers of different materials.

The core consisted of pieces of enriched uranium (with an assumed enrichment
of 939%,) natural uranium, graphite, stainless steel, and aluminium of 45%, normal
density; this last material may be used in ZEBRA to simulate sodium. The
proportions of the different constituents were chosen so that their relative volumes
were.in simple proportion, so that a basic lattice cell could be designed with as
few pieces as possible. The relative amounts of uranium and graphite were also
chosen so that there were approximately equal numbers of uranium and of carbon
atom, so that uranium monocarbide (UC) could be simulated. Table IT gives the
number of pieces of the different materials in a cell, together with their composi-
tion. The total cell length was 1.4375 in, and the core was assumed to be an
infinite slab of thickness 28.75 in, so that it contained 20 cells with boundaries
parallel to the faces of the slab.



364 J. coDpD et al.

TaBLE 11
COMPOSITION OF A LATTICE CELL

Matorial Np. of Number of atomsfem? (x 107%).
pieces gms | ums | ¢ | Fo oA
Enriched U %* 0.041786 0.003145| 0 0.005088 0
Natural U 3 0.0003190 | 0.044613/ 0 0.005088 0
Graphite 2 0 0 0.078304| 0.005088 0
Steel 2 0 0 0 0.0848025 | 0
Aluminium 4 0 0 0 0.005088 0.025474

* 1 piece of 1/16-in thickness

It should be pointed out that no calculations were carried out for cells at
right angles to the core faces: it may be necessary, for the highest accuracy, to
take different diffusion coefficients for directions parallel to and perpendicular
to the cells.

2.5. RESULTS

All the calculations used three energy groups of neutrons, the three-group
constants for which were obtained from an 11-group calculation using the con-
stants of LoEWENSTEIN and OKRENT [1]. The boundaries between the groups
were at 1.35 MeV and 0.11 MeV.

" (a) Homogeneous core

The base homogeneous core was found, by an S, calculation, to have a keg
of 1.0091. The neutron-leakage in each group was used to alter the transport
cross-sections of the different materials in the heterogeneous cell calculations,
in accordance with the prescription of section 2.2.

(b) Test of the method of section 2.2

Three calculations were carried out on finite heterogeneous cores, using the
double-S; approximation. Each core contained 20 basic cells, and the three cases
were for cores with the following structures:

Case 1. l UEUNCFG Al | Al Fe CUN UE | UE . ey keff=1.0175
Free Cell Cell Ak o
boundary boundary boundary { knom +0.83%

Case 2. | AlFeCUxUg | UgUnCFe Al | Al...; Feit=1.01895
Free Cell Cell Ak o .
boundary boundary boundary { Fnom +0.98%

Case 3. l UE C UN Fe Al | Al Fe UN C UE i UE e keff: 1.0154
Free Cell Cell Ak
boundary boundary boundary { o +0.629

In these diagrams, Ug represents 909% enriched uranium, and Uy natural
uranium. In each case, the material at the left-hand free boundary was the same
as that at the right-hand free boundary. It will be seen that cases 1 and 2 have
* the same basic cell structure, so that a cell calculation must give the same value
of ke for each. However, the exact calculations give a difference of 0.159%, in
kessr between them. The difference might not be so great if the core were reflected,
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say, with a natural-uranium blanket, but it will always represent a con‘mbutlon
t0 kegt that cannot be deduced from a cell calculation.

The third case differs from case 1 in that the natural uranium is separated
from the enriched uranium by a region of graphite: all this makes the spectrum
of neutrons in the natural uranium softer, and hence decreases the number of
U2 fissions. Case 3 is therefore less reactive than either of the other cases.

Cell calculations, using the method outlined in section 2.2, were also made
for these three cases. Some of the results, for the double-S; method, are shown
in Table ITI. In this table,

0k kest — ketr (homogeneous core)
K ket (homogeneous core)

is the fractional difference between the calculated kesr for the heterogenedus
core and kegs for the homogeneous core. The quantity R, is meant to give some
indication of the flux-peaking or depression in each group g; it is defined as:

R, = Mean flux in group g in enriched uranium
2 Mean flux in group g in the whole core

TasLe IIX
COMPARISON OF EXACT AND CELL CALCULATIONS

kot f:?k x 100% R, R, R,
° Cell
§ Exact Cell Exact Cell Exact Cell Exact Cell Exact) Cell
cale. cale. cale. cale. cale.
1| Ug Uy C Fe Al 1.0175(1.0189{0.839,{0.979,|1.421{1.434{1.038|1.054{0.885/0.898
2| AlFe O Uy Up [1.0189(1.018910.97%)0.97%1.438)1.434/1.0541.0540.901/0.898
3| Uy CUg Fe Al |1.0154/1.01650.62%(0.78%,| — | — | — | — —

It will be seen that agreement between the cell calculation and the exact:
calculation for case 2 is very good, but for the other two cases it is less good.
It should be pointed out that double-S; approximations may not be sufficiently
accurate for these calculations, and consequently there is a certain amount of
error in the figures quoted. The cell calculations for cases 1 and 2 have been re-
peated with higher orders of approximation to the Boltzmann equation, but
such a computation for the exact calculation (which requires a large number
of spatial mesh-points) would require a great deal of machine time.

To sum up, it seems that the method used to obtain the cell constants can
predict kegr to within about 0.19%,, and fluxes to within 29%,.

(c) Convergence of results with increasing order of approximation

Meneghetti [4] has found that the value of keg found from a cell calculation
with the DSN programme [7] does not converge very rapidly with increasing
n, the order of the S, approximation.

Experience with the double-S, method has been similar. For this reason
it was decided to try the double-discrete-ordinates method, using Gaussian
weights and ordinates for the two ranges (—1, 0) and 0, +1) of u. It was found
that convergence was greatly improved, as may be seen from Table IV. This
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gives kegr for the cell of cases 1 and 2, for various orders of approximation. In
this table, “double-S,” means an approximation in which the whole range of u
is sub-divided into = equal intervals, while “m-ordinates” means a discrete
ordinates method in which ordinates were used in each of the two ranges (—1, 0)
and (0, +1). A double-S, calculation has (n+2) different angular fluxes,
while an m-ordinate calculation has m angular fluxes, so that the work involved
is of similar complexity (and will take a similar amount of computing time)
for a double-8, and an (n +2) - ordinate calculation.

TasrLe IV

CONVERGENCE OF THE DOUBLE-S, AND DOUBLE-GAUSS METHODS

No. of .

Method angulgr ?luxes keff & * 100%

Double— S, 10 1.0189 +0.979%,
Syp 14 1.0192 +1.00%,
Lo 18 1.0196 +1.049
10-ordinates (DP,) 10 1.0196 +1.049,
14-ordinates (DPg) 14 1.0201 +1.099,
18-ordinates (DPg) 18 1.0201 +1.099%,
30-ordinates (DP,,) 30 1.0201 +1.099,

The double-Gauss method is equivalent to the double-P, method of Yvon;
the brackets in the first column of the table above give the equivalent double- P,
approximation.

It will be seen that the double-Gauss method converges much more quickly
than the double-S, approximation, although even with the former, about 14
ordinates are necessary if a very accurate result (correct to 0.01%) is required.

(d) Collision-probability method

As was stated in section 2.3, one desk-calculation was carried out using a
collision-probability method, based on the integral transport equation. This
calculation was for a two-region cell, in which all the materials other than the
enriched uranium were smeared together. The results were then compared with
a 10-point double-Gauss discrete-ordinate calculation for the same cell. The values
of kets and of R,, the ratio of the average flux in the enriched uranium to the
average flux in the whole core, for group ¢, are compared in Table V.

TasrLE V
COMPARISON OF THE COLLISION PROBABILITY AND DOUBLE-GAUSS
METHODS-
ok
Method kofe | x 100% R, R, R,
Collision probability 1.0139 | +0.48% | 1.428 1.034 0.944
10-ordinates 1.0130 | +0.39%  1.434 1.041 0.933
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Considering that the collision-probability calculation assumed constant fluxes
in each region, and was sufficiently simple to be able to be made on a desk-machine
in a reasonable time, the agreement is very gratifying, and further investigation
of this method is planned. It should be pointed out that whereas it will be very
difficult to extend the discrete-ordinates method to cylindrical geometry, the
collision-probability method can be so extended without a great increase of
complexity.

2.6. CONCLUSION

The work outlined here has shown that cell calculations can be used with some
confidence for systems with lattice cells small compared with the core dimensions,
in the simple case of a one-dimensional slab lattice, and that the double-Gauss
discrete-ordinates method and possibly the collision-probability method seem the
most suitable and the most accurate for this geometry.

The extension of the theory to deal with cylindrical cells, and with the rec-
tangular cells that will actually exist in ZEBRA, can only be checked by ex-
periment.

Further work will attempt to investigate the most suitable number of groups
to use, and the detailed physical effects of fine structure. Cylindrical cells will
also be studied.

3. Resonance absorption and Doppler effects
3.1. INTRODUCTION

The use of diluent materials in the fuel elements of future power-breeder reactors
may result in a degraded neutron spectrum which extends well into the resonance -
energy region of the fissile and fertile materials, say below 10 keV. It is therefore
important to investigate the effect of resonance self-shielding on reactivity and
critical size, as well as the magnitude and sign of the temperature coefficient of
reactivity associated with Doppler broadening of the resonances. Some preliminary
approximate calculations concerning these phenomena are described in this part
of the paper, with reference to the core of a simple spherical model of a typical
fast breeder reactor.

3.2. REACTOR INVESTIGATED

The reactor selected for investigation was a typical plutonium oxide breeder
with U8, sodium and iron as the fertile, coolant and diluent materials, respec-
tively. For the idealized spherically symmetric model assumed in the calculations,
the core radius and reflector thickness were taken to be 78 cm and 61 cm, respec-
tively. The material compositions of the core and reflector, assumed to be homo-
geneous, are given in Table VI.

The basic criticality calculation for this system was carried out in another
connexion using multi-group diffusion theory with the 16-group constants of Roacr
[11]. The reactor was slightly sub-critical (kegr= 0.96), but this should not affect
the present work significantly.

The calculated group fluxes and adjoint functions (neutron importance) at
the core centre are given in Table VII, where each is normalized to have a maximum
value of unity. '

An inspection of the radial plots of ¢ and ¢* shows that the spectrum is fairly
constant out to a radius of about 65 cm.
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TaBLE VI

REACTOR SPECIFICATION
(Atoms per ¢m?x 10-24)

Material Core Reflector
[ess 1.6 x 10-5 1.3 x 104
U2s 3.8 x 10-3 3.1 x10-2
Pu23 8.8 x 10~ —
Pu2e0 2.1 x 104 —_

Fe 4.1 X 102 1.3 x 102
Na 6.0 x 103 4.0 x 103
0 9.8 x 103 —

TasrLe VII

GROUP FLUXES AND ADJOINTS AT CORE CENTRE

Grouw *
p P Energy range f 9,';
1 3 — 10 MeV 0.075 1.000
2 1.4 — 3 MeV 0.188 0.909
3 0.9 — 1.4 MeV 0.160 0.825
4 04 — 0.9 MeV 0.483 0.807 .
5 0.1 — 04 MeV 1.000 0.772
6 17 —100 keV 0.722 0.717
7 3 — 17 keV 0.253 0.688
8 0.55— 3 keV 0.093 0.600
9 0.1 — 0.55 keV 0.012 0.532
10 30 —100 eV 0.0005 0.362

3.3. RESONANCE SELF-SHIELDING EFFECTS

The multi-group constants used in the basic criticality calculation were those
given in Table 1 of ref. [11], and are uncorrected for resonance self-shielding.
By ‘self-shielding’ is meant the effect of the sharp dips in the neutron energy
spectrum at resonance positions. The U238 group capture cross-sections, and the
Pu?? group capture and fission cross-sections corrected for self-shielding can be
obtained for the low-energy groups from the graphs in Roach’s paper. Knowing
the changes in the group cross-section due to self-shielding, one can estimate the
associated reactivity change to a first approximation by multi-group perturbation
theory. Roach gives no data which would allow scattering cross-sections to be
corrected for self-shielding but the effect on reactivity is expected to be rela-
tively small.

The numerical results for U238 in the reactor core, with respect to groups 8—10,
are given in Table VIII. From the run of the figures one would expect a small
reactivity contribution from group 7, but no cross-section data is given by Roach
for estimating this. On the other hand, the contributions from groups 11 onwards
will be negligible since these groups contain very few neutrons.
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TaBrLE VIII

REACTIVITY CHANGE AR WHEN THE U%® GROUP CROSS-SECTIONS IN THE
CORE ARE CHANGED FROM UNSHIELDED TO SHIELDED VALUES

(Energy range: 0.03 — 3 keV)

(unsh.) (sh.) A AR

1 Group % (bamm) % (barn) % (%)
8 2 1.3% — 0.7 +1.0

9 11 3 — 8.0 +1.3

10 50 8 —42.0 +0.2

* Graphical value uncertain.

The results imply that allowance for U238 resonance self-shielding in the reactor
core, for neutron energies between 30 eV and 3 keV, would increase reactivity by
2.5%. This is equivalent to a decrease in critical mass of Pu?®® by about 4.49%,
made uniformly over the core. The corresponding decrease would probably be
appreciably larger, perhaps 10—209%, if the core-size were allowed to change,
keeping the Pu?*® concentration fixed.

A reactivity effect worth 2.59%, appears to be a rather large contribution from an
energy region containing only 3.5%, of the total flux (from Table VII). However,
the U238 capture cross-section increases strongly with decreasing energy, and it
is estimated that about 309 of all U238 capture in the core occurs in the energy
region concerned, below 3 keV.

A precise calculation of the reactivity effect of Pu?*® self-shielding was not
feasible, owing to difficulty in reading the relevant graphs in Roach’s paper to
the necessary accuracy. For groups 9—11 the result is estimated to lie within— 0.1
and —0.39%, in reactivity. Roach gives no data for higher energy groups, and the
self-shielding effect is evidently small. The sign of the reactivity change is opposite
to that for U285, since Pu?® is multiplying but U?8 is non-multiplying at the
energies concerned. To follow up this work a full multi-group diffusion-theory
calculation was performed for the same reactor using “shielded” TU?® constants
in both core and reflector, and “‘shielded’ Pu?3® constants in the core. One found
an increase of 3.49% in reactivity over the original calculation, in which “un-
shielded” constants were used. This figure is consistent with the above results,
but is not directly comparable since it will include the contribution from the
reflector, as well as taking up any errors due to the use of perturbation theory.

It is concluded that resonance self-shielding may be very significant in dilute
fast reactors, and should be taken into account in calculations where high accuracy
in predicting critical size is attempted.

3.4. DOPPLER TEMPERATURE COEFFICIENTS

Early work [8, 9] on the calculation of Doppler effects in fast reactors was
mainly concerned with neutron energies of 100 keV and above. In the case of
dilute fast breeder reactors, however, there is reason to expect the major Doppler
effect to come from the low-energy part of the spectrum [10], where the fissile
and fertile materials have strong resonances.

In this section a brief account is given of approximate calculations of the
U2 and Pu?®® Doppler temperature coefficients for the reactor described in

24
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section 3.2. The energy range covered by groups 7—10 was considered, namely
0.03—17 keV. The resonances of both materials were treated as s-wave, discrete,
and unresolved, i.e. mean values of the resonance widths are assumed, together
with some law for the statistical distribution about the mean values. The correction
due to overlapping of the Pu?3° resonances, especially at the higher energies, is
not discussed.

A first approximation to the temperature-dependent group cross-sections can
be obtained by averaging over many resonances in the neighbourhood of some

representative energy for each group, £ say. For the numerical calculations E
has been chosen arbitrarily to be the median energy of a group. Following the
discussion of ref. [8] we obtain the following approximate expression for the tem-
perature-dependent group capture cross-section:

S = g5, p),

o (4.1)
with J (£, B) = fsv/(sv + pdz.
0

¥ =the standard Doppler-broadened Breit-Wigner resonance profile.
2 y=total non-resonant core cross-section.
I'c=resonance capture width.
I'=resonance total width.
S=mean spacing of resonances.
E=T4. .
A=2(EkT|A)", the Doppler width,
where T'=absolute temperature;
k=the Boltzmann constant;
A =mass number of absorber nucleus.
B=2tn/Noy,
where N =number of absorbing nuclei per cm?;
oo=7peak total resonance cross-section.

A similar expression for the group fission cross-section for Pu2?, Xt (T) is
obtained by replacing I by [t in (4.1).

The expression (4.1) has been derived by assuming that all resonances in the
neighbourhood of the energy point concerned, E=E, have the same widths I
and I,. If one assumes I constant, as is usually done, but allows I to have a
statistical distribution about its mean, then J (&, ) should be averaged over this
distribution. Likewise, in evaluating 2t (7') the term I's J (&, B) should be averaged
with respect to the distributions for I and I%.

Finally, when 2. (T') and X% (7') (for Pu??®) have been evaluated at two selected
temperatures 7', and 7T, the mean Doppler temperature coefficient over this
temperature range can be estimated from multi-group perturbation theory. In
the case of U8, for example, the contribution to the Doppler coefficient from
group 4, a mean value over the range 7', and 7', will be of the form

. ZNTo [T (5:8) — (J (&1, 8
d@:(pi(pi*' tlg [< (2%2_(1’1(1 )>] (42)

Here ¢, and ¢i* are suitably normalized and averaged values of the neutron
flux and adjoint functions for group 4 in the reactor core. &, and &, are the values
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of £ at T, and T,; d¢ has to be evaluated and summed over all energy groups ¢
of interest. In the case of Pu?®® the equation for d¢ will have another term repre-
senting the contribution of resonance fission. The brackets < > denote an
average over the distribution of resonance widths.

Preliminary numerical results for U%8 in the temperature range 300—1800 °K.
can be fitted approximately by the formula

d=—2.6 (T,|T) x 10-5/°C,

where d is the Doppler temperature coefficient and 7',=300 °K. This result is
based upon mean resonance parameters and includes contributions from groups
7-—10, i.e. 0.03—17 keV. About 85%, of the coefficient comes from below 3 keV.
A rough calculation based on the Porter-Thomas distribution suggests that allow-
ance for the fluctuation of the neutron width about its mean value Would reduce
the coefficient by some 259%, giving

d=—2.0 X (T,/T) x 10-5/°C.

Using data from [10], which includes p-wave as well as s-wave effects, the con-
tribution to the coefficient from groups 5 and 6, (17—400 keV), is estimated
crudely to be an order of magnitude less than the contribution from below 17 keV.

Preliminary estimates suggest that the positive Pu??® Doppler coefficient is ap-
proximately 10—3/°C. The result depends sensitively on the assumed values of the
unresolved resonance parameters, which are not known accurately, and accord-
ingly the estimate is not to be considered very reliable.

In conclusion, the work done so far indicates the possibility that very dilute
fast reactors may have Doppler temperature coefficients of the order of 10-3/°C,
which would be important from the point of view of stability and control. It is
considered, however, unlikely that present nuclear data and mathematical tech-
niques are adequate to enable these coefficients to be estimated reliably. Their
magnitude will depend strongly on the very-low-energy part of the neutron
spectrum in the reactor, and refinements of existing multi-group methods and
constants will probably be necessary to predict this spectrum accurately.
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Abstract — Résumé — Ammoramms — Resumen

The physics aspects of a coupled fast-thermal steam superheating reactor. Physics
calculations were performed on a light-water version of the coupled steam superheater
using 13-group, one-dimensional and 4-group, two-dimensional diffusion theory in
cylindrical geometry. The 13-group cross-sections were obtained using an iterative
procedure employing fundamental mode flux results. The 4-group cross-sections
were obtained by collapsing the 13-group set using the appropriate spectra from the
results of a 13-group, one-dimensional calculation.

In the steam-cooled zones, the regional cross-sections were obtained by simple
homogenization. In the water zones, special attention was given to heterogeneity
when obtaining appropriate regional cross-sections.

A comparison of the 4-group and 13-group results is presented. The agreement
is in general good, although there is some indication that the resonance capture
considerations in the 4-group calculations need to be refined.

The calculated initial breeding ratio is 1.4, a value typical of previously studied
fast and coupled systems, and comparable with the value obtained for the heavy-
water version of the system. This large breeding ratio is realized because of the small
water density and large power fraction in the fast core, and because of the large fuel
density in the thermal zones.

Calculations of the prompt-neutron lifetime, division of reactivity, and coupling
parameters are discussed. In addition, reactivity coefficients for water addition
in the fast and thermal regions are presented. These coefficients are of particular
significance to the safety of the concept.

Physique d’un réacteur a couplage neutrons rapides neutrons thermiques et & vapeur
surchauffée. Les calculs de physique effectués sur une variante & eau ordinaire du
réacteur couplé a vapeur surchauffée utilisaient une théorie de la diffusion & 13 groupes
et une dimension et une théorie a4 4 groupes et deux dimensions, en géométrie
cylindrique. Les sections efficaces pour 13 groupes ont été obtenues par itération
& partir des résultats des flux de modes fondamentaux. Les sections efficaces pour
4 groupes ont été obtenues par réduction du systéme & 13 groupes en utilisant le
spectre approprié, & partir des résultats du calcul & 13 groupes et & une dimension.

Dans les zones refroidies par la vapeur, les sections efficaces régionales ont été
obtenues par simple homogénéisation. Dans les zones & eau, les auteurs ont avant
tout tenu compte de I’hétérogénéité dans la détermination des sections efficaces
régionales convenables.

On présente la comparaison entre les résultats des calculs & 4 groupes et ceux
des calculs & 13 groupes. Ils concordent en général assez bien, mais il faudrait, semble-
t-il, dans les calculs & 4 groupes, étudier la capture de résonance de fagon plus
approfondie.

Le taux initial de régénération donné par le calcul est de 1,4, ce qui est une valeur
typique pour les réacteurs & neutrons rapides et les réacteurs couplés précédemment

* Work performed under the auspices of the United States Atomic Energy Com-
mission.
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étudiés; elle se rapproche de la valeur obtenue pour la variante & eau lourde du réacteur.
Ce taux élevé est di & la faible densité de ’eau et & 'importante fraction de la puissance
dans le coeur & neutrons rapides et & la densité élevée du combustible dans les zones
thermiques.

Les auteurs examinent les calculs portant sur le temps de vie des neutrons
instantanés, sur le partage de la réactivité et sur les paramétres de couplage. Ils
présentent également les coefficients de réactivité obtenus lorsque on introduit
de ’eau dans la région des neutrons rapides et dans la région thermique. Ces coefficients
jouent un réle trés important dans les études théoriques de la sécurité.

DHINYECKHE ACMEKTHI OLICTPOTENIOBOFO PEAKTOpa C meperpeBoM mapa. Ou3MueCKue pacueThl
MPOU3BOAMIINCE HA JIETKOBOJHOM BAPHAHTe OBICTPOTEINIOBOIO DEAKTOPA ¢ MeperpeBOM Ilapa
€ MCTOJIb30BaKHMeM 13-TpynnoBoii 0AHOpa3MepHOi M 4-TPYNMOBOi AByXpasmMepHol auddy3HoH-
HOH TeOpUM B IMIMHAPHYECKOi reomeTpr. CeueHus A 13 rpynm ObUIM NOJyYeRbl, HCHONB3YS
WUTEpalNIO C IpUMeHeHueM GyHOAMEHTANbHbIX pe3yJbTaTOB pacnpeneneHus motoka. CeyeHus
NS 4 TpyIn NOAYYalMCh IyTeM pa3Jioxkenuss 13-TpynnoBoif CHCTEMBI, MCIONB3YS COOTBET-
CTBYIOIIHE CHEKTPHI OT PE3yNbTaTOB 13-TPYyNmoOBOrO OMHOPA3MEPHOIO BEIYHCCHMS.

B 30Hax oxnaxeHus napa peruoHaJIbHbIC CeYeHHs TI0IyYanuch IIOCPEACTBOM NPOCTOH roMo-
rennsalmyu. B BogHbIX 30Hax 0co60e BHUMaHWe 0GpaIanoch Ha T€TePOreHHOCTh IS MOJIyYeHUs
COOTBETCTBYIOLIMX PErMOHATBHBIX CEYCHMIA.

B noxnane OymeT naHo cpaBHeHHe 4-TpynmoBbIX M 13-rpynmosbix pedynsTaToB. OHM, KaK
OpaBuUIlo, XOPOIIO COIJIACYIOTCA IPYT C ZIPYrOoM, XOTS, KaK Kaxercs, HeoOXOAMMO YTOMHHTH
cooDOpakeHusT IO PEe30HAHCHOMY 3aXBaTy B 4-IDYIIOBBIX BBIYHC/ICHHSX.

BrlunClIeHHBIH HavanbHbIH k03ddHIMEHT BOCIpOM3BOACTBA paBHseTcs 1,4, uTO sBAsETCA
3HAYEeHMEM, TOYHbIM IUIs paHee M3yYaBIINXCS ObICTPBIX ¥ GBLICTPOTEIIIOBBIX CHCTEM M CPABHHMbIM
C TSDKEIOBOOHBIM BapMaHTOM 3TO#l CHCTEMEI. DTOT BBICOKHI KOIGPUUMEHT BOCTIPOUIBOACTBA
mocTuraeTcs Guiarojaps HH3KOH IJIOTHOCTH BOABL M GONIBLION NOJIE SHEPTHMH, BHIIEIAEMO B
,OBICTPOI“ aKTHBHOM 30He, ¥ 61aronapst BHICOKON IUIOTHOCTM TOIUIMBA B TEMJOBBIX 30HAaX.

B noknage 6ynyr oOCYXIaThCs BHIMMCIICHUST BPEMEHH XH3HM MCHOBEHHBLIX HEHTPOHOB, pac-
MpenesicAie PEaKTUBHOCTH M APYIHX NapaMeTPOB 3TOIO OBICTPOTEIIOBOTO peakTopa. Kpome
TOro, 6yneT cooSIUEeHO O BIUAHUM Ha KO3 dHIMEHTHI peak THBHOCTH 100aBIIeHMs BOABI B 06nacTsax
OBICTPBIX M TEIUIOBBIX HEHTPOHOB. JTH XK03pduumeHTs MMEIOT 0coboe 3HaveHme ans Geszonac-
HOCTH CHCTEMBI.

Fisica de un reactor con acoplamiento riapido-térmico para la produccién de vapor
sobre calentado. Los autores han efectuado un estudio de la fisica de una variante,
que funciona con agua ligera, del reactor con acoplamiento rapido-térmico para la
-produceién de vapor sobrecalentado; para ello han utilizado una teoria de difusién
unidimensional de 13 grupos y una teoria bidimensional de 4 grupos en geometria
cilindrica. Las secciones eficaces para los 13 grupos se calcularon por iteracién a partir
de los resultados de los flujos de los modos fundamentales. Las secciones eficaces
para los 4 grupos se obtuvieron por reduccién del conjunto de 13 grupos, para lo
que se emplearon los espectros apropiados, obtenidos para los célculos segin la teoria
unidimensional de 13 grupos.

En las zonas refrigeradas por vapor, los autores calcularon las secciones eficaces
regionales por simple homogeneizacién. En las zonas refrigeradas por agua, tuvieron
debidamente en cuenta la heterogeneidad para determinar las secciones eficaces
regionales. ) .

Los autores comparan los resultados del método de los 4 grupos con los del método
de los 13 grupos. Por lo general, dichos resultados concuerdan satisfactoriamente,
aunque parece que para los calculos de 4 grupos convendria estudiar en forma minuciosa
la captura por resonancia.

La razén inicial de reproduccién calculada es igual a 1,4, valor tipico para los
reactores de neutrones répidos y acoplados, anteriormente estudiados; este valor
es comparable al obtenido para la variante que funciona con agua pesada. Esta
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elevada razén de reproduccién se debe a la escasa densidad del agua y a la gran
concentracién de potencia en la zona de neutrones répidos, asi como a la elevada
densidad del combustible en las zonas térmicas.

Los autores discuten el célculo de la vida de los neutrones inmediatos, de la distri-
bucién de la reactividad y de los pardametros de acoplamiento. Asimismo, calculan
los coeficientes de reactividad de las regiones répida y térmica cuando aumenta
la cantidad de agua. Estos coeficientes son de especial importancia para la seguridad
del sistema.

Introduction

The coupled fast-thermal reactor concept involves coupling neutronically a fast
assembly and a thermal assembly to each other. Various such systems have been
studied in the past [1, 2]. The primary purpose of these studies has been to
determine the extent to which the coupled system may possess favourable charac-
teristics for various reactor applications. The major application considered has
been with respect to a power-breeder system. The primary potential advantages
offered by a fast-thermal power breeder are the possibilities of attaining the high
breeding gain of a fast assembly and the long neutron lifetime of a thermal
assembly.

In a system where there is a small fraction of the neutrons that have very much
longer prompt lifetimes than the others, the overall prompt-neutron lifetime will
be largely determined by these slowest neutrons as long as they are still needed
to maintain the chain reaction. This is analogous to the delayed-neutron effect,
where the neutron generation time is primarily determined by the delayed
neutrons as long as the system is below prompt critical. For this reason, the
neutron lifetime in the coupled fast-thermal system is in the range characteristic
of thermal reactors. .

To obtain a breeding gain characteristic of fast assemblies, the power must be
generated primarily in the fast part. In addition, it is necessary to shield the fast
region as much as possible from the low-energy neutron spectrum in the thermal
region. The reason for this is twofold: (a) to maintain the energy of neutrons caus-
ing fissions in Pu?39 high so as to attain a low value for the capture-to-fission ratio
(alpha), and (b) to prevent a hot spot at the edge of the fast assembly.

The esential problem in the design of the system is to obtain sufficient coupling
between the systems while at the same time introducing a barrier between the
systems which sufficiently isolates the fast system from low-energy neutrons.

The coupled fast-thermal systems that have been studied have had cylindrical
symmetry, with one of the assemblies forming an annulus surrounding the other.
Because of the high critical mass usually associated with a fast assembly, it has
usually been on the inside. The earlier investigations have been on liquid-metal-
cooled systems. The system reported on here retains the usual geometry, but uses
both water and steam as coolants. The fast core acts as a superheater and is
steam-cooled, while the thermal part is cooled by water of approximately normal
density.

The primary consideration of a Jarge breeding ratio originally led to considera-
tion of a system having D,0 for the coolant [3] because of the lower parasitic
capture as compared with H,O. The results presented in Section 1, however,
indicate that an H,0 system can be devised which has a substantial breeding
ratio. Owing to this fact, and to the greater technological problems which would



376 B. J. TOPPEL AND R. AVERY

be encountered using D,0, the concept has turned from the original D,0 system
to the present H,0 system.

The calculations reported on in Section 1 are of a preliminary survey nature.
The systems were selected on the basis of rather preliminary engineering considera-
tions. From the results of Section 1 a specific system was selected for a rather
thorough engineering conceptual design. The physics calculations reported on in
Section 2 are based on this system.

1. Preliminary survey calculations

This section describes the exploratory physics calculations, which have pre-
ceded and lead to the concept as presented in Section 2. All of the early systems
used metal fuels. The original concept assumed that all of the steam would be
produced in the thermal region of the reactor, which would, therefore, be a more
or less conventional boiling system. Because of the thermodynamics of steam, if
the thermal region were the sole source of saturated steam, it would be difficult
to achieve a system having more than about 25% of the power in the fast super-
heater. This is illustrated by a specific numerical example in Fig. 1, where the
characteristics of a boiling-superbeating system are given. The breeding ratio
attainable with such a system would not be expected to approach the values
common for all-fast-reactor systems. On the other hand, depending upon the -
extent to which auxiliary superheated steam-powered boilers were employed,
the thermal regions could be used to produce only part of the saturated steam
which is to be superheated. In particular, if the thermal region were used only as
a non-boiling pressurized water-preheater for the auxiliary boilers so that the fast
part of the system contained most of the power, breeding ratios comparable with
those of the fast liquid-metal systems might be attainable.

REFERENCE SYSTEMS

The systems examined are examples of the coupled-superheater concept which
represent the extremes discussed above. The first is one in which all the steam to
be superheated is produced in the boiling, thermal portion of the reactor. Since
for this system only about 25% of the power will be produced in the fast parts of
the reactor, this system will be designated the thermal-fast system. The second
system is one in which none of the steam is generated in the reactor. In this case,
the thermal portion of the coupled reactor will act as a pressurized water-preheater
for external boilers, and about 809% of the power will be generated in the fast
portion of the reactor. This system will be designated the fast-thermal system.

Figs. 2 and 3 show schematic drawings indicating the relative dimensions of the
thermal-fast and fast-thermal coupled steam superheaters, respectively. Only
heavy water for the coolant has been examined for the case of the thermal-fast
system. The fast-thermal concept, on the other hand, has been investigated both
for heavy-water and light-water coolants. In the light-water case, the radial
thickness of region 4 in Fig. 3 is only about half as great as in the heavy-water
case. The relative dimensions shown in Fig. 3 are as used in the heavy-water
studies. For purposes of comparison, a prototype, all-fast sodium-cooled reference
system has also been examined. This system is shown schematically in Fig. 4.

In the thermal-fast concept, since only about 259, of the power will be generated
in the fast part of the system, the thermal portion must be highly reactive; one
requires a large k__ for the thermal system. For this reason, regions 4 and 5 (Fig. 2)
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contain clusters of fuel. This clustering increases the resonance-escape probability
as compared with a non-clustered fuel arrangement. In the case of the fast-thermal
system, on the other hand, since the thermal part of the system need not be highly
reactive, non-clustered fuel arrangements may be used. The fuel cluster arrange-
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Schematicldrawing of thermal-fast coupled steam superheater.
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Schematic drawing of fast-thermal coupled steam superheater.
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Fig. 5
Fuel cluster used in thermal-fast steam superheater.

ment assumed for the thermal-fast concept is shown in Fig. 5. The cluster consists
of 55 zirconium-clad uranium pins located within a double zirconium shroud. The
dimensions of the cluster are given in Table I. The clusters contain natural uranium

TaBrLe 1 '
FUEL CLUSTER USED IN THE THERMAL-FAST STEAM SUPERHEATER
(centimeters)
Radius of natural-
uranium pin . 0.1588
Thickness of zirconium
clad 0.0254
Triangular pitch of pins 0.6223
Inner shroud, ID 4.953
Inner shroud, OD - 5.055
Outer shroud, ID 5.258
Outer shroud, OD 5.461
TasrEe IT )
COMPOSITION OF VARIOUS REGIONS OF THERMAL-FAST D,0 COUPLED STEAM
SUPERHEATER
Volume fractions
Region
Puwe | ums | Uum | Fe zr | D,0*
Core 0.0447 | 0.4553 0 0.15 0 0.0084
Inner blanket 0 0.4966 | 0.0036 0 0.1729 | 0.1559
Water annulus 0 0.0461 0.0003 0 0.0427 0.8362
Water blanket 0 0.0463 | 0.0001 0 0.0427 | 0.8362
Inner blanket
reflector 0 0.4990 0.0010 0 0.1729 0.1559
Core blanket 0 0.4990 | 0.0010 0.15 0 0.0084

* Equivalent amount of D,0 at 100°C.
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TaBrE 11T

COMPOSITION OF VARIOUS REGIONS OF FAST-THERMAL D,0 COUPLED
STEAM SUPERHEATER

Volume fractions
Region

Pa2ee l 28 ‘ yss ‘ Fe | 7r | D,0* )
Core 0.0531 0.4469 0 0.15 0 0.0114
Core blanket 0 0.4990 0.0010 0.15 0 0.0114
Water annulus 0 0.0993 0.0007 0 0.0102 0.8898
‘Water blanket 0 0.0998 0.0002 0 0.0102 0.8898 ’
* Equivalent amount of D,O at 300 °C.

TaBrLE IV

COMPOSITION OF VARIOUS REGIONS OF FAST-THERMAL H,0 COUPLED
STEAM SUPERHEATER

Volume fractions
Region
PUZQ 9 U235 | U235 I Fe l Zr | H 20 *
|
Core 0.0487 0.4513 0 0.15 0 0.0114
Core blanket, 0 0.4990 0.0010 0.15 0 0.0114
Water annulus 0 0.19856 | 0.00144 0 0.02048 | 0.77952
Water blanket 0 0.7984 0.0016 0 0.08192 | 0.11808
* Equivalent amount of H,0 at 300 °C.
TasrLe V
COMPOSITION OF REGIONS OF ALL-FAST REFERENCE SYSTEM
1 Volume fractions
| Region
P\1239 | . UZSB U235 ’ Fe NE*
Core 0.0460 ll 0.4540 0 0.15 0.35
Blanket 0 ] 0.4990 0.0010 0.15 0.35
|
]
* At 480 °C.

in region 4 and depleted uranium in region 5 (Fig. 2). The uranium, zirconium
clad, and boiling D,0 are at a temperature of 300°C. The non-boiling D,0 and
zirconium shrouds are at a temperature of 100°C. (The region between the
shrouds contains non-boiling D,0.) In the case of the boiling D,0, steam voids
were taken into account by assuming the density to be 0.65 times that of non-
boiling D,0 at 300 °C.

The compositions of the various regions for the reference systems are given
in Tables IT through V. Tables I1I and IV correspond, respectively, to heavy-
and light-water versions for the fast-thermal concept. Table II corresponds to
Fig. 2, Tables IIT and IV to Fig. 3, and Table V to Fig. 4.



A COUPLED FAST-THERMAL STEAM SUPERHEATING REACTOR 381

CALCULATIONAL PROCEDURES

General

Calculations were made using 4-group diffusion theory, both in one- and two-
dimensional (r—z) geometry. The one-dimensional (1D) calculations [4] assumed
a bare axial height which includes a reflector savings of 15 cm on each end. The
two-dimensional (2D) problems were studied using the PDQ code [5].

In the fast parts of the system (in general the steam-cooled regions), the regional
cross-sections were obtained by a simple homogenization of the basic cross-section
set, (Table VI). This procedure is valid because of the hardness of the spectrum in
the steam-cooled zones. In the water zones, special attention was given to cal-
culation of the resonance-escape probability and, in the case of clustered elements,
to calculation of fast-effect and thermal-disadvantage factors. In the case of the
non-clustered lattices in the water regions of the fast-thermal systems, thermal
cross-sections were obtained by simple homogenization.

The 4-group equations which are solved are written as:

D, V2, — 2oy, +,8=0

Dy V2 @y— Lag @y + L1sp 91 +B:5=0 (1)
Dy V2 @y— Lag@ps+ 2553 p.=0

DyV2py— Zagps + 2554 p3=0

where

4
S =ZVJ 2t (2)

i=1

The D; are the group diffusion coefficients and are given by (32%;,)~! where the
2}y are the group transport cross-sections. The Xy, are the total group removal
cross-sections and the 2; ;1 are the group transfer cross-sections. The f;
give the fraction of the fission neutrons born into group . We note that neutrons
are assumed to be born only in groups 1 and 2 /5’1—%-52_1

In the water regions, the resonance-escape probability, p, is taken into account
by assuming p2az=25_,,, so that in the fourth equation 2, , is replaced by the
value of pla,.

In the case of the clustered elements, all the thermal cross-sections were ob-
tained by a spatial-flux weighting. A diffusion-theory cell calculation was used for
evaluating the thermal-disadvantage factors. As usual, the gradient of the flux
was set equal to zero at the outer boundary of the cell moderator region. The
sources in fuel and moderator regions of the cell were assumed to be proportional
to the amount of D,O present in each region. The compositions of the fuel and

moderator zones for the cell calculations used in the clustered geometries are given
in Table VII.

Resonance-escape probability

The resonance-escape probability was calculated using the expression:

p=exp{— 1\; } Lt (3)

s



Tasre VI
4-GROUP MICROSCOPIC CROSS-SECTIONS
(barns)
E Pu239 Uzas* U235 Fe
i Lower foj é s
energy K7, ég oty of v ac i aty of v oc [0/ 5j.q| otr of v o¢ |95 _sj,4| Otr o¢ % i
®
1(1.353 MeV|0.575 4.8/ 2.00/3.07| 0.06|0.9 | 4.70/0.53/2.65(0.04 |2.10 4.70, 1.30{2.65| 0.100/1.40. | 2.14|/0.00249(0.7372
2 19.12 keV |0.425 7.00 1.80{2.96 0.45/0 7.00[{0 0 0.18 |0 7.00| 1.40|2.55| 0.300(0 2.93|0.0057010.0025
3104eV 0 74.0| 41.00|2.90| 23.0 |0.01(11.01|0 0 1.037|0.0085] 56.21| 25.94|2.55(20.3 |0.0085]| 9.62/0.127 |0.0331
4 |thermal 0 [1055.3/687.40|2.90{358.3 |0 10.18|0 0 1.738[0 444.17)365.83({2.50/68.40 |0 11.22(1.800 |0
H,0 D,0 Zr B Na** _
j 107w
otr | % )"7'—>7'+1 otr ¢ “’j—»;‘-h otr % |%—sjyy  Ofr % |%ofu| Ot oe |°?'—>7' +1
1| 3.08(0 2.81 | 4.413] 0 5.393| 3.00 [0.020 |0.800 1.600 0.28210.188 | 2.00 | 0.0005 10.300 0.00412
2 110.52|0 4,04 | 7.864| 0 1.140| 7.3950.020 |0.0738 4.839 1.71410.131 | 3.885] 0.00045|0.0676] 0.0204
3 116.55]0.035| 4.14 | 8.129| O 0.537 | 7.395(0.020 10.0369| 194.52 190.25 (0.0747; 8.988| 0.0550 |0.0773] 2.267
4 |48.95(0.403| 0 11.329| 0.00132 | O 6.1390.1146|0 1971.20 |1967.51 0 3.532| 0.279 |0 28.97

* U8 a5 given was used for the all-fast reference problems. For the various superheater calculations, the group-3 values were adjusted for each problem
for the various water zones. In the steam-cooled regions, the values given in the table were used in the case of the D,0 studies. For the H,0 cases, group

3 for U8 had otr=11.23 and o¢=1.257 b.

** The sodium is at 480 °C. All other materials are at 300 °C.

Material Atomic density (atoms/cm?)
Pu?? 0.040 x 10+2¢
U2ss 0.048
U2 0.048
Fe 0.0848
H,0 0.02375
D,0 0.0234
Zr 0.0425
B 0.1499
Na 0.0220

]

G8¢
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where

v EZ i _ ! (4)

‘and the summation extends over all materials of the mixture. N is the number of
absorber atoms per cubic centimeter; &; is the average logarithmic energy loss
suffered by a neutron per collision with material 7 and 2; is the resonance group
scattering cross-section of the material ¢. The same expression was used both
for the clustered and non-clustered geometries so that resonance-disadvantage
factors are being ignored in the clustered case.

For the U2%8, the effective resonance integral, s, was evaluated using the
formula given by HELLSTRAND [6]:

7.8 S
=5 +30.2 Jf;f ) (5)

F [7] is the ratio of resonance energy flux at the rod surface to average resonance
energy flux in the rod interior. ¥ is evaluated using constants appropriate to the
resonance energy group. A 1.4-barn 1/v correction has been added to the values
obtained using Eq. (5) before inserting in Eq. (3).

For the non-clustered lattices, Sets has been evaluated following the method
of Dancorr and GInsBURG [8, 9]. The actual values for the Dancoff correction
factor, 1 — C, for two rods of radius g and separation d immersed in a medium of
mean free path A, were obtained using an approximate formula similar to that
given by Tuie [10], namely

4 . _1 0 . d ~ [4
1—C=1—"sn 17]{13[(?—-1./8)7]. (6)

The Ki, function was evaluated using recently tabulated values [11].

For the clustered geometries, the empirical method of CARLVIK and PERSHAGEN
[6, 12] was used to obtain the value of Ser for use in Eq. (5). In this case, the
interaction between the various clusters has been ignored.

TaBLe VII

COMPOSITION OF FUEL AND MODERATOR REGIONS FOR CELL CALCULATIONS
IN CLUSTERED FUEL ZONES*

Fuel region Moderator region
Material polume Material yolume
Uranium ** 0.2360 Boiling D,0 0.0372
Zirconium 0.0816 Non-boiling D,0O 0.9305
Boiling D,0 0.6824*** || Zirconium 0.0323

* Cluster pitch =10.414 em.
** Natural uranium in region 4; depleted uranium in region 5 (Fig. 2).
**¥* (.65 times this value used for homogenizing cross-sections.
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In both the non-clustered and clustered geometries, the resonance-escape prob-
abilities for the U35 and Zr were evaluated using the infinite dilution values of’
the resonance integrals [13]. For U235, the total Ios was obtained from the fission
Loty by multiplying by 1+ a, where a (=0.783) is the assumed capture-to-fission
ratio for the U2 in group 3.

The total resonance-escape probability was taken as

p=p28 X p2b X pZr, (7)

The individual materials were assumed to have group-3 capture-plus-fission cross-
sections given by (N; Ies;)/dw, where 4y is the lethargy width of group 3. N;
is the number of atoms per cubic centimeter for the isotope under consideration,
and I is the corresponding effective resonance integral. Then, the group-3-to-4
transfer cross-section is taken to be

PN Tetsi

23_>4 = ﬁp Au . (8)

The transport cross-section was taken to be
Ni Lot ~
Ztri = _A—effx +Q —‘,ux) Lsi. 9)
u

For the light-water lattices, an effective resonance integral for H,O of 0.35
barn was used. As in the clustered arrangement, the total resonance-escape pro-
bability to be used in Eq. (8) was taken as the product of the individual escape
probabilities.

Fast effect

In a homogeneous system, the fast-fission bonus will be automatically accounted
for in a multi-group calculation if values for the U?3$ fission cross-section are
included in the multi-group cross-sections. In the case of a one-group calculation,
on the other hand, the fast-fission factor ¢ may be accounted for by using a
homogeneous formula such as [14]:

E?S (vZS 1 — d28) )
e=l4 - (10)
1 — 28 ;

and including the value of ¢ in the four-factor formula (k_ =¢epfn). In Eq. (10),
T2 js the U8 fission crdss-section averaged over the fission spectrum, 2 is
the total cross-section for removing neutrons from above the U238 figsion threshold,
»28 is the average number of fission neutrons released per U?38 fission, and «?8
is the ratio of U2 captures to U238 fissions in the region above the U238 threshold.

In the case of a heterogeneous system, the geometric enhancement of £ must
be considered separately since, even though the calculations may be of a multi-

- group type, it*is still a homogeneous calculation in each region.
The fast-fission factor is commonly calculated for a heterogeneous system

using the formula [15] .
(48 — 1 — o29) ( 2 ) P
| 5 f

tr

e=1+

(11)

1— o 5t 4 2) 7t
T
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In Eq. (11), X%, is the transport cross-section for the fuel element, X, is the
elastic-scattering cross-section and is taken to be the transport cross-section
mjnus the sum of the capture-plus-fission-plus-inelastic cross-sections. The P,
and P, are first- and second-generation collision probabilities [16].

Eq. (11) was used to evaluate ¢ for the various clustered zones of the thermal-
fast D,0 system. The procedure used was to homogenize the material inside the
shrouds (Fig. 5) and consider the resulting mixture as constituting a large “fuel
rod”. P; and P, were taken to be equal and to have the value 0.28 [17]. The
cross-sections varied slightly according to the region considered, but the resulting
values of ¢ were sufficiently constant so that for all clustered zones & may be
taken to be 1.013. The value of & deduced from a 2D calculation (which was
homogeneous within each region) for region-4 (Fig. 2) was 1.007. The neutron
inventory and breeding ratio given in Tables IX and XIII are based on the
homogeneous value and hence the quoted breeding ratio slightly underestimates
the correct value.

Xenon poison effects

In the portions of the system which have an appreciable thermal flux, it is
necessary to examine the effects due to the xenon poisoning. The ratio of the
average equilibrjum xenon absorption cross-section was calculated using the
expression [18]:

e _ YTXe TXe P (12)
2% 14+ txe0Xe?

y is the fission yield of Xe'35, Tx, is the mean lifetime of Xe'35, ox, the microscopic
thermal absorption cross-section of the Xe!3%, and ¢ is the volume average
value of the thermal flux for the region under consideration. For the thermal-
fast superheater concept, @ was calculated assuming a power of 314 MW in the
boiling zone (region 4 of Fig. 2). For the fast-thermal concept, a power of 40 MW
was assumed for region 4 of Fig. 3. In the first case, ¢ was calculated to be
8.5x10¥ njem?s; for the fast-thermal system, @ was found to be 2.0 x 104
nf/em?s. Fluxes in the other thermal regions were calculated as above using a
suitable two-dimensional problem to determine the rela.t1ve thermal fluxes in
the various regions.

The influence of the xenon poisoning on the breedlng ratio was found to be
small, In partlcular the xenon captures were generally less than 49 of the
U238 captures in the same region. The change in breeding ratio expected would
be only about 0.02 for the cases examined.

REsuLTs
Flux and power distributions

The calculated radial flux distributions are shown in Figs. 6 through 9 for
the thermal-fast and fast-thermal D,0 systems, the fast-thermal H,0 system,
and the all-fast reference system. The corresponding power distributions are
given in Figs. 10 through 13. The power flattening in the fast core typical of
coupled as opposed to all-fast systems can be seen from the power distributions.
The size of the power spike at the outer edge of the fast core for the coupled
systems depends strongly upon the value of the thermal flux at that point.
In. practice, the thickness of the buffer zone would be varied to hmlt the size
of the spike. L : el

25
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Reactivity effects

The magnitude of the prompt-neutron lifetime and of the coefficients of re-
activity for water addition in the fast core and thermal regions are of direct
interest with regard to the kinetic behaviour and safety of the coupled steam
superheater concept. In addition, knowledge of the fraction of reactivity contri-
buted by the fast part of the system is important since it determines how far
the system is from being critical on the fast neutrons alone. An indication of
the reactivity due to only the fast part of the system can be obtained by cal-
culating the kst of the system when no thermal fissions are permitted. (Actually
the caloulated ket will be greater than the true value owing to distortion in the
flux distribution due to the method of calculation [2]. The correct value may, of
course, be obtained from the coupling parameters [1] of the system.)

25*
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~ Table VIIL lists the prompt-neutron lifetime, water-reactivity coefficient
for fast core and thermal annulus, and ke for the case of no thermal fissions
for the three-superheater reference systems. (The prompt lifetime was calculated



A COUPLED FAST-THERMAL STEAM SUPERHEATING REACTOR 389

TasLe VIIT
REACTIVITY CHARACTERISTICS OF REFERENCE SYSTEMS

Prompt neutron 6k/(6M) T/(%) th 1 |(kegr)
Bl | et 2 ermal |(k
System lifetime ps k M | fast core annulus eff ¥ thermal = 0
water water
Thermal-fast D,0 400* 0.009 — —
Fast-thermal D,0 4 0.011 0.032 0.978
Fast-thermal H,O 4 0.036** 0.022 0.961

* Obtained from system similar to thermal-fast 1,0 reference system but utilizing U?%3 rather
than Pu®?® in the fast core.
** Obtained from system similar to fast-thermal H,0 reference system but having the following
composition in region 4 (Fig. 3): natural uranium, 45 % ; zirconium, 4.608 % ; water, 50.392 %.
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Fig. 11
Radial power distribution for fast-thermal I),0-coupled steam superheater at midplane.

by uniform insertion of 1/v poison.) The long lifetime for the thermal-fast system
is due to the large power fraction in the thermal regions and to the fact that the
moderator is D,0. The water reactivity coefficients can be used to deduce
temperature coefficients of reactivity for the various systems. For example,
. if one assumes a constant pressure of 95 atm, for a core temperature of 448.9 °C
one obtains fast: core (0k/k)/°C (due only to water density changes) values of
—1.8x10-5, —2.2%x10-5 and —7.2x10-5 for the thermal- fast D,0, fast-
thermal D,0, and fast-thermal H,0 systems respectively.

Neutron inventories and breeding ratios

Tables IX through XII list the neutron inventories for the three coupled
systems and for the all-fast reference system. As indicated on the tables, all
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Tasre IX
NEUTRON INVENTORY FOR THERMAL-FAST D,0 COUPLED STEAM
SUPERHEATER
Region
Event* . .
Core Stainless- Inner Water Water | Remaining

steel tank | blanket annulus blanket blanket

Pu?®® fissions 0.271 — — — — —

Pu®? captures 0.075 — — — — —
U2 fissions — — 0.100 0.965 0.028 0.011
U2 captures — — 0.036 0.222 0.006 0.003
U2 fissions 0.076 — 0.022 0.011 0.0004 0.005
U8 captures 0.269 — 0.240 1.090 0.095 0.095

D,0 captures 0 — 0 0.008 0.0008 0
Zr captures — — 0.017 0.134 0.009 0.004
Fe captures 0.006 0.011 — — — 0.001

Neutrons leaking = 0.060.
* All numbers normalized to one fission neutron in the core.

TaBrLE X
NEUTRON INVENTORY FOR FAST-THERMAL D,0 COUPLED STEAM
SUPERHEATER
Region
*
Event Core Core Stainless- Water Annulus
blanket | steel tank | annulus blanket
Pu?? fissions 0.277 — — — —
Pu?® captures 0.073 — — — —
U5 figsions — 0.005 — 0.066 0.036
U2 captures — 0.002 — 0.019 0.009
U238 figsions 0.074 0.013 — 0.002 0.001
U238 captures 0.238 0.132 - 0.126 0.169
D,O captures 0 0 — 0.0001 | 0.0003
Zr captures — — — 0.0004 | 0.0007
Fe captures 0.005 0.006 0.031 — —

Neutrons leaking = 0.044.
* All numbers normalized to one fission neutron in the core.

numbers are normalized to one fission neutron in the fast core. It can be seen
that the zirconium captures for the case of the thermal-fast D,0 system represent
a serious parasitic loss. For the fast-thermal systems, the zirconium is not an
important parasitic agent, although for these cases the stainless-steel separator
is seen to have a more serious effect on the inventory than on the boiling
reference system. In all cases, the number of neutrons leaking from the system
could be reduced by increasing blanket thicknesses.

Table XIII compares the various references systems. The fast-thermal D,0O
and H,O systems are seen to have similar breeding ratios; the greater parasitic
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Fig. 12

Radial power distribution for fast-thermal H,0-coupled steam superheater at midplane.

loss of the H,0 as compared with the D,0.is compensated by the smaller leakage
in the H,O system.

CONOLUSIONS ON PRELIMINARY CALCULATIONS

4

Although the systems considered in these survey studies have not been opti-
mized, the results obtained indicate that it should be possible to achieve a large
breeding ratio for a coupled fast-thermal reactor using as coolants either light
or heavy water in the thermal regions and light or heavy water steam in the fast
regions. The large breeding ratio can be realized because of the small water
density in the fast core and large fast-power fraction.
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Radial power distribution for all-fast sodium-cooled reference system at midplane.

Tasre XI
NEUTRON INVENTORY FOR FAST-THERMAL H,0 REFERENCE SYSTEM
|
Region
Event*
Core Core Stainless- Water Annulus
blanket |steel tank | annulus blanket
Pu?3® fissions 0.269 — — — —
Pu??® captures ’ 0.077 — — — —
U2 figsions — 0.006 —_— 0.107 0.022
U2% captures — 0.002 — 0.025 0.008
U2 figsions 0.076 0.016 — 0.008 0.019
U8 captures . 0.234 0.123 — 0.137 0.231
H,0 captures ’ 0 0 — 0.032 0.0009
Zr captures — — — 0.0006 | 0.001
Fe captures 0.005 0.007 0.038 — —

Neutrons leaking = 0.004.
* All numbers normalized to one fission neutron in”the core.
*

The breeding ratio in the light-water system is not appreciably different
from that of a corresponding heavy-water system, because the smaller neutron
leakage: in the light-water system compensates for the greater parasitic loss.
The parasitic loss in the external region of the light-water system is minimized
by the use of a high fuel density.
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TasrLe XII
NEUTRON INVENTORY FOR ALL-FAST REFERENCE SYSTEM
Region . Region
Event* Event*

Core Blanket Core Blanket
Pu??? fissions 0.273 — U238 figsions 0.077 0.018
Pu?% captures 0.070 — U238 captures 0.281 0.305
U235 fissions — 0.006 | Na captures 0.0004 i 0.0007
U5 captures — 0.002 | Fe captures 0.006 0.007

Neutrons leaking = 0.030.
* All numbers normalized to one fission neutron in the core.

TasrLe XIIT
COMPARISON OF SUPERHEATERS AND THE FAST REFERENCE SYSTEM
Fraction
Core Critical : Initial
System volume mass Oigggs;{ n ll\{:i?{ti:‘;ognf breeding
)] (kg) fissions ratio* *
Thermal-fast
D,0 superheater 402 285 0.669 0.060 1.07
Fast-thermal .
D,O0 superheater 326 275 0.200 0.044 1.53
Fast-thermal .
H,0 superheater 326 251 0.230 0.004 1.52
All-fast reference 402 293 0 0.030 1.71

* Normalized to one fission neutron in the core.
** Not counting U?*® burned in depleted uraniom.

2. Physics analysis of a econceptual design
REFERENCE SYSTEM

Fig. 14 shows a schematic drawing of a system based on engineering con-
siderations so that the dimensions and compositions of the various regions corres-
pond to a possible practical concept. In particular, oxide fuel is used except
in the outer thermal reflectors in contrast to the assumption of metal fuel in the
previous survey studies.

The regional compositions are given in Table XIV in terms of the volume
fractions of the various constituents. The thermal-zone fuel is assumed to be
contained in a hexagonal array of zirconium pressure tubes having an inside
diameter of 8.38 cm and an outside diameter of 9.65 cm. The interstices formed
by the tubes are filled with zirconium filler rods. The details of the thermal-
region fuel in the zirconium pressure tubes are given in Table XV.

A realistic system would presumably have a physical divider between the steam
zones and water zones (e.g. at a radial position of 40 em in Fig. 14). For the
present physics calculations, such a divider has been ignored although later
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Schematic drawing of conceptual design.

(e.g. in Tables XVIII and XIX) the estimated influence of an assumed 0.635-cm
stainless-steel divider on the breeding ratio and neutron inventory has been
included.

CALCULATIONAL PROCEDURES AND CROSS-SECTIONS

The system was examined in cylindrical geometry using 13-group, one-dimen-
sional diffusion theory and 4-group, two-dimensional diffusion theory. Previous
calculations [2] have indicated that at the axial midplane, 4-group calculations
of flux and power distributions in one and two-dimensions were in excellent
agreement, for liquid-metal-cooled coupled systems. If we assume such agreement
to carry over to the present concept, the 13-group, 1D and 4-group, 2D results
may be compared to indicate the extent to which the few-group calculation
can reproduce the many-group results.

Table XVI gives the 13-group macroscopic cross-sections. The Pu, Fe, H,0
and O cross-sections were obtained using the spectrum appropriate to the steam-
cooled oxide fast core. The U238, U235 gnd zirconium cross-sections were obtained
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Tasre XIV
REGIONAL COMPOSITIONS FOR CONCEPTUAL DESIGN
Volume fraction
Region '
Pu0, Um0, | Um0, De%"fed Fe Zr H,0**
1 0.08556 | 0.37369 | 0.00075 — 0.156 — 0.014131
2 — 0.42016 | 0.00084 —_ 0.157 —_— 0.01553
3 — 0.29456 | 0.00214 — — 0.4151t | 0.2087
4 — 0.29611 | 0.00059 — — 0.4151t | 0.2087
5 — — — 0.3715 — 0.4372tt| 0.1350
6 —_ — — 0.2967 — 0.4151t | 0.2087
7 — 0.42016 | 0.00084 — 0.157 — 0.02245
8 — — — — 0.616 — 0.014131
9 — — — — 0.156 —_ 0.014131
10 — — — — — 0.7118 | 0.2087
11 —_ — — — — 0.4151 0.2087
12 — 0.42016 | 0.00084 — 0.157 — 0.01084

* 99.89, U2s,
** Equivalent water of normal density.

1 Volume fraction of Zr in clad is 0.0878.
11 Volume fraction of Zr in clad is 0.1098.

TaBLE XV

THERMAL REGION FUEL DATA FOR CONCEPTUAL DESIGN
Region
3 4 5 6
Fuel Natural UO,| Depleted Depleted Depleted
Uo, U metal U0,

Rod outer

diameter (cm) 0.544 0.544 2.710 0.544
Clad Zirconium | Zirconium | Zirconium | Zirconium
Clad thickness (cm) 0.033 0.033 0.165 0.033
Rod pitch

(hexagonal) 0.645 0.645 2.774 0.645
Number of rods per

pressure tube 139 139 7 139
Water volume fraction inside

pressure tubes* 0.2079 0.2079 0.1342 0.2079

* Equivalent normal density water.

using 1/E weighting. The same H,0 cross-sections were used for the steam-
cooled regions and for the water zones since the “age’ to 0.4 eV calculated
using these cross-sections (34.1 cm?) is in close enough agreement with experiment
for the present conceptual study. The UO, density has been taken to be 10.2
 gfom?; the PuO, density is taken to be 10.5 g/em3,



TapLE XVI
13-GROUP MACROSCOPIC CROSS-SECTIONS

(em™)
Puzﬁsoz U2380
Fission
. Lower — —
7| encigy, my, | sBC T3] f ] 1 R
trum = v =, 35, by by by by Z e ! S, 3z, T T by T
1 1 21 1 t Lo Te gy Yot 1 1 1 1
5 | & | & | @& . | 0w | 8 | oW
shsssmev |0.575| 0.0s66| 5.2 looozs 0.5365 |0.02060.00450.0012]0.00040.0121]2.8l0.0023. 51130. 03901‘0 010200.0025]0.0009
210.4979 MoV |0.301| 0.0405 | 2.99 (0.0023 08896 0.03480.00380.0009/0.0003 0 | 0 (0.0027/0.82940.04080.00560.0014 0.0004
3(0.1832 MeV | 0.091| 0.0384 | 2.93 [0.0047 1.2737 0.03830.00260.0008 0 | 0 |0 0.00361.13010.03760.00250.0008 0
4/0.0674 MoV | 0.025| 0.0401 | 2.91 [0.0105 1.2308 [0.02160.0011 0 | 0 | 0 |0 0.00571.07440.02140.0010 0 | 0
5(0.0248 MeV | 0.006| 0.0480 | 2.9 [0.0179° 1.4125(0.0164 0 | 0 | O | 0 |0 0.00801.27960.0167 0 | 0 | 0
6/0.00912 MeV| 0.002| 0.0559 | 2.9 0.0261, 1.5523(0.0168 0 | 0 | 0 | 0 |0 0.0114134800.0171 0 ' 0 | 0
700.00335 MeV| 0 | 0.0596 | 2.9 0.0326] 1.7114!0.0174 0 | 0 | 0 | 0 |0 |0.01251.38740.0176 0 | 0 | ©
811234 oV 0 | 0.0785| 2.9 [0.0480 1.7603,0.0193 ©0 | o | 0 | 0 0 0.01371.45580.0195 0 | ©0 | 0
9 454 6V 0 | 0.1153| 2.9 00774 1.2431,0.0141 0 | 0 | 0 | 0 |0[0.01481.45580.0161 0 | ©0 | 0©
10 200 6V 0 | 01890 2.9 |0.1417 2.3824[0.0155 0 | 0 | 0 | 0 |0 (0.01601.52420.01700 0 | ©0 | 0
11l6ev 0 | 04380 2.9 |0.3504 3.9901[0.0014 0 | 0 | 0 | 0 |0 |0.03421.28480.0017 o0 | 0 | 0
12/0.4 6V 0 | 0.5275| 2.9 |0.3430 3.7874(0.00090 O | 0 | 0 | 0 |0 [0.00871.11380.0014 0 | ©0 | 0
13 thermal 0 | 15.6652| 2.9 [7.9428/ 72.05¢ | 0 | 0 | 0 | o | o0 |0loo4011.2310 0 | o | o | 0
(273.89 °C) 7 =0.0233 x 10% mol. jcm? 7 =0.0228 x 102 mol./em’
Fe H,0* Zr
> — (o] o — [a\] o ~H ® =1 — N o -
d R N S O O I AU S R
Fo | 3% 3 1 I R ) 1 1 1 R e R } 1 )
v ’ ) 3y X 3} 5y J [y 3y l X X )
| .
1 0.0002/0.54360. 0094’0 002300.000810.00100.30850.06650.0230]0.008410.00310.6011}0.0008]0.0008'0. 3828{0.0241]0. 0072‘0 002010.0006
2 0.00030.5269/0.0158/0.0027/0.0016] 0 |0.6887/0.1586(0.0528(0.0194(0.0071/0.0026/0.0017|0.0008 0.63750.0137/0.0026/0.0006/0.0002
3 10.00040.801110.0082] ©0 | 0 | O [1.0271/0.2343(0.0793/0.0292(0.0108 0.0039/0.0027/0.0008]1.02000.0106/0.0008/0.0002| 0
4 0.0007/0.87550.0096 0 | 0 | 0 [1.1389]0.3375(0.1198/0.0441|0.0162(0.00590.00350.00081.08400.0080 0 | 0 | ©
5 |0.0000 1.1194}0.0131 0 | 0 | 0 [1.4150/0.42790.1536/0.05630.0208|0.0067|0.0053/0.0008/1.02000.0075| 0 1 0 0
|
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: ‘
6(0.001 1:0.8802’0.0103 0 0 0 11.5686/0.48860.1752 0.0646‘0.021010.0160 0.0005/0. 0008]0 89250.0065 O 0 0
7,0.0005 1.8869;0.0165 0 0 10.0001{1.6742]0.5110/0.1843]0.0600,0.0458;0.0014/0.0001|0. 00080 89250 0065 O 0 0
810.0008/1.63660.01600 0 0 10.0001{1.7009/0.5405|0.1719/0.1313,0.0038;0.0004| 0O |O. 0008‘0 82880 0061 0 0 0
91(0.0014/2.3171/0.0182] 0 0 0.0001]1.7009(|0.4524 0.3379‘0.0098 0.0008 0 0 0. 00080 76500 0056 O 0 0

10(0.0022/2. 6536‘0 0209 0 0 [0.0002{1.7009/0.8396(0.0239,0.0018, 0 o] o |o 00080 89250 0080| O 0 0

11 (0.00492. 66180 0018 O 0 |0.0005|1.7343|0.1727|0.0122 0 0 0 0 |0. 00080 771780. 0017 0 0 0

12]0.0243(2.72000.0013] 0 0 ]0.0023{1.7677/0.2624| 0 0 0 0 ’ 0 |0 0010|O 777810.0013 0 0 0

1310.1556/3.1138, O 0 0 (0.0140{4.8148| @ 0 0 0 0 0 {0.00500. 7828' 0 (U 0

n =0.0848 x 10%* atoms/cm? n =0.0334 x 102* mol. /ecm?® n=10.0425 x 10% gtoms/cm?

U=E0, Depleted U

; = i = 107
j T f] %2 TS 213 =

sl s | em | BT R T a o s e T 1T T

) o ) w ) ) W o

1]/0.0299| 2.8 |0.0038] 0.5296 | 0.0317 [0.0078;0.0022(0.0007| 0.0255| 2.8 0.0019 [0.6625|0.0715/0.0214[0.0060(0.0019| 0.0045
210.0276 | 2.54 {0.0033| 0.8712 | 0.0411 |0.0056|0.0014/0.0004! 0.0001 | 2.54 | 0.0058 |0.7201|0.0437|0.0117}0.0028(0.0008| 0.0081
3(0.0322| 2.46 [0.0124 | 1.1745 | 0.0377 [0.0025/0.0008f O |0.0001| 2.46 | 0.0077 |0.9361{0.0242/0.0053/0.0016] O 0.0133
410.0391| 2.44 10.0094, 1.18350.02140.0010, © 0 10.0002) 2.44 | 0.0120 |1.2961]0.0108)0.0022] © 0 0.0219
510.0506 2.43 | 0.0152; 1.2908 | 0.0164 0 0 0 |0.0002| 2.43 | 0.0168 |1.7280/0.0047 0 0 0 0.0361
6]0.0690| 2.42 1 0.0242| 1.4288 !0.0168 0 0 0 ]0.0003| 2.42 | 0.0240 1.8723IO.0050 0 0 0 0.0596
710.1035| 2.42 | 0.0414| 1.6066 | 0.0172 0 0 0 |0.0004; 2.42 | 0.0265 |1.8729,0.0050 O 0 0 0.0982
8(0.1495| 2.42 | 0.0673| 1.8136 ; 0.0190 0 0 0 [0.0006| 2.42 | 0.0290 |2.0174|0.0054| O 0 0 0.1620
9(0.1955| 2.42 |0.0880| 2.4346 |0.0167 0 0 0 |0.0008| 2.42 | 0.0315 12.0200|0.0054] © 0 0 0.2670

10| 0.3220| 2.42 [ 0.1610| 3.1246 | 0.0178 0 0 0 10.0013| 2.42 | 0.0342 |2.1667|0.0070| 0 0 0 0.4200

11]0.9200| 2.42 [ 0.4600| 5.3326 | 0.0018 0 0 0 |0.0038] 2.42 | 0.0738 {1.6728{0.0012 0 0 0 1.3900

121 0.9200| 2.42 [ 0.4600| 5.3326 | 0.0015 0 0 0 10.0058| 2.42 | 0.0211 {1.3222/0.0013 0 0 0 4.8320

13(8.1073 ] 2.42 | 1.5017| 30.0703 | 0 0 ’ 0 0 |0.0338] 2.42 | 0.0906 |1.5533] O 0 0 0 29.4920

n=10.0230 X 102 mol. /cm? n =0.048 x 10** atoms/cm

* The calculated age to 0.4 eV is 34.1 em?.
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TasLE XVII
4-GROUP MACROSCOPIC CROSS-SECTIONS
(em—1)
. Lower Fission Fu0, U0,
! energy, spectrum .
E1, ¢ » Ze 3%t Zj>j+1 Zy I v ‘ Ze 3 Xt Zj—>j +1 -
1 1.353 MeV 0.575 0.0466 3.2 0.0028 | 0.5365 | 0.0267 | 0.0121 I 2,8 0.0023 | 0.5113 | 0.0535
2 9.12 keV 0.425 0.0425 2.93 0.0095 1.2088 | 0.0016 0 0 0.0056 1.0938 | 0.0023
3 0.4 eV 0 0.1154 2.9 0.0772 1.8645 | 0.00002 0 0 0.0182 1.3194 | 0.0004
4 thermal 0 15.6652 2.9 7.9428 |72.054 0 0 0 I 0.0401 1.2310 0
(273.89 °C) 7n=0.0233 x 102¢ mol./cm? n =0.0228 x 102 mol./cm?
U0, Feo H,0* H,O**
i
% v z, 35, | T—>i+1 Z, 3%, | Z—>i+1 s 3Zy | Z—>i+1 Z, 3%, |Zjojitl
1 0.0299 | 2.8 0.0038 | 0.5296 0.0424 | 0.0002 | 0.5436 | 0.0625 | 0.0010 | 0.3085 | 0.1021 | 0.0010 | 0.3085 | 0.1021
2 0.0404 | 2.45 | 0.0114 | 1.1503| 0.0023 | 0.0006 | 0.8019 [0.0010 0 1.0740 | 0.1317 0 1.0902 | 0.1572
3 0.5710 | 2.42 | 0.2820 | 3.8393 | 0.0004 | 0.0016 | 2.0202 {0.00003| 0.0002 | 1.6932 | 0.0067 | 0.0009 | 1.7276 | 0.0839
4 8.1073 | 2.42 | 1.5017 |30.0703 0 0.1556 | 3.1138 0 0.0140 | 4.8148 0 0.0140 | 4.8148 0
n=0.0230 x 1024 mol./cm? n=0.0848 x 10* atoms/ecm® 7 = 0.0334 X 10?4 mol.fem? |n = 0.0334 X 10%? mol.fem?
Zr Depleted U
%o 3 Zgp Zj>j +1 t v Ze 8 Ty Zisi+1
1 0.0008 0.3825 0.0340 0.0255 2.8 0.0019 0.6625 0.1008
2 0.0008 0.9152 0.0009 0.0002 2.46 0.0116 1.1954 0.0007
3 0.0009 0.8088 0.0003 0.0032 2.42 0.0396 1.7049 0.0004
4 0.0050 0.7828 0 0.0338 2.42 0.0906 1.5533 0
n = 0.0425 x 10%* atoms/cm? n = 0.048 x 10** atoms/cm?

* For use in steam regions. The calculated age to 0.4 eV is 110.4 em?.
** For use in water regions. The calculated age to 0.4 eV is 30.7 cm?,
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An iterative procedure was used for the cross-sections appropriate to the
steam-cooled oxide fast core. The assumed cross-sections were used to generate
fundamental mode fluxes which were then used to modify the original cross-
sections. The cross-sections presented in Table XVI are the result of two such
iterations.

The 4-group set given in Table XVII was obtained by collapsing the 13-group
set using the spectra given by the 13-group, 1D calculation. The spectrum in
the fast core (region 1, Fig. 14) was used to collapse the PuO, and H,0 cross-
sections. The 4-group depleted-U values were obtained using the spectrum of
the high-density, radial-thermal blanket (region 5). In the 4-group case, two
water sets were required, since the ‘“‘age” to 0.4 eV calculated for the H,O
cross-sections to be used in the steam zones (110.4 cm?) is unrealistically large
for H,0 to be used in the thermal zones. The thermal-core (region 3) spectrum
was used to obtain the H,O cross-sections for use in the thermal zones. These
cross-sections yield a calculated “age” to 0.4 eV of 30.7 ecm2.

. The U288 effective resonance integrals in the water regions were obtained
using Eq. (5) in the case of the high-density, radial thermal blanket (region 5)
and using the equation:

8, eft

I — 116 + 22.8 (13)

for the water-cooled oxide regions 3, 4, and 6. A Dancoff-Ginsburg calculation
[8, 9] was used in determining Sesr. In the steam zones, the homogeneous formula
1024 5, \0.42
Ny )

I3, — 3.8( (14)
was used, where 2 is the homogenized resonance-group-scattering cross-section,
and Ny is the number of U238 nuclei per cubic centimeter.,

In the 13-group set, group 11 was taken to be the resonance group so tha.t

fomova‘l =P Z'wau (15)

in analogy with the 4-group equivalent p X3,=2, ., given in Section 1. The
resonance-group-capture cross-sections (og;, Or ge; in the 13- and 4-group cases)
were adjusted for each region so that when combined with the other group -
capture cross-sections as

the total effective resonance integral was obtained (k is the number of groups
and Ay; the group lethargy widths). For materials other than U238, infinite
dilution resonance integrals were assumed [13]. The resonance-escape probability
was calculated using Eq. (3) and the appropriate part of the total effective
resonance integral corresponding to the resonance group (Auy; ey O dusOey
in the 13- and 4-group cases). The total p was taken, as in Section 1, to be the
product of the escape probabilities for the various materials in the region.
Diffusion-theory cell calculations in the water regions indicate a thermal-
disadvantage factor within 29, of unity. In addition, it was found that the
disadvantage factor is insensitive to the value of the cell “fuel zone’’ absorption
cross-section. Variations of the absorption cross-section by a factor of 2 resulted
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TasrLeE XVIII
SUMMARY OF CONCEPTUAL DESIGN CHARACTERISTICS

G . Critical mass Fragtion of power Neutron Initial breeding
ore volume PuO, mﬁ erma, . leakage* ratio**
8ss1ons
306.51 l 275.0 kg 0.213 ’ 0.006 ' 1.44
| .

* Normalized to one fission neutron in the fast core.

** Not counting U2 burned in depleted uranium and including the estimated effect of the stainless-
steel separator and the Xe-poisoning in the thermal core.

TasrLe XIX
NEUTRON INVENTORY FOR CONCEPTUAL DESIGN
Region
1 . Highden-
Event* Fast Radial a};gifi Stainless | Thermal 1};1:31?;1 sitfrradial T};irig;al
core buffer blankets separator|  core blankets E?:;E;ls blankets
Pu? fissions . .| 0.292 — — — - — — e
Pu®*? captures .| 0.086 — —_— — — — — —
U2 figsions .. .| 0.004 | 0.003 |0.002 — 0.067 | 0.007 | 0.024 | 0.010
U5 captures . .| 0.002 | 0.001 |0.0008 — 0.015 | 0.002 | 0.006 | 0.002
U?28 figsions .. .| 0.045 | 0.006 |0.003 — 0.008 | 0.002 | 0.008 | 0.002
U8 captures . .| 0.200 | 0.055 | 0.056 — 0.128 | 0.042 | 0.131 | 0.054
Fe captures ... 0.007 | 0.008 |0.003 |~0.019 — — — —
Zr captures. ... — — — — 0.013 | 0.004 | 0.007 | 0.003
H,0 captures .| 0.0002 | 0.0001 0 —_ 0.011 | 0.005 | 0.003 | 0.003
Region
Event* Fast grid Fast gas Thermal grid | Thermal gas
regions spaces regions spaces

Pu?? fissions ............ . — — — —
Pu®® captures ............. — — — —
U2 figsions  ......oouvnvn. = — — —
U captures. .............. — — — —
U2 fisgions .......ccovuunnn — — — —
U8B captures .. ............. — i _ _
Fecaptures ................ 0.003 0.001 — —
Zr captures ................ — — 0.001 0.0009
H,Ocaptures............... 0 0 0.0007 0.0009

Neutrons leaking = 0.006

* All numbers normalized to one fission neutron in the fast core.

in less than 0.1% change in the thermal-disadvantage factor. The thermal cross-

sections were therefore obtained by simple homogemzmg assuming a unit dis-
advantage factor.
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The calculated ratio of xenon- to U28.captures in region 3 was less than 0.03,
The initial breeding ratio quoted in Table XVIII includes the estimated effect
of the parasitic xenon captures.

The fast effect due to the geometric clustering of the pressure tubes is expect-
ed to be small, since the region between the tubes is almost all zirconium. Eq. (10)
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C '\
n CaN CONTRACTED
L 15 FOUR QROUP THIRTEEN
= A |- aroup 2-p . 8ROUP-1D LOWER ENERGY
B ﬂ 1 o ——— 1,353 MeV
A ———— 9.12 keV
OO~ o) —— 0.4 oV
~ . o THERMAL
-
A
jo! o) = O
- q
g —d
5 - g
-
k-
E e
=
-
g 100 |—
=3 -
3 F :
a,
s L
= t s
wd
o
=
5 »
)
oL
1070 —
- REGION
[ ® Q|-
‘0-2 1 [ . i L
0 20 LI 60 80 100
RADIAL POSITION, cnm
Fig. 15

4-group, 2D, and contracted 13-group, 1D radial flux distributions at midplane.
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Comparison of 4-group and 13-group power distributions at midplane.

was used to calculate ¢ for a mixture having the composition of the contents
of a pressure tube and for a mixture corresponding to homogenizing the entire
pressure-tube region. The calculated values of ¢ for the thermal core were re-
spectively 1.091 and 1.070. The correct value would be expected to lie within
these two limiting values. The value deduced from the 2D calculation for the
thermal core (region 3) was 1.083. The neutron inventory and quoted initial
breeding ratio given in Tables XVIII and XIX are based on the 2D calculation.
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Fig. 17
Axial flux distribution at central axis.

The rather tight limits on ¢ indicate that the quoted values cannot be seriously
in error owing to use of the 2D results.

The influence of an assumed 0.635-cm stainless- steel separator on the neutron
inventory was estimated using the calculated fluxes at radial position 40.0 cm
(the radial outerbound of the separator). The neutron inventory in Table XIX
includes the estimated effect of the steel-separator captures.

REsvuLTS
Static characteristics

The 13-group fluxes have been collapsed to the equivalent 4-group structure.

Thus
6 : 12

z(l’i =&, and z%’ = ;.

i=2 i=

The highest energy and thermal groups are the same in the 13- and 4-group
structure. Fig. 15 gives the calculated radial 13-groups 1D flux distributions
at the axial midplane compared with the 4-group, 2D results. The agreement
is seen to be very good except for group 3. The 4-group thermal flux at the fast
core-buffer interface is also seen to be higher than the 13-group thermal value,

26*
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Axial power distribution at central axis.

This is reflected in the much higher power spike at the core outer edge seen
in Fig. 16, which compares the power distributions for the two calculations.
The thermal (and total) power in the thermal core is also higher in the 4-group
calculation. These discrepancies may indicate that the resonance-capture con-
siderations in the 4-group calculation need to be refined. In particular, the
234 cross-section in the fast core appears to be too large, causing a depression
of @, and an increase in @,.

The calculated critical plutonium masses for the 13-group, 1D and 4-group,
2D were respectively 222 kg and 242 kg. Not all of this 9% discrepancy need
be due to inconsistencies in the cross-sections, since the assumed reflector savings
of 15 cm at each end for the 1D calculation may be in error,

Figs. 17 and 18 show respectively the 4-group, 2D axial flux and power distri-
butions at the central axis. Figs. 19 and 20 show the axial flux and power distri-
butions at a radial position of 45.0 cm which is near the centre (radially) of the
thermal core. The asymmetry seen in Figs. 17 and 18 is due to the difference
in water content in the upper and lower fast axial blankets (regions 7 and 12)
resulting from different steam conditions.

Table XVIII gives a summary of the 4-group, 2D results and Table XIX
gives the neutron inventory as calculated using the 4-group, 2D problem. As
seen in Table XIX, the water and zirconium contribute approximately equally
to the parasitic losses in the water-cooled zones.
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Axial flux distribution at 45.0 cro radial position.
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Axial power distribution at 45.0 cm radial position.

Reactivity characteristics

Table XX summarizes the reactivity characteristics of the system. The prompt-
neutron lifetime as before was calculated by uniform insertion of a 1/v poison,
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TaBLE XX
REACTIVITY CHARACTERISTICS OF CONCEPTUAL DESIGN

[

‘ metﬂpt .6Ic - okl s8M Coupling parameters
1?2::;:; T I (ﬁ) fast core water 7/ e 31::;1&1 core
(vs) krp<p | k3«38 ‘ kpes | kg
’ 4.5 0.028 0.019 0.930 | 0.257 | 0.391 [0.133

The coupling parameters [1, 2] in Table XX were obtained using a 13-group,
1D calculation with a source iterative technique [2]. This method of calculation
will of course yield only approximate values for the coupling parameters. Other
investigations {2] have indicated discrepancies in some cases of as much as
309% compared with the rigorous values which would be obtained using a 2D
calculation and adjoint-flux weighting.

The coupling parameters given in Table XX correspond to fast and thermal
fractions of reactivity [2] of respectively 0.914 and 0.086. '

CONCLUSIONS ON CONCEPTUAL DESIGN

The results given above indicate that the present concept exhibits a breeding
ratio of the order of 1.4. Some of the factors contributing to this result as men-
tioned earlier in Section 1 are the large power fraction in the fast part of the
coupled system, the small water density in the steam zones, and the relatively
small water-volume ratio in the water-moderated thermal parts of the system.

The small water density of the steam zones results in a sufficiently hard
spectrum, so that the plutonium capture-to-fission ratio (a) is still quite low.
In particular, the spatially integrated fluxes for the fast core from the 13-group
calculation yield an average plutonium-a for the fast core of 0.227. Fundamental
mode calculations have shown that steam-cooled systems having a water density
comparable to the present system yield spectra not very different from equivalent
metal-cooled systems. '

The water and zirconium captures in the water regions are rather small owing
to the small water-volume fraction as compared, say, with a conventional light-
water-moderated thermal reactor. This relatively low parasitic loss of course
contributes to the high breeding ratio.

The advantage offered by using the present arrangement (a water-moderated
thermal zone) as compared with using a solid moderator in the thermal zone [1]
is that if a power excursion occurs, the water will increase its void content and
tend to limit the excursion. This is indicated in Table XX by the thermal-core
water reactivity coefficient.

The fast-core water reactivity coefficient (Table XX) calls attention to the
necessity of considering the consequences of water addition to the portions of
the system normally occupied by the steam coolant. Further detailed studies
will be needed to verify the feasibility of start-up and shut-down performance
with particular emphasis on the hazards associated with flooding and voiding
of various regions.
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