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FOREWORD

The general technique of using neutron interactions — and in particular 
the inelastic scattering of neutrons - to study the dynamics of m atter, and 
the interatom ic forces which determine dynamics, is now well established. 
This area of physics research  is of increasing interest to developing countries 
as well as to many advanced re se a rch  centres of the world. Three in ter
national symposia have already been devoted to the subject of neutron in
elastic scattering: the first was held in Stockholm in 1957; the second and 
third were convened by the IAEA in Vienna in October 1960, and in Chalk 
R iver, Canada, in Septem ber 1962. In view of continuing and expanding 
activity in this field, the IAEA convened the present Symposium at Bombay 
from 15 to 19 Decem ber 1964 on the invitation of the Government of India 
and the Indian Atomic Energy Com m ission.

A total of 6 6  papers representing 15 countries and 1 international organi
zation were presented at Bombay. The meeting concentrated on experimental 
resu lts and interpretation ra th er than on equipment and techniques; thus 
neutron inelastic scatterin g  has "com e of age" and is indeed now fully 
established as a v e rsa tile  and powerful re s e a rc h  tool.

Gratitude is expressed to authors of papers, chairmen of sessions, and 
discussion participants for their contributions to the success of the Bombay 
Symposium.
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THEORETICAL ASPECTS OF 
PHONON DISPERSION CURVES FOR METALS

W. COCHRAN 
DEPARTMENT OF NATURAL PHILOSOPHY,

UNIVERSITY OF EDINBURGH,
SCOTLAND

Abstract — Résumé —  Аннотация — Resumen

THEORETICAL ASPECTS OF PHONON DISPERSION CURVES FOR METALS. Reasonably complete know
ledge of the phonon dispersion curves for at least a dozen metallic elements and intermetallic compounds 
has now been obtained from neutron inelastic scattering experiments. The results have one feature in common: 
when analysed in terms of interatomic force constants they reveal the presence of comparatively long-range 
forces extending over several atomic spacings. The results for lead are particularly interesting; it did not 
prove possible to fit them by a force-constant model, but the dispersion curves for wave vectors in symmetry 
directions when analysed in terms of force constants between planes of atoms showed an oscillatory interatomic 
potential extending over distances of more than 20 Â.

This review is concerned with recent theoretical work which has a bearing on the calculation of phonon 
dispersion curves for metals and the explanation of the long range of the interatomic potential. The best 
hope at present for a general treatment of atomic interaction in metals appears to lie in the "method of neutral 
pseudo-atoms", (a description recently coined by Ziman). This approximate theory is outlined and its 
relevance to Kohn anomalies in phonon dispersion curves is discussed. Experimental data for sodium is con* 
sistent with the theory, aad the interatomic potential in sodium varies periodically in a distance тг/кр, where 
fikp is the Fermi momentum, as has already been demonstrated by Koenig in a different way. More exact 
calculations have been made for sodium by Toya and by Sham. The relationship between the different methods 
and other work of a more general character such as that of Harrison are discussed.

ASPECTS THÉORIQUES DES COURBES DE DISPERSION DES PHONONS POUR LES METAUX. A la suite 
d'expériences de dispersion inélastique des neutrons, on a maintenant une connaissance assez complète des 
courbes de dispersion des phonons pour une douzaine de métaux et de composés intermétalliques au moins. 
Les résultats présentent le caractère commun suivant: si on les analyse en fonction des constantes de forces 
interatomiques, ils révèlent la présence de forces de portée relativement longue (plusieurs espaces atomiques). 
Les résultats relatifs au plomb sont particulièrement intéressants; il n'a pas été possible de les ajuster au 
moyen d’un modèle de constantes de forces, mais les courbes de dispersion pour les vecteurs d*ondes dans 
des directions de symétrie, analysées en fonction des constantes de forces entre plans d'atomes, accusent 
un potentiel interatomique oscillatoire qui s’étend sur des distances de plus de 20 Â.

L'auteur fait le point des travaux théoriques récents qui ont des incidences sur le calcul des courbes 
de dispersion des phonons pour des métaux, et tente d'expliquer la longue portée du potentiel interatomique. 
Il semble qu’actuellement ce soit la «méthode des pseudo-atomes neutres» (expression forgée récemment 
par Ziman) qui offre les meilleures chances de permettre un traitement général de l’interaction atomique dans 
des métaux. L'auteur donne un aperçu de cette théorie et discute son importance du point de vue des anomalies 
de Kohn dans les courbes de dispersion des phonons. Les données expérimentales pour le sodium sont en accord 
avec cette théorie et le potentiel interatomique dans le sodium varie périodiquement sur une distance тг/кр, 
hkp étant le moment de Fermi, ainsi que Koenig l’avait déjà démontré d’une autre façon. Des calculs plus 
exacts ont été effectués pour le sodium par Toya et par Sham. Le mémoire examine les relations entre les 
différentes méthodes, ainsi que d'autres travaux d’un caractère plus général, tels que ceux d’Harrison.

ТЕОРЕТИЧЕСКИЕ АСПЕКТЫ ФОНОННЫХ ДИСПЕРСИОННЫХ КРИВЫХ ДЛЯ МЕТАЛ
ЛОВ. В настоящее время в результате экспериментов по неупругому рассеянию нейтронов 
довольно полно изучены фононные дисперсионные кривые по крайней мере для дюжины метал
лических элементов и интерметаллических соединений. Результаты имеют одну общую осо- 
оенность: анализ их с точки зрения констант межатомных сил показывает наличие довольно

3



4 W. COCHRAN

дальнодействующих сил, простирающихся на несколько межатомных расстояний. Особый 
интерес представляют результаты по свинцу: оказалось невозможным подогнать их на основе 
модели константы силы, однако дисперсионные кривые для волновых векторов в симметричных 
направлениях, если анализировать их с точки зрения констант силы между плоскостями ато
мов, показывают наличие колебательного межатомного потенциала, простирающегося на рас
стояния, превышавшие 20А.

Настоящий обзор посвящен последним теоретическим работам, имеющим отношение к 
расчету фононных дисперсионных кривых для металлов и объяснению дальнего действия меж
атомного потенциала. В настоящее время наиболее обнадеживающим методом общей трактов
ки взаимодействия атомов в металлах представляется "метод нейтральных псевдоатомов", 
который был недавно описан Зиманом. Кратко изложена эта приближенная теория и рас
смотрен вопрос о ее справедливости для аномалий Кона в фононных дисперсионных кривых. 
Экспериментальные данные по натрию согласуются с теорией, и межатомный потенциал в 
натрии периодически меняется на расстоянии я*/кР(где hkF -  момент Ферми), как было уже 
доказано иным путем Кенигом. Более точные расчеты по натрию произвели Тойя и Схам. 
Рассматривается связь между различными методами и другими работами более общего ха
рактера, например, работой Харрисона.

ASPECTOS TEÓRICOS DE LAS CURVAS DE DISPERSIÓN FONÓNICA EN METALES. Los experimentos 
de dispersión inelástica de neutrones han permitido acopiar datos bastadte completos sobre las curvas de dis
persión fonónica correspondientes a una docena, por lo menos, de elementos metálicos y de compuestos inter
metálicos. Los resultados presentan una característica común: analizados en función de las constantes de 
fuerzas interatómicas, manifiestan la presencia de fuerzas de alcance relativamente grande, que se extienden 
a varios espacios interatómicos. Los resultados relativos al plomo son particularmente interesantes; no fue 
posible ajustarlos a un modelo de constantes de fuerza, pero las curvas de dispersión de los vectores de onda 
en las direcciones de simetría, analizadas en función de las constantes de fuerza entre planos atómicos, revelan 
la existencia de un potencial interatómico de carácter oscilatorio que se extiende a distancias superiores a 20 À.

La memoria trata de trabajos teóricos recientes, relacionados con el cálculo de las curvas de dispersión 
fonónica en metales y con la explicación del largo alcance del potencial interatómico. En la actualidad, 
el método más prometedor para abordar con criterio general la interacción atómica en los metales parece ser 
el de los «pseudoátomos neutros » ,  denominación recientemente acuñada por Ziman. Se exponen los 
principios de esta teoría de Aproximación y se examina su relación con las anomalías de Kohn en las curvas 
de dispersión fonónica. En el caso del sodio, los valores experimentales concuerdan con los datos teóricos, 
y el potencial interatómico varía periódicamente en la distancia тг/kp, donde hkp es el momento de Fermi, 
como ha demostrado Koenig por un procedimiento diferente. Toya y Sham han realizado cálculos más exactos 
para el sodio; se examinan las relaciones existentes entre los diferentes métodos y otros trabajos de índole 
más general, tales como los de Harrison.

1. INTRODUCTION

Through the use of the technique of neutron inelastic scattering, phonon 
dispersion curves have been established with reasonable accu racy  for alu
minium [1 ,2 , 3 ,4 ] , copper [5, 6 ], iron [7], magnesium [ 8 , 9], beryllium [10], 
lead [11], sodium [12], zinc [13], niobium [14], tungsten [15], tantalum [16], 
molybdenum [17], nickel [18] and /3-b ra ss  (copper zinc) [19]. Included in 
m ost of these papers is an analysis of the experim ental results in term s of 
a fo rce  constant model, usually with general Born-von Kármán fo rce con
stants, but in some instances imposing the condition of axial symmetry [2 0 ]. 
(The la tte r condition m eans that the fo rce s  a re  cen tral fo rces  between the 
atom s, supplemented by surface fo rces which do not appear in the equations 
for the lattice dynamics of the crystal but which must be invoked to maintain 
equilibrium of the sy stem , unless the e lastic  constants are  to satisfy the 
Cauchy relations. This is a point to which we shall return later). The r e 
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suits have one feature in common, force constants connect atoms which are  
relatively  widely separated in the cry s ta l. The resu lts  for lead [11] a re  
particularly interesting; it did not prove possible to fit them by a force con
stant model, büt the dispersion curves for wave vectors in symmetry d irec
tions when analysed in te rm s  of fo rce  constants between planes of atom s  
showed an interatom ic potential which varied periodically and extended over 
a distance of m ore than 2 0  Â.

E arly  theoretical work, such as that of FINE [21] and of LEIGHTON [22], 
who attempted to derive the frequency distribution of the norm al modes and 
hence the specific heat of metals on the basis of interactions between nearest 
and next nearest atoms turns out therefore to have been misdirected. Some
what la ter attem pts w ere made, for example by BHATIA [23], to calculate  
the dispersion curves by including the effect of the conduction electrons as 
a com pressible gas. This approach has been reviewed by de LAUNAY [24]. 
The m ost successful theory of this type is that of SHARMA and JOSHI [25].

Turning now to papers in which the dispersion cu rv es a re  calculated  
from  something m ore nearly approaching first principles, the earliest such 
attem pt was that of FUCHS [26] who considered shearing deform ations of 
a cry s ta l of sodium in which the volume is unchanged. The corresponding  
elastic constants are  C44 and î(C n  - C12). Point ions w ere considered to be 
im m ersed in a uniform background of negative charge, and it was assumed  
that the energy change in the type of displacement considered comes entirely 
from  the change in electrostatic energy of the ions, which can be evaluated 
by the Ewald method. The fact that the volume is unchanged is not in itself 
sufficient to justify excluding the electrons from  consideration, but Fuchs' 
resu lts  a re  in fact confirm ed by the m ore recen t work of TOYA [27] and 
others and are  in good agreement with experimental results for sodium [ 1 2 ]. 
This of course amounts only to a calculation of two tran sv erse  branches of 
the phonon dispersion curve for wave vector cf->0. CLARK [28] extended  
Fuchs' calculation to all values of q* in the directions [100], [110] and [1111, 
still treating the problem as an electro sta tic one in which point ions move 
in a uniform distribution of negative charge which does not respond to their 
motion. F a irly  plausible results w ere obtained for tran sv erse  modes, but 
the longitudinal mode had the c h a ra c te ris tic s  of an optic branch in that it 
approached a finite frequency (Jl(0) for cf->0. This (circu lar) frequency is 
given by

M ° > > 2 = W  * (1.1)

where v is the unit cell volume, containing an ion of m ass M and charge e, 
and a uniform distribution of charge -e .  In fact (¿l(0) is just the plasm a  
frequency of the ions. This non-physical resu lt is not obtained when the 
electrons are  allowed to adjust to the motion of the ions and screen  out the 
Coulomb interaction of the la tte r , as had already been shown by BARDEEN 
and PINES [29] fo r exam ple. T heir paper was p rim arily  concerned with 
the effect of screening and the role of electron-electron  interactions on the 
electron-phonon interaction. The Bohm- Pines collective description of the 
electron motion was used, and it was found that electron screening produces
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the c o rre c t  behaviour of the longitudinal branch, ul(cJ)-»0 as cf->0. The 
elastic constant Сп in fact cam e out in broad agreem ent with TO YA 's 
H a rtre e -F o ck  calculation [27, 30] for sodium.

2. A SIM PLE THEORY OF INTERATOMIC FORCES IN METALS

R ather than f irs t  attem pt to d escribe the detailed calculations of 
TOYA [27], SHAM [31] and others, we turn our attention now to the "method 
of neutral pseudo-atom s" in the theory of m etals, an unflattering description 
invented by ZIMAN in a recen t review  [32]. This approxim ate theory of 
m etals is of course of much wider application than the calculation of phonon 
dispersion cu rves and has been used for the calculation of electronic band 
stru ctu re , the shape of the F e rm i su rface, the scatterin g  of electron s by 
defects, and the resistivity of liquid m etals. What it lacks in rigour is more 
than made up, fo r the purpose of this review , by the fact that it gives a 
simple picture of the p rocesses involved and can be used as a guide to more 
sophisticated theories. When some of the param eters of the theory are  left 
to be determined by com parison with observed resu lts , it is probable that 
its predictions are  as reliable as can be made by any method at the present 
time (ZIMAN [32]). The following is a condensed account of the theory; the 
influence of Ziman's article will be apparent to anyone who reads both.

We begin by considering the problem of electron screening in a gas of 
N free electrons confined to unit volume. On introducing a small "imposed" 
charge distribution eZ(r*) confined to a lim ited space round the origin the 
electrons will pile up there with an extra  charge distribution eZe(r) in such 
a way that the field of the external charge is com pletely screened at large  
distances, in other words

when the integral is  taken over a limited space around the origin. To find 
the relation between the two charge distributions it turns out to be e a sie r  
to work with the F o u rie r transform s of charge distributions and potentials, 
defined by

simplify the situation a little by assuming that Z (Ÿ ) is spherically symmetric. 
If V(r) is the potential of the charge distribution eZ (r), it follows from  
Poisson1 s theorem , = - 47reZ(r), that

( 2 . 1 )

and conversely

( 2 . 2 )

where t  is a general vector in recip ro cal space. In what follows we shall
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v(K)=^p ( 2 .3 )

The tran sfo rm  of-the screened potential of the imposed charge is given by

V,(K) = V(K) + Ve(K) 

4?re
K ‘

[Z(K) + Z e(K)] , (2 .4 )

To cut the story short, it was first shown by BARDEEN [33] that in the self- 
consistent-field or H artree approximation

Vs (K) e (K )  '
( 2 .5 )

so that

Ze(K) = -Z (K ) [ 1 -  l /e (K )] , (2 . 6 )

where e(K) is the dielectric function for a free electron gas, and is given by

/T,> , . 6  я-Ne2 A . 4 k ?-K 2 ,
£{K)=1+¥i;(3+i ÿ r l0g

2kF + K 
2kp -  К ( 2 . 7 )

In this expression Ep and kF are  the energy and wave number of an electron) 
at the F e rm i su rface . The equations quoted can be derived by a sim ple  
application of perturbation theory to the wave equation fo r free  electrons, 
the perturbing potential being Vs (r) and the perturbed wave function

¥(kr) = exp (i£-r) + У  ->eV̂ K)  -> 
L-, E(k + K ),-E (k)

exp [i(ït + ïc)-r) . (2 . 8 )

However it is  n ecessary  that

Ze( r ) = ^  (|^(kr) I2 - 1 ) 

к

and this, together with the result

У  (E(R+R) -E(K))-1 = 
k<kp 0

2 k^+K
2kF -K )

4 E f *-

is sufficient to give Eq. (2 .5 ) as quoted. The sam e approximate result has 
been obtained by Gell-Mann and Brueckner using the mathematical apparatus
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Fig. 1

The function с (R) for sodium in the Hartree approximation

The distributions Z(r) and Ze(r) (schematic)

of many-body theory, and to some extent the dielectric function can be modi
fied to improve on the H artree  approxim ation and allow for exchange and 
co rrelatio n  effects in the electron  interaction , without changing the form  
of Eq. (2. 5). The dielectric function e (K) for an electron density which co r
responds to that of the conduction electron s in sodium is shown in F ig . 1, 
and in F ig . 2 we illu stra te  sch em atically  a ch arge distribution eZ (r) and 
the screening electron distribution eZe(r) which surrounds it. As the im-" 
posed charge eZ (r) moves around it ca rr ie s  a cloud of electron density with 
it; if several imposed charges are introduced, provided their potentials are  
sufficiently weak, effects superimpose linearly (in the H artree approximation) 
and each imposed charge c a r r ie s  its cloud of screening electrons with it.
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The interaction energy of two charge distributions eZx(r) and eZ 2((r-^|) 
is given simply by

- r -
____ r4 î re 2Z i ( K ) Z 2(K) ,.î* d3K
Ф(К) = / ------ A h  ....  0XP (lK ' R) (2^ *  (2 ' 9)

using Eq. (2 . 5). (If the charge distributions w ere in vacuo instead of in a 
dense electron  gas, the sam e expression  would apply with e(K) = 1, and if 
they were point charges eZ l and eZ2 it would of course reduce to Z 1Z2e2/R .)  
In E q .(2 . 9) we can reg ard  the energy as made up of two components, the 
d irect Coulomb interaction  between the two imposed charge distributions 
involving Z1 (K)Z2 (K) and an indirect action through the electrons (which is 
just the change in energy of the electrons) involving -Z ^K JZ ^K ) (1 - l /e (K ) ) .  
In writing Eq. (2 .9 )  we therefore im plicitly assum e the adiabatic approxi
mation, that any change in the energy of the electrons constitutes an effec
tive potential for the interaction of the imposed charges.

We note from Fig. 2 that the field of an imposed charge is not completely 
screened at moderate distances, because of the periodic variation in eZe(r). 
The wave number of this ripple is approxim ately 2kF; we m ay say that it 
arises from the fact that the screening electron cloud has to be built up from 
wave functions whose wave number does not exceed kp . More quantitatively, 
we note (see F ig . 1 and Eq. ( 2 .7 ) )  that the slope of e(K) is logarithm ically  
infinite at К = 2kF , and (from Eq. (2 .6 ) )  that Ze(K) therefore also has this 
featu re. This discontinuity in slope of Z e(K) is the sou rce  of the ripples 
in Ze(r ) . That these ripples a re  to be expected was f irs t  noticed by 
FR IE D E L  [34] in an investigation of the screening of an im purity atom in 
a m etal. F ried el showed that at m oderately large values of r ,  both Ze(r) 
and the screened potential Vs(r) should vary  as r -3  cos 2kFr .  LANGER and 
VOSKO [35] have made quantitative calculations of the effect when the im 
posed charge is a point charge. H ere then is a possible source of the 
com paratively long-range interactions between atoms in a m etal.

We have however anticipated somewhat by equating the imposed d istri
bution eZ (r) with an ion in a m etal. N ear the core of an ion the electron is 
in a potential well which is much too deep for the above simple analysis to 
apply. It can be shown how ever that the e lectro n s, still rep resen ted  by 
simple plane waves, really  experience a much weaker potential as a result 
of the cancellation of the 'bare' potential of the ion core by a repulsive 
pseudo-potential. The origin of the pseudo-potential is to be sought in the 
requirement of orthogonality of the wave functions of the conduction electrons 
to those of the co re  electrons (PH ILLIPS and KLEINMAN [36]); it has in 
fact somewhat elusive properties and its m atrix  element between states of 
wave numbers ic and ït+ïc is only approximately independent of k. We shall 
not discuss the calculation of the pseudo-potential, and hence of the effective 
potential, but m erely note that in principle it is determined by the wave func
tions and energy levels of the co re  electron s; for discussion and further 
referen ces the read er is referred  to a review article  by SHAM and ZIMAN 
[37]. In what follows we simply assume that the unscreened ion is the source 
of an effective potential which well outside the co re  is Z e /r  but inside the 
co re  varies smoothly to some finite value at r  - 0 .  F o r  interaction with an
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electron  therefore we can represent the ion by a fictitious positive charge  
distribution eZ (r) which is localized at the co re , since this will have the 
required p ro p erties. The ionic charge is  given by

and the electrons are  still represented by simple plane waves.
If now two identical ions are introduced as imposed charges in the elec

tron gas, we can treat them as point ions in evaluating their direct Coulomb 
interaction , but the change of electrori energy will involve the interaction  
of a positive charge distribution eZ (r) with a negative charge distribution  
eZe(|R-rl). Expressing this part of the energy in term s of the corresponding 
Fourier transform s, the total energy change is

Noting that Z = JZ (r)d 3r  = Z(K = 0) we find that ®(R) m ust go to zero  for  
m oderate values of R . The charge distribution e Z (r), surrounded by the 
m ore diffuse distribution of electrons

is what Ziman has dubbed a neutral pseudo-atom. If two atoms come rather 
close together it will be necessary to supplement the two term s of Eq. (2 .11)  
by a third which allows for the repulsive exchange interaction between core  
electron s. In alkali m etals this is believed to be given by the Born-M ayer  
formula

Thus we are  led to the conclusion that the interatom ic potential in a m etal, 
in this approximation, is given by

Ze = e JZ[ r )  d3r (2 .10 )

eZe(r) = - e  J Z(  K) [ l - l / e ( K ) ]  exp (Н Й -?)

(R) = A exp (-R/A.) . (2 . 12 )

$(R ) = Ф<В>(Н) + Ф(С>(Ю + Ф(ЕЧН) ,

where

and

- JZ2(K) [1 - l / e ( K ) ]  dK . ( 2 . 13 )
0
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using the fact that the function has spherical sym m etry. Note that we have 
assum ed throughout that the system  is confined to a constant volume; the 
value of Ф(И) will depend on the free  electron  density.

Suppose now there are  n identical ions im m ersed in the electron  gas, 
not n ecessarily  in a regular a rray . Denote the position of each by Rj . The 
total energy (for simplicity neglecting the Born-M ayer term ) is

This is  a result whose significance has been emphasized by HARRISON [38]; 
the variation of energy at constant volume can be w ritten so as to involve 
the product of two facto rs, only one of which varies as the atomic positions 
vary. H arrison in fact considers the Coulomb energy separately , but his 
function E(K) is essentially our ф(£)(К) apart from a constant of proportional
ity. Although H arrison 's theory did not involve some of the approximations 
made in the outline given above, the same general conclusions were reached. 
The above results a re  also essentially the sam e as were derived by COHEN
[39] using an improved formulation of the screening problem. Cohen's work 
was directed at obtaining an expression for the cohesive energy by this 
method. The form ula obtained fo r the total energy can be expressed  as a 
sum of th ree  contributions: (a) te rm s  which deperid only on the electron  
density, (b) te rm s which depend on both atom ic com position and electron  
density and (c) the te rm  which we have given as Eq. (2. 14).

(2 .14)

W riting

Ф(К) = Ф(с> (К) + Ф<Е>(К)

[Z2 -  Z2(K)] [1-1/eos.)]. (2 .15 )

we thën have

Ф(К) exp [iK-(Rj -R jO ] • (2 .16)
j*r

Introducing a structure factor
n

(2 .17 )

we find that E q .(2 .1 6 )  becom es

(2 .18 )
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We a re  now about ready to consider the "neu tral p seudo-atom s" as  
forming a cry sta l, but there is an objection which must first be met. When 
the atomic density is comparable with the electron density, and if every ion 
carrying a charge e is surrounded by a screening cloud amounting to one electron, 
the assumption that the electron density is constant, o r nearly so, is apparently 
no longer valid. P arad oxically , this is not so; the screening clouds are  
sufficiently diffuse that by overlapping they build up a constant density in 
the perfect cry sta l. The^necessary^condition for a constant density is that 
К2ф(Е)(К) be zero for K= H, where H is any vector of the reciprocal lattice, 
but have a definite value for K-*0.

It is now quite a simple m atter to find how the energy of the cry sta l is  
affected by lattice  vibrations. Since we have an expression .for the in ter
atom ic potential - Йу) we can proceed by defining fo rce  constants

and elements of the dynamical m atrix

Mxy(3) = £  Фху(1 1') exp [iq- (Rj -R,,)] . (3. 2 )
1 '

The frequencies u(q*) and polarization vectors T?fq) of lattice vibrations are  
then determined by the usual equations

Mw2 (q)ux(q) = ^ M xy(q)uy(q) . (3. 3)

У ’

We are  assuming for sim plicity that there is only one atom of m ass M per 
primitive unit cell, but the general result can obviously be obtained without 
difficulty.

It may be m ore convenient to use instead of Eq. (3. 2) the re c ip ro ca l  
space representation of MXy(q), which, using the Ewald method (see also
[40]), is  ■

3. DISPERSION CURVES AND THE INTERATOMIC POTENTIAL

Mxy(q) + H)X (q + H) <Hq +H). (3 .4 )

In practice it is convenient to split Mxy(5) into three term s involving respec
tively ф (В ), whose contribution is evaluated from Eq. (3. 2); ф(с) whose con
tribution is evaluated partly from  Eq. (3. 2) and partly from  Eq. (3. 4) (see  
for example [41]); and finally Ф(Е) whose contribution is evaluated from  
Eq. (3. 4). Since Ф ^) is a two-body cen tral interaction  there can be only 
two independent fo rce  constants between any pair of atom s.
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. í2,
R a d ia l  d  1 ' )  =

3 Ф(КЛ  (3 5)

and

Ф { 1 V ) = ( L * № \
tangential ' > \ R  3 R JR  = | ‘

N evertheless the Cauchy relations between the elastic constants cannot be 
expected to apply because the c ry s ta l  is  not maintained in equilibrium by 
the interatom ic potential i>(R) alone and the fo rce  constants therefore a re  
of the axially sym m etric type [20]. The elastic constants a re  in principle 
given by the method of long waves [41], thus involving <i>(R) only, and if the 
theory is se lf-co n sisten t the com p ressib ility  obtained in this way should 
agree with the result obtained by differentiating the total energy, which as 
we have seen involves other volume-dependent te rm s . This point, which 
is of considerable interest since it is usually assumed in the theory of lattice  
dynamics that the force constants ought to satisfy the equilibrium condition, 
has not been checked by a full calculation , except in the re la ted  work of 
TOYA [27] who found the two expressions for the com pressibility to agree, 
at least in their principal term s.

4. THE INTERATOMIC POTENTIAL IN SODIUM

In principle it should be possible to apply the above theory in re v e rse  
and derive the interatom ic potential 3>(R) from  the phonon dispersion curves 
determined by experiment. This would be very valuable as i>(R) determines 
a variety of atomic properties of a metal, and if Z and e(K) could be assumed 
to be known, Z(K) and thus a variety  of electron ic properties of the m etal 
could also be calculated. Unfortunately a unique result cannot be obtained 
in this way, as has already been pointed out by HARRISON [38], fo r the 
m easured frequencies can depend only on 92i>/3R and R '1 9® /9R  fo r  
R = |ñi - Êi- |. In p a rticu la r, we can v ary  Ф(К) as we p lease at d istan ces  
somewhat less than the minimum interatomic separation R0, without affecting 
the phonon dispersion curves. This means that we can add to Ф(К) any func
tion ДФ(К) which satisfies К 2ДФ(К) = 0 for K = 0 and whose Fou rier transform  
is zero  for r > R 0. Suppose however that the contributions of Ф<В)(К) and 
Ф(с ) (К) to MXy(cf) of Eq. (3 .4 ) are  known and can be subtracted. It is then 
n ecessary  to find only а Ф(£) (К), if such ex ists , which will account for the 
phonon freq u en cies. W hile this function is s im ilarly  a rb itra ry  it should 
satisfy  other conditions. The theory of section 2 gives

Ф(Е)(кП - 4”e2¿ 2 (K) [1 - l/e (K )] (4 .1 )

(see Eq. (2. 12)), so that ф(Е)(К)ёО, and we also expect ф(Е>(К) to be relatively 
small for Й= Й, where ñ  is a non-zero vector of the reciprocal lattice. Any 
other resu lt is inconsistent with the assum ption of n early  f re e  electro n s
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which should be a p articularly  good approximation for sodium. Using the 
experim ental m easurem ents of the dispersion cu rv es fo r sodium [ 1 2 ], it 
proved possible to construct a smoothly varying function ф(к)(К) which, to
gether with ф(в) and ф(с), would account for the measured frequencies for cf 
in symmetry directions and would satisfy the other conditions. Results were 
given (see [40]) as values of

From  these results it is possible to calculate Ф ^). This has now been done 
and the result is shown as Fig . 3. This curve shows some agreem ent with 
a calculation of the interatomic potential for liquid sodium made by JOHNSON 
and MARCH [42], whose result is also shown in Fig. 3. For first and second 
neighbour d istances the resu lts  agree  within a facto r of two; th e re a fte r  
Johnson and M arch's curve has, at positions corresponding to atomic separa
tions in the cry s ta l, a curvature which is much too great to be consistent 
with the experim ental fo rce  constants [ 1 2 ] for the cry s ta l.

5. THE KOHN E F F E C T  .

KOHN [43] drew attention to the fact that the "kink" in the d ie lectric  
function e(K) at K = 2 k F (Fig. 1) should produce a corresponding disconti
nuity in the gradient of the dispersion cu rv e, at values of cf satisfying

This can be seen immediately from  the fact that Ф(Е)(К) involves e(K) and 
contributes to each element MXy(qf) of the dynamical m atrix  a term

(see Eq. (3. 4)).
Two estim ates of the o rd er of magnitude of the effect w ere made by 

W OLL and KOHN 144]. T heir f irs t  calculation consisted  in treatin g  the 
ions as point charges interacting with free electrons. In term s of the results 
given in sections 2 and 3 it amounts to setting Z(K) = 1. This gave numerical 
resu lts in sem i-quantitative agreem ent with discontinuities o r n e a r
discontinuities which a re  p resent in the m easured dispersion cu rv es for 
lead [11]. The second estim ate consisted in setting

c j+ ïî = 2ÎtF . (5 .1 )

H

Z(K) (sinK r s - K r s cos K rs ), (5 .2 )

where r s is the radius of the atomic sphere. The significance of this function, 
which derives from the work of BARDEEN [33], will be discussed in a later
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Fig.3

The solid line shows the interatomic potential 4>(R) for sodium as derived from the phonon dispersion curves.
(i>(B)(R) has been neglected. )

For comparison, the potential derived by Johnson and March for liquid sodium is shown by the dotted line.
The positions of near neighbours in the crystal are indicated by the numbers 1 ,2 ... 7.

section. The predicted magnitude of the kink in a dispersion curve was then 
reduced much below a level that could be detected by neutron inelastic  
scatterin g.

KOENIG,[45] has drawn attention to another aspect of the Kohn effect 
which we have already mentioned in section 2. The discontinuity in slope 
of e(K) should lead to an oscillatory  behaviour of the interatom ic potential 
$(R ), varying as R ' 3 cos (2kpR) at moderately large distances. Koenig has 
analysed the fo rce  constants between planes of atom s in sodium and found 
that they vary  in just the predicted m anner. The interatom ic potential for
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The functionф(Е)(к) calculated for zinc by W. A. Harrison 
[HARRISON, W.A., Phys. Rev. 129 (1963) 2516]

sodium, show ninFig. 3, has an oscillation, rapidly damped out, of p recisely  
the predicted period. If however we accept this result it is difficult to accept 
that the discontinuity in slope of ф(£> (К) is responsible for the variation since 
for sodium this function, as determined em pirically , has fallen to a neg
ligible value at К = 2k f- HARRISON [38] has already suggested that the os
cillatory behaviour of $(R) and the related kinks in phonon dispersion curves 
is to be sought in the general shape of Ф(£; (K) and not m erely in its dependence 
on e(K). H arrison 's derivation of Ф(£>(К) from the pseudo-potential, which 
is calculated from  first principles and not left essentially as a p aram eter  
as in our section 2 , did not involve some of the further approximations made 
there. In particular it was not assumed that the m atrix element of the pseudo
potential between electron states of wave numbers £ and It +K was independent 
of k, and the dielectric function was not found to factor out in the way it does 
in E q .( 4 .1 ) .  As a resu lt, H arriso n 's  # ( E)(K) is not everyw here negative 
(see the calculated values for zinc given as F ig . 4) and changes sign about 
К = 2kF. This behaviour is however quite different from that of the em piric
ally determined Ф(£)(К) for sodium; the function G(K) (see E q .(4 .2 )) is every
where positive and falls ra th er abruptly to zero at К = 2kF [40]. Evidently  
this point cannot be regarded as settled, p articu larly  since ф(£> (К) is not 
absolutely unique when determined from the phonon dispersion curves (see 
section  [4]). In p articu lar, it seem s unlikely that the ra th er pronounced 
kinks in the dispersion curves for lead can be accounted for except in term s 
of the behaviour of the dielectric function.

6 . RECENT CALCULATIONS OF PHONON DISPERSION CURVES

While the discussion given in previous sections throws some light on 
the relationship between screening, the effective potential for electron-core  
interaction  and the interatom ic potential, the theory even in its  sim plest 
form cannot be used for actual calculations of phonon dispersion curves for a 
p articu lar m etal until the effective potential is known. In this section  we
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Fig. 5

The dispersión curves of sodium for fin the [100], [110] and [111] directions.
The solid lines show the results calculated by Toya.

[WOODS, A.D.B., BROCKHOUSE, B.N., MARCH, R. H. and BOWERS, R., Proc. phys. Soc. 79 (1962)440]

• Longitudinal
о Transverse

review  b r ie fly  those few papers in which numerical calculations have been 
reported, and relate them to the theory given in ea rlie i' sections.

The firs t attempt to calculate dispersion curves for sodium by a satis
factory method was made by TO YA [27] with considerable success in that 
the calculations, which preceded by some years  the experim ental m eas
urements, proved to be in rather good agreem ent with them (see F ig . 5). 
At firs t sight Toya 's method seems quite different from  the one outlined in 
e a r lie r  sections o f this paper, but in fact it can be expressed in s im ila r 
language. The Coulomb and B orn-M ayer interactions, ф(с ) and ф(в), are 
separated as before. To evaluate the contribution of Ф® to the dynamical 
m atrix, Toya starts from  a perfect crysta l in which a la ttice vibration of 
wave vector q is excited, and considers the change in the energy of the con
duction electrons. This involves the m atrix element fo r  electron-phonon 
interaction. (It is worth noting that this quantity usually appears in con
nection with processes in which energy is conserved, for instance the scat
tering of phonons by electrons in the theory of thermal conductivity. Here 
however we are concerned with a virtual process in which a phonon creates 
an electron -hole  pa ir which recom bine to em it a phonon with energy and 
wave vector unchanged, but before doing so they interact with the other elec
trons. The constant energy o f the phonon depends on such repeated one~ 
phonon processes. ) The matrix element involves.the Fourier transform  of 
the gradient of the potential around the displaced ions. This however is very 
simply related to the transform  of the potential around an ion, which takes 
us back to the factor 47reZ (K )/K ii. In evaluating the screen ing effect, the 
exchange interaction between conduction electrons is taken into account by 
using S later's approximation, that is by introducing an "exchange density"
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of electrons which has the result of diminishing the effectiveness of screen
ing. A further somewhat em pirical correction  is made to allow for co rre 
lation effects in the motion o f the electrons; the net result is  to modify the 
expression fo r e(K ) which we had ea rlie r  from

e(K ) = l + ^ ^ ^ t E Æ + R j - E O c ) ] - 1

к

to

е(К) = 1 + ( ^ § ^ - в ) ^ £ [ Е ( Й + £ ) - Е ( к ) Г 1 , (6.1)

"к
where В and D/Do are constants whose num erical values w ere estimated. 
The central problem of course is the form of the matrix element for electron- 
phonon interaction, and Toya relies on the classic solution of BARDEEN [33] 
of this problem  fo r an alkali metal. In our notation, it amounts to setting

+ [V (rs) - E o]}  g (K rs), (6.2 )

where
g(x) = 3x" 3 (s inx - x  cos x) (6.3)

and fo r sodium 7 =1 .
In Eq. (6 . 2) V (r8) ~Eo is the d ifference between the H artree-Fock  po

tential at r  = r , and the energy of the lowest electron level. For sodium this 
term  is  sm all enough to be ignored, and in term s o f the fictitious charge 
distribution Z (r ) which is to g ive the e ffec tive  potential fo r  e lec tron -core  
interaction, E q .(6 .2 ) then sim ply corresponds to

Z (r ) =( l f  r s ) l f o r r < r s

(6.4 )
= 0 for r  > r  .

S

According to SHAM and ZIM AN [37] there is not much theoretical ju stifi
cation for taking Bardeen's result at its face value; it fits the facts because 
for sodium the effective  potential happens to be rather like what would be 
produced by spreading a charge +e uniformly throughout a sphere of radius 
r s. When Eq. ( 6 .1 ) fo r  e(K ) and Eq. ( 6 . 2) fo r  Z (K ) are substituted in the 
formulae given in section 4, Toya 's results fo r  sodium are obtained. The 
calculation has been repeated for the other alkali metals [46], and has been 
extended to the consideration of anharmonic effects [47], but this topic lies 
outside the scope of our review .

TOYA [48] has made a sim ilar calculation for copper. Whereas in the 
alkali metals the term  Ф(в) is re lative ly unimportant, in copper it is domi
nant and since it was calculated using the Th om as-Ferm i approximation, 
the calculation of phonon frequencies is correspondingly uncertain. Lead 
presents an even more difficult problem which TOYA [49] has tackled some
what as follows. It would be wrong to assume that the density of conduction
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electrons is even approximately constant in lead, as was assumed for sodium. 
Toya therefore writes

P(?)  = P const. + Х РЬ( ? _ Й 1)> ( 6 - 5)
1

where S jis  a vector to the origin  of the 1th unit ce ll. The term  Pconst. is ad
justed so that pb( r - K i ) = 0  fo r r > rs. The firs t  term  is associated with 
" fr e e "  and the second with "bound" conduction electrons. The la tter are 
supposed to move rig id ly with the core electrons and not to take part in the 
screening process. This step is justified by noting that the perturbed wave 
function in the crystal w ill have the form

Ф(кг)=Ф0(кг) + У  b ¡f«0(k + q + H), (6.6)
—*
H

where

bif=J‘ « * ( k  + q + H ) [6Vi (r ) + 6Vp(r )] ^ 0 (k r )d 3r [E (k + q + H) -  E (к) ] ' г . (6.7)

H ere 6Vj (r ) is the potential change resulting from  the displacement of the 
ions in a mode of vibration of wave vector q and 6Vp (r ) is that potential r e 
sulting from  the change in density of the screening electrons. The change 
of this density is ~

б р ( г ) = У  { | ^ ( k r )  I2-  |^0(kr)|2}

к . 
and is divided into two parts, ópf and 6 pt> , on the basis that pf is to involve 
term s fo r which k + q + Й and к are in the same zone while рь is to involve 
term s fo r which ít + q + fif and й are in different zones. The form er thus in
volves virtual intra-zone transitions, the latter virtual inter-zone transitions 
for which the energy denominator in bff of Eqs. ( 6 . 6 ) and (6 . 7) is sufficiently 
large that the distortion of the density can be neglected. The two electrons 
in the firs t zone, which is completely filled, contribute only to pb . The e f
fective charge of an ion is defined as

e Z eff = e[4 -  J p b( r )  d 3r ]

and is estimated as 1.5e. Thereafter the calculation proceeds much as for 
sodium, although there are complications caused by the different screening 
properties  o f electrons in the second and third zones resp ective ly . The 
matrix element for electron-phonon interaction is assumed to involve a modi
fication of the expression appearing on the right hand side of Eq. (6 . 2), the 
quantityyv[V(rs) - E 0] being regarded essentially as an adjustable parameter 
fo r electrons in the different zones. This is perhaps the chief weakness of 
the calculation. The magnitude of the exchange repulsion between cores is 
also uncertain. The final agreement between measured and calculated fr e 
quencies was only qualitative. The calculated curves are said to exhibit
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Kohn anomalies; the extent and positions of these are not c lea r from  the 
published diagrams and in any event the expression used for e(K) (Eq. (6 .1 )) 
was assumed to have a discontinuous change o f slope at a value of К such 
that e(K) = 1, thereby apparently introducing another source of "kinks" which 
is certainly non-physical. 1 *

The method used by Sham in Reference [37] is based on the concept of a 
pseudo-potential, and so fa r has been applied only to sodium. Two ca l
culations were made. In the firs t it was assumed that the pseudo-potential 
can be regarded as localized; each ion then carries with it a relatively weak 
effective  potential, as discussed in ea r lie r  sections of this paper. In the 
second calculation this approximation was not made; the fact that the ca l
culated dispersion curves were changed very little may be regarded as justi
fying the assumption of an effective potential which is independent of k, at 
least in sodium. The e ffec tive  potential was calculated from  the true ion 
potential, taken to be the Prokofjew  potential, which reproduces correctly 
the energy leve ls  of an isolated ion. What makes Sham's form ulae more 
general and considerably more complicated than those we have met so far is 
that the density of conduction electrons is not taken to be constant. We 
therefore have to deal with the d ie lectric  function of a crysta l and not of a 
free  electron gas. The form er is a m atrix e(q + M, q + Й '), when we have to 
deal with a potential variation which results from a lattice vibration of wave 
vector q [37]. It is found that if we write the electronic contribution to M Xy ( q )  

of Eq. (3.3) as M®. (q), then

M ® (q )= £  X Xy(q +H, q +H 1) - X xy (H, H '), (6 . 8 )

i t  i f

where

X xy(q+H , ^ + H ' ) = i { | 4 ^ [ l - f ( q  + H) ] } ' 1

X {c _1 (q+H , q + H M - ô - - }  (q + H)x (q + H ')y V (- q - H )V (q  + H '). (6.9)

In this expression V (K ) is the Fourier transform  of the effective potential. 
In the numerical work it was assumed that off-diagonal term s (Й /Н ') were 
sm all enough to be neglected; E q .(6 .9 ) then reverts to that of previous 
sections, apart from  the appearance of the factor

This factor results from  the inclusion of a screened exchange interaction 
between the conduction electrons, which diminishes the effectiveness of 
screening. The second term  on the right of Eq. (6 . 8 ) did not appear in our 
ea rlie r  equations, since if  the density is constant X Xy(H, H')=0 for H /0. It 
is necessary to ensure the correct behaviour of u(q) as q-*0, and Sham shows 
that it can be ascribed to intrinsic two-phonon processes in which an electron
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interacts simultaneously with two phonons. The agreem ent between ca l
culated and measured dispersion curves for sodium was about as good as was 
achieved by Toya; in particular the agreement for the lower transverse branch 
in the [110] direction remained rather poor. However the test of the pseudo
potential method fo r sodium has been fa ir ly  encouraging fo r extending it to 
other m etals.
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D IS C U S S IO N

K. SINGWI: The enormous discrepancy between the effective interatomic 
potential as given by the calculations of Johnson and March and the value 
you have derived from the phonon dispersion relation could very well be due 
to the fact that X -ray  determination of the pair correlation function g (r ) is 
not very  re liab le. Small errors  in the determination of g (r ) might lead to 
violent changes in the potential V (r), if the latter is derived from the former. 
D r.A . Rahman at Argonne has recently looked into the re liab ility  of X -ray 
determination of g (r ).

W. COCHRAN: The effective interatomic potential which I have shown 
applies, of course, to the solid and not the liquid, but one would not expect 
such a great discrepancy.

S.SINHA: There should be an easy way of checking the validity of the 
simple theory you have talked about, i .e .  the picture of axially symmetric 
forces between atoms immersed in a free-electron  gas. Applying the equi
librium  condition fo r the lattice, it should be found that C i2 - C 44 = - 2 P , 
where P  = the sum of the kinetic, exchange and correlation pressures of the 
free-electron gas. I wonder whether such a check has been made for sodium. 
Working out the values fo r copper I have found -2P  = 3.092 X1011 dyn/cm 
and the experimental value of С 12 - C 44 = 4. 32X 10n  dyn/cm.

W. COCHRAN: I believe this check is essentially the same as showing 
that the method of long waves and the method involving calculation of the 
second derivative of the cohesive energy lead to the same result for the com
p ress ib ility . P ro fe sso r  T o y a 's results fo r sodium do show agreement of 
the m ore important term s in the expressions fo r the com pressib ility ob
tained by these two differeñt routes. As far as I know, however, this point 
has not been checked in work other than Toya1 s.

J .L . WARREN: The dielectric constant e(K) that you used in your pre
sentation depends only on wave vector. The wave vector and frequency- 
dependent dielectric constant e(K,u) for the free electron gas is known. Can
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this be used to go beyond the adiabatic approximation inherent in the present 
formulation of the problem?

W. COCHRAN: In princip le, I believe it could. P ro fe sso r Toya has 
proposed a method for sodium going beyond the adiabatic approximation, and 
perhaps he could give a more authoritative answer.

T . TOYA: The non-adiabatic term s in the d ielectric function corres
pond to the dynamic interactions of electrons with zero-point vibrations. 
They are not important at high temperatures, but are important at low ones. 
The superconductivity is due to these term s, and anomalies of electron ic 
specific heat at ve ry  low  tem peratures might also be attributed to them.

R .P . SINGH: The noble metals, copper, silver and gold, have a large 
ionic core which would be distorted during lattice vibration. Could you indi
cate how best this can be taken into account in calculating the phonon dis
persion curves of these metals?

W. COCHRAN: Possib ly by a "shell model" approximation, as has in 
fact already been suggested by Dr. S. Sinha.

B. BURAS: By assuming that Z (r) is spherically symmetrical, it follows 
imm ediately that Z (K ) is spherically sym m etrical. How good is this ap
proxim ation , esp ec ia lly  in the case o f c ry s ta ls  with high an isotropy?

W. COCHRAN: If one knew about an anisotropy in the státic distribution 
Z (r), it would be quite possible to take it into account. The kind of anisotropy 
which is probably important, however, is that introduced only when an ion 
core is displaced, i .e .  polarization of the core.

G. CAGLIOTI: With reference to F ig . 3 of your paper, I would like to 
point out that at high values of the distance r the discrepancy between the 
interatomic potential as derived from dispersion curves (solid line) and that 
derived from  diffraction by liquid sodium (dotted line) could be due to the 
difficulty of exploring the intensity associated'w ith very small momentum 
transfers in diffraction experiments.

P . EG ELSTAFF: In reply to D r . Caglioti's  point, I think Johnson and 
March would claim  that the oscillations in the potential at la rge r are re 
lated to a singularity in the liquid structure factor at a value o f Q ~ 2 kF.

W. COCHRAN: I should like to ask Dr. Egelstaff whether he thinks there 
is good evidence for a kink at Q ~ 2kp.

P . EG ELSTAFF: The direct experimental evidence fo r singularities 
in the liquid structure factor is not very strong. However, in the case of 
liquid tin and bismuth there is an anomaly at Q ~ 2 k F. It is not yet c lear 
whether this is  due to "m o lecu la r"  e ffec ts  or to a type o f Kohn e ffec t.

K.SINGWI: I might comment here that a colleague of mine, who has 
recently been investigating structure factors in liquids, has given a mathe
matical formula fo r testing how good these pair correlation  functions are. 
Most of the X -ray work that he has examined turns out to be extremely poor, 
particularly when one is interested in the detailed shapes of the curves, for 
example first or second derivatives. He has also compared the neutron data 
and has found that the data obtained fo r liquid argon are very  much better 
than the X -ray  data. A paper to be published in the Physical Review  des
cribes the test one has to apply on the structure factor. It should not be 
assumed that the structure’ factor as given by X -ray  is really good — it all 
depends on what one is looking at.
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ELECTRON-PHONON INTERACTIONS AND LATTICE DYNAMICS. It is usual to apply the Born-von 
Kármán theory to the discussion on dynamical properties of metals. Recent experimental results by neutron 
spectrometry have shown that the interaction between atoms in metals is of long-range force, so that more 
than ten force constants are required as parameters to explain experimental dispersion relation o f  frequency 
versus wave number vector of normal vibrations. It is more rational to derive both the dispersion relation and 
force constants from the Hamiltonian of a metal. The interaction between atoms in a metal consists of three 
parts, i. e. the exchange or overlap potential between ion cores, the Coulomb potential between ions and the 
potential induced by electron-phonon interaction, including electron-electron interaction. The latter two 
potentials are essentially of long-range force, whereas the first is of short-range force. The dispersion re
lation, hence force constants, was previously derived by formulating the contributions of the respective po
tential to the adiabatic potential of normal vibrations. The exchange and correlation effects on screening 
by conduction electrons, the matrix element of electron-phonon interaction and the force constants are dis
cussed by comparing the theoretical dispersion relation with the observed one of sodium. The parameters 
in the appropriately assumed expression of the overlap potential between ion cores of copper may be determined 
by analysing the observed dispersion curves with the assumption of quasi-free electron model. The parameters 
thus determined seem to be more accurate than those determined by other methods. Properties of monovalent 
metals related to lattice dynamics are also discussed.

The observed dispersion relations of multivalent metals such as lead, niobium and aluminium, have 
In general complicated features. On the basis of a method previously developed numerical investigations 
into the dispersion relation are made, assuming simple overlapping band structures. The calculated dispersion 
curves for a fictitious metal with triply-degenerate bands and a quasi-free electron per metal atom reveal 
Kohn anomalies similar to those observed in the curves of lead. The force range between atoms is strongly 
dependent on band structure.

INTERACTIONS ÉLECTRON/PHONON ET DYNAMIQUE DES RÉSEAUX. On applique habituellement 
la théorie de Born et von Kármán à l'examen des propriétés dynamiques des métaux. Les résultats d’expériences 
récentes à l'aide de la spectrométrie des neutrons ont montré que l’interaction entre atomes dans les métaux 
est de la nature d’une force à longue portée, de sorte qu'il faut, comme paramètres, plus de dix constantes 
de forces pour expliquer la courbe de dispersion expérimentale exprimant la fréquence en fonction du vecteur 
d'ordre pour les vibrations normales. Il est plus rationnel de déduire, aussi bien la courbe de dispersion que 
les constantes de forces, de l’hamiltonien d’un métaL L'interaction entre atomes dans un métal se compose 
de trois parties, savoir: le potentiel d'échange ou de chevauchement entre noyaux d'ions, le potentiel coulom- 
bien entre les ions, et le potentiel induit par les interactions électron/phonon, y compris les interactions 
électron/électron. Les deux derniers potentiels sont essentiellement de la nature d'une force à longue portée 
et le premier, d'une force à courte portée. Auparavant, d'autres chercheurs avaient obtenu la courbe de 
dispersion - et de là, les constantes de forces - en établissant les contributions respectives des potentiels au 
potentiel adiabatique des vibrations normales. L'auteur discute les effets d'échange et de corrélation sur 
l*écran constitué par les électrons de conduction, l'élément matrice des interactions électron/phonon et les cons - 
tantes de forces, en comparant la courbe de dispersion théorique avec celle qui a été observée pour le sodium. 
On peut déterminer les paramètres, dans l'expression convenablement formulée du potentiel de chevauchement 
entre les noyaux d'ions du cuivre, en analysant les courbes de dispersion observées dans l'hypothèse d'un mo
dèle d'électrons quasi libres. Il semble que les paramètres ainsi déterminés soient plus précis que ceux qui le 
sont par une autre méthode. L'auteur discute aussi les propriétés de métaux monovalents ayant un rapport avec 
la dynamique des réseaux.
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D'une manière générale, les courbes de dispersion obtenues pour des métaux multivalents tels que plomb, 
niobium et aluminium, présentent des caractéristiques assez complexes. L'auteur fait des études numériques sur 
la courbe de dispersion en supposant des structures simples de bandes en chevauchement et en se fondant sur 
la méthode qui a déjà été mise au point et qui fait l'objet d'un travail encore inédit. Pour un métal fictif 
à bandes triplement dégénérées et un électron quasi libre par atome de métal, les courbes de dispersion cal
culées révèlent des anomalies de Kohn analogues à celles qui ont été observées pour les courbes du plomb. 
Les forces entre les atomes dépendent dans une grande mesure de la structure de bandes.

ЭЛЕКТРОННО-ФОНОННЫЕ ВЗАИМОДЕЙСТВИЯ И ДИНАМИКА РЕШЕТКИ. Для рас
смотрения динамических свойств металлов обычно применяется теория Борн фон Кармана. 
Результаты последних экспериментов, выполненных с помощью нейтронной спектрометрии, 
показали, что взаимодействие между атомами металлов имеет характер дальнодействуюшей 
силы, так что больше 10 констант силы необходимы в качестве параметров для объяснения 
экспериментального дисперсионного соотношения частоты и числового волнового вектора 
нормальных колебаний. Как дисперсионное соотношение, так и константы силы более рацио
нально получать по гамильтониане металла. Взаимодействие между атомами металла состоит 
из трех элементов: ооменного или перекрывающего потенциала между сердцевинами ионов, 
кулоновского потенциала между ионами и потенциала, индуцированного электронно-фононным 
взаимодействием, включая электронно-электронное взаимодействие. Последние два потен
циала являются, по существу, дальнодействующими силами, тогда как первый является близко
действующей силой. Дисперсионное соотношение, а следовательно, и константы силы, получа
лись раньше путем составления формул, выражающих роль соответствующего потенциала в 
адиабатическом потенциале нормальных колебаний. Влияние обмена и корреляции на экрани
рование электронов проводимости, матричный элемент электронно-фононного взаимодействия 
и константы силы рассматриваются на основе сравнения теоретических дисперсионных со
отношений с наблюдаемым соотношением для натрия. Параметры принимаемого выражения 
для перекрывающего потенциала между сердцевинами ионов меди могут быть определены 
путем анализа наблюдаемых дисперсионных кривых, если предположить при этом квазисво- 
бодную электронную модель. Представляется, что полученные таким образом параметры 
являются более точными, чем полученные другим методом. Рассматриваются также свойства 
одновалентных металлов, связанные с динамикой решетки.

Наблюдаемые дисперсионные соотношения многовалентных металлов, например, свинца, 
ниобия и алюминия, имеют, как правило, сложный характер. Цифровые расчеты дисперсион
ного соотношения выполнены на основе ранее разработанного метода, исходя из предположения 
о простых перекрывающихся полосных структурах. Рассчитанные дисперсионные кривые для 
фиктивного металла с трижды вырожденными полосами и квазисвободным электроном на каж
дый атом металла показали существование аномалий Кона, аналогичных аномалиям, наблюдае
мым в кривых для свинца. Радиус взаимодействия между атомами сильно зависит от полосной 
структуры.

. INTERACCIONES ELECTRÓN-FONÓN Y DINÁMICA RETICULAR. La teoría de Born-von Kármán suele 
aplicarse al análisis de las propiedades dinámicas de los metales. Los resultados experimentales reciente
mente obtenidos por espectrometría neutrónica muestran que en los metales de interacción atómica adopta 
la forma de fuerza de gran alcance, de modo que-es preciso recurrir a más de diez constantes de fuerza, como 
parámetros, para poder explicar la.relación de dispersión experimental de la frecuencia en función del vector 
de número de onda de las vibraciones normales. Es más lógico deducir la relación de dispersión y las constantes 
de fuerza del hamiltoniano de un metal. La interacción de los átomos de un metal consta de tres partes, 
a saber, el potencial de intercambio o de superposición entre los núcleos iónicos, el potencial coulombiano 
entre los iones y el potencial inducido por la interacción electrón-fonón, incluida la interacción electrón- 
electrón. Estos dos últimos potenciales revisten esencialmente la forma de fuerzas de gran alcance, mientras 
que la fuerza correspondiente al primero es de corto alcance. La relación de dispersión, y de aquf las cons
tantes de fuerza, se dedujeron formulando las contribuciones del potencial respectivo al potencial adiabático 
de las vibraciones normales. Se analizan, comparando la relación de dispersión teórica con la observada en 
el sodio, los efectos de intercambio y de correlación en el blindaje producido por los electrones de conducción, 
el elemento matriz de la interacción electrón-fonón y las constantes de fuerza. Los parámetros de la expresión 
hipotética correcta del potencial de superposición entre núcleos iónicos de cobre pueden determinarse por 
análisis de las curvas de dispersión observadas admitiendo un modelo de electrones cuasi libres. Los pará
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metros determinados de esta manera parecen ser más exactos que los establecidos por otros métodos. Se estudian, 
asimismo, las propiedades de los metales monovalentes en relación con la dinámica reticular.

Las relaciones de dispersión observadas en el caso de metales polivalentes tales como el plomo, niobio 
y aluminio presentan, en general, características complejas. Se procede al análisis numérico de la relación 
de dispersión suponiendo estructuras sencillas de bandas superpuestas, conforme al método previamente esta
blecido. Las curvas de dispersión calculadas para un metal ficticio con bandas triplemente degeneradas y 
un electrón cuasi libre por átomo de metal revelan anomalías de Kohn semejantes a las observadas en las 
curvas correspondientes al plomo. El alcance de las fuerzas entre los átomos depende estrechamente de la 
estructura de las bandas.

1. INTRODUCTION

Recently the dispersion relation of frequency versus wave vec tor fo r 
metals has been extensively investigated by inelastic scattering of neutrons. 
Force constants between atoms are derived from  the observed dispersion 
relation in accordance with the Born-von Kármán theory, with the r e 
markable conclusion that they are of long-range force. The interaction be
tween atoms in a m etal is divided into three parts, i . e .  the exchange o r 
overlap potential between ion cores, the Coulomb potential between ions, 
and the potential induced by electron-phonon interactions inclusive of electron- 
electron interactions [1-3]. The last two are essentially of long-range force. 
The present author has worked out the respective parts as follows [1]. The 
contribution to the adiabatic potential of normal vibration from the exchange 
potential was read ily calculated, since it was of short-range fo rce . That 
from  the Coulomb potential was given by Ewald's method [4]. The potential 
induced by valence electrons was formulated by extending the Hartree-Fock 
method to work it out numerically. In the present paper, the potential in
duced by valence electrons is formulated alternatively by the variation 
method, which is suitable for discussing qualitatively the exchange and cor
relation effects without ambiguity, and the theoretical conclusions thus ob
tained are verified  by the experimental results fo r sodium [5]. In the case 
of copper, the exchange potential is determined conversely from  the ob
served dispersion relation of copper, the potential being not yet worked out 
accurately. E lectric  conductivity, specific heat and thermal expansion of 
monovalent metals are discussed on the same base, with special reference 
to the electron-electron interactions.

The dispersion relation fo r multivalent metals is in general com pli
cated, being associated with anomalies. Experimental results are not ac
counted for in terms of a simple model, where the band structure is ignored. 
Thus, it is necessary to take into account the band structure. The effect 
of band structure on the dispersion relation is investigated by calculating it 
for a fictitious metal with triply-degenerate bands and a quasi-free electron 
per atom, the exchange repulsion between atoms as well as the lattice con
stant being assumed to be the same with those of copper. The overall dis
persion curves are remarkably different from  those of copper and reveal 
anomalies.
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2.1. Hamiltonian fo r  a metal

The Hamiltonian fo r a monovalent metal, containing N electrons and N 
ions in unit volume, is given by

#=#1+1*2  (1) 

i f t  = ( l / 2 m ) E p ?  +  ( l / 2) E e 2/ | r , - r J | + E v i ( r i - 1 i i ) ,  (2 )
i i,j 1Д

^r2 = (l/ 2 )E e 2/|R(!- R i .| + ( l/2)E vr(Rj -  Rr ) + E (M/2)R|, (3)
i, i ' l , l ' i

where the firs t  term  in Eq. (2) is the kinetic energy of valence electrons, 
the second term  the Coulomb potential between electrons, the third term  
the potential of electrons in the field  of metal ions, the first or the second 
term  in Eq.(3 ) is the Coulomb or the exchange potential between ion cores, 
respectively, and the last one the kinetic energy of ions; p¿ or r¡ is the mo
mentum or the co-ordinate vector of the i-th  electron, i = 1. . . N; m or M the 
mass o f an electron  o r an ion, and o r R j the co-ordinate or ve lo c ity  
vec to r of the .f-th ion, £ = 1 . . .  N.

Equation (1) is reduced to the Hamiltonian of a perfect crystal, where 
each ion is at rest on the equilibrium lattice point R °. The lattice vibration 
of wave vector q and polarization eq causes the displacement uj =Йд-ВД of 
the i - t h  ion from  its equilibrium position á j , which is described in terms 
of normal co-ordinates aq and as

u ^N '^eqtaq  exp (iq R °)+ a *  exp (-iq-R®)]. (4)

The direction of e-q is taken in the same sense as eq so that a-q = aq. The 
is the zeroth order term  in the expansion of ̂ w ith  respect to aq and acf. 

The third term  in E q.(2 ) yields the firs t order term  in the expansion, i .e .

5v¡ = -N* £ [aq exp (iqR®)eq. grad v ¡ (r  - Й®) + comp. conj. ]. (5)
i

The second order term s, E11 , Ec and ER, comprising aqaq arise from  the 
third term  in Eq.(2 ), the firs t term  in Eq.(3 ) and the second term  in E q .(3) 
respectively, the coefficients of which are read ily derived [1]. The v a r i
ation method is applied as follows to work out the contribution from  valence 
electrons perturbed by E q .{5 ) to the adiabatic potential of the normal v i 
bration, which w ill be designated hereafter as E 1, the ion-electron-ion po
tential.

2. 2. The variation method

We assume the wave function of valence electrons and the lattice v i 
bration as

2. GENERAL FORMULATION

Ф(к1( . . . ,  lcN; nq) = Ф(Е1# . . . ,  5n; aq)Qnq(aq), (6)
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where k¡ is the wave vector of an electron, Qnq(aq) the wave function of har
monic oscillator with quantum number nq, and

........ SN;a q)= (N ! ) :* det \ф(Ъи 7j; a j  I, (?)

with

ф(ки г j-, a,) = [1 -(1/2)E  ( I bh+(k¡) |2 + |bh-(ki) |2)]^o (k i, rj )

+ E [bh+(k¡) ^ 0(ki + q + h, r j) + bh.(k i) ф0 (k t - q - h ,  r j ) ] .  (8)
h

The (¿/0(ïc, r ) in E q .(8 ) is the wave function of the H artree equation fo r  a 
perfect crysta l, i . e . i

[-(îi2/2m )A + V (? )]^ 0 (îc, r) =E0(ïc)^0( î ,  r ), (9)

where

V (r) = L v ¡ (r  -  Щ ) + e2/po ( r 1)/ I r  -  r ' I d r1,

p (r ') = L ipQ (le1, r'ii/'oiK', r 1) and Ео(Й) is the Hartree energy. It is normalized
k '

in unit volume. The h in Eq.(8 ) is 2ж times the reciprocal lattice vector t ,  

and bh+(k) or bh-(K) is the variation param eter proportional to aq or a j 
re sp ec t iv e ly . O rthogonality requ irem en ts  betw een  0 (S , r ; a q ) 's  a re

bhj.(C)+bh-(S + q+H) = 0, and Ьь-(Й)+b t,+ (K -q -K ) = 0. (10)

The integral

d^____drN (11)

is now read ily expressed in term s of b¡,+ (ic) and Ьь-(Й) to the second order 
with respect to the displacement iît o fE q .(4 ),  as

{H artree-Fock  energy fo r  a perfect crysta l}

+ kE h {  |bh+ (S)|2[E°(ic +  q+K) + V e x ( î c  +  q+ îî) - E 0(lc) -  vex ( ï c ) ]

+  |bh-(S) |2[E 0( Í c - q - í i )  + v ex( 5 - q - h )  -Ео (Й )  ~ v ex(k)]

+ (bh+(k) + bh*_ (£ ))[ôvfh +1 ôvp*h +1 óve*h ]

+ (bh.(S )+b £ (5 ))[6 v ih +|5vph+ l6 v exh] } ,  (12)

where

The subscript to к or г is omitted in what follows, exceptin case ofparticular necessity.
i
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vex (к) = K & r ) ( e * p { ? , ? ' ) /  | r-r '| )^o (k , r ')  dr dr'

vex (k + q + h) = !Фо (k + q + h, r ) (e 2p(r, r 1)/ | r  -  r ' | )(M k  + q + h, r 1) dr d r1

p (r ,r ')  = £ф $(к,,г )ф 0{к,, г ' )  
к*

5vih = /^o(k + q + h, r)6v¡ Ф0(к, r)dr, (13)

ávph = /^o(k + q + h, r)5vp ^0(Й, r )d r,

5vexh = /(¿'О (k + q + h, r)6vex Фo(k, r ) dr, 

ávp ( r ) = e2/óp(r')/ I r - r '  I d r1,

and

5P (r ') - kSh{[bh+(k)^o(k, r')i//(k + q+h, r 1) + bft-(k)^o (k -  q -h , r'Jÿ'oiS, r ')]

+ complex conjugate}. ( 1 4 )

The expression of 6vex, which includes the exchange operator, is not r e 
produced fo r the sake of brevity.

Now the minimum of E q . ( l l ) ,  developed in Eq.(12 ), is determined by 
varying Eq.(12 ) with respect to the independent variables bï54îc), Ь'Й- ( к ), 
bh+(k) and bh-(k). Noting that 6vPh or 6vexh is a lin ear function o f bh-(5)
and bh+(E), that ôvpj| or 5v^h is a lin ear function of bh+(5) and bj?-(E), and
that

S [bhi (£) +bjf. (S)] d(6vp*h + ôve* h )/d[b£+(g )] = 6vph + 6vexh ,

we have

bh+(K) = Ôvph/[E(S) -E (¿  + q +h)] , (15)

bh-(k) = 6v*h /[E(k) — E(k -  q -  h)] , (16)

and their complex conjugate equations, where

E(E) =E0(lc) + vex(E),

'(17)

Е(Й + q +Й) = Eo(lc + q + h) +vex (lc + q+ íí),

and where

5vph = 6vih + 5vph + ávexh ( 18)

is the matrix element of effective electron-phonon interaction including the 
effects of other electrons on the interaction o f an electron with the lattice
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vibration. The bh+(k) and bh-(k) of Eqs. (15) and (16) satisfy the conditions 
of E q .(lO ). Hence, the ion-electron-ión potential is given by Eqs.(12), (15) 
and (16)

E 1 = E буш ¿vph ¿va 6vDh
Etc) -E (k  + q+K) E(ïc) -E (Ic -q - ï î ) (19)

2. 3. The exchange effect on SVj,h

The energy Е(Й) or E(It + q + ïî) o f E q .(17 ) now includes the exchange 
potential vex(I?) or vex (S + q+K ), e ither o f which is  singular at the F e rm i 
surface |E| = kp, (dE(ïc)/d [ïc|)fiT] =kR being infinite; hénce the leve l density of 
electrons is zero  [1, 6] . However, this singularity disappears by taking 
the correlation  e ffect into account as w ell; the exchange and corre la tion  
affect the leve l density of electrons only slightly [6] . Another effect of ex
change energy on the e ffective electron-phonon interaction 6vph and on the 
ion-electron-ion potential of Eq.(19) is due to 6vex in Eq.(18 ). The evalu
ation of the magnitude of this effect is conducted by means of Slater's sim
plified expression for the exchange potential,

-3 e 2 [ (3 / 8 î r ) (p o  +  6 p ) ] i  = - 3 е 2 (3/8тг 1 + 1 ÓP _ 1 Л Л 2-
3 A) 9 \ p j ( 20 )

The 6vexh is expressed by Eqs.(14) and (20), with the approximation

Ф0 (к, r )  =Uo(r) exp (ik r), |u0(r)|2s; 1 (21)

ôvexh = - (5 ea/6N)(3N/8»)*£ [bh+(5 ') + b t  (£•)].
k'

With the approximation of Eq*(21), we have simply

«Vph = 47re2/1 q + h 12E [bh+(k ') + b£.(k1)]. 

Hence, according to Eqs. (15), (16), (18), (22) and (23)

«Vph +ôvexh = - [S '/ ( l+ S ') ]  5vih

(2 2 )

(23)

(24)

and from  Eqs. (18) and (24)

ôvph= ( l+ S ') - 1ôv ih

w ith

(25)

S' =[8тге2/ |q+K|2- (5 e 2/3N)(3N/87r)4 ] E [E(îc+ q +Й) -Е (Й )] '1
к

= [8тге2/ I q + h12] [1 -1.25( |q+h|/2kF)2] E[E(S + q + h) -E (k ) ] '1 . (26)
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The factor (1 +S1)"1 represents the screening effect by conduction electrons, 
which decreases the matrix element óvih of the perturbation due to the dis
placements of ions . 2 The exchange effect is num erically represented by 
the second term in the first square brackets of Eq.(26); the value of the term 
is too large by about 25%, as discussed previously [1].

2.4. The correlation effect on 6 vph

The assumption of Eqs. (6), (7) and (8) fo r  the wave function of a metal 
is not complete, inasmuch as the state (51( . . . , .  . . ,E¡, . . . , KN) is coupled 
with the states, e .g . (Cb . . ., Iq+g, . . ., £ j-g , ... ., KN) or (^ 1» • • • K¿+g, . . ., 
Kj + q + K -g , . . ., Sn) through the term e2/ |r¡-í} | in the Hamiltonian ofEq.(2); 
in other words, k ¡-e lectron  collides against kj -electron , the participants 
being virtually excited to the respective levels S¡+g and k j-g  or Êj + q + Ë -g , 
when coupled with the lattice vibration. The collisions between electrons 
result in the correlation  between electrons, sim ilar to the exchange be
tween parallel spin electrons. However, perturbation energy diverges, as 
discussed by HEISENBERG [8]. MACKE [9] has allowed fo r the reaction 
of polarization, i .e .  the polarization  of the neighbourhood of an electron 
due to collisions between electroris to give the effective potential between 
a pair of electrons as exp ( -к  I r¡ -  rj h/l r j - r j  |. A  more detailed calculation 
has been conducted for free electron gas by GELL-M ANN and BRUECKNER 
[101 and SAWADA et a l. [11. 121.

Now, the excited states due to collisions are taken into account in 
discussing the correlation effect on the electron-phonon interaction and on 
the ion-electron-ion potential, by starting from  the wave function

ЕсФ(к1( . . . , 4 ; ^ )  (27)

in place of E q .(7 ). The coefficients с are determined by Macke's m e t h o d .3 
The integral

/(Ec’̂ . g ^ E c ’iOdrj . . . d rN (28)

replaces the integral in E q . ( l l ) ,  the form er comprising the variation para
meters bh+(k) and bh-(k). It is found, after rather lengthy calculations, that 
the expression, ,

{correlation energy for a perfect crystal}

+ £ í|bh+(íc)|2[vc (5 + q + K )- v c (Íc)] 
k.ii

+ |bh.(5)|z [vc(S - q - S ) - v c (5)]

+ [bh+(k) +bh*_(5)] [¿6vc* ]

+ [bh-(k) +bh+(k)] [Í6v(.h ]} (29)

2 The factor (1+S*) was originally derived by BARDEEN [7] in Hartree approximation and is often
referred to as the dielectric constant.

3 It will be more general to leave к as a variation parameter.
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should be added to expression (12). The v c(S) or vc (It + q+K) is the co rre 
lation potential of the Ic- or (K + q+K )-e lectron , and 6vch or 5vcîi is the 
m atrix element of electron-phonon interaction due to the perturbation 5vc 
of the correlation potential; the explicit expressions of the above-mentioned 
quantities are not reproduced.

The E(k) or E(k + q+h) and 6vph are now given as

E(Íc) ^ E o f Í c í + v ^ f k í + v ^ í c ) ,
(30)

E ( k  + q + h ) = E o ( k  + q + h ) + v ex(k + q + h ) + v c (k + q + h )

and

6vPh =6vih +0V h  +6vch = (1 + S r16vih (31)

which replace E q s .(17) and (18), respective ly. The S allows both fo r the 
exchange and the correlation  effects. The correlation  effect is estimated 
at about one fourth of the exchange effect [1], hence

S=  j| ^ | 2 [ l - B ( | q + K | / 2 k F ) 2 ] £ [ E ( E  + q + î î ) - E ( I c ) ] - l ,  (32)

where В is taken to be ~1.25 on account of the 25% overestimation of Slater's 
expression for the exchange potential (c f. section 2.3). Equation (32) states 
that S is negative fo r B( |q +Й|/2кр)р > 1, which is physically impossible; we 
should in consequence assume

S = 0 fo r B(|q + K|/2kF)2> 1. (33)

The density of levels at the Ferm i surface as derived from Eq.(30) de
viates slightly from  that as derived from  Eo(k), as mentioned previously. 
This deviation shifts the value of S through the summation in Eq.(32) from 
that obtained by ignoring the exchange and correlation effects. Taking the 
effects into account we have approximately

E [E(k + q + Й) -E (ïc)]"1 = (D/D0)E [En(K + q + K )-E 0(Ic)]-i (34)
к к

where D or Do is the density of leve ls  with or without exchange and co rre
lation  e ffec ts . W ith the approxim ation  EQ(ït) = E0 + ( f t2/2m)k2, we have

E tE o^  + q+K i-E o tS )]-1 =(3N/4EF)f(|q+K|/2kF), (35)

hence

E [E (5  + q + £ )-E (£ )]- ! =(D/D0)(3N/4EF)f(|q + h|/2kF), (36)
к

where EF = (h2/2m)k2 and f(t ) = l ° g  | •

Recently, B A IL Y N  [13] has discussed the exchange and corre la tion  
effects on the (1 +S) on the basis of Bardeen-Plnes form ulation by a co l
lective  description method, giving results s im ilar to the present one [14].
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We have, according to BARDEEN [7],

6vih = iN¿aq cos(3q , q + h)(47re2/ |q + h|)G(t), (37)

where

GKt) = [ l + (V ( r , ) - E 0)(3ir/e4sF)í ]g l2 k F4 t ), (38)

g(x) = 3 (s in x -x  cosx)/x3, rs is the radius of the sphere of atomic volume,
V (rs) the Hartree potential’ at rs(V (rs)a¡ 0), and t= |q+IÏ|/2kF. We have now
from Eqs. (31), (32), (33) and (37),

ôvph =iN-iaq(?q,q + ïî)M (q + iï) (39)

_ 2Dp

2. 5. Results

where
M (q+K) = 3 ^ E FG (t )F (tr1, (40)

F(t) 'Dj¡ q+h  2Ef )
D 6îrNe2 ( ; Bt2< 1,

F ( , ) -

(41)

The ion-electron-ion potential E1 fo r the normal vibration of wave vector q
and eq is hence given by Eqs. (19), (36), (37) and (39) as

E 1 = -4я-Ne2 I aq |2E cos2 (e q, q + Й) A (q  + IÎ) (42)

A (q + h) =G (t)2F (t ) '1 f(t). (43)

In the case of the Hartree approximation, we have, by neglecting the 
exchange and correlation  effect instead, i .e .  by putting B = 0 and D/Do= 1,

M(q+Ti) =§Ef G (t)F '(t), (44)

A (q+K ) =G (t)2F '(t ) '1 f(t), (45)

in place of Eqs. (40) and (43), and

F '(t ) = Iq-HÍ^Ep 
6TrNe2 1 ’

(46)

Now, the potential 4tt2M i/2 | aql2 of the wave equation of Q nq(aq) isgivenby 

47T2M v2j aq I2 = E1 + E n + Ec +ER , (47)

from  which the frequency v is given as a function of <3 and (*q.
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It is necessary to quantize a4 and a , in the non-adiabatic formulation. 
The dispersion relation is s im ilarly  derived by the variation method, ex
pressing the non-adiabatic term s in term s of quantized aq and aq .

The dispersion relation for multivalent metals has been derived pre
viously [14].

3. NORMAL VIBRATION OF MONOVALENT METALS

3.1. Normal vibration o f sodium o f body-centred cubic (bcc) la ttice

Recently, WOODS et a l. [5] observed the dispersion relation for sodium. 
In Fig. 1 the solid c irc les show the observed frequencies of the longitudinal 
modes and the open circles those of the transversal modes. The theoretical 
frequencies of the normal modes of vibration are calculated at fifty  equally 
spaced points in each direction by Eqs. (38), (41), (42) and (43) on the base 
of rs= 3.96 atomic units, E f = 3.17 eV, В = 1.21, D/D0= 0.90 and V(rs )-Eo = 0.08 eV. 
The exchange potential between ion cores is given according to Born-Mayer 
as vr (R ) = 1.25 exp [(1 .75 -R )/ 0 .345] erg, where R = |R j- R^ | in Â . The 
exchange potential, due to the firs t and the second nearest neighbours, is 
taken into account, contributions from  farther neighbours prac tica lly  
vanishing. The summation in Eq.(42 ) is taken fo r such h's satisfying 

IÎÎI 4(2я-/а)(а: lattice constant)4. Each solid line in F ig . l  has been drawn 
smoothly through these fifty  points. In the previous calculation the sum
mation in E q .(4 2 ) was taken fo r such h's satisfying |K + q|áN/3(2ír/a), and 
the exchange repulsions from the second nearest neighbours were neglected. 
The present and the previous calculations agree within 2% and are in good 
agreement with the experimental values except for the Tj branch of the [110] 
direction; by talcing into account the repulsions from  the second nearest

Fig.l

Normal vibration of Na (bcc)

4 A(h) is subtracted from A(q + h) in order to correct the errorsdue to g(rs|h|) 4 0. This correction 
is negligible except at ^  «  0.
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neighbours, as observed by DAYAL and SRIVASTAVA [15], the present theo
retica l values are actually c loser to the experimental values than the pre
vious ones. The cause o f the slight d iscrepancy between theory and ex 
periment might be attributed to the approximation in deriving the exchange 
and correlation effects as w ell as to that in deriving f(t) in Eq.(36 ) andg(x) 
in Eq.(38). The f(t) has been derived by ignoring the discontinuity of energy 
at the zone boundary, which might even give rise to slight anomalies in the 
dispersion relation, i f  the discontinuity w ere appreciable. In the case of 
sodium, however, the approximation might be close enough. The g(x), 
x = 2kFrst = rs |q+fi|, was obtained by replacing the integral over the atomic 
polyhedron with that over the W igner-Seitz atom ic sphere. It is in ferred  
that the approximation is close at sm all values of |q+K|, but it is not so 
at la rge values of ¡q+ lí| ; actually, g(x) does not vanish at q = 0 and h/0,
where g(x) = 0 in the exact evaluation. The dashed line ( ---- ) in F ig . 1 is
obtained covering the poor approximation at these points by replacing 
g (r s |q+K|) in E q.(38 ) with

g(r,|q+K|) +0.019 [ ( q , + h j4 + (q y+hyf + (q z + hzf ]  -  0.014 |q +K|4,

which vanish at such points |q+K| = '/2(2гг/а) and 2(2гг/а). The summation

in Eq. (42) was taken only over |Ti|(а/2тг) = 0, -J2, 2 and-Æ. The dashed lines 
deviate only slightly from  the solid lines, overlapping almost in whole 
reg ions.

D AYAL and SRIVASTAVA [15] have, on the other hand, modified g(x) 
by multiplying the argument x by a constant 1.04. The calculated dispersion 
relation  is shown by chain lines (---------- ) in F ig . 1. The appreciable d is
crepancy for the Ti branch of the [110] direction has been reduced. How
ever, there is a slight increase in discrepancy fo r L  branches in the [110] 
and [111] directions. The Debyé temperature © as calculated by Dayal and 
Srivastava is shown by a solid line in Fig. 2. The open circles show values 
observed by M ARTIN [16] and the solid circles,values observed by PARKINSON 
andQUARRINGTON[171. Good agreement is obtained above 40°K. The d is
crepancy below 40®K was attributed to the phase transformation of sodium 
[18].

A  m ore reasonable comparison of theoretica l value with the exp er i
mental one would be that of A (q + K ) in Eq.(42 ). COCHRAN [3] has de
term ined A (q  + h) from  the experim ental data, which is shown by a solid  
line in Fig. 3. The deviation of the individual experimental values from  the 
smooth curve is within 0.005. The crosses are the theoretical values cal
culated by Eq.(43) taking the exchange and correlation effects into account, 
and the dots are the values calculated by Eq.(45) ignoring the exchange and 
correlation  effects. The good agreement at |q +K|<0.9(27r/a) between the 
experimental values and the theoretical values allow ing fo r exchange and 
correlation seems to indicate the validity of the discussions in sections 2.3 
and 2.4 of this paper, since g(x) and f(t) are rigorous enough for such |q + h|. 
The slight deviation of the theoretical values with or without the exchange 
and correlation effects at |q+K| >0.9(27r/a) may be attributed to the approxi
mation implied in the derivation of g(x) on the one hand, and to the in
accuracy in the Born-M ayer repulsion on the other, which affects the ex-
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TfK)

Fig. 2

Debye temperature 0  of Na

----- Theoretical curve
О MARTIN [16]
• PARKINSON and QUARRINGTON [17]

perimental values of A (q+K ). The slight discrepancy between the experi
mental and the theoretical values of A (q+K ) at |q+K| >0.9(27r/a) results in 
the appreciable discrepancy between the theory and the experiment of dis
persion relation as seen in .Fig. 1. The modification of Dayal and Srivastava 
is justified at |q+K| >0.9(2îr/a), but not at |q + K|< 0.9(2;r/a).

Cochran has further determined the values of G(t) by the experimental 
values of A (q + h). In F ig .4 the crosses or dots are the values in term s of 
Eq.(41 ) with the exchange and correlation  effects o r o f those in term s of 
Eq.(46) without them, respectively, and the solid line is the theoretical G(t) 
as given by Eq.(38), The agreement between the crosses and the theoretical 
curve of G(t) ip good again fo r |q+ïi|<0.9(27r/a). The discrepancy fo r 
|q+K| >0.9(2тг/а) appears to originate from  the same approximations as 
mentioned above. The values o f G(t) w ere quite uncertain beyond 
jq+K| > 1.2(2тг/а), but Cochran thought that the function changed sign, as 
shown by the dashed line in Fig. 4, which would be consistent with the magni
tude of the band gap in the [110] direction, being related to G (t) fo r  
|q + h| ="У2(2тг/а). The G(t) is the form  factor of the effective  potential in 
the orthogonalized plane wave method. The effective potential as derived 
from  the values of crosses allowing fo r exchange and correlation was given 
approximately as

-e2/r for r > r s and -[(3e2/2rs) - ( e 2r2/2r3) + V (rs) - E0] fo r r < r s,

from  which we had óv^ of E q .(37 ). F o rce  constants as w e ll as e lastic  
constants w ere derived by Cochran on the base o f the experim entally de
term ined A (q + ÏÏ). The values of M (q+K) as determined s im ilarly  fo r  two 
cases, according to Eqs. (40) and (44), are shown in F ig . 5. These values 
of M (q+K ) lead to the values 3.5 and 2.6 eV of the interaction constants C, 
which decide the e lectrica l conductivity; the form er value of C, allowing-for
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(а/гтг) lq+hl

Fig. 3

The value of A(q+Tf)

----  Experimental line
+ Theoretical values of Eq. (43) 
• Theoretical values of Eq. (45)

Fig. 4

The values of G(|7+"5|/2kp)

----- Theoretical curve
X Experimental values of Eq. (43)
• Experimental values of Eq. (45)

exchange and correlation, is in good agreement with the experimental value 
3.2 ~  3.6 eV.

3.2. Norm al vibration o f sodium of face-centred cubic (fee ) la ttice

The stable form  of sodium is bcc at higher temperatures, T = 40°K, but 
at temperatures below 40"K, the close-packed form  of hep (hexagonal close 
packed) or fee is more stable than bcc and the martensitic phase transfor
mation takes place at about 35°K. From  the above phase transform ation
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'f i 
to-

0 .2  0 .4  0 .6  O fl 1 .0  1 .2

(а/2тг)|?+(Г|

Fig. 5

The experimental values of M(q + h)

x From Eq. (40)
• From Eq.(44)

Normal vibration of Na (fee)

we are led to the conclusion that (i) the sum of the electronic energy and the 
zero-point vibrational energy of fee or hep is low er than that of bcc, and 
that (i i )  the Debye temperatures of these close-packed lattices are higher 
than that of bcc. The dispersion relation of sodium of fee is calculated as 
shown in Fig. 6 with the same parameters as given for bcc sodium in section
3.1, except the lattice constant, which is 2i tim es that o f the bcc la ttice  
constant. T h e©  at lower temperatures is estimated at ~  160°K, which is 
higher than that of bcc sodium (cf. F ig. 2) in conformity with conclusion (ii).

The interplanar fo rce  constants Ф„ in the [100] direction, as defined 
by FOREM AN and LOMEH [19] , are derived from  the dispersion relation 
of fee sodium, as shown in Table I, and are compared with those of bcc 
sodium, as w ell as with the experimental values o f bcc sodium. It is in
teresting to note that force is of short range fo r fee as compared with the 
case of bcc.
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TABLE I

Фп OF SODIUM

T. TOYA;

■Jh (1012dyn/cm)

fee bcc bcc
(theor. ) (theor. ) (exptl. )

L T L T L T

1 108.05 48.29 85.85 86.72 93.6 98.2

2 -2.22 0.86 11.61 0.18 8.7 2.1

3 -0.07 0.13 1.42 0.47 3.4 -1.1

4 -0.15 0.09 0.43 0.14

5 -0.04 0.04 -0Л6 -0.04

3. 3. Norm al vibration o f copper

ZENER [20] and HUNTINGTON [21] have derived the exchange potential 
between ion cores of copper, assuming that the Coulomb interaction is sill 
or half compensated by the contribution from  the ion -electron -ion  in ter
action. However, the derivation is not accurate enough to calculate the dis
persion  relation  from  it. The author [22] has derived  the exchange r e 
pulsion conversely from the dispersion relation observed by JACOBSEN[23]. 
It is in ferred  from  a number of investigations on the electron ic structure 
o f copper that the qu as i-free  electron  model with H artree energy 
Eo = -2.7 ~  -4.2 eV is adequate. The calculations are carried out for three 
cases, i .e .  (a) E n = -3.33 eV, (b) E0 = -3.7O eV and (c ) E 0 = -4.07 eV. The 
appropriate exchange repulsions of Born-Mayer type are thus determined as

(a) vr (R ) = 0.123 exp [10.94(Re-R)/Re] eV, .

(b) \fc(R)= 0.156 exp [ 10.12(Re-R)/Re ] eV,

(c) vr (R ) = 0.192 exp [ 9.46(Re-R)/Re] eV,

where Re = a/«/2 and a is the lattice constant of copper. The dispersion re -
latlons derived from  the three sets of values (a ), (b) and (c) coincide with 
each other within a few per cent [22]. In F ig . 7 the dispersion relation  of 
case (b) is shown in comparison with the experiment o f Jacobsen, where 
open and closed c irc les  represent longitudinal and transversal vibrations, 
respectively.
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Fig. 7

Normal vibration of Cu

The elastic constants Сц , C44 and си  - c 12 are estimated from  the long 
wavelength lim it of the dispersion relation  of case (b) to be 14.0, 8.2 and 
4.6 in units of 1011 dyn/cm2, respectively. The ion-electron-ion potential 
compensates ~8 0  or 20% of the contribution to C44 or с ц  -  C12 from  the 
Coulomb potential, respective ly . The value of сц  is somewhat sm all as 
compared with the experimental value of 17.0X lO 11 dyn/cm?. The d iscre
pancy might be attributed to the free  electron approximation as w ell as to 
the central force model implied in the Born-M ayer exchange potential. 
CRIBIER et a l. [24 a] and SINHA and SQUIRES [24] recently observed the dis
persion relation by inelastic scattering of neutrons and Sinha has made ex
tensive theoretical investigations, although the author is not acquainted with 
details [24].

I f  the two param eters in the Born-M ayer expression of exchange r e 
pulsion are adjusted to the longitudinal and the transversal frequencies of 
the maximum wave number propagating in the [111] direction, observed by 
Sinha and Squires, we have

vR(R ) = 0.209 exp [9.033(Re~R)/Re] eV,

on the base of V (r s) - E 0 = 3.7 eV. The dispersion relation  calculated by 
making use of this exchange repulsion is found to be in good agreement with 
that observed by C rib ier et a l. and Sinha and Squires.

3.4. Thermal expansion of monovalent metals

The dispersion relation is rigorously formulated in section 2 with the 
lattice constant as a parameter; hence 7 q = -d log v/d log V is derived exact
ly  from  the formula obtained. The thermal expansion coefficient a is now 
given by the Griineisen relation

a = yxC v/V, (48)

where Cy is the heat capacity at constant volume, V the volume, x the com-
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pressib ility  and the Grüneisen constant 7  is  given by the mean of 7 q with 
weights

(hiz/kTf exp (hi//kT) [exp (hv/kT) - 1]*2.

The y 's  of alkali metals are evaluated at T  > 0 , as

Na К Rb Cs
(theory) 1.24 1.46 1.76 1.93

which are compared with y's determined by the observed a, x and Cv ac
cording to Eq.(48 ), as described in Reference [25].

(experim ent) 1.37 1.41 1.86 1.60

The 7  o f copper is s im ila r ly  calculated as a function of temperature 
and compared with the values experimentally determined by RUBIN, A LTM AN  
and JOHNSTON [26] and by SIMMONS and B A L L U F F I [27] according to 
Eq.(48 ), as shown in F ig . 8 .

Fig. 8

Grüneisen constant versus temperature for Cu

Ф RUBIN. ALTMAN and JOHNSTON [26] 
- +  -  SIMMONS and BALLUFFI [27]

4. NORM AL VIBRATION OF M U LTIVALE N T M ETALS

The dispersion relation of lead (fee) by inelastic scattering of neutrons 
was observed by BROCKHOUSE et al. [28]. The interatomic forces are of 
long range, and anomalies áre observed at (27r/a) (0.42, 0.42, 0.42), (2я-/а) 
(0.88, 0.88, 0), (2тг/а) (0.32, 0.32, 0) and (2тг/а)(0.90, 0, 0), which are attri
buted to KOHN anomalies [29] except for the last one.

The dispersion relation of niobium (bcc), as observed by NAKAGAWA 
et a l. [30], shows certain unusual features, as compared with that of mono
valent bcc metals; these are: (1) [100] L  and T  branches intersect at (2?r/a) 
(0.7, 0, 0); (2) the two non-degenerate [110] Tj and T2 branches intersect 
at (27r/a)(0.3, 0.3, 0); (3) [100] T  and [110] T2 have positive second de
rivatives fo r low values of if, and (4) [100] L  has an anomaly at (27г/а)(0.6, 
0, 0).
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In the case o f aluminium (fee ) [31-35], the overa ll dispersion relations 
are rather sim ilar to those of monovalent fee metals, except that [110] Ti 
and T2 branches nearly overlap at shorter wavelength, or, in other words 
C44 »  г (сц  -  C12) .

The above experimental results are not accounted for without reference 
to the overlapping band structures [14]. The dispersion relation was cal
culated fo r a fictitious metal with triply-degenerate bands and a quasi-free 
electron per atom, the exchange repulsive potential between ion cores as 
w ell as the la ttice constant, D/Do and В being assumed to be the same as 
those of copper. Two cases, (a) fo r V (rs)-E o = 2 .0  eV and (b) for 
V (rs)-E o  =3.7 eV, were calculated. The overa ll dispersion relations were 
rem arkably d ifferen t from  that of copper, revea ling anomalies as shown 
in P igs . 9(a) and (b), notwithstanding the sm aller electron-phonon in ter
actions in the case of (a) than those in the case o f copper. The anomalies 
are attributed to the sm alle r value of kF o f the fictitious m etal, i. e. 3"4 
tim es that of copper. The anomaly occurs at |q+K|/2kF =1 according to 
Eq.(43 ) , and its magnitude is  approxim ately proportional to g (rs |q+K|). 
Hence, the anomaly occurs at sm aller |q+K| fo r sm aller kF, and in con
sequence the magnitude of anomaly increases, because g (rs|q+H|) decreases 
monotonically with increase of |q+S| fo r |q+K|<l .4(2îr/a) . The breadth 
of anomaly is also proportional to kp, so that the anomaly w ill be more v i
sible for sm aller kF.

The interplanar force constants Фп in the [110] direction of the fictitious 
metal are shown in Table II and compared with those (theoretical) of copper. 
The Фп of the fictitious metal for n = 11 ~  15 are ten times la rger than those 
of copper.

TABLE II

Фп OF C O PPE R  AND C O P P E R -L IK E  F ICTIT IO U S  M E T A LS

4п (1012 dyn/cm)

[1 Case (a) Case (b) Copper

L T L T L T

1 1284.47 684.12 704.23 595.35 1046.91 531.29

2 11.74 2.36 89.93 6.45 24.80 7.66

3 -24.51 -0.05 -55.19 -0.03 . -0.18 2.20

4 19.80 0.04 36.17 -0.03 -3.06 1.19

5 -14.48 0.11 -24.90 0.15 0.11 0.54

6 10.82 0.04 18.00 0.Ó1 0.67 -0.20
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Fig. 9(a)

Normal vibration of a fictitious metal (a) 
V(rs) = 2.0 eV

Fig.9 (b)

Normal vibration of a fictitious metal (b)
V(rs) = 3.7 eV

Figure 10 shows the dispersion relation of a bcc fictitious metal with 
a quasi-free electron per atom, which is distributed among the triply— 
degenerate bands. The lattice constant a, atomic radius rs, V (rs)-E o , D/Do 
and В are assumed to be the same as those of sodium. The exchange re 
pulsive potential between ion cores is assumed tentatively to be three times 
as large as that of sodium. The anomalies are seen at (2я-/а) (0.89, 0, 0)L, 
(2тг/а)(0.39, 0.39, 0 )L  and (2тг/а) (0.50, 0.50, 0.50)L and T . No anomalies 
are seen at (2n/a) (0.62, 0.62, 0.62) and (2тг/а) (0.72,0.72, 0.72), where 
2kp = |q+K| fo r h = (2?r/a) (-1, -1, 0). The curve L  of the longitudinal mode 
is lower than curve T  of the transversal mode of the wave propagating in the 
[100] direction. Force constants $n are shown in Table III.

Some kinds of anomalies, which might possibly be due to the approxi
mation of the quasi-free electron, cannot be accounted fo r at the moment.

Other calculations of the dispersion relation of metals with overlapping 
bands are now in progress on the basis of the theory previously developed
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Fig. 10

Normal vibration of a fictitious metal

TABLE III

Ф nO F SO D IU M -LIK E  F IC T IT IO U S  M E T A L

П

Фп(1012 dyn/cm)

n

i>n(1012 dyn/cm)

L . T L T

1 97.54 113.13 4 , -5.71 0.03

2 -18.76 0.56 5 4.09 -0.08

3 13.81 -0.61 6 -0.93 -0.05

[14 ], in order to gain an insight into the details of the dispersion relation 
o f multivalent m etals.

A C K N O W L E D G E M E N T

The author wishes to express his sincere thanks to Professor J. Horiuti 
fo r his stimulating discussions on the present work, to M r. T . Nagayama, 
who carried  out many of the computations on the present work on the 
NEAC 2203 G computer, and to M iss A . Okubo and M iss T . Kawai, who 
helped with the computations and the preparation of the manuscript.

R E F E R E N C E S

[1] TOYA, T ., J. Res. Inst. Catalysis, Hokkaido Univ. 6 (1958) 161-82 and 183-95.
[2] DAYAL, B. and TRIPATHI, B.B., J. chem. Phys. 36 (1962) 3002-06.



46 T. TOYA

[3] COCHRAN, W., Proc. roy. Soc. A 276 (1963) 308-23.
[4] EWALD, E. P., Nachr. Akad. Wiss. Gottingen N. E. IL 3 (1938) 55. KELLERMAN, E. W., Phil. Trans.

Roy. Soc. Lond. A 238 (1940) 513-48.
[5] WOODS, A.D.B., BROCKHOUSE, B. N., MARCH. R. H., STEWART, A. T. and BOWERS. R.. Phys. 

Rev. 128 (1962) 1112-20.
[6] SAMPSON. J .B . and SEITZ, F .. Phys. Rev. 58 (1940) 633.
[7] BARDEEN, J . , Phys. Rev. 52 (1937) 688-97.
[8] HEISENBERG, W., Z. Naturf. 2a (1947) 185.
[9] MACKE, W ., Z. Naturf. 5a. (1950) 192; MATSUBARA. T ., Prog, theor. Phys. 14 (1955) 351.

[10] GELL-MANN, M. and BRUECKNER, K. A., Phys. Rev. 106 (1957) 364-68.
[11] SAWADA, K .. Phys. Rev. 106 (1957) 372-83.
[12] SAWADA. K .. BRUECKNER, K. A .. FUKUDA, N. and BROUT, R., Phys. Rev. 108 (1957) 507-14.
[13] BAILYN, M., Phys. Rev. 117. (1960) 974-84.
[14] TOYA, T ., Proc. Int. Conf. on Lattice Dynamics, (Copenhagen, 1963) Pergamon Press, to be published.
[15] DAYAL, B. and SRIVASTAVA, P. L., Proc. roy. Soc. A 277 (1963) 183-92.
[16] MARTIN, D. L., Proc. roy. Soc. A 254 (1960) 433-43.
[17] PARKINSON, D. H. and QUARRINGTON, J. E., Proc. phys. Soc. A 68 (1955) 762-63.
[18] BARRETT, C. S. , Acta cryst. 9 (1956) 671-77.
[19] FOREMAN, A.J.E. and LOMER, W. M. , Proc. phys. Soc. В 70 (1957) 1143-50.
[20] ZENER, C ., Acta cryst. 3 (1953) 346-54.
[21] HUNTINGTON, H. B. , Phys. Rev. 91 (1953) 1092-98.
[22] TOYA, T., J. Res. Inst. Catalysis, Hokkaido Univ. 9 (1961) 178-210.
[23] JACOBSEN, E. H. , Phys. Rev. _97 (1955) 654-59.
[24] SINHA, S. K. and SQUIRES, G. L., Proc. Int. Conf. on Lattice Dynamics (Copenhagen, 1963) Pergamon

Press, to be published; private communication.
. [24a] CRIBIER, D. , JACROT, M. et SAINT-JAMES, D. , J. de Phys. Radium 21 (I960); Inelastic Scattering

of Neutrons in Solids and Liquids, IAEA, Vienna (1961) 549-54.
[25] GILVARRY, J .J . , J. chem. Phys. 23 (1955) 1925-27.
[26] RUBIN, T.. ALTMAN. H. W. and JOHNSTON. H. L.. J. Amer. chem. Soc. 76 (1954) 5289-93.
[27] SIMMONS. R, O. and BALLUFFI. R. W., Phys. Rev. 108. (1957) 278-80.
[28] BROCKHOUSE, B. N. , ARASE. T .. CAGLIOTI. G.. RAO, К. R. and WOODS, A.D.B.. Phys. Rev. 128 

(1962) 1099-1111.
[29] KOHN. W.. Phys. Rev. Lett. 2 (1959) 393-94.
[30] NAKAGAWA, Y. and WOODS, A.D.B., Proc. Int. Conf. on Lattice Dynamics (Copenhagen, 1963) 

Pergamon Press, to be published.
[31] WALKER. C.B.. Phys. Rev. 103 (1956) 547-57.
[32] CARTER. R.S., PALEVSKY. H. and HUGHES, D.J., Phys. Rev. 106.(1957) 1168-74.
[33] BROCKHOUSE, B.N., and STEWART, A. T ., Phys. Rev. 100 (1955) 756-57.
[34] LARSSON.K.-E. , HOLMRYD, S. and DAHLBORG, U. , Inelastic Scattering of Neutrons in Solids and 

Liquids; IAEA, Vienna (1961) 587-98.
[35] YARNELL. J. L., WARREN, J. L. and KOENIG, S. H., Proc. Int. Conf. on Lattice Dynamics (Copenhagen, 

1963) Pergamon Press, to be published.

D IS C U S S IO N

T . TOYA: I should like to add that in certain studies (not reported in 
the paper) which have been conducted on the relations between A (q + K), Ф(п) 
and Kohn anomalies, the conclusion is reached that the periodicity of Ф(п) 
with respect to n for longitudinal vibrations of monovalent metals is not the 
re flection  of discontinuity o f A (q + h ), but only the Fou rie r  transform  of 
G2(t), and that Ф(п) decreases as n-2 . In the case of multivalent metals 
accompanied by Kohn anomalies, the periodicity is the reflection of the dis
continuity of A (q+h ), and Ф(п) decreases as n-i .
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W. COCHRAN: The approximate result for the dielectric function could 
be less than one, and to avoid this you introduce a discontinuity of slope. 
Is it possible that this procedure is responsible for non-physical anomalies 
in calculated dispersion curves?

T . TOYA: The discontinuity of slope introduced in the expression for 
the d ielectric function is so small that non-physical anomalies are not 
perceptib le.

W. COCHRAN: A re  you satisfied that it is physically meaningful to use 
Bardeen's result, involving G(t) = {1 + a [V (rs ) - Eo]} g(2kprs t), in discussing 
electron-phonon interaction in polyvalent metals?

T . TOYA: It is physically meaningful at least fo r  long waves, on the 
basis of the effective mass method of Slater and Bardeen, since E s(=  aEo/d log V) 
= (V (rs) -  Eo) -0 .2  e2/rs, where V is the volume of the atomic sphere.

S. SINHA: In principle, the expression G(t) = { l  + a [V (rs)-E o ]}g (2 k fr st) 
should, at the points t = |Й/2кР] (f f=  reciprocal lattice vector), determine 
the band gaps in the perfect crystal, according to the pseudo-potential fo r
malism. However, one finds that these generally prove to be sm aller than 
observed, due to the high damping of the factor g(2kprst). How can one re
concile the requirements of band structure and of lattice dynamics?

T. TOYA: I do not know how we can reconcile them. In the case of
copper, the pseudo-potential form alism  is not accurate enough. Accurate 
evaluation of G(t) is desirable, although it would be extrem ely complicated.

P . EGELSTAFF: In presenting his survey paper*, P ro fessor Cochran 
said, in substance, that in the case of metals other than alkali and noble 
metals, we have no real understanding of the dispersion curves. Professor 
Toya, however, indicates that the treatment which he is presenting explains 
some anomalies and provides a plausible analysis of multivalent m etals. 
Could he state what new point he has introduced that was not known to P ro 
fessor Cochran? .

T . TOYA: What I have introduced is a possible method for separating 
the various contributions to the adiabatic potential by analysing Ф(п) as de
termined from the observed dispersion relation.

* COCHRAN, W., "Theoretical aspects of phonon dispersion curves for metals", these Proceedings I.
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A COMPARISON BETWEEN THE ELECTRON-PHONON INTERACTIONS OF TOYA AND BAILYN. To 
study the thermal properties of the monovalent metals, Toya considered the screening of the ionic perturbation. 
His approach is' an extension of Bardeen’s work and includes the effects of exchange in the screening on the 
lines of the Hartree-Fock theory. It is a step forward in the theory of screening but it inherits some of the 
weaknesses of the Hartree-Fock theory. To consider the effects of the Hartree-Fock approximation with regard 
to (1) the drastic reduction of the density of states near the Fermi surface and (2) the lack of proper correlation, 
Toya made two modifications in his expression for screening which he obtained by this approximation. Firstly 
he multiplied the energy denominator appearing in the matrix element by D/Do, where D and Do are the 
densities of states near the Fermi surface with and without exchange and correlation respectively. Secondly 
he replaced the exchange term in the expression for screening by 2Bire2/k£, where В is a parameter assumed 
independent of the phonon wave vector and includes the effect of correlation of the anti-parallel spins also, 
kp being the Fermi radius. His calculated vibration frequencies in the symmetry directions show slight dis
agreement for sodium and marked disagreement for copper with the neutron diffraction results.

Bailyn has also extended Bardeen's work and relied upon the Hartree-Fock theory. He considers the 
correlated exchange in the light of Bohm and Pines'work. Using his expression for the total matrix element 
and approximating the energy expression with the true energy the author has recalculated the vibration fre
quencies in the two cases. The calculated vibration spectra for the symmetry directions show better agreement 
with the neutron diffraction results. The calculated 0-T curves are also in better agreement with the experi
mental curves. Further it has a distinct advantage over Toya's work because it is able to dispense with the 
uncertain corrections appearing in his theory.

COMPARAISON DES INTERACTIONS ÉLECTRONS-PHONONS ÉTABLIES PARTOYA ET BAILYN. Pour 
étudier les propriétés thermiques des métaux monovalents, Toya a envisagé d'éliminer la perturbation ionique 
par un effet d'écran (screening). Sa méthode constitue une extension des travaux de Bardeen et tient compte 
de l'échange dans l’effet d'écran sur la base de la théorie de Hartree-Fock. Elle marque un progrès dans la 
théorie de l’effet d’écran mais elle possède encore certains des points faibles de la théorie de Hartree-Fock. 
Pour tenir compte des effets de l’approximation de Hartree-Fock, en ce qui concerne 1. la diminution brusque 
de la densité des états au voisinage de la surface de Fermi et 2. l’absence d’une corrélation appropriée, Toya 
a apporté deux modifications â l’expression de l'effet d'écran qu’il avait établie au moyen de cette approxima
tion. Tout d'abord il a multiplié le dénominateur de l’expression de l'énergie qui apparaît dans l’élément 
matriciel par D/D0, ou D et D0 sont les densités des états au voisinage de la surface de Fermi, respectivement 
avec et sans échange et corrélation. Puis il a remplacé le terme relatif à l'échange dans l’expression du 
screening par 2Втге2/к^, où B est un paramètre supposé indépendant du vecteur d'onde des phonons qui englobe 
l*effet de corrélation des spins anti-parallèles, et kp le rayon de Feimi. Les valeurs qu'il a calculées pour 
les fréquences de vibration dans les directions de symétrie accusent, par rapport aux résultats obtenus par la 
diffusion des neutrons, un léger écart pour le sodium et un écart très net pour le cuivre.

Bailyn a lui aussi développé les travaux de Bardeen en s’appuyant sur la théorie de Hartree-Fock. Il 
a étudié l'échange corrélé sur la base des travaux de Bohm et Pines. En utilisant son expression pour l’élément 
matriciel total et en déterminant l'expression de l'énergie par approximation au moyen de l'énergie réelle, 
l'auteur a refait le calcul des fréquences de vibration dans les deux cas. Les spectres de vibration calculés 
pour les directions de symétrie concordent mieux avec les résultats obtenus par diffusion des neutrons. Les 
courbes théoriques 6-T sont également plus conformes aux courbes expérimentales. En outre, cette méthode 
présente un avantage indéniable sur les travaux de Toya, en ce sens qu'elle permet de se passer des corrections 
très incertaines qui apparaissent dans sa théorie.
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СРАВНЕНИЕ ЭЛЕКТРОН-ФОНОННЫХ ВЗАИМОДЕЙСТВИЙ ТОЙЯ И БАЙЛИНА. Чтобы 
изучить тепловые свойства одновалентных металлов, Тойя занялся рассмотрением экраниро
вания ионной пертурбации. Его метод является развитием работ Бардеена и включает эф
фекты обмена при экранировании по теории Хартри-Фока. Утот метод является шагом вперед 
в теории экранирования. Однако он не лишен некоторых слабых сторон теории Хартри-Фока. 
Чтобы рассмотреть приближения эффектов Хартри-Фока в отношении 1) резкого уменьшения 
плотности состояний вблизи поверхности Ферми и 2) отсутствия точной корреляции, Тойя внес 
два изменения в его выражение для экранирования, полученное при таком приближении. Во- 
первых, он умножил знаменатель энергии в матричном элементе на D/D0, где D и D0 озна
чают плотности состояний вблизи поверхности Ферми с обменом и без обмена и корреляции 
соответственно. Во-вторых, он заменил член обмена в выражении для экранирования на 
2Втг2/к Р1 , где В означает параметр, считающийся независимым от волнового вектора фонона, 
и включает также эффект корреляции антипараллельных спинов, a kF ~ радиус Ферми. Вы-̂  
численные им частоты колебаний в симметричных направлениях показывают некоторое рас
хождение с результатами дифракций нейтронов для натрия и заметное расхождение для меди.

Байлин также продолжал работу Бардеена и исходил из теории Хартри-Фока. Он рас
сматривает коррегированный обмен в свете работы Бома и Пина. Используя свое выражение 
для общего матричного элемента и аппроксимируя выражение для энергии с действительной 
энергией, автор вновь вычислил частоты колебаний для двух случаев. Вычисленные спектры 
колебаний для симметричнь1х направлений показывают лучшее согласие с результатами ди
фракции нейтронов. Рассчитанные кривые fc) — 1 также лучше согласуются с эксперименталь
ными кривыми. Кроме того, существенным преимуществом над работой Тойи является то, 
что можно обойтись без неопределенных поправок, содержащихся в его работе.

COMPARACIÓN DE LAS INTERACCIONES ELECTRÓN-FONÓN DE TOYA Y BAILYN. Con el fin de 
investigar las propiedades térmicas de los metales monovalentes, Toya estudió el efecto de pantalla de la 
perturbación iónica. Abordó la cuestión sirviéndose de una ampliación de los trabajos de Bardeen, y considera 
la influencia del intercambio en el efecto de pantalla, conforme a la teorfa de Hartree-Fock. Su enfoque 
representa un progreso en la teorfa del efecto de pantalla, pero recoge algunos de los puntos débiles de la 
teorfa de Hartree-Fock. Para contrarrestar los efectos de la aproximación de Hartree-Fock en lo que respecta 
1) a la disminución radical de la densidad de estados en las inmediaciones de la superficie de Fermi, y 2) a 
la falta de correlación apropiada, Toya introdujo dos modificaciones en su expresión del efecto de pantalla 
obtenida según dicha aproximación. En primer lugar, multiplicó por D/Do el denominador de la expresión 
de la energfa que aparece en el elemento matriz, siendo D y D0 las densidades de estados en las inmediaciones 
de la superficie de Fermi con y sin intercambio y correlación, respectivamente. En segundo lugar, sustituyó 
el término de intercambio en la expresión del efecto de pantalla por 2Втге2/к£, donde В es un parámetro 
que se supone independiente del vector de onda fonónico y comprende el efecto de correlación de los spines 
antiparalelos, siendo kp el radio de Fermi. Las frecuencias de vibración por él calculadas en las direcciones 
de simetría discrepan ligeramente de los resultados obtenidos por difracción neutrónica en el caso del sodio, 
y considerablemente en el caso del cobre.

Por su parte, Bailyn también ha ampliado los trabajos de Bardeen y recurrido a la teoría de Hartree- 
Fock Considera el intercambio correlacionado a la luz de los trabajos de Bohms y Pines. Utilizando su 
expresión del elemento matriz total y formulando una expresión de la energía más próxima a la energfa 
verdadera, el autor ha vuelto a calcular las frecuencias de vibración en ambos casos. Los espectros de vibra* 
ción calculados para las direcciones de simetría concuerdan más satisfactoriamente con los resultados obtenidos 
por difracción neutrónica. Las curvas 6-T calculadas se ajustan también mejor a las curvas experimentales. 
Además, este trabajo posee sobre el de Toya la neta ventaja de que permite prescindir de las correcciones 
inciertas que aparecen en la teorfa de este último autor. •

A metal consists of ions and valence electrons. The interaction between 
ions is w ell known but the conduction electrons create complications in the 
rigorous study o f the in teraction . When a phonon o f wave vec to r  q, say, 
disturbs the lattice, the electrons undergo a change in potential. They re 
distribute themselves under the influence of the varying potential of the v i 
brating ions and produce a screening effect on them. This e ffect was con
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sidered by BARDEEN [1] in the study o f the conductivity of monovalent me
tals. Basing his work on the Hartree theory he obtained the matrix element 
Vph+ fo r the total perturbation in term s of the m atrix  elem ent fo r  the bare 
la ttice Vih+ . The relation  between the two, according to him, is  given as

. Vph+ = s v ft+ ,

where

S = -------------------------- ----------------------------------- , (1)
1 - (8îre2/|cf+Kh|2 )^ [E (É )  - EÚc+q + Kh )]-1

к

Kh being the reciproca l lattice vector and E(k) the energy o f the electron in 
the к-state. The calculated values o f the conductivity o f alkali metals are 
about twice the experimental values. The phonon spectrum of sodium calcu
lated on the basis of this theory does not show agreement with the neutron 
diffraction results of WOODS et a l. [2] . The disagreements were considered 
to be the result of treating the theory in terms of the Hartree approximation, 
which suffers from  the defect that it does not take correlation  into account. 
It was with this in mind that TO YA  [3] and B A IL Y N  [4] at about the same 
tim e attempted to’ im prove Bardeen 's theory o f screening by including the 
effect of exchange and correlations on the screening of the ionic perturbation 
in the framework of this theory.

Proceeding along the lines of Bardeen, TOYA [3] considered the screen
ing of the ionic perturbation in the Hartree-Fock approximation and obtained 
S with the use of S later's simplification for the exchange potential as

S =
1 - [ (8зге2/ | q + £ h|2 ) - (5/6) (2e2/N) (3N/Stt)1/3] ^ [E (^ )  - E(Ic+ q+ í?^ ]'1

к (2)

This expression differs from that obtained by BARDEEN [1] with respect 
to the second term  in the firs t  square bracket of the denominator o f Eq. (2). 
This term  arises on account of the inclusion of exchange effect in the theory. 
In the above theoretical structure the correlation  of the anti-paralle l spins 
has not been considered. This has some repercussion on the physical pro
perties of metals. Because of the consequences of relying upon the Hartree- 
Fock approximation, with its drastic reduction o f the density of states near 
the F e rm i surface and neglect o f proper corre la tion , Toya made two 
modifications in his expression fo r S. F irs tly  he multiplied the energy 
denominator £ [E(ïc) - Е(й + q + í?jj)]_1 appearing in the m atrix elements by 

к
D/D0, where D and D0 are the densities of states near the F e rm i surface 
with and without exchange and correlation , respective ly . Secondly he r e 
placed the exchange term  in the expression fo r  S by 2Bffe2/k|,where В is  
a param eter which is assumed independent o f the phonon wave vec tor and 
includes the e ffect o f the correla tion  o f the anti-paralle l spins also. The 
numerical value o f В is determined by comparing the expression fo r com
press ib ility  with that obtained from  the theory o f W igner and Seitz. D/D0
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is  obtained from  the work of B L A T T  [5] . Under the above m odifications 
the expression  fo r  S becom es

The expression used fo r E (k) by Toya is the same as that used by Bar
deen in the Hartree approximation, i .e .

Toya further developed the expression for the adiabatic potential energy 
o f the valence electrons from  which he found the electron ic contribution to 
the coupling coefficients of the secular determinant. He calculated the v i
bration frequencies of the alkali metals [6, 7] and copper [8, 9] fo r the three 
symmetry directions. The disagreement with the neutron diffraction is slight 
in the case of sodium [6] but large in the case of copper.

B A IL Y N  [4] has also extended Bardeen 's work and re lied  upon the 
H artree-Fock theory. His work differs from that of Toya in the evaluation 
of the exchange potential. He considers the correlated exchange in the light 
o f BOHM and P IN E 's  work [10] . The advantage in this case is that a better 
correla tion  is taken into account in considering the screen ing o f the ionic 
perturbation and difficu lties as regards reduction o f density o f states near 
the Ferm i surface do not appear. Naturally, therefore , he need not make 
any em pirical correction  o f his expression for S like Toya. The expression 
fo r the energy in the above framework is given as

S = 1
. (3)

1 - [(8тге2/ |q+ ich|2) - 2B7re2/kf] D /D o^ [E (g ) - Eflc + q + i? ,.)]'1

(4 )

ECS) = W (k l (5 )

where

W(2) = - h(x)
7Г

and

( =  f (x )  -  /3 0 < x <  1 -0

h(x> <  = 4  ‘  2 +  ~ T T ~  1П
1 /3 , 1 - Х 2 1 + x 3x2 - 1 + /32 

/3 + 8x
1 -0  < x <  1 +J3

= f(x ) l + 0 < x < 3

к
x = —
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(3 = 0.353 (r s/a0) 1/2

rs is the radius o f the Seitz sphere and a0 is the Bohr radius.
F o r  the convenience o f integration Е(й) in Eq. (5) is approximated by

Е(Й) = (px2- pqx4), (6 )

where p and q are the param eters obtained fo r a good fit.
Bailyn obtained an integral equation for the total matrix element Vph+ as

Vph+(E) = V ih+(q> -  X ^ a , (E ' ,E ‘ ) V phf(li'). (7)

where к and k1 are the states o f the electrons, as (k, k1) is a function of k, k' 
and X = 4зге2/Д |<f + í?h|2, A being the crystal volume.

Equation (7) was solved by him in the zeroth approximation. Vph+ is then 
given as ,

where
V ph+= s v ih+.

s =
1 + [ ( 9 7 г / 4 ) 1 ^3 тг] -1 ( Г  /а ) [F (u ) - G (u ,h )]/u2

(8)

(8a)

l+2u

G(u, h) = —  J d x x h (x ) [ ( l  + 2qx2) Q (x,u ) + q R (x ,u )],

4

F (u > a  f(u) + p
1 - u4 11 + u t u2 3 1

4u 11 - u I + 2 2 J ’

(9)

( 1 0 )

r.. x «  r- 1 - U 2 , I 1 +  Uf(u) = 0.5 Л---;-----  In4u 1 - U

where x0 = 1 - 2u fo r u < 0.5 o r x 0 = 0 for u > 0.5; Q (x,u) and R(x,u) are only 
functions of x and u, and u = |q+Kh|/2kF.

Since his treatment of the screening seems more satisfactory than that 
given by Toya, the vibration  frequencies fo r  sodium and copper were r e 
calculated by the author using Bailyn's total m atrix element Vptl+. For this 
purpose Bailyn 's matrix element V ph+ is substituted in the following expres
sion for the coupling coefficient [X Y ]E derived by Toya:

X  I Vph+ Vih+ [E(i?) -  E < * +  q + K h M ^ + ^ p N e ^ y . a i )

Vih+ is the same as that derived by Bardeen, namely
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Vih+ = iN-i/2aq(êq, î  + Kh) 47rNe2 4

. I W , v w ' E*.
6(x), (12)

where aq is  the normal co-ord inate, ê q the po lariza tion  vec to r, N the 
number o f ions in a unit volume, V (rs ) the potential at the surface o f the 
Seitz sphere and E 0 the energy o f the e lectron  in the low est state.

3(sinx - x cos x) 
g (* ) = ---------- ^3--------(13)

where x = | q + К J rs and

У  [E (k )-E (k +  5 + K h )] '1 = f '  
-*
К

Using Eq. (6) fo r E(k) we have

dk
E(k) - E (k +  q + K h)

^ [E (k )  - E (k +  q + Kh)]~1= (14)

"k

where WF is the Ferm i energy.
Substituting the value of V ph+ from  Eq. (8), Vih+ from  Eq. (12) and 
(Й) - E ( ï  + q + it»,)]"1 from£ [E (k ) - E(k + q + Kj,)]’  from  Eq. (14) in Eq. (11), we get 

к

[X Y ]E = Ne2

where G(u) =

1TV  Khx) (qy+ Khy) 6F(u) 4?rNe 2 „ r 2 f||,
3 6» ‘ 4 4  | 3 * K „| »  4WP |3, K / s G

,(15)

1 +  <V <r * > - E o > S i g(x ) and S is given by Eq. (8a).

The numerical values of the param eters p and q fo r  sodium, as taken 
from  Bailyn's work, are p = 1.325 and q = 0.018; the values fo r copper, as 
calculated by the author, are p = 1.246 and q = 0.022.

The other parameters which appear in the expression for [X Y ]E are the 
same as those used by Toya, namely fo r sodium V (r s) - E0 = 0.08 eV, 
r s = 3.96 ao, WF = 3.17 eV and fo r  copper V (r s) - E 0 = 3.7 eV , rs = 2.68 a0, 
W F = 6.95 eV.

The vibration frequencies fo r  the two metals w ere calculated using 
Bailyn's Vptj+ in the electronic coupling coefficients. The dispersion curves 
of the three symmetry directions for sodium have been plotted in Figs. 1, 2 
and 3 and fo r copper in F igs. 4, 5 and 6. They have been compared with the 
neutron diffraction results of WOODS et a l.[2] for sodium and CRIBIER et al. [11] 
and SINHA and SQUIRES [12] fo r  copper. The curves show that the agree
ment is better than that obtained by Toya in the case of sodium and there 
is  rem arkable improvem ent in the agreement fo r  the case o f copper.

To g ive a further test to the expression  fo r  the m atrix  elem ent, the 
Brillouin zone was divided into 10 X 10X 10 cells and the vibration frequencies 
were calculated for the representative points lying in the irreducible 1/48-th
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Fig. 1

Dispersion curve for sodium for [100] direction

--------- author’s theoretical
---------Toya's theoretical

О experimental points for longitudinal branch
x experimental points for transverse branch

Fig. 2

Dispersion curve for sodium for [110] direction

--------- author's theoretical
---------Toya's theoretical

О experimental points for longitudinal branch
x experimental points for transverse branches
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Fig- 3

Dispersion curve for sodium for [111] direction

--------- author's theoretical
— :------Toya's theoretical

О experimental points for longitudinal branch
x experimental points for transverse branch

Fig. 4

Dispersion curve for copper for [100] direction

-------  author's theoretical
□ Toya's longitudinal
x Toya's transverse
О experimental (CR1BIER et al. [11] )
• experimental (SINHA and SQUIRES [12] )
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Fig.5

Dispersion curve for copper for [HO] direction

-------  author's theoretical
И Toya's longitudinal
x Toya's transverse
О experimental (CRIBIER et al. [11])
• experimental (SINHA and SQUIRES [12] )

(яЬ)

Fig. 6

Dispersion curve for copper for [111] direction

--------- author's theoretical
x Toya's longitudinal and transverse
О experimental (CRIBIER et al. [11] )
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т <°к>
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Fig. 7

8-Т curve for sodium

------  author's theoretical
О experimental (MARTIN [13] )
.  experimental (FILBY and MARTIN [14] )

. 4

310

~ -o ----------- о

<0 80 120 

T <°K)

Fig. 8

6 - T curve for copper

- author's theoretical
О experimental (MARTIN [15] )
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part of the zone. The specific heats have been calculated by numerical com
putation. Figure 7 shows that the agreement in the case o f sodium is almost 
exact with the experimental 0 -T  curve of M ARTIN  [13] above 35°K which is 
the transition point. Below this temperature sodium changes its structure 
to hexagonal close-packed and does not retain the body-centred cubic struc
ture fo r  which the calculations have been made. Naturally, therefore, one 
may not expect good agreement with the experimental results o f F IL B Y  and 
M ARTIN  [14] below 35°K. The maximum disagreement is 8%. The agree
ment in the case of copper (shown in Fig. 8) with the experimental results of 
M AR TIN  [15] above 30°K and FR AN K  et a l. [16] below this temperature is 
fa ir ly  good. The disagreem ent is nowhere grea ter than 3%.
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Abstract —  Résumé —  Аннотация —  Resumen

INTERPRETATION OF SLOW NEUTRON SCATTERING DATA IN METALS. The slow neutron scattering 
technique has now been developed to yield very detailed information on phonon dispersion curves in single 
crystals. This calls for a proper interpretation of the experimental data. The theoretical calculations are 
normally based on Born-von Kármán's theory for lattice vibrations and it has been shown that also in metals 
the interatomic interaction extends over a fairly large distance in contrast to what was assumed earlier. Recent 
computations, particularly those of Cochran and collaborators, have demonstrated that the deformation of 
the electron density within the ions plays an essential role for the lattice vibrations. Similarly the polarization 
of the conduction electrons gives rise to the famous Kohn effect.

It is shown in this paper that a slight modification of. the Born-von Kármán scheme makes it possible 
to include properly the response of the electrons, where we have restricted ourselves to purely harmonic motions 
in norn>al metals. The torce constants are expressed in terms ot the electronic properties of the crystal and 
in this way a direct physical significance is given to the force constants. In this formulation the Cochran 
model as well as the Kohn effect is easily visualized. It is stressed which physical effects are important for 
the calculations of phonon spectra.

The procedure toilowed in the derivations is similar to that used earlier by Bardeen and Pines and others 
when calculating the effective electron-phonon interaction. We have, however, included the periodicity 
of the lattice and in fact made no approximations concerning the electronic motions. We obtain in this way 
rigorous definitions of the force constants. The results are analogous to those obtained recently by Baym but 
our derivation is more direct and in accordance with the conventional formulations of the theory of lattice 
vibrations.

INTERPRÉTATION DES DONNÉES OBTENUES AU MOYEN DE LA DIFFUSION DES NEUTRONS LENTS 
PAR LES MËTAUX. La méthode de la diffusion des neutrons lents a été perfectionnée de manière à fournir 
des renseignements très détaillés sur les courbes de dispersion des phonons dans les monocristaux. Pour cela, 
il faut interpréter les données expérimentales de façon appropriée. Les calculs théoriques sont normalement 
fondés sur la théorie de Born et von Kármán pour les vibrations de réseau et on a montré que dans les métaux 
également les interactions atomiques s'étendent à une distance assez grande, contrairement à ce qui était 
admis antérieurement. Des calculs récents, notamment ceux de Cochran et de son équipe, ont prouvé que 
la modification de la densité électronique à l’intérieur des ions exerce une influence déterminante sur les 
vibrations de réseau. De même, la polarisation des électrons de conduction donne Heu au fameux effet de 
Kohn.

Une légère modification de la théorie de Born et von Kármán permet d’inclure la réponse des électrons 
de façon satisfaisante dans les cas où l'on se limite aux mouvements purement harmoniques dans les métaux 
normaux. Les constantes de force sont exprimées en fonction des propriétés électroniques du cristal et acquièrent 
ainsi une signification physique directe. Grâce I cette formulation, le modèle de Cochran de même que l’effet 
de Kohn peuvent être facilement concrétisés. Les auteurs indiquent les effets physiques qui revêtent une im* 
portance pour les calculs des spectres de phonons.

Ils ont suivi une méthode semblable à celle que Bardeen et Pines ainsi que d'autres chercheurs avaient 
employée antérieurement pour calculer l’interaction efficace électron-phonon. Mais ils ont en outre tenu 
compte de la périodicité du réseau et n'ont procédé, en fait, à aucune approximation concernant les mouve
ments électroniques. Ils ont défini ainsi rigoureusement les constantes de force. Les résultats sont analogues
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à ceux récemment obtenus par Baym, mais la méthode utilisée par les auteurs est plus directeet elle est con
forme aux formulations classiques de la théorie des vibrations de réseau.

ИНТЕРПРЕТАЦИИ ДАННЫХ ПО РАССЕЯНИЮ МЕДЛЕННЫХ НЕЙТРОНОВ В МЕ
ТАЛЛАХ. В настоящее время разработан метод рассеяния медленных нейтронов для полу
чения весьма подробной информации о кривых фононной дисперсии в отдельных кристаллах. 
Это требует необходимой интерпретации экспериментальных данных. Теоретические расчеты 
обычно основываются на теории Борна фон Кармана для колебаний решетки, и показано, что 
также в металлах внутриатомное взаимодействие распространяется на довольно большое рас
стояние по сравнению с первоначальными предположениями. Расчеты, которые недавно про
извели, в частности Кохран и сотрудники, показали, что деформация плотности электронов 
в ионах играет основную роль для колебаний решетки. Подобным образом поляризация элек
тронов проводимости вызывает известный эффект Кона.

В данном докладе показано, что небольшая модификация схемы Борна фон Кармана 
позволяет должным образом включать воздействие электронов, где мы ограничивались чисто 
гармоническими движениями в обычных металлах. Константы силы выражаются в виде элек
тронных свойств кристалла и таким образом прямое физическое значение придается констан
там силы. В этой формулировке отчетливо проявляется модель Кохрана, а также эффект 
Кона. Указываются физические эффекты, которые играют важную роль для расчетов фо
нонных спектров.

Метод применяемый для вывода формул, аналогичен методу, который использовали 
ранее Бардеен и Пинес и другие при расчете эффективного электронно-фононного взаимо
действия. Однако мы включили периодичность решетки и фактически не делали никаких ап
проксимаций относительно движений электронов. Мы получили таким образом точные опре
деления константов силы. Эти результаты аналогичны результатам, полученным недавно 
Баймом, но наш вывод является более полным и соответствует условным формулировкам 
теории колебаний решетки.

INTERPRETACION DE LOS DATOS DE DISPERSION DE NEUTRONES LENTOS EN METALES. En el estado 
actual de su desarrollo, la técnica de dispersión de neutrones lentos permite obtener información muy detallada 
sobre las curvas de dispersión fonónica en monocristales siempre que se interpreten adecuadamente los datos 
experimentales. Por regla general, los cálculos se basan en la teoría de Born y von Kármán acerca de las 
vibraciones reticulares, y se ha demostrado que, contrariamente a lo que se suponía antes, las interacciones 
atómicas se extienden también a los metales hasta distancias bastante grandes. Cálculos recientes, especial
mente de Cochran y colaboradores, han revelado que la deformación de la densidad electrónica en el interior 
de los iones desempeña un papel fundamental para las vibraciones del reticulado. Análogamente» la polariza
ción de los electrones de conducción da origen al famoso efecto de Kohn.

En la memoria se demuestra que basta modificar ligeramente la teoría de Born y von Kármán para que 
abarque debidamente la respuesta de los electrones en el caso de los movimientos armónicos puros en los 
metales normales, a los que se han limitado los autores. Las constantes de fuerza adquieren un significado 
físico directo al ser expresadas en función de las propiedades electrónicas del cristal. Esta formulación permite 
visualizar fácilmente el modelo de Cochran y el efecto de Kohn. La memoria destaca qué efectos físicos 
tienen importancia para calcular los espectros fonónicos.

El procedimiento seguido en las deducciones es> similar al que emplearon anteriormente Bardeen y Pines 
y otros autores para calcular la interacción electrón-fonón efectiva, pero los autores de la presente memoria 
han incluido la periodicidad del reticulado y no han hecho ninguna aproximación respecto de los movimientos 
electrónicos. De esta manera obtienen definiciones rigurosas de las constantes de fuerza. Los resultados son 
análogos a los conseguidos recientemente por Baym, pero el procedimiento de deducción seguido por los autores 
es más directo y concuerda con las formulaciones convencionales de la teoría de las vibraciones reticulares.

1. INTRODUCTION

The slow neutron scattering technique has now been developed to yield 
v e ry  detailed information on phonon dispersion curves in single crysta ls. 
This calls for a proper interpretation of the experimental data. The theore
tica l calculations are norm ally based on Born-von K á rm á n 's theory fo r
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lattice vibrations and it has been shown that also in metals the interatom ic 
interaction extends over a fa ir ly  large distance in contrast to what was as
sumed ea r lie r . Recent computations particu larly  by COCHRAN 11] and 
collaborators have demonstrated that the deformation of the electron density 
within the ions can play an essential role for the lattice vibrations. Similarly 
the polarization  o f the conduction electrons gives r is e  to the famous Kohn 
effect [2].

It is shown in this paper that a slight modification of the Born-von 
Kármán scheme makes it possible to properly include the response o f the 
electrons, where we have restricted  ourselves to purely harmonic motions 
in normal metals. The force constants are expressed in term s of the e lec 
tron properties of the crystal and in this way a d irect physical significance 
is given to the force constants. A  comparison is made with the model used 
recen tly  by Toya in calculating phonon dispersion curves fo r  monovalent 
m etals.

The procedure followed in the derivations is sim ilar to that used earlier 
by BARDEEN and PINES [3] and others when calculating the e ffec tive  
electron-phonon interaction. We have, however, included the period ic ity 
o f the la ttice and in fact made no approximations concerning the electron  
motions. We get in this way rigorous definitions o f the fo rce  constants. 
The results are analogous to those obtained recen tly by BAYM  [4 ] but our 
derivation is more direct and in accordance with the conventional formu
lations of the theory of lattice vibrations.

2. THE BORN-VON KARMAN EQUATIONS

Assuming a certain  interatom ic interaction potential and considering 
a Bravais lattice the equation of motion for the displacement vectors и(Й, t), 
where É. denotes a lattice position, has the following form:

where Ю(Й) = (92/9S9S,)V(S.) fo r  R f  0, V (S ) being the interaction potential, 
and Ю(0) = - EID(R). For the calculations o f neutron scattering cross-

Tf ' ’ ' '

sections we need the correlation  functions <( и(Й, t)u (S i, t j )X  where <(. . . )> 
denotes the statistical average at a certain tem perature. Evidently these 
quantities satisfy the same equations as the displacement vectors. We can 
multiply Eq. (1) from  the right with i^Rj, t2) and then take the statistical aver
age of the whole equation. This leads to

(1)

M <П(Й, t j îd t j .  ti) > = ^  Ю(й - f i ' ) •< ü(í?', t)u (ftj, tx) >. (2)

R'
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3. THE "E X A C T " EQUATION OF MOTION

The Hamiltonian of our system can be separated into three terms: the 
nuclear part, which contains the kinetic energy of the nuclei and the Coulomb 
repulsion between them; the corresponding part fo r the electrons (a ll the 
electrons w ill be treated on the same footing) and finally the Coulomb inter
action between the nuclei and the electrons. The nuclear displacem ents 
u(R, t) are considered sm all and we make the conventional expansion in 
powers o f the displacement vectors and keep only the linear term s in the 
equation of motion. We then get the fo llow ing equation:

u(ff, t) = ( Z e f ^  T ( î î - R ' ) -uirt', t) + Ze2 J "n (x , t) T (x  - "&)• u(R, t) dx

R’

+ Ze2 f  - x)n(x, t) dx. (3)

The vector T (x ) and the tensor JT(x) stand for

í ( *) = á ( p r i )  and ( j è [ )  • (4)

respective ly , and the term  T (0 ) appearing in the sum in Eq. (3) stands fo r

Г (0 ) = - ^  T (R ). (5)

R /0

The sum on the right hand side of Eq. (3) gives the harmonic force from 
the bare nuclei. The second term  represents the fo rce  from  essentia lly  
the static electron distribution, n(x, t) being the operator fo r  the electron 
density. When considering only harmonic fo rces  we should here rep lace 
the density operator by its average value <^n(x)X which is independent o f 
tim e and has the same sym m etry as the la ttice. The last te rm  in Eq. (3) 
takes into account the fact that the electron  density va r ie s  in tim e due to 
the nuclear motion. If we insert the average density here this term vanishes 
and we have to determ ine the response o f the electrons up to linear term s 
in the nuclear displacements, e denotes the electron charge and Z is the 
atomic number. '

To find the response of the electrons we consider the motion of the e lec
trons in the time-dependent potential

Vne(x, t) = Ze2̂  f  (x - Й ') • и (Й ', t), (6)

R*

which arises from  the nuclear displacements. и(Й, t) is here considered 
as a Heisenberg observable. We shall assume that the motion of the elec-



SLOW NEUTRON SCATTERING DATA IN METALS 65

trons in a rig id  lattice is known, i. e. we know all the eigen states and eigen 
energies in that case. Using ordinary time-dependent perturbation tech 
nique to lowest order we get the response of the electron density to correct 
order. This gives us the follow ing expression: ;

t

n(x, t) - n°(x, t) = 7 ^  J 'd * ' J 'd* '  tn°(x. t); n°(x', t ' ЛТ^х' - f f ' )• u ( í t ', t ' )• (7)

n°(x, t ) denotes the e lectron  density operator in a r ig id  la ttice and 
means an ord inary comm utator. We have assumed fo r  the derivation  that 
the interaction in Eq. (6) was turned on infinitely slow ly at the infinite past. 
Before the electron-phonon interaction was turned on the motion of the e lec
trons was, o f course, uncorrelated to the motion of the nuclei. A fter turn
ing on the interaction it was not so; the corre la tion  between the e lectron  
density and the nuclear displacements is given by Eq. (7). We are actually 
interested only in the correlation function <n(x, tjuiffj, tx)X  where statistical 
averaging is perform ed over both the electron ic and vibrational states. 
<Си(Й, t ) }  vanishes if u(R, t) stands for the displacement from the actual mean 
position at the tem perature considered. Therm al expansion o f the la ttice 
is then automatically taken into account.

Making use of the fact that the quantities nu(x, t) and u(It, t) are uncor
related we find that

CO

<n(x, t)u (ftp tj) >= Ze^  J 'dt1 J 'dx'h(xt; x ' t 1 ) t ( x '  - Й1 )-<u (S ', t ' )u (ñ j, %)>,

?  " "  (8)

where

= -rb- < [n°(x, t); n0(x ', t')] У f o r t > t '
(9)

= 0 fo r t< t '.

The commutator, averaged over the electron states, should be calculated for 
a r ig id  lattice and we shall assume this "propagator" function to be known. 
In the procedure followed above we have made the im plicit assumption that 
the motion of the electrons goes continuously over to their motion in a rigid  
lattice when the electron-phonon interaction is turned off. We know that this 
is  not true fo r  a superconductor and, there fore , Eq. (8) holds only fo r  an 
ordinary m etal.

It should be noted that the quantity h(xt; x ' t 1 ) enters whenever we ask 
fo r  the average change o f the electron  density in a r ig id  la ttice  under the 
influence o f a weak external potential 6Ven (x ,t ).  We get genera lly

<6n (x,t)>=  /h(xt; x ' t 1 )0V , ( x ' , t ' )  d x 'd t1. (10)Ü CXt

h (x t ;x 't ')  has the same translational symmetry as the lattice, i .e .

h (5?t;2 't')
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h(x + Й t; x ' + Й t 1 ) = h(xt; x 't '  ), (11)

and it depends only on the tim e difference (t - t 1 ).
I f  a ll the nuclei are displaced equally, le t us say with a vector Й, and

infinitely slowly the electrons w ill make the same displacement and we
should have

< n ^ )> = < n 0(x -T Í))= < n 0(x )> -g | < n 0(x )> .ÍÍ. (12)

For this result to be consistent with Eq. (7) (or Eq. (8)) the following relation 
must hold:

_ 9 
Эх <(n°(x)^ = Ze2^  |dt' dx1 h(xt; x 111 J 'F ix'-Й ' ). (13)

We now multiply Eq. (3) from  the right with и(Йг, tx),take the statistical 
average of the whole equation and make use of Eq. (8). F inally we rew rite  
the second term  on the right side of Eq. (3) using Eq. (13). We then get the 
follow ing equation of motion fo r the displacement vectors:

M <и(Й, t ju t^ , tj) >= (Z e )2 £ г ( Й  - Й' )-<и(Й ', t ' )и(Й1( t j  >

+ (Z  e f )  / d tT (Ë t ;S , t ' ) < u (S l, t , )u(S1, t 1)>. (14)

F (S t ; Й111) depends only on the d ifference (Й - Й ! ) and (t - 11 ) and is 
expressed in term s o f the electron correla tion  function as fo llow s:

JT(St; R ' t ' )  = e2J  T (R - x )d x h (x t ; x 't ' ) d x 'T ( x '- R ' )

-6-3S ô(t - t 1 )e2V  /dt" / f (R - x )d x h (x t ;x 't , l ) d x ' ' f ( x ' - S " ) .RR L .J  J (15)
R” '

We have by definition

У  y d t i r ( f f t ; f f l t l ) = 0*. ( 16)

. R1

and this guarantees translational invariance o f the system . Oiie can, by
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looking at the general translational properties of the system, also conclude 
that

^  J d tT ( i? t ;  S 't 'H 1 =0

R’ (П )

where I  is the unit tensor and m is the electron mass.
Equation (14) d iffers  from  Eq. (2) only with respect to the integration 

over the ea rlie r  tim e history. This is due to the fact that the electrons do 
not respond instantaneously to the nuclear motion. For the calculations of 
the phonon frequencies this time delay may not be important and we can then 
write the last term  in Eq. (14) in the form

(18)

S'

which makes Eq. (14) the same as the Born-von Kármán equations. The 
tim e delay is , however, responsib le fo r  damping of the phonons and this 
is com pletely neglected when using the approximation in Eq. (18).

We can solve Eq. (14) in the same way as we norm ally solve .Born-von 
Kárm án1 s equations, that is we assume

<iï(ït,t)u (0 , 0)>= и е ^ - “ 1 , (19)

where q is  the wave vec to r of the phonon, и is its frequency and HJ is  an
amplitude tensor. We get the fo llow ing secular equation to solve:

[ Mw21 + ID(q, to)] • IU = 0. (20)

E>(q, u) is given by

I)(q , u) = (Z e )2 ) e ’ ^-R [Г (Й ) + eiwtJT(ftt; 00)dt], (21)

and it d iffers  from  that obtained in the Born-von Kármán case due to the 
frequency dependence o f the fo rce  constants. The assumption in Eq. (18) 
im p lies using the value o f ID(q, u) at и = 0 fo r a ll frequencies.

Using D (q , 0) fo r  a ll frequencies in Eq. (20) it fo llow s genera lly  that 
there are three different solutions corresponding to each wave vector q and 
that the frequencies are rea l, assuming the la ttice to be stable. F o r the 
exact solution with the proper ID(q, w) the situation becomes m ore com pli
cated. The frequencies are in general complex and more than one frequency
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can correspond to each wave vector and polarization direction. This would 
mean that the phonons are not sim ply exponentially damped plane waves.

It is w ell known that pure Coulomb interaction does not lead to sound 
waves (W |q I -»oo fo r  |q|->0) and we get plasma waves instead. To  obtain 
meaningful results in this case the electron part in Eq. (21) must partly 
cancel the nuclear term . We should have

D (q, u)-*0 fo r q, w-*-0. (22)

The electrons w ill respond in such a way that they partly shield the 
nuclei from  each other. In a non-ionic and non-m etallic crysta l the e le c 
trons are bound to the nuclei and the atoms or the molecules form  neutral 
units. The electrons fo llow  m ore or less  r ig id ly  and instantaneously the 
nuclei in their motion and only a slight deformation o f the units occurs. In 
work, particu larly  by Cochran and co llaborators, this deform ation was 
described by an induced e lectric dipole moment attached to each nucleus and 
creating long-range dipolar interaction. In metals the bound electrons get 
a s im ilar deformation but besides this the conduction electrons w ill shield 
the ions in a more complicated way. By an inspection of Eq. (8) we see that 
the problem we face is to calculate the change of the electron density when 
we move the nuclei from  their equilibrium positions. The effect from  the 
d ifferent nuclei is additive and we can, therefore , move only one nucleus 
at a tim e and determine the change in the average electron density around 
that nucleus. Such a calculation is very  difficult to carry out to a high de
gree  o f accuracy and we shall not make any attempts to do that here. It 
is important to take properly into account the shielding o f the long-range 
ta il o f the Coulomb interaction between the ions in m etals. Th is is d is 
cussed in the next section.

4. THE E F FE C T IV E  NUCLEUS-NUCLEUS IN TE R AC TIO N  

We shall consider the F ou rier transform  of h(xt; x ' t '  ),

. h(qw; q ' (o' ) = (2тгУ* dxdth(xt; x ' t 1 ) dx1 dt1 е^ч‘х 1  ̂ . (23)

Due to the fact that h(xt; x 111 ) depends only on the difference (t - t* ) and has 
the symmetry properties stated in Eq. (11), h(qu; q 'w 1) is different from zero 
only fo r и = u' and q - V  equal to a reciprocal lattice vector. We shall write 
the Fourier transform in the following form:

h(q+ Ru;q' + R'w') = 6(w-u')0(q - q' )<R|h(q, u)|R'>, (24)

where q and q' are restricted to the first Brillouin zone and R, R' are ar
bitrary reciprocal lattice vectors. It is convenient to consider h(q, u) in 
Eq. (24) as a matrix in the R-space; the matrix elements <^R|h(q, u)| 
are defined by Eq. (24).
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The nuclear motions crea te  plane wave disturbances in the e lec tron  
system, characterized by a wave vector q and frequency u. Due to the peri
odicity o f the lattice such a wave in the electron system w ill always be con
nected to other waves with wave vectors d iffering from  the original one by 
a rec ip ro ca l la ttice vector. F o r  that reason we must consider h(q, w) as 
a matrix in the reciprocal space, contrary to the case for a free electron gas.

T o  obtain a consistent m atrix  notation we w rite  the instantaneous 
Coulomb potential in the form

. v ( x t ; x ' t I ) = | Y T ^ 7 j 5 (t ‘ t l )- (25)

The corresponding Fourier components are

v ( q  + Í ? w ; q '  + Í ? ' u ' )  = ó(w -  u ' ) S(q - q ' )«£]?< К  |v(q)| Й «>, (26)

where

< î? |v (q )  I Й >  = 4?ге2/ | к +  q  [2 . (27)

v(q) is thus a diagonal m atrix in the reciprocal space. It is also convenient 
to introduce a separate notation for the matrix

< K | Q ( q ) | S ’ >  = ( K + q ) ô ^ ,  . (28)

S o,. fo r instance, we can w rite

v(q )  = 4тге2/| <3(q) |2 . (29)

Using these notations we can express ID(q, to), defined in Eq. (21), in
a fo rm  which is v e ry  convenient fo r  our further discussion. We have

f i?

• q (0 )] W 2 h (M ) í ¿ F Q > ) . К *> . (31)

va is the volume of the unit ce ll.
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We notice that the m atrices in Eq. (30) are diagonal and the right hand 
side o f the equation can be written m ore explicitly as

(32)

к

Taking the above expression lite ra lly  we should have certain term s where 
the inverse o f zero  appears. However, such term s should be excluded on 
the fo llow ing basis. They originate from  the fact that the total charge of 
the electrons is infinite, considering an infinite lattice, and s im ilar ly  fo r 
the total charge of the nuclei. The combined charge is zero. One, th ere
fo re , often considers the electron  system  with a static positive uniform  
background and in the same way the nuclear system together with an equal 
static negative background. Nothing physically is changed but the irrelevant 
mathematical singularities disappear and this corresponds to excluding the 
term s with zero  num erator. These singular term s w ill cancel out when 
we add the two expressions in Eqs. (30) and (31) and we do not rea lly  have 
to pay any special attention to them.

We know that ID(q, w) should tend to zero fo r q and и approaching zero. 
This is, however, not the case for the separated term s in Eqs. (30) and (31). 
To obtain the correct lim it for the sum we must have

ЩрГ \0|h(q, и) 10̂ > -» -1 fo r  q, u->0. (33)

This cancellation effect w ill be made clear by re ferr in g  to the physical in
terpretation of h(xt; x ' t 1 ).

Let us assume a weak external potential 6Vext(x, t) applied on the e lec 
tron system, considering a static lattice. The corresponding average linear 
response of the electron density is given by the expression

< 6n(x, t )> = y 'h (x t; x 't '  ) dx1 dt' 6Vext(x ', t 1 ). (34)

We can define an effective potential as follows:

«Veff(x ,t ) = 5Vej[t(x , t )+  e2 J j <  5n (x ', t) > d x ', (35)

and we can introduce a new response function H(xt; x ' t 1 ), which gives the 
response of the electron density to the effective potential and is defined by 
the relation

<6n (x,t)>  = J ^ (x t ;X 't ')d x 'd t 'Ó V eff( x ' , t ' ) .  (36)

H(xt; x ' t 1 ) gives what we may call the local polarizability of the medium and

К
W 2

к
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is the irreducib le part o f the electron  polarization, when re fe rr in g  to the 
diagrammatic language.

We shall consider the particular case of a static point charge, giving 
a pure Coulomb potential, and write the relations above for the correspond
ing F ou rier transform s, using the notation in Eq. (29). We have

The singular behaviour o f ̂ R | Veff (q) | R' )>, fo r  R = R' = 0 and q = 0, is 
d irectly related to the long-range (l/x)-dependence of the Coulomb potential. 
In a m etal we certain ly expect the conduction electrons to shield the static 
Coulomb potential strongly enough to make the effective potential decrease 
m ore rapid ly than (1/x) for x-*oo. In a non-conducting medium this is not 
the case, thus s till giving for the effective potential a (l/x)-dependence but 
reducing the strength by the static d ie lectric  constant. If the external po
tential should vary with time the shielding effect should normally be reduced 
and essentially disappear fo r variations which are rapid compared with the 
relaxation time of the conduction electrons. Because of the essentially slow 
motion of the nuclei we do not expect this effect tobe large but it is important 
to determ ine the magnitude o f the e ffect fo r  it is d irectly  connected to the 
deviation from  the so -ca lled  adiabatic appoximation fo r  the la ttice  
vibrations.

From  the discussion above we can conclude that for a metal the (1/q2)- 
singularity in 6Vext(q) should not appear in 6 Veff (q, u) and this im p lies the 
statement in Eq. (33).

It is often convenient to express our results in term s o f H rather than 
h and this is easily done using the relation below, which is obtained by com
paring Eqs. (3.4) and (36):

H(q, u) is re lated to H(xt; x ' t '  ) in the_jsame way as h(5, u) is to h(xt : x 't '  ). 
A ll the matrix elements ^K| H(q, u) | K'^> are finite for cf and и tending to zero. 

We can now define a proper effective total nuclear interaction potential
гг —»

(xt; x ' t '  ), in general non-local in space and tim e, by adding Eqs. (30) 
and (31) and using Eq. (39). We get fo r its Fourier transform  the following 
expression:

ôVext(q) -4jre2/|^(q)|2, (37)

and from  Eq. (35) we get

(38)

(39)

= 4^(Ze)2 [|Q(q) I2 -4;re2H(q, u ) ] '1. (40)
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Inserting this into the expression for the dynamical tensor we get

ID (q ,u ) = - J -  ^ < Й 3 (q )V enff(q, u)Q(q) - <3(0)V^f (0, 0)$(fl) Й'>. (41)
К  К 1

In the Born-von Kármán theory the corresponding expression fo r  the 
dynamical tensor is

ro(q) = - ±  Y <  ^ |a (q )V (q )a (q ) - <5(0) V (0)3(0) | K>, (42)

a t

where V(q) is the Fourier transform  of the interatom ic potential.
We shall in the following demonstrate the utility of the above formulation 

by considering some specia l physical situations and g ive the appropriate 
form  fo r  H(q, u) in these cases.

5. RIGID D ISPLACE M ENT O F THE CORE ELECTRO NS

In practical applications one normally considers a nucleus and an e lec 
tron core as a r ig id  unit and m odifies the nuclear-nuclear interaction ac
cordingly. L e t us state that Z ' (Z '< Z )  electrons are c lose ly  and r ig id ly  
bound to each nucleus. The ionic charge is then (Z - Z ' )e and the interaction 
between the ions is assumed the same as fo r the nuclei except for a change 
Z - » (Z  - Z ' ). I f  we assume the valence electrons to in teract with the ions 
only through a pure Coulomb interaction all our arguments above hold with 
the change that h(q, u) should now represent the contribution from the valence 
electrons only.

The modified result is obtained by writing the original response function 
h(q, u) in Eq. (40) as follows:

h(q, u) = (4я-е2) '1-̂  ^ l - ^ - ^ 2 - l  |<5(q) |2+ 4?re2 ^1 - ^ - ^ 2hval(q, w)

- '  (43)

The firs t term  represents the response of the core electrons and the second 
term  contains the renorm alized response function of the valence electrons.

Correspondingly we get fo r  the irreducib le response function the fo l
lowing expression:

H(q, u) = - (4»e2)-i j  ( l  - ^ У  - 1 |3(q) I2 - 4,re2 ( l  - | ^ ) '2 H ^ f î .  u )\ .

(44)
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6. RESPONSE FROM THE CONDUCTION ELECTRONS

The conduction electrons are often considered to be uniform ly d is tr i
buted and fo r the irreducible response function H(q) u) a value is taken co r
responding to that for a non-interacting electron gas (random phase approxi
mation). We have then

r =-^-< [n °(x,t); n°(x', t 1 ) ]>  fo r t > t •
H (2 t ; x t t ' ) {  lh

 ̂ = 0 fo r  t < t 1,
(45)

where the right hand side is calculated for a system of non-interacting e lec
trons. The corresponding F ou rier transform  is exp lic itly  given in the 
litera tu re and we state only the resu lts here, restric tin g  ourselves to 
zero  frequency* ;

1 1 - X2 !
2 + 4x

1 +  X
1 -  X

(46)

where x= |G|(q)|/2kF . EF is the Ferm i energy, kF is the Ferm i momentum 
and n is the constant average density of the conduction electrons.

The e ffec tive  nuclear interaction is diagonal in the re c ip ro ca l space 
and we get fo r  the dynamical tensor

ID(q, 0)
_ 4 7 r [ (Z -Z ')e ]2 ' (g + q ) (g + _ q )  g g

(КЧ  q)2 - 4тге2Н (К  + q, 0)* К 2-  4тге2Н(К, 0).

(47)

By w riting (Z  - Z 1 ) fo r  Z we automatically take into account the r ig id  
displacement o f the ionic core. H(q, 0) should then represent the response 
of the conduction electrons only. We see that H(<f, 0) is a continuous function 
of the wave vector but its f irs t  derivative becomes infinite fo r |K + q| = 2kp 
and this gives r is e  to a sudden change in the slope of the phonon dispersion 
curves, the so-ca lled  Kohn effect 12J.

7. COM PARISON W ITH TH E M O D EL USED BY TO Y A

Explicit numerical calculations of phonon dispersion curves fo r  metals 
w ere recen tly ca rr ied  out successfully by TO YA  I5j along lines which are 
sim ilar to those described here. He considers in his ea rlie r  papers mono
valent metals and he separates the interaction into three parts:
(1) Interaction between the bare ions including both a long-range pure

* See for instance : HUBBARD. J . , Proc. phys. Soc. A243 (1958) 336, 342 or KITTEL, С., Quantum 
Theory of Solids, John Wiley and Sons Inc., N.Y. (1963) 127.
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Coulomb interaction and a short-range exchange interaction. We shall 
denote the corresponding potential by v(x).

(2) Interaction between the bare ions and the conduction electrons which 
also contains a pure Coulomb part and a short-range essentia lly  r e 
pulsive part. We use fo r  this potential the notation vx(x).

(3) Pure Coulomb interaction between the conduction electrons.

The m odifications we shall make in Eq. (3) are to rep lace
(a) in the f ir s t  term  on the right side o f the equation

(b) in the second and third term s on the right side

Т (Й - х )  by Э ^ э / -1 and "? (]? -x) by .

We can now apply our results in Eqs, (14) and (15) if we make the change 
in Eq. (14) stated in (a) above and the change in Eq. (15) stated in (b). C or
responding modifications have to be made in Eqs. (21), (30) and (31).

Toya treats the conduction electrons in principle in the H artree-Fock  
approximation and takes for the exchange potential a sim plified expression 
suggested by Slater;

V x c h & t )  = - 3 e 2 c [ n ( 3 , t ) ] 1'2 ,  ( 4 8 )

where С = (3 • Toya leaves in fact this constant open and in this way
allows fo r  some correlation  effects between the conduction electrons to be 
included.

The effective potential on a conduction electron induced by an external 
potential contains both the H artree potential and the Slater potential as 
fo llow s (cf. Eq. (35)):

6Veff ^ , 't )  = 6Vext +  e2J| f T Í T [  < 6n(* ’ ' -¿ ’ Cn 2̂ <6n(x, t) > , (49)

where n, as above, is the constant average density o f the conduction 
electrons.

We shall define the irredu cib le  response function as e a r lie r ,  i. e.

< 6 n (x ,t)> = jH (x t;x 't ')< 5 V eff (x ', t ' )d x 'd t '.  (50)

The only change we get in Eq. (39) is that the Coulomb term  is replaced as 
follows:

4тге2/|<3(5)|2 -> [4я-е2/ |<3(q) |2 - e2Cn'2̂  ] (51)
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The irreducib le  response function taken is  that fo r  a non-interacting 
electron gas, which was explicitly given in Eq. (46). The effective potential 
between the ions becomes diagonal in the reciprocal space and we can write

m(q) = -  + q )V n£ff ( |Й + q|)(i?+ q) -  Й < (  |Й | )Й ]. (52)

t

where

v nn (q) = v (q) + v i ( q )2H (q )/ l - H ( q )
4jre е2Сп"2̂ (53)

v (q ) and vx(q) are the F ou rier transform s o f v (x ) and v 1(5c), re sp ective ly . 
It is v e ry  easy to see that VJjj* (q) is fin ite fo r  q-*- 0.

The exp lic it expressions fo r  v (x ) and v 2(x) which w ere  used by Toya  
in his computations are found in R e f.'[5]. Toya also makes a slight change 
in the definition of H(q) by multiplying it with an adjustable parameter. He 
argues that he can in this way take into account the actual density o f states 
on the Ferm i surface. Later comparison with experimental data of phonon 
d ispersion  curves fo r  sodium has indeed given ve ry  good agreem ent [6].

8. CONCLUDING REM ARKS

In conclusion we would like to suggest that the interpretation of the ex
perim ental data should be based on Eq. (40) with the m odifications done in 
the direction given by Toya. On one hand we face the problem of calculating 
H(q, 0) or h(q, 0) from  basic principles; on the other we can try  reasonable 
form s fo r H(q, 0) with a certain number of adjustable parameters which 
should be fixed by the experimental values of the elastic constants, conduc
t iv ity  due to la ttice vibrations, etc. In this respect the philosophy is  the 
conventional one, with the m odification that norm ally the attention is con
centrated on the fo rce  constants and not on the electron response function.

This paper is unfortunately incomplete in the sense that we do not sug
gest at present any explicit form  fo r H(q, 0). It seems reasonable to start 
with e ffective potentials which are diagonal in the rec ip roca l space. This 
w ill lead to considerable simplifications both in the computations and in the 
interpretation of the experimental data.
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D I S C U S S I O N

H. HAHN (Chairman): Isn't what you and the many-body theoreticians 
call the random-phase or time-dependent Hartree-Fock approximation really 
the same thing, in the present case, as the self-consistent calculation per
formed by Bardeen in 1936?

A . SJÔLANDER: Yes, it is.
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PHONON DISPERSION RELATIONS IN ALKALI METALS. It has been shown in this paper that the phonon 
dispersion curves oí sodium in the L1Ü0J, LUUJ and LUI J symmetry directions can be explained well on 
the basis of a simple model, where one has to consider only central force constants between nearest and next 
nearest neighbours. The tangential force constant between the nearest neighbours is very much smaller as 
compared to the radial force constant, while for the next nearest neighbours the radial and tangential force 
constants are comparable.

The calculation is carried out on the basis of the model suggested by de Launay, where it is shown that 
the conduction electrons exert a volume force for longitudinal modes. The stiffness constant of the electron 
gas is its bulk modulus which in de Launay's model is equal to the Cauchy discrepancy (Ci2~Ci4> for the cubic 
crystals. The three force constants Oj, and a} can be determined from the measured elastic constants and 
the secular equation can be solved to give the dispersion curves.

The dispersion curves have also been obtained using the calculated values of the bulk modulus of the 
electron gas after considering not only the exchange and correlation energies but also the Fermi kinetic energy. 
These also agree fairly well with experiment.

The measured elastic constants as well as calculated bulk modulus of the electron gas indicate that 
the Cauchy relation C12 = C44 holds good approximately in alkali metals. This result is rather surprising as 
it requires that the interaction between the atoms be central in nature in spite of the metallic binding.

A justification for this has been given by Cochran. A model with four force constants is being worked 
out. They can be determined from the three elastic constants and calculated bulk modulus of the electron 
gas.

RELATIONS DE DISPERSION POUR LES PHONONS DES MÉTAUX ALCALINS. Us auteurs montrent que, 
si l'on veut expliquer les courbes de dispersion pour les phonons du sodium dans les directions de symétrie [100], 
[110] et [111], on peut fort bien faire appel à un modèle simple permettant de ne prendre en considération 
que les constantes de force centrale agissant entre un atome et les premiers et deuxièmes voisins les plus proches. 
Pour les premiers voisins les plus proches la constante de force tangentielle est sensiblement plus petite que 
la constante de force radiale, mais pour les deuxièmes voisins les plus proches ces deux constantes sont 
comparables.

Le calcul est fait sur la base du modèle proposé par de Launay, d'après lequel les électrons de conduction 
exercent une force sur le volume pour les modes longitudinaux. La constante de rigidité du gaz d'électrons 
constitue son module d'élasticité lequel, dans le modèle de de Launay, correspond à l'écart de Cauchy (C|2-C44) 
pour les cristaux cubiques. On peut déterminer les trois constantes de force ai, a 2et ai' à partir des coû
tantes d'élasticité et résoudre l'équation séculaire pour obtenir les courbes de dispersion.

Les auteurs ont également obtenu ces courbes en utilisant les valeurs calculées pour le module d'élasticité 
du gaz d'électrons, après avoir tenu compte non seulement de l'énergie cinétique de Fermi mais aussi des 
énergies d'échange et de corrélation. Ces courbes concordent assez bien aussi avec les données expérimentales.

Les constantes d'élasticité mesurées du gaz d'électrons et son module d’élasticité .calculé indiquent 
que la relation de Cauchy CJ2 = C^ est vérifiée approximativement dans les métaux alcalins. Ce résultat 
est plutôt surprenant; en effet, pour qu'il en soit ainsi, il faut que l’interaction entre atomes ait le caractère 
d'une force centrale malgré la liaison métallique.

Cochran a justifié ce résultat. Un modèle à quatre constantes de force est en voie d'élaboration. Ces 
constantes peuvent être déterminées à partir des trois constantes d'élacticité du gaz d’électrons et de son module 
d'élasticité calculé. .
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ФОНОННЫЕ Д И СП Е РСИ О Н Н Ы Е СООТН ОШ ЕНИЯ В  Щ ЕЛОЧНЫ Х М Е Т А Л Л А Х  . В  данном 
докладе показано, что фононные дисперсионные кривые натрия в направлениях симметрии  
[ 1 0 0 1 1 1 1 1 0 ] и 1 1 1 1 ] могут быть хорошо объяснены на основе простой модели, в которой следует  
лишь учесть постоянные центральных сил между ближайшими и следующими за ближайшими 
соседними атомами. Постоянная тангенциальной силы между ближайшими соседними атомами 
является значительно меньшей по сравнению с постоянной радиальной силы, хотя для следую
щих за ближайшими соседними атомами постоянные радиальной и тангенциальной сил сравнимы.

Расчет  осущ ествляется на основе модели, предложенной де Лонэ, которая показывает, 
что электроны проводимости усиливают объемную силу для продольных колебаний. Постоянная 
жесткости электронного газа  является его модулем всестороннего сжатия, который по модели 
Лонэ равен расхождению Коши (С 12 “ С 44) для кубических кристаллов. Постоянные трех сил 
® i»  û 2 и ° i  м огут быть определены по измеренным постоянным упругости, а для получения 
кривых дисперсии можно решить вековое уравнение.

Кривые дисперсии получены также путем правильного использования расчетных величин 
модулей всестороннего сжатия электронного га за  после учета не только энергии обмена и 
корреляции, но и кинетической энергии Ферми. Эти кривые также достаточно хорошо согла 
суются с экспериментом.

Измеренные постоянные упругости, а также рассчитанные модули всестороннего сжатия 
электронного газа  показывают, что соотношение Коши C i: = С 44 более или менее справедливо 
для щелочных металлов. Этот результат является довольно неожиданным, так как он требует, 
чтобы взаимодействие между атомами было центральным по характеру, несмотря на м етал
лическую связь.

Объяснение этому было дано Кохраном. Разрабаты вается  модель с постоянными ч е 
тырех сил. Они могут быть определены по трем постоянным упругости и расчетным модулям 

всестороннего сжатия электронного га за .

RELACIONES DE DISPERSION FONONICA EN LOS METALES ALCALINOS. En la memoria se demuestra 
.que las curvas de dispersión fonónica del sodio, en las direcciones de simetría [100], [110] y [111], pueden 
explicarse satisfactoriamente basándose en un modelo simple en el que sólo se han de tener en cuenta las 
constantes de fuerzas centrales que afectan a los átomos más próximos y a los siguientes en proximidad. La 
constante de fuerza tangencial entre los vecinos inmediatos es muy pequeña en comparación con la constante 
de fuerza radial, mientras que para los átomos siguientes en proximidad, las constantes de fuerza radial y 
tangencial son comparables.

El. cálculo se ha efectuado partiendo del modelo propuesto por de Launay, con arreglo al cual 
los electrones de conducción ejercen una fuerza volumétrica sobre los modos longitudinales. La constante 
de rigidez del gas-electrónico coincide con su módulo de elasticidad, que en el modelo propuesto por de 
Launay es igual a la discrepancia de Cauchy, esto es, C12 “ C 4 4 , en el caso de los cristales cúbicos. Las tres 
constantes de fuerza a lt a 2 y ot{ pueden determinarse a partir de las constantes de elasticidad medidas, mientras 
que las curvas de dispersión puedeo obtenerse resolviendo la ecuacióa secular.

Las curvas de dispersión se han obtenido también utilizando los valores calculados del módulo de elastici
dad del gas electrónico, cuenta habida de las energías de intercambio y de correlación, asi como de la energía 
cinética de Fermi* También estas curvas concuerdan en grado aceptable con los resultados experimentales.

Las constantes de elasticidad medidas, asi como el módulo de elasticidad calculado del gas electrónico, 
indican que la relación de Cauchy C12 = C44 se cumple con bastante aproximación en los metales alcalinos. 
Este resultado es un tanto sorprendente, pues presupone que la interacción de los átomos es de carácter central 
a pesar del enlace metálico. .

Cochran ha propuesto una explicación de este fenómeno. Se está elaborando un modelo con cuatro 
constantes de fuerza, que pueden determinarse a partir de las tres constantes y del módulo de elasticidad 
correspondiente al gas electrónico.

1. IN T R O D U C T IO N

T h e  p h on on  s p e c t r u m  o f  s o d iu m  h a s  b e e n  s tu d ie d  e x t e n s iv e ly .  W O O D S 
et a l . [ l j  r e c e n t ly  m a d e  a v e r y  d e t a i le d  s tu d y  on  th e  d i s p e r s i o n  r e la t io n s  
o f  s o d iu m . T h e y  m e a s u r e d  th e  d i s p e r s i o n  c u r v e s  e x p e r im e n t a l ly  b y  in 
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e la s t i c  s c a t t e r in g  o f  n e u t r o n s . A  f i t  o f  th e  e x p e r im e n t a l  d i s p e r s io n  c u r v e s  
b y  u s in g  th e  t e n s o r  f o r c e  m o d e l  h a s  sh ow n  that n o n -c e n t r a l  f o r c e s  ex ten d in g  
up to  f i fth  n e a r e s t  n e ig h b o u r s  a r e  n e e d e d  to  e x p la in  th e e x p e r im e n ta l c u r v e s .  
It h a s  a ls o  b e e n  p o in te d  out that i f  th e f o r c e  co n sta n ts  f o r  fifth  n e a r e s t  n e ig h 
b o u r s  a r e  s ig n i f i c a n t ly  d i f f e r e n t  f r o m  z e r o /  th e n  th e  a n a ly s is  m a y  h a v e  to  
b e  e x ten d ed  up to  e ig h th  n e ig h b o u rs . T h e  in fo r m a tio n  r e g a r d in g  su ch  a la rg e  
n u m b e r  o f  f o r c e  c o n s ta n ts  ca n  b e  ob ta in e d  o n ly  b y  a f i t  o f  e x p e r im e n ta l  data 
on  th e d is p e r s io n  c u r v e .  In c a lc u la t in g  p h on on  d is p e r s io n  c u r v e s  on e  h as  to  
o b ta in  th e in te r a t o m ic  f o r c e  c o n s ta n ts , e i t h e r  b y  f i r s t - p r in c ip l e  c a lc u la t io n s  
s u c h  a s  T O Y A  [2 ] m a d e  o r  b y  u s in g  s o m e  o th e r  e x p e r im e n t a l  d a ta  s u ch  a s  
e la s t i c  c o n s ta n ts .  T h e  n u m b e r  o f  f o r c e  c o n s ta n ts  w h ich  ca n  b e  o b ta in e d  b y  
th e  la t t e r  m e t h o d  th u s  b e c o m e s  s e r i o u s l y  l im i t e d .  In  th e  f i r s t - p r i n c i p l e  
m e t h o d  c o n s i d e r a b le  d i f f i c u l t y  i s  e n c o u n t e r e d  in  c o r r e c t l y  c a l c u la t in g  th e  
e n e r g y  o f  the m e ta l  a s  a fu n c tio n  o f th e p o s it io n  o f  io n s  and s o  the f o r c e  c o n 
sta n ts  ob ta in e d  a r e  not v e r y  r e l ia b le .

In th e  c a s e  o f  s o d iu m  th e  f o r c e  c o n s t a n t s  h a v e  b e e n  o b ta in e d  w ith  
r e a s o n a b le  a c c u r a c y  in  t e r m s  o f  th e th r e e  m e a s u r e d  e la s t ic  co n sta n ts  w h ich  
a r e  a v a i la b le .  But th e  t h r e e  e la s t i c  c o n s ta n t s  e n a b le  on e  t o  f in d  o n ly  th r e e  
f o r c e  c o n s t a n t s .  T h e s e  ca n  b e  r a d ia l  f o r c e  c o n s ta n ts  b e tw e e n  an  a to m  and 
it s  f i r s t ,  s e c o n d  and  th ir d  n e ig h b o u r s ,  o r  r a d ia l  and  ta n g e n t ia l  b e tw e e n  th e  
f i r s t  n e ig h b o u r s  a n d  o n ly  r a d ia l  b e tw e e n  th e  n e x t  n e a r e s t  n e ig h b o u r  i f  on e  
w o r k s  w ith  a n  a x ia l ly  s y m m e t r i c a l  m o d e l .  In  th e  t e n s o r  f o r c e  m o d e l  o n e  
n e e d s  fo u r  f o r c e  co n s ta n ts  [3] i f  on e  ta k e s  in t e r a c t io n s  up to  s e c o n d  n e a r e s t  
n e ig h b o u r s .  O f  t h e s e  o n ly  t h r e e  c a n  b e  fo u n d  f r o m  th e  e l a s t i c  c o n s t a n t s .  
T h e  n u m b e r  i n c r e a s e s  a s  on e  ta k e s  in t e r a c t io n  w ith  d is ta n t n e ig h b o u r s  in to  
a c c o u n t .

In  m e t a ls  th é  q u e s t io n  a l s o  a r i s e s  a s  t o  w h a t r o l e  th e  c o n d u c t io n  
e l e c t r o n s  p la y  o n  a c c o u n t  o f  t h e i r  F e r m i  e n e r g y .  It h a s  b e e n  p o in te d  ou t 
b y  s e v e r a l  w o r k e r s  [4 -7 ]  that the e le c t r o n s  w il l  a f f e c t  the lon g itu d in a l m o d e s  
but n ot th e  t r a n s v e r s e  o n e s ,  a s  th e  e l e c t r o n  g a s  h a s  a  b u lk  m o d u lu s  but n o 
s h e a r .  In  th e  m o d e l  s u g g e s t e d  b y  d e  L A U N A Y  [7 ] th e  e f f e c t  o f  th e  c o n 
d u c t io n  e l e c t r o n s  i s  ta k e n  in to  a c c o u n t  b y  u s in g  s e p a r a t e  f o r c e  c o n s t a n t s  
f o r  lo n g itu d in a l and  t r a n s v e r s e  p a r t s  o f  i o n i c  d i s p la c e m e n t s .  H e to o k  on ly  
th e  c e n t r a l  f o r c e s  a c t in g  b e tw e e n  n e a r e s t  and  n e x t n e a r e s t  n e ig h b o u r s .  In 
t h is  s i tu a t io n  o n e  h a s  tw o  f o r c e  c o n s t a n t s  a\ an d  014 w h ic h  e n t e r  in to  th e  
t r a n s v e r s e  p a r t  and  th e  m o d if ie d  o n e s  and  a 2 w h ich  e n t e r  in to  th e  lo n g i 
tu d in a l p a r t .  T h u s  w ith  c e n t r a l  f o r c e s  b e tw e e n  n e a r e s t  and  n e x t n e a r e s t  
n e ig h b o u r s  o n ly , o n e  h a s  f o u r  c o n s t a n t s  t o  e v a lu a te .  F o r tu n a t e ly  t h e r e  i s  
o n e  r e la t io n  c o n n e c t in g  a l l  th e  f o r c e  c o n s t a n t s .  F o r  a b o d y - c e n t r e d  c u b ic  
la t t i c e ,  it  i s :  a%= a<¿ + (2 /  Ъ){а[ -a^). T h u s  th e r e  a r e  o n ly  th r e e  in d e p e n d e n t 
f o r c e  c o n s t a n t s  t o  b e  d e t e r m in e d  and  th e y  c a n  b e  e x p r e s s e d  in  t e r m s  o f  
e la s t i c  c o n s t a n t s  b y  g o in g  to  th e  a c o u s t i c  l im i t .  In th is  t r e a tm e n t  d e  L A U N A Y
[7] a l s o  sh o w e d  that th e bu lk  m o d u lu s  o f  th e e le c t r o n  g a s  K e is  g iv e n  in  te r m s  
o f  th e  f o r c e  c o n s t a n t s  a Í a n d  a -у b y  th e  r e la t i o n  K e = ( 2 / a ) ( a { - a i ) ,  w h e r e  
a  i s  th e  la t t i c e  p a r a m e t e r .  W ith  th e  v a lu e  o f  th e  f o r c e  c o n s t a n t s  a{  an d  
a 2 k n o w n  in  t e r m s  o f  th e  e l a s t i c  c o n s t a n t s  it  w a s  fo u n d  th a t K e = C 1 2 -  C 4 4 , 

w h e r e  с ц ,  с  12 an d  C44 a r e  th e  t h r e e  e l a s t i c  c o n s t a n t s  o f  a c u b i c  m e t a l .
I f  th e  b u lk  m o d u lu s  o f  th e  e l e c t r o n  g a s  i s  c a l c u la t e d  f r o m  th e  F e r m i  

e n e r g y  it  c o m e s  out to  b e  la r g e r  b y  an o r d e r  o f m a g n itu d e  than the d if fe r e n c e
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b e tw e e n  m e a s u r e d  v a lu e s  o f  C12 and с  44. F o r  s o d iu m  K e = 8 . 33 X 1 0 1 0 d y n /c m 2 

and Ci2 - C44  = 0 . 7 8 X  1 0 1 0 d y n /c m 2 . T h e  a c tu a l e x p e r im e n ta l  va lu e  o f  С 12 - C 44 
w h ic h  i s  q u ite  s m a l l  in d ic a t e s  that th e  in t e r a c t io n  b e tw e e n  a to m s  in  s o d iu m  
i s  p r e d o m in a n t ly  c e n t r a l .  T h e  c a lc u la te d  v a lu e  o f  th e e le c t r o n  g a s  bu lk  m o 
d u lu s  ca n  b e  sh ow n  t o  b e  s m a l le r  i f  p r o p e r ly  c a lc u la te d , ta k in g  in to  a c c o u n t  
th e  e x c h a n g e  an d  c o r r e l a t i o n  e n e r g ie s .  SIN G H  [ 8 ] h a s  sh o w n  that th e  c a l 
c u la te d  v a lu e  o f  th e  b u lk  m o d u lu s  w ith  e x c h a n g e  and  c o r r e l a t i o n  in c lu d e d  i s
0 . 61 X 1 0 10 d y n / c m 2, w h ich  i s  in  f a i r  a g r e e m e n t  w ith  th e e x p e r im e n ta l  v a lu e . 
T h u s  b o th  t h e o r e t i c a l  and  e x p e r im e n ta l  r e s u l t s  in d ic a t e  that th e  in te r a c t io n  
b e tw e e n  a to m s  i s  v e r y  c l o s e l y  a c e n t r a l  o n e . T h e  stu d y  o f  la t t ic e  d y n a m ic s  
o f  s o d iu m  b y  C O C H R A N  [ 3 ] ,  u s in g  a  m e t h o d  s i m i l a r  t o  th a t o f  T o y a ,  h a s  
sh o w n  th a t a l l  th e  e le m e n t s  in  the d y n a m ic a l  m a t r ix  h a v e  th e  f o r m  o f  e l e 
m e n ts  a r i s in g  f r o m  c e n t r a l  in t e r a c t io n s .  T h u s  it  s e e m s  f a i r l y  r e a s o n a b le  
t o  a s s u m e  th a t in t e r a t o m ic  in t e r a c t io n s  in  s o d iu m  and o t h e r  a lk a l i  m e t a ls  
a r e  p r e d o m in a n t ly  c e n t r a l .

T h e  d e  L A U N A Y  m o d e l  t.7] w ith  c e n t r a l  f o r c e s  b e tw e e n  n e a r e s t  an d  n ext 
n e a r e s t  n e ig h b o u r s  o n ly  and  w ith  e l e c t r o n  g a s  m o d i f i c a t io n  g iv e s  a r e a s o n a b le  
a g r e e m e n t  f o r  p h o n o n  d i s p e r s i o n  c u r v e s .  T h is  i s  a l s o  in  c o n fo r m i t y  w ith  
th e o b s e r v a t io n  b y  W O O D S et a l . [ 1 ] ,  n a m e ly  that th e c e n t r a l  f o r c e s  b e tw een  
n e a r e s t  and n e x t n e a r e s t  n e ig h b o u r s  g iv e  a c l o s e  f i t  w ith  e x p e r im e n t a l  d ata  
an d  th a t o n ly  f i n e r  f e a t u r e s  o f  th e d i s p e r s i o n  c u r v e s  n e e d  th e  e x t e n s io n  o f  
f o r c e s  t o  n e ig h b o u r s  b e y o n d  th e  s e c o n d .

In th is  p a p e r  w e  h a v e  c a lc u la t e d  th e  p h o n o n  d i s p e r s i o n  c u r v e  u s in g  d e  
L a u n a y 's  m o d e l  w ith  e l e c t r o n  g a s  m o d i f i c a t io n ,  but c o n s i d e r in g  r a d ia l  and 
ta n g e n tia l f o r c e s  b e tw e e n  n e a r e s t  n e ig h b o u r s  and r a d ia l  f o r c e s  b e tw e e n  n ext 
n e a r e s t  n e ig h b o u r s . W e th u s h ave  f o r c e  co n s ta n ts  alt /31( a 2 f o r  the t r a n s 
v e r s e  d is p la c e m e n t  o f  a t o m s  and a{,  a 2 f o r  th e  lo n g itu d in a l  d i s p l a c e 
m e n ts .  W e  h a v e  a s s u m e d  th at the ta n g e n t ia l f o r c e  c o n s t a n ts  Pi and  a r e  
e q u a l,th u s  r e d u c in g  th e  f o r c e  c o n s ta n ts  t o  f iv e .  A g a in  a 2 ca n  b e  e x p r e s s e d  
in  t e r m s  o f  a<¿, a{  an d  ai  b y  th e  r e la t io n  a<|= a 2 +  ( 2 / 3 ) ( e f  -  c* i); th u s  th e s e  
f o r c e  c o n s ta n t s  a r e  n ot in d e p e n d e n t. W e  h a v e  f o u r  f o r c e  c o n s ta n ts  a 1 , j3 j, 
c*2  an d  t o  b e  d e t e r m in e d  f r o m  th e t h r e e  e la s t i c  c o n s t a n t s  an d  th e  c a l c u 
la te d  v a lu e  o f  th e  e l e c t r o n  g a s  b u lk  m o d u lu s  K e.

2 . T H E  S E C U L A R  E Q U A T IO N  A N D  D IS P E R S IO N  C U R V E S

T h e  s e c u l a r  e q u a t io n  f o r  s o d iu m  w ith  r a d ia l  an d  ta n g e n t ia l  f o r c e s  b e 
tw e e n  n e a r e s t  n e ig h b o u r s  and  r a d ia l  f o r c e s  b e tw e e n  n ext n e a r e s t  n e ig h b o u rs  
w ith  e l e c t r o n  g a s  m o d i f i c a t i o n  h a s  b e e n  o b ta in e d . T h is  h a s  th e  f o l l o w in g  
f o r m :
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(1+2X)(1-C1C2C3) (1-X)SiS2C3 (1-X)SiC2S3

+ |/LiS^+?pR1-fiB +CqRi + CrRj

(l-XJSiSgCg+ÇpRa (1+2X)(1- C iC2C3) (1-X)CiS2S3

+ | M S 2 + C q R 2 _ n B + ? r R 2

( l -X)S1C2S3 + ?pR3 (l-XJC^Sg+SqRg ( 1 + 2X)(1 -  CjCgCg)

+ |juS2 + i r R 3 -  П 2

In E q . (1 ) th e q u a n tit ie s  p , q  and г  a r e  the d ir e c t io n  c o s in e s  o f  th e w a v e  p r o 
p a g a t io n  v e c t o r  Й w h ile

= «  (1)

C ^ c o s T r a k j and S ^ s in w a k j , (2)

w h e r e  a i s  th e  la t t ic e  p a r a m e t e r  and k, a r e  th e th r e e  co m p o n e n ts  o f  the w ave  
p r o p a g a t io n  v e c t o r .

T h e  c o n s ta n ts  X, ju and  Ç a r e  r e la t e d  to  th e f o r c e  c o n s ta n ts  w h ic h  h a v e  
b e e n  in t r o d u c e d . T h u s

X = 0 1  ¡ a x\ ц = а 2 / а 1 and Ç = (o j1 -  a i ) / a i . (3)

T h e  f o r c e  c o n s ta n ts  a r e  r e la t e d  to  the e la s t i c  c o n s ta n ts  b y  the fo l lo w in g  
r e la t io n s :

-  ^  OPa l ~~2 C4 4 -  2/3i

a[ = 2 ( c12+ 2 C44)

a 2 = 2^Cll cl2) 20J

K )

w h ile  th e  e l e c t r o n  g a s  b u lk  m o d u lu s  K e i s  g iv e n  b y  

K e = ^ ( « i ' - o - i ) =  c 12- C44+ (5)

2 ЗТГ21/2М
^ B= — 2 ^ —  w h e r e  v i s  th e  f r e q u e n c y  o f  v ib r a t io n  and  M  is  th e  m a s s  o f  the



s o d iu m  a t o m s .  T h e  q u a n t it ie s  R j , R 2 an d  R 3 a r e  g iv e n  b y  th e  f o l l o w in g  
e x p r e s s i o n s :

R j = p (1 -  C j  C 2 C 3+ S2) +  q S jS 2 C 3 +  rS  ^C2 S 3

R 2 = p S 1 S 2 C 3 +  q ( l  - C 1 C 2 C 3 +  S | ) + r C 1 S 2 S 3 ( 6 )

^ 3  ~ P ® lC 2 S 3 +  qC^ S2 S 3 +  r ( l  -  C j C 2 C 3 +  S2 ).

W e  c a n  n o w  e x p r e s s  X, м» 5 and  f2§ in  t e r m s  o f  th e  e l a s t i c  c o n s t a n t s  
c n  > C12» c 44  a n d  th e  e l e c t r o n  g a s  b u lk  m o d u lu s  K e . T h u s

X = -  Ke ~ ( C12 ~ C44^
2 c 12+ 2 C4 4 -  K e
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=  C l l ~ C 4 4 ~ K e

c 1 2 + 2 C4 4 -  К  e

€= K

(7)

Ci2+2C44"Ke

= ______3p2a2_____
“ в 8(C1 2 + 2 C4 4 - K e)

. w h e r e  p i s  th e  d e n s ity  o f  th e  m e ta l .
W e  ca n  n o w  o b ta in  th e  d i s p e r s i o n  r e la t io n s  f o r  v a r i o u s  s y m m e t r y  

d i r e c t i o n s  f r o m  th e  s e c u l a r  E q . (1 ) .  T h e s e  a r e  g iv e n  b e lo w .

(a ) D irection [p q r ] = [100]

( i )  L o n g itu d in a l  b r a n c h  [ p 'q ' r ' ]  = [ 100 ]

и2 _ 16 (C i2 +  2 С 4 4 -  Kg) 
3 p a 2

1 i 2 K e-(C j.2~C 44)
. Ci2+2C44-Ke j

. 2^ak sin —

+ T T 2 [ 3 ( c n - c 44) - K  ] s i n 2ffak ( 8 )
P a

( i i )  T r a n s v e r s e  b r a n c h e s  [ p 'q ' r ' ]  = [01 0 ] o r  [001 ]

pa

(b )  D irection [p q r ] = [110]

( i )  L o n g itu d in a l b r a n c h  [ p 'q ' r ' ]  = [11 0 ]

1 6 ĉ s i n 2 l | ^  (9 )
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( ii) Transverse branch T itp 'q 'r ']  = [110]

,2 4(cn -  c i2 ) . о таки = --------ñ-----  sin2 —¡=~ (11)
Pa */2

(ii i )  Transverse branch T 2 (p 'q 'r 1] = [001]

2 8 C44 . 9 7гак
ы  7 T  ( 1 2 )

(с )  D irection [111]

(i) Longitudinal branch [p 'q 'r1] = [111]

..о _ 4 (c i2+ 2 C4 4 ) . 9 тгак\/3 , 4 , „ , „ , . 0 7rak
U - pa2— Sln ~ T _ + W (4Ke-3ci2+6c44)sin гТз

4  чтя W+ 3 ^ 2 (3cl l - 3c44-Ke)sin2-j=- (13)

(ii ) Transverse branches (p 'q 'r 1] = [110] or [112]

“ 2 = 3^2  ЦЗС4 4 -  C12+ K e] sin2

4 , ,, . . ,jrak
■^2 .(Сц -  C4 4-  K e) S in 2 -J=-

+ •^■ [K e- (c12_ c 44)] sin2- ^ | ^  (14)

3. CALCULATIO N  AND RESULTS

The phonon dispersion curves in [100], [110] and [111] sym m etry di
rections have been calculated from  the above-given  dispersion  re lations. 
The elastic constants and other data used are the same as used by SHARMA 
and JOSHI [9] fo r  sodium at 90°K. These are

Cjj = 8 . 08X1010 dyn/cm2

c 12 = 6 . 64 X1010 dyn/cm2

c^j = 5. 8 6  X 101° dyn/cm2

p = 1. 04 g/cm 3 . .

a = 4 . 24  Â .
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The bulk modulus K e fo r  sodium, as calculated by one of us using the 
method of PINES [10] in order to take into account the exchange and cor
relation  energies along with the F erm i energy, has been used. This ca l
culated value fo r  sodium is K e = 0. 61 X IO 10 dyn/cm.2 and it is not too much 
different from  C1 2 -C 44 . The calculated phonon dispersion curves are shown 
in F igs. 1, 2 and 3. The curve obtained from  de LAU NAY 's [7] theory using

•>

lia— -  

Fig.l

Dispersion curves for sodium in [ 100] direction
—  Present calculation .
--- Calculated from de Launay's secular equation
Э Longitudinal experimental point 
< Transverse experimental point

Fig. 2

Dispersion curves for sodium in [110] direction
------ Present calculation
О Longitudinal experimental point 
x Transverse experimental point

only radial fo rce  constants between firs t and second nearest neighbours is 
also shown in the same figures. The experimental values of WOODS et a l.
[ 1 ] are a lso given fo r  comparison.
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Fig* 3

Dispersion curves for sodium in [111] direction 
___  Present calculation
----  Calculated from de Launay's secular equation
О Longitudinal experimental point 
X Transverse experimental point

4. DISCUSSION

The phonon dispersion curves obtained by us are shown by continuous 
curves while those obtained from  de Launay's secular equation are indicated 
by dotted curves. The experimental points are indicated by c irc les  fo r  the 
longitudinal branches and crosses fo r  the transverse branches. It w ill be 
seen that adding one more force constant brings out only a very slight change 
from  the phonon dispersion  curves obtained from  de Launay's secular 
equation. This is why the dotted curves are seen to be d ifferen t from  the 
continuous curves only at some places. The shift of the continuous curves 
is generally in the right direction and this makes the agreement with experi
ment better. The phonon dispersion curves in 1100] direction show greater 
prox im ity of the longitudinal and tran sverse branches at the point ka= 1. 
A t this point the sym m etry requ ires both branches to have identical f r e 
quency. S im ilarly the sym m etry requ ires the longitudinal and transverse 
branches in the [111] d irection  to be degenerate at ka/sT3= 1. Again  the 
phonon dispersion curves obtained by us show a closer proxim ity than those 
obtained from  de Launay's theory.

The value of the force constant obtained from  equation cj2 -  044 = K e-  4/3i/a,
equals -  18 dyn/cm while the value obtained from  the experim ental data of 
Woods et a l. is  -142 dyn/cm. If the values of elastic constants of sodium 
as reported by HUNTINGTON [11] are used along with our bulk modulus of 
the electron gas we get Pi = -  189 dyn/cm. In any case ^  is much sm aller 
than orj and a2 which have values of 3727 and 341 dyn/cm as compared to 
the experimental values from  the phonon dispersion curves which are 3818 
and 472±30 dyn/cm, respectively. The lattice dynamics of sodium and other 
a lkali metals are thus p rim arily  controlled by the fo rce  constants ay and 
a2 and other fo rce constants enter only to im prove the fin er details of the 
phonon dispersion curves.
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L A T T I C E  D Y N A M I C S  O F T R A N S I T I O N  M E T A L S .  T h e  f r e q u e n c y  v e r s u s  w a v e - y e c t o r .  y (q )  d is p e r s io n  

r e la t io n s  fo r  th e  n o r m a l  m o d e s  o f  v i b r a t io n  o f  s e v e r a l  b o d y - c e n t r e d  c u b ic  tr a n s it io n  m e t a l ,c r y s t a l s  h a v e  b e e n  

m e a su re d  r e c e n t ly  a t  ro o m  te m p e r a tu r e .  T h e  d is p e r s io n  c u rv e s  tor n io b iu m , m e a su re d  by N a k a g a w a  and  W oods, 

d i s p l a y e d  s o m e  v e r y  u n u s u a l  f e a t u r e s ,  a n d  t h e  r e s u lt s  c o u ld  o n ly  b e  f i t t e d  b y  m e a n s  o f  a  B o r n - v o n  K á r m á n  

m o d e l  i f  in t e r a c t io n s  o u t to  v e r y  d is ta n t  n e ig h b o u rs  (b e y o n d  e ig h th )  w e re  in c lu d e d .  S u b se q u e n t  m e a su r e m e n ts  

o n  t a n t a lu m  b y  W o o d s sh o w e d  v e r y  s i m i l a r  r e s u lt s .  T h is  is  n o t  s u r p r is in g  s i n c e  n io b iu m  a n d  t a n t a lu m  a r e  in  

c o lu m n  V  o f  t h e  p e r i o d i c  t a b l e  a n d  m a n y  o f  t h e ir  e l e c t r o n i c  p r o p e r t ie s  a r e  s i m i l a r .  ■ •

M e a s u r e m e n ts  o f  th e  d is p e r s io n  c u r v e s  o f  m o ly b d e n u m  b y  W oods a n d  C h e n  a n d  o f  tu n g s te n  b y  C h e n  a n d  

B r o c k h o u s e  sh o w e d  t h a t  a lt h o u g h  th e s e  m e t a l s ,  w h ic h  a r e  in  c o lu m n  V I  o f  th e  p e r i o d i c  t a b l e ,  h a d  d is p e r s io n  

r e l a t i o n s  w h ic h  w e r e  s i m i l a r  t o  e a c h  o t h e r ,  t h e s e  d is p e r s io n  r e la t io n s  w e r e  v e r y  d i f f e r e n t  f r o m  t h o s e  o f  t h e  

c o lu m n  V  m e t a l s ,  n io b iu m  a n d  t a n t a lu m .  T h e  g ro ss  f e a t u r e s  o f  th e  i/(q) fo r  m o ly b d e n u m  a n d  tu n g s te n  w e r e  

v e r y  n e a r ly  d e s c r ib a b le  b y  a  th ird  n e ig h b o u r a x i a l l y - s y m m e t r i c  B o rn -v o n  K á r m á n  fo r c e  m o d e l ,  a lth o u g h  s e v e r a l  

im p o r t a n t  fe a t u r e s  w e r e  n o t  r e p r o d u c e d  b y  th is  m o d e l .  O n e  o f  t h e s e  f e a t u r e s  is  a  s t r ik in g  a n o m a l y  in  t h e  

[CCCJ lo n g it u d in a l  (L )  b ra n c h  fo r  m o ly b d e n u m  w h e re  th e  f r e q u e n c y  c h a n g e s  fro m  v -  6 . 3 x  1 0 12 c / s  a t  ç  =  0 .9 2  to  

v =  5 . 5 x  1 0 12 c / s  a t  ç =  1 . 0 .  I f  th is  a n d  o th e r  o b s e r v e d  fe a t u r e s  a r e  K o h n  a n o m a l ie s ,  t h e ir  p o s it io n s  a r e  c o n 

s is t e n t  w ith  t h e  d im e n s io n s  o f  th e  F e r m i  s u r fa c e  o f  th e  c o lu m n  V  m e t a ls  p ro p o se d  b y  L o m e r .  T h u s  it  is  s u g 

g e s te d  th a t  th e  s t r ik in g  d i f fe r e n c e s  b e tw e e n  th e  d is p e r s io n  r e la t io n  fo r n io b iu m  and  th a t fo r  m o ly b d e n u m  ( m e t a ls  

w h ic h  a r e  b e l i e v e d  to  h a v e  q u i t e  s i m i l a r  b a n d  s t r u c tu r e s )  r e f l e c t  d i f f e r e n c e s  in  th e  F e r m i  e n e r g ie s  a n d  h e n c e  

t h e  F e r m i  s u r fa c e s  fo r  th e s e  m a t e r ia l s .

D Y N A M IQ U E  D E  R É S E A U  D E S M É T A U X  D E T R A N S IT IO N . L es r e la t io n s  d e  d is p e r s io n  u(q) ( f r é q u e n c e -  

v e c t e u r  d ’ o n d e )  p o u r le s  m o d e s  d e  v i b r a t io n  n o r m a u x  d e  p lu s ie u r s  c r is t a u x  d e  m é t a u x  d e  t r a n s it io n -à  s t ru c tu r e  

c u b iq u e  c e n t r é e  o n t f a i t  r é c e m m e n t  l ’ o b je t  d e  m e su re s  a la  te m p é r a tu r e  a m b ia n t e .  Les c o u rb e s  d e  d is p e r s io n  

r e l a t i v e s  a u  n i o b i u m , é t a b l i e s  p a r  N a k a g a w a  e t  W o o d s, p r é s e n te n t  d e s  p a r t ic u la r i t é s  t r è s  e x c e p t i o n n e l l e s  e t  

o n  n ’ a  p u  f a i r e  c o n c o r d e r  le s  r é s u lta ts  o b te n u s  a v e c  l a  t h é o r ie  à  l ’ a id e  d ’ un m o d è le  B orn  e t  v o n  K á r m á n  q u 'e n  

t e n a n t  c o m p t e  d e s  in t e r a c t io n s  e n g lo b a n t  d e s  v o is in s  t r è s  é lo ig n é s  ( a u - d e l à  du  h u it iè m e ) .  En p r o c é d a n t  

u l t é r ie u r e m e n t  à  d e s  m e su re s  sur l e  t a n t a le ,  W o o d s a  o b te n u  d e s  r é s u lt a t s  tr è s  s e m b la b le s ,  c e  q u i n 'e s t  g u è r e  

su rp re n a n t p u isq u e  l e  n io b iu m  e t le  t a n t a le  f ig u re n t  d an s la  c o lo n n e  V  du ta b le a u  d e  la  c la s s i f i c a t i o n  p é r io d iq u e  

e t  q u 'i l s  p o ssè d e n t d es p ro p r ié té s  é le c t r o n iq u e s  a n a lo g u e s  sous d e  n o m b re u x  ra p p o rts . .

L es c o u r b e s  d e  d is p e r s io n  é t a b l i e s  p a r  W o o d s e t  C h e n  p o u r l e  m o ly b d è n e  e t  p a r  C h e n  e t  B ro c k h o u se  p o u r 

l e  tu n g s tè n e  o ftt^ m o n tré  q u e  s i  c e s  d e u x  m é t a u x  q u i f ig u r e n t  d a n s  l a  c o lo n n e  V I  du t a b le a u  o n t d e s  r e la t io n s  

d e  d isp e rsio n  s e m b la b le s  l ’ u n e  à l 'a u t r e ,  c e s  re la t io n s  d if fè r e n t  s e n s ib le m e n t d e  c e l le s  d es m é ta u x  d e  la  c o lo n n e  

V ,  n io b iu m  e t  t a n t a l e .  L es  c a r a c t é r i s t i q u e s  g é n é r a le s  d e  la  r e la t io n  y (q )  p o u r  l e  m o ly b d è n e  e t  l e  tu n g s tè n e  

p e u v e n t  ê t r e  d é c r i t e s  a v e c  u n e  g r a n d e  p r é c i s io n  a u  m o y e n  d 'u n  m o d è le  B o rn  e t  v o n  K á r m á n  d e  fo r c e s  t e n a n t  

c o m p t e  d ’ u n e  s t r u c t u r e  à  s y m é t r i e  a x i a l e  e n g lo b a n t  l e  t r o i s i è m e  v o i s i n ,  b ie n  q u e  p lu s ie u r s  c a r a c t é r i s t i q u e s  

im p o r t a n t e s  n e  s o ie n t  p a s  r e p r o d u i t e s  p a r  c e  m o d è l e .  P o u r l e  m o l y b d è n e ,  u n e  d e  c e s  c a r a c t é r i s t i q u e s  e s t  

u n e  a n o m a l ie  f r a p p a n t e  d e  la  b r a n c h e  (L )  lo n g it u d i n a le  o ù  la  f r é q u e n c e  p a ss e  d e  i / = 6 ,3 *  1 0 12 c / s  p o u r

Ç =  0 , 9 2 à  v - 5 ,5 »  1 0 12 c / s  p o u r  £ =  1 , 0 .  S i  c e t t e  c a r a c t é r i s t i q u e  e t  d ’ a u tr e s ,  q u i  o n t a u ss i é t é  o b s e r v é e s ,  so n t 

d e s  a n o m a l ie s  d e  K o h n , le u rs  p o s it io n s  so n t c o m p a t ib le s  a v e c  le s  d im e n s io n s  d e  la  s u r fa c e  d e  F e r m i d e s  m é ta u x  

d e  l a  c o lo n n e  V ,  p r o p o s é e s  p a r  L o m e r .  O n p e u t  d o n c  su p p o s e r  q u e  le s  d i f f é r e n c e s  n e t t e s  e n t r e  r e la t io n s  d e  

d is p e r s io n  p o u r  l e  n io b iu m  e t  p o u r  l e  m o ly b d è n e  ( m é t a u x  d o n t  o n  a d m e t  q u * ils  o n t  d e s  s t r u c tu r e s  d e  b a n d e s  

t r è s  s e m b la b le s )  c o r r e s p o n d e n t  à  d e s  d i f f é r e n c e s  d a n s  le s  é n e r g ie s  d e  F e r m i  e t ,  p a r t a n t ,  d a n s  le s  i s u r fa c e s .d e  

F e r m i  d e  c e s  m a t iè r e s .  '
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ДИНАМИКА РЕШЕТКИ ПЕРЕХОДНЫХ МЕТАЛЛОВ. Дисперсионное соотношение час
тота/волновой вектор v(q) для обычных видов колебаний некоторых объемно-центрированных 
кубических кристаллов переходных металлов было недавно измерено при комнатной темпера
туре. Кривые дисперсии для ниобия, измеренные Накаговой и Вудсом, проявили некоторые 
очень необычные черты, и результаты можно было привести в соответствие только с помощью 
модели Борн фон Кармана, если включить взаимодействия с очень отдаленными членами 
ряда дальше восьмого. Последующие измерения Вудсом тантала дали очень похожие резуль
таты. Это не удивительно, поскольку ниобий и тантал находятся в V группе периодической 
таблицы и многие из их электронных свойств одинаковы.

Измерения кривых дисперсий молибдена Вудсом и Ченом и вольфрама Ченом и Брок- 
хаузом показали, что, хотя у этих металлов, которые находятся в группе VI периодической 
таблицы, дисперсионные соотношения являются аналогичными, эти дисперсионные соотношения 
сильно отличаются от дисперсионных соотношений для ниобия и тантала, находящихся в группе 
V. Основные черты u(q) для молибдена и вольфрама очень близко описываются третьим чле
ном ряда симметричной по осям силовой модели Борн—фон Кармана, хотя некоторые важные 
черты не воспроизводятся этой моделью. Одной из таких черт является разительная анома
лия в продольной (ÇÇÇJ ветви (L) для молибдена, где частота изменяется от и =  6,3» 10А*гц 
при Ç =0,92 до V =  5,5• 10l2 гц при Ç = 1,0. Если эта и другие отмеченные черты представляют 
собой аномалии Кона, то их положение совместимо с размерами поверхности Ферми для метал
лов группы V, предложенными Ломером. Таким образом, предполагается, что разительные 
различия между дисперсионным соотношением для ниобия и дисперсионным соотношением для 
молибдена (металлы, которые, как предполагают, имеют совершенно одинаковые полосные 
структуры) отражают различия в величине энергии Ферми и следовательно в величине поверх
ностей Ферми для этих материалов.

DINAMICA DE LA RED CRISTALINA DE LOS METALES DE TRANSICION. La relación de dispersión 
frecuencia/vector de onda i/(q), correspondiente a los modos normales de vibración de varios cristales cúbicos 
de metales de transición centrados en el cuerpo, se ha medido recientemente a temperatura ambiente. Las 
curvas de dispersión del niobio, medidas por Nakagawa y Woods, presentaban algunas particularidades 
verdaderamente insólitas, y los resultados sólo podían ajustarse por medio de un modelo de Born-von Kármán 
si se incluían las interacciones que alcancen hasta átomos vecinos muy distantes (más allá del octavo). Las 
mediciones ulteriores realizadas en el tántalo por Woods dieron resultados análogos. Ello no es sorprendente, 
puesto que el niobio y el tántalo figuran en la columna V de la clasificación periódica y muchas de sus pro
piedades electrónicas son análogas.

Las mediciones de las curvas de dispersión del molibdeno, efectuadas por Woods y Chen, y del volframio, 
por Chen y Brockhouse, mostraron que si bien estos metales, que figuran en la columna VI de la clasificación 
periódica, presentan relaciones de dispersión comparables, éstas difieren considerablemente de las corres
pondientes a metales de la columna V como el niobio y el tántalo. Las características generales de i/(q) 
correspondientes al molibdeno y al volframio sé pudieron describir adecuadamente por medio de un modelo 
de fuerzas axialmente simétrico de Born-von Kármán que alcanza hasta el tercer átomo vecino, aunque dicho 
modelo no refleja algunas particularidades importantes. Una de éstas es una sorprendente anomalía en la 
rama longitudinal (L) [ÇÇÇ] del molibdeno, en que la frecuencia varfa de u ~ 6 ,3* 10i2Hz para £=0,92 a 
y=5,5* 1012 Hz para £= 1,0. Si estas y otras particularidades observadas son anomalías de Kohn, sus posiciones 
son compatibles con las dimensiones de la superficie de Fermi propuesta por Lomer para los metales de la 
columna V. Se formula la hipótesis de que las sorprendentes diferencias existentes entre la relación de dis
persión del niobio y la del molibdeno (metales que, según se cree, poseen estructuras dé banda muy seme
jantes) reflejan diferencias en las energías de Fermi y, por tanto, en las superficies de Fermi de estos materiales.

1. INTRODUCTION

The transition m etals of columns V and VI of the period ic table have 
ex trem ely  in teresting electron ic, superconducting and lattice vibrational 
properties. In addition, they are a ll body-centred cubic with one atom per 
unit cell; thus interpretation and comparison of their various properties is 
considerably sim plified.
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The systematic study of the lattice dynamics of these metals 11-4] was 
undertaken in the hope that some pattern might em erge that could be co r
related with their electron ic properties. Recent theoretical studies of the 
F e rm i surface [5, 6] and the band structure [7] of these m etals provide a 
fram ew ork within which many of the features of the measured d ispersion  
curves can be understood.

2. E X P E R IM E N T A L  RESULTS

Measurements of the frequency wave vector (i/(q) dispersion relationfor 
the normal modes of vibration propagating in the high symmetry directions 
have been made at 296°K fo r  niobium 11J, molybdenum L2J, tantalum [3 ], 
and tungsten [4] . These experiments were a ll carried out using the trip le
axis crystal spectrometer at Chalk R iver [8 ].

The results indicate that a certain pattern does indeed exist. The dis
persion curves fo r niobium and tantalum have many features in common, 
such as the crossing of the longitudinal (L ) and transverse (T ) branches in the 
[00Ç] direction. The dispersion curves fo r  molybdenum and tungsten are 
sim ilar to each other but very different from  those for niobium and tantalum. 
Fourier analysis of v(q) fo r these four metals [2] indicates that this pattern 
is not m erely qualitative; Fou rier coeffic ients beyond firs t are s im ilar fo r 
niobium and tantalum on the one hand and molybdenum and tungsten on the 
other, but may even be of different sign in going from  niobium to molybdenum. 
Table I lists the Fourier components for several branches for all four metals. 
F igures 1 and 2 show the [00ÇJL and IÇÇÇJL branches respective ly fo r  nio
bium and molybdenum and illustrate very  strik ingly the d ifferences in the 
lattice dynamical properties and effective interatomic forces in these metals.

3. DISCUSSION

The LÇÇÇJL branch fo r molybdenum is quite flat beyond Ç= \ until, near 
the end of the branch (Ç = 1) there is  a sharp drop in frequency from  
6. 30X1012 c/s at Ç = 0. 92, to 5. 50X1012 c/s at Ç = 1. The most reasonable 
explanation fo r this behaviour is that it is  an anomaly of the type predicted 
by KOHN [9 ], and corresponds to an abrupt change in the ability of the elec
trons to screen out the ionic motions. The anomaly occurs w herever the 
phonoh wave vector is equal to an extrem al distance across the Ferm i sur
face. (Such anomalies have previously been observed in lead [10, 11] . ) The 
F erm i surface dimension corresponding to this anomaly is in excellent 
agreement with the dimensions of the F e rm i surface predicted by LOM ER 
[5, ,6] fo r  the chromium group metals. F igure 3 shows Lom er's  band struc
ture curves fo r  the [100] and [ i l l ]  directions and the (110) plane of the cor
responding F e rm i surface. Other sm aller anomalies on this branch at 
Ç= 0 .26±0 .02  and Ç=0. 78±0. 02 are also consistent with this picture and 
lead to values of k= 0. 45 Â"1 and k= 0. 29 A -1 fo r  the radii of the electron  
and hole surfaces around Г  and H. The shape of the dispersion ourves in 
the vicin ity of the anomaly at Ç= 0. 26 is not sufficiently accurate to decide
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TABLE I

COMPARISON OF IN TE R PLAN AR  FORCE CONSTANTS 
FOR FOUR BODY-CENTRED CUBIC TRANSITION METALS 

(UNITS 104 dyn/cm)

tSC£]T Фi Фз фз *4 Ф5 ф6

Nb 11.3 0.9 1.7 -1.4 -0.2 0.4

Та 13.3 .0. 5 1.7 -1.0 -0.1 0.4

Mo 11.3 8.5 -0.07 2.2 -1.2 0. 07

W 18.3 9.7 0. 01 1.4 -0.4 -0.6

[00ç]L ф> фг фз Ф4.

Nb 10.2 3.6 2.4 -1. 5

Ta 13.1 2.7 2.1 -0.7

Mo 12.2 11.6 -1.2 1.7

W 19.0 12.0 -0.7 0.4

t« 0 ]T 2 Ф1 Ф2 Фз

Nb 7.5 -2.1 0.3

Ta 10.9 -2.1 0.4

Mo 7.8 0. 5 -0.8

W 11.5 ’ 1.0 -0.5

on the nature of the anomaly and hence to differentiate between the radii of 
the electron and hole surfaces. Magnetoacoustic measurements on tungsten
[12 ], however, indicate that the radius of the electron surface in this 
direction is the la rger. The size of the anomaly near H (a 15% change in v) 
at Ç = 0. 96 is unusually large. The density of states on this almost flat Ferm i 
surface is high and thus w ill lead to a discontinuity much stronger than the 
logarithmic singularity which results from  a spherical F erm i surface [13] . 
The close sim ilarity in size and shape of the electron and hole surface may 
also contribute to the strength of the anomaly [14] .

A  striking anomaly is also apparent in the [ÇÇÇ]L branch fo r  niobium 
at Ç = 0 .4 5±0 . 03 and leads to an extrem al dimension in this d irection  of 
k= 1. 48 A "1. This extrem al dimension is consistent with the intersection 
of the F erm i leve l with the band structure curves at ~40% of the distance 
Г Р  as shown in F ig . 3. The band structure curves predict an anomaly in 
the [00Ç] d irection  near H (in tersection  of Ep and Д 2). The data suggest 
that such an anomaly may exist near Ç = 0. 7 5.
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г £ и г С н

Fig.l

[00ç]L  branch of i/(q) for niobium and molybdenum 
The solid lines have been drawn freehand through the points.

The shapes of these dispersion curves therefore appear to be influenced 
to a large extent by the presence of Kohn anomalies and it is postulated that 
the m ajor d ifferences between the v(<î) f ° r these m etals are those due to 
the Kohn effect, and hence to their different F erm i surfaces. Calculations
[7] suggest that the band structures fo r  vanadium and chromium (and thus 
presumably fo r  niobium and molybdenum) are s im ilar; the d ifferences in 
their F e rm i surfaces therefore a rise from  their different F e rm i energies 
and hence from  the d ifferent number of valence electrons.

In a paper discussing the observation of the Kohn effect in sodium and 
other m etals, KOENIG [15 ], without elaboration, has made a suggestion 
sim ilar to that discussed above. Koenig has pointed out that the Kohn effect 
can be observed in the oscillating behaviour of the Fou rier coefficients fo r  
v2. The results of the F ou rie r  analysis of the [00£]L branch fo r  niobium 
and molybdenum are shown in F ig . 4. The long range oscillatory behaviour 
is quite striking and is  s im ilar to that observed in lead [11] . The oscillations 
most lik e ly  correspond to the " F r ie d e l osc illa tion s" [16] which a re  a d irect 
consequence of the Kohn effect. The period of oscilla tion  fo r  niobium is 
~  3. 5 interplanar spacings and fo r  molybdenum ~  2 interplanar spacings. 
These resu lts em phasize the d ifferences in the F e rm i surfaces o f these 
metals. Unfortunately, however, it is not possible to extract accurate values 
fo r  the F e rm i surface dimensions from  these results fo r  two reasons: 
(1) values of the oscillating function can only be derived at a few  d iscrete 
points; considerably higher precision and more determinations on each dis
persion curve would be required to extend this significantly, and (2) in com
plicated metals like these, m ore than one period may be present; in such 
a case separation into components is difficult because the damping function 
( r -з fo r  transverse modes and a spherica l F e rm i surface) is  not known.
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Fig. 4

Long-range Fourier coefficients (interplanar force constants) 
for [00£]L branch of v(q) for niobium and molybdenum

4. CONCLUSIONS

The measured v (q ) fo r  the transition metals of columns V and VI of 
the period ic table can be qualitatively understood on the assumption that 
many of the gross features are a consequence of the Kohn effect. This 
pattern of the electron-phonon interaction, when compared with the corres
ponding pattern of superconducting transition temperatures 117], suggests 
that the electron-phonon interaction is the mechanism responsible fo r super
conductivity in these transition metals.
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D I S C U S S I O N

K . P .  SINHA: In the transition metals which have overlapping s- and 
d-bands we should take into account the effect of s-d mixing. Such a mixing 
is possible as a result of interaction with phonons also. It is worthwhile 
examining the effect of such interactions on the phonon dispersion curves 
of various transition metals. Some of the anomalies pointed out might be 
correlated with this.

G. DOLLING: I quite agree.
P . EGELSTAFF: Is your explanation of these effects a qualitative one 

or have you obtained quantitative results?
G. DOLLING: The explanation is qualitative, but Dr. Woods very much 

hopes that professional theoreticians w ill r ise  to the occasion and propose 
more fundamental explanations.
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Abstract — Résumé — Аннотация — Resumen

INELASTIC SCATTERING OF NEUTRONS IN CHROMIUM. The phonon spectrum of chromium has been 
studied by neutron inelastic scattering. The dispersion curves are very similar, in form to those of tungsten 
and molybdenum, indicating similar interionic force constants. The neutron groups broaden but do not shift 
appreciably when the temperature is raised. No effect has been observed which can be attributed to the inter
action between the phonons and the crystal magnetization in the antiferromagnetic phase.

DIFFUSION INELASTIQUE DES NEUTRONS DANS LE CHROME. Les auteurs ont étudié le spectre phono
nique du chrome par la méthode de la diffusion inélastique des neutrons. La forme des courbes de dispersion 
ressemble beaucoup à celles du tungstène et du molybdène, ce qui indiquerait que les constantes de forces 
interioniques sont analogues. .

On constate un élargissement des groupes de neutrons, mais aucun déplacement important lorsque la 
température augmente. On n'observe pas d*effet qui puisse être attribué à l'interaction entre les plionons et 
la magnétisation du cristal dans la phase antiferromagnétique.

НЕУПРУГОЕ РАССЕЯНИЕ НЕЙТРОНОВ НА ХРОМЕ. Фононный спектр хрома был 
изучен при помощи неупругого рассеяния нейтронов. Дисперсионные кривые очень похожи 
по форме на дисперсионные кривые вольфрама и молибдена, что говорит о сходстве констант 
межионных сил. При повышении температуры происходит расширение нейтронных групп, но 
значительного изменения не наблюдается. Никаких эффектов, которые могли бы быть объ
яснены взаимодействием между фононами и намагниченностью кристаллов в антиферромаг- 
нитной фазе, не наблюдалось.

DISPERSIÓN INELXstICA DE NEUTRONES EN EL CROMO. El espectro fonónico del cromo se ha estudiado 
por dispersión inelástica de neutrones. Las curvas de dispersión presentan una forma muy parecida a las del 
volframio y del molibdeno, lo que indica la existencia de constantes de fuerza interiónica análogas. Al 
elevarse la temperatura, los grupos neutrónicos se ensanchan, pero no se desplazan apreciablemente. No se 
ha observado ningún efecto que pueda atribuirse a la interacción entre los fonones y la magnetización del 
cristal en la fase antiferromagnética. .

The phonon spectrum of chromium has been studied by the inelastic  
scattering of thermal neutrons. A trip le -ax is  spectrom eter situated at the 
DR3 reactor was used fo r these experiments and the phonon dispersion 
curves w ere studied in symmetry directions, using the constant-^ method, 
with fixed energy of the scattered neutrons. The specimens w ere single 
crystals of pure chromium metal in the approximate form of a cylinder 4 cm 
long and 1 cm in diameter. They could be placed in a nitrogen cryostat 
or in an oven whose temperature could be varied over a range between room

* Alfred P. Sloan Fellow. Present address: Institute for Atomic Research and Department of 
Physics, Iowa State University, Ames, Iowa, United States of America.
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temperature and approximately 600° K. One oí these crystals had been used 
ea rlie r fo r studies of critical magnetic scattering in chromium [1 ].

W ell-defined  neutron groups w ere observed fo r  most of the ^-va lues 
studied. Their intensity was as great as three times the background inten
sity, which was principally due to incoherent scattering from  the crystal. 
The room  background counting rate was approximately 5 cpm.

Chromium

N T  H P Г

Fig.l

Reduced wave vector co-ordinates £

The dispersion curves in symmetry directions are shown in Fig. 1. Be
cause of poorly form ed neutron groups, the phonon energies between P  and 
H are rather uncertain at present. These dispersion curves bear a close 
resemblance to those of tungsten [2] and molybdenum [3] and can therefore 
also be fitted quite c lose ly  by a fo rce  constant scheme extending to third 
nearest neighbours. The phonon energies scale approximately as the inverse 
square root of the ionic masses, indicating s im ilar force constants and 
manifesting the sim ilarity  in the electron ic structures of the three metals. 
No anomalies of the type found in molybdenum [3] were observed.

When the crystals w ere heated from  approximately 100 to 400°K, the 
neutron groups p rogress ive ly  broadened, but no change could be observed 
in the phonon energies. One of the crystals used in these experiments con
tained a sm all uniaxial strain, which produced a large magnetic anisotropy
[1] . Th is anisotropy was not re flected  in the phonon spectrum, nor was 
any change observed in the energies of those phonons with wavelengths near 
the magnetic periodicity of the crystal, when it was heated through the Néel 
temperature. The coupling between the magnetization waves and the lattice 
is therefore presumably small.
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D I S C U S S I O N

G. DOLLING: It should be pointed out that only one of the anomalies 
in molybdenum (near the [ÇÇÇ] zone boundary) is rea lly  very  large, while 
the others are quite small. The experiments on tungsten are considerably 
more difficult than those on molybdenum, so that observation of small ano
m alies is even more difficu lt. Do you fee l that your chromium measure
ments are as yet sufficiently complete to perm it detection of such sm all 
anomalies? '

A . MACKINTOSH: As fa r as chromium is concerned, I think that the 
results presented are still somewhat prelim inary. I was not responsible 
for the work on tungsten which I mentioned. This was done at Chalk R iver 
and we can assume that it was done very  carefu lly. A t any rate, no ano
m alies appear to have been found. In term s of F e rm i surfaces, we could 
expect to see a difference between chromium, tungsten and molybdenum. 
But the surprising thing is that tungsten and molybdenum have always seemed 
to be very sim ilar in this respect.
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Abstract — Résumé — Аннотация — Resumen

PHONON FREQUENCY DISTRIBUTION OF VANADIUM. The phonon frequency distribution of vanadium 
has been measured several times using the beryllium filter time-of-flight method. The results of the various 
authors agree more or less satisfactorily. But there have been objections against this method; for instance it 
does not start with monochromatic neutrons, and multiphonon processes are corrected only in a crude way. 
It seems worth while to determine the frequency distribution of vanadium by a different method. ,

In the present work the authors tried to obtain this frequency distribution by a method which covers a 
larger part of the energy-transfer, momentum-transfer plane. Using the rotating crystal time-of-flight spectro
meter at Karlsruhe with incident neutron energies between 0.018 and 0.08 eV energy transfers in the range 
from 0 to2kgT and Q-values between 0 and 14 (where ftQ is the momentum transfer) have been measured.

Scattering-law values have been calculated and the frequency distribution was determined with the 
extrapolation method proposed by Egelstaff in an iterative way with the help of LEAP calculations.

Taking into account the experimental errors the results agree very satisfactorily with the cold neutron 
work for energy transfers greater than 0.5 kgT. Below 0.5 kgT we have found an additional peak, the origin 
of which is not yet explained.

Results are discussed and compared with existing theoretical calculations.

DISTRIBUTION DE FREQUENCE DES PHONONS DANS LE VANADIUM. La distribution de'fréquence 
des phonons dans le vanadium a été mesurée, à plusieurs reprises, par la méthode du temps de vol faisant 
appel à un filtre en béryllium. Les résultats obtenus par les divers auteurs concordent de façon plus ou moins 
satisfaisante. Cependant, on a élevé des objections contre cette méthode, en faisant valoir notamment que la 
source de neutrons n’est pas monochromatique et que les processus à plusieurs phonons ne font l’objet que d'une 
correction approximative. U semble donc utile d’établir la distribution de fréquence dans le vanadium par 
une méthode différente.

Les auteurs ont essayé d’appliquer une méthode qui couvre une plus grande partie du plan transfert 
d’énergie - transfert de quantité de mouvement. En utilisant le spectromètre à temps de vol à cristal tournant 
de Karlsruhe avec des énergies des neutrons incidents de 0,018 et 0,08 eV, ils ont mesuré des transferts d'énergie 
entre 0 et 2kgT et les valeurs de Q entre 0 et 14 Â'1 (ftQ étant le transfert de quantité de mouvement).

Les auteurs ont calculé les valeurs relatives à la loi de diffusion et déterminé la distribution de fré
quence par la méthode d'extrapolation d'Egelstaff employée itérativement à l'aide du code LEAP.

Compte tenu des erreurs expérimentales, les résultats concordent de manière très satisfaisante avec 
ceux que fournit l'étude, par les neutron froids, des transferts d'énergie supérieurs à 0,5 kjjT. Au-dessous 
de0,5 kfiT, les auteurs ont constaté la présence d‘un pic supplémentairedont l'origine n’est pas encore élucidée.

Les résultats obtenus font l'objet d'un examen critique et sont comparés à ceux des calculs théoriques 
dont on dispose actuellement.

РАСПРЕДЕЛЕНИЕ ФОНОННЫХ ЧАСТОТ ВАНАДИЯ. Распределение фононных частот 
ванадия измерялось несколько раз при помощи метода измерения по времени пролета с ис
пользованием бериллиевого фильтра. Результаты различных авторов согласуются более 
или менее удовлетворительно. Однако против этого метода имелись возражения, так как он, 
например, не начинается с монохроматических нейтронов, и многофононные процессы коррек
тируются лишь приблизительно. 11о-видимому, стоит определить распределение частот ва
надия каким-то другим методом.

В настоящей работе сделана попытка получить это распределение частот методом, ко
торый охватывает большую часть плоскости передачи энергии и передачи импульса. С по

* On leave of absence from Junta de Energía Nuclear, Portugal.
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мощью спектрометра с вращающимся кристаллом для измерения по времени пролета в Карлс
руэ были измерены передачи энергии в диапазоне от 0 до 2 kDT и величины Q между 0 и 14 À -1 (где 
-hQ является передачей импульса) при энергиях бомбардирующих нейтронов между 0,018 и 0,08 эв.

Были вычислены величины для закона рассеяния» и было определено распределение ча
стот с помощью метода экстраполяции, предложенного Эгельштаффом, итерационным путем 
с помощью расчетов LEAP.

В пределах экспериментальных ошибок эти результаты согласуются вполне удовлетвори
тельно с результатами работы по передаче энергии выше 0,5 kgT холодными нейтронами. 
Ниже 0,5 к вТ мы обнаружили дополнительный пик, происхождение которого еше не объяснено.

Результаты обсуждаются и сравниваются с существующими теоретическими расчетами.

DISTRIBUCION DE LAS FRECUENCIAS FONONICAS EN EL VANADIO. La distribución de las frecuencias 
fonÓnicas en el vanadio se ha medido en diversas ocasiones por el método de tiempo de vuelo y filtro de berilio. 
Los resultados obtenidos por los distintos investigadores concuerdan de una manera relativamente satisfactoria. 
Ahora bien, se han formulado objeciones al empleo de ese método, ya que, por ejemplo, la fuente neutrónica 
no es monocromática y, por otra parte, la corrección aplicada a los procesos multifonónicos es poco precisa. 
Parece justificado, por tanto, determinar la distribución de las frecuencias en el vanadio recurriendo a otro 
método.

Los autores han procurado determinar la distribución de las frecuencias con ayuda de un método que 
abarca un sector más amplio del plano de la transferencia de energía en función de la transferencia de im
pulso (curva de dispersión). Empleando el espectrómetro de cristal giratorio de Karlsruhe y el método de 
tiempo de vuelo, han medido con energías de los neutrones incidentes comprendidas entre 0,018 y 0,08 eV, 
transferencias de energía que se extienden de 0 а 2квТ, y valores de Q comprendidos entre 0 y 14 Â’ 1 (siendo 
ft O la transferencia de impulso).

Con ayuda de la clave de cómputo LEAP, se han calculado repetidamente los valores correspondientes 
de la ley de dispersión y se ha determinado la distribución de las frecuencias por el método de extrapolación 
propuesto por Egelstaff. *

Teniendo en cuenta el margen de error experimental, los resultados obtenidos concuerdan de manera 
muy satisfactoria con los de los trabajos sobre neutrones fríos para transferencias de energía superiores a 0,5 kgT. 
Por debajo de ese valor, los autores han encontrado un pico adicional cuyo origen no ha podido explicarse 
aún.

Los datos obtenidos se examinan y comparan con los resultados de cálculos teóricos realizados previamente.

I. INTRODUCTION

The investigation of inelastic scattering of slow neutrons in solids yields 
valuable information on dynamic properties of such many-particle systems. 
I f  the coherent scattering is dominant, single phonons can be "seen " and, 
as a resu lt o f system atic measurements of phonons in certain d irections 
in single crystals, dispersion curves can be constructed. If the scattering 
is incoherent, this method is not possible. In this case, however, the fr e 
quency distribution o f the normal modes can be deduced in a m ore or less 
d irect way from  the m easured scattering distribution. A com parison o f 
experimental and theoretical frequency distributions often suggests a more 
rea lis tic  picture o f the properties of the sca tterer. Unfortunately, only 
a few  substances scatter alm ost com pletely incoherently. O f these, va 
nadium, with a body-centred cubic lattice, has a relatively simple structure. 
Several w orkers [1-4] have reported frequency distributions o f vanadium 
obtained by the scattering of beryllium -filtered cold neutrons. In the present 
paper, a somewhat d ifferen t method is described in which the scattering 
law of vanadium is measured for a re la tive ly  large range of momentum
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transfer, hQ, and energy transfer, ftu (0 < Q <14 Â -1; 0 <fiu>< 2kBT ). Starting
with the scattering-law values and using the extrapolation technique proposed 
by EG ELSTAFF [5], values of the frequency distribution function have been 
obtained. The only assumption made for the purpose of performing the itera
tion of the extrapolated values is that the motions of the atoms are harmonic. 
But then the separation of multiphonon processes is straightforward and 
no previous evaluation o f the D ebye-W aller factor is necessary. .

II. E X P E R IM E N T A L  ARRANGEM ENT AND PROCEDURE

A beam from the Karlsruhe rotating-crystal tim e-of-flight spectrometer 
described in detail in Reference [6] provided the incident m onoenergetic 
neutrons in an energy range of 18 to 80 meV. P r im a ry  energy resolution 
was 5% at 18 m eV and tim e resolution about 20 ;js/m.

Fig.l
Schematic sketch of the rotating-crystal time-of-flight spectrometer at the FR2 reactor

A sketch of the apparatus is shown in Fig. 1. The sample-detector d is
tance was 2 m. Nine detectors at scattering angles between 20 and 140° 
were used simultaneously. At present, two different types of detectors are 
in use, namely Hea counters, 1 in in diameter, form ing banks with an e f
fective area of 155 cm2, and L i6F-ZnS scintillators, 5 in in diameter. For 
data acquisition and reduction, a multiple input data acquisition system  
(MIDAS) with a Control Data 160-A computer (8K core m em ory) as central 
unit is employed 1.7]. This computer handles simultaneously on-line four 
different reactor beam experiments. The events recorded by the tim e-o f- 
flight detectors of the scattering experiment are fed into a multiparameter 
coding unit which digitizes the experimental number, the particular detector 
number and the neutron tim e-of-flight. This unit is connected with the com
puter by means of a central buffer station.

The scattering sample was a 7 cmX4.5 cm vanadium plate with a thick
ness of 0. 2 cm. The transmission of the sample was 85% fo r incident neu
trons of the smallest energy and about 90% for the highest energy used. For
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each o f the three incident energies (about 18, 40 and 80 meV) a run of ap
proxim ately 50-h duration was carried  out. This corresponds to a few 
hundred counts in the significant inelastic channels. For background e l i 
mination s im ilar runs without the sample were made. Because of the ro 
tational symmetry of the crystal monochromator, background contributions 
from  fast neutrons and uncorrelated slow neutrons are constant in time and 
are, therefore, easily corrected.

III. DATA PROCESSING AND RESULTS

The quantity to be d irectly  calculated from  the measured scattering 
distributions is the scattering law S(a, /3), defined as fo llow s:

S ( a ,g )  = 47rk-P ?
A

A+,1
6/2 cr

<ЗШЕ (1)

where

d2cr
diME

kB 
T
A

di2
Eo, E

is the double differential neutron scattering cross-section,

the free-atom  cross-section  of the scattering nucleus,
the Boltzmann constant,
the absolute temperature of the scatterer,
the ratio  o f the mass o f the scattering nucleus to the mass of the 
neutron,
the elem ent of solid  angle into which the neutrons are scattered, 
the incident and scattered neutron energ ies, respective ly ,

E - En 
kBT  '

_ E0 + E - 2(EpE)2 c o s  9'
AkB T

(2)

(3)

the scattering angle.

For incoherently scattering solids a direct relation can be established, 
in the harmonic approximation, between the phonon frequency distribution 
o f the crysta l la ttice p(/3) and the lim itin g  value o f S(a,/3)/a fo r  a = 0:

P(j3) = 2/3 ( s in h /3 /2 )  (S /o r)e = 0 . (4)

In a f ir s t  step a "calibration  program m e" was run fo r the purpose of 
calculating the detector efficiency as a function of energy. Here effects of 
sample thickness, mainly absorption, are taken into account. The calcula
tion is based on the P laczek  heavy-m ass expansion [8]. A  function of the 
type proposed by HARRIS et a l. [9] was fitted to the calculated effic iency 
values. The resulting parameters were fed into the computer together with 
the raw data from  sample-in and sample-out runs and a second calculation
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was started with the "sea tterin g-law  program m e", which de livers  the a ,  
$, S(a, 0), S [a ,&)/a and the statistical errors of the measurement for each time 
channel. In this program m e the built-in  possib ility  o f smoothing the raw  
data in selected tim e-channel in tervals was used when advisable, namely 
fo r  the background data and the sam ple-in  data at the low est energy. A  
typ ica l resu lt fo r  S(a ,P )/ a  versus tim e-channel is shown in F ig . 2.
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Fig. 2
Typical plot of S(a,8)/a values obtained with the "scattering-law programme" 

(0 = 124.5*; E„= 42.3 meV)

The calculated S(a ,{ ¡ )/a  values are then plotted against a and ex tra 
polated to c? = 0 fo r 0-values at 0. 05 intervals (F ig . 3). In the f ir s t  ex tra 
polation the resolution effects that tend to increase the gradient of the S/a 
curves, especia lly at low a,  have not been corrected for. Then the LE A P  
program m e [10] was run with the firs t  extrapolated values, assuming that 
the gradient o f the L E A P  output curves would be approxim ately correct. 
Based on this gradient a correction for the elastic peak resolution was per
form ed using the assumption that the peak shape and also the energy r e 
solution for a given time channel and a given incident energy are independent 
of the scattering angle.

It was further assumed that the a-dependence of the elastic amplitude 
in a given channel is described by the Debye-Waller factor. This resolution 
correction determines a parallel displacement of the curves calculated with 
LE A P  which is of significance only fo r low 0-values.
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F ig .3

Typical curves of log (S/a) versus a.
L indicates the curves from the final LEAP calculation,

R80 and R40 the curves calculated on the basis of L and the resolution 
correction sketched in the text for incident energies of 80 and 40 meV, respectively.

8 positive and negative

^  = 20 meV

® = 40 meV

= 80 meV
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With the new extrapolated values a second LE A P  calculation was made 
and the results were again compared with the measured data; this procedure 
was repeated until the slope o f the L -lin es  (F ig . 3) and their lim it at a = 0 
stab ilized  them selves. Th ree runs w ere  made, p(j3) being norm alized to 
one at every run. The variations of the calculated Debye-W aller factor and 
o f the area under the input p(£S) during the whole process w ere not greater 
than 10%. F igu res 4 and 5 show the obtained (S/a )a - 0 and p (/3) cu rves.

( S / c t )<t = 0

H
2.0

1.0

Ь

• .•* 4
V i

1.

1 0 2.0

Fig. 4

The values of (S/a)a _ Q versus 6

?<P>

—1—
2.0

Fig. 5

p(0) deduced from the measurements

IV . DISCUSSION OF RESULTS

In F ig . 6 the finail frequency distribution p (v) extracted from  the 
scattering-law  measurements is compared with some of the previously r e 
ported measurements using the bery lliu m -filter technique. The area under 
each curve is normalized to unity. A ll of them show roughly the same shape 
but in details there are disagreements. In curve 3 corrections are made for 
the energy distribution of the incident neutrons [3]. The decrease in peak 
height in our curve (curve 4) may be partia lly due to some extra scattering 
at higher energ ies; a decrease may be caused also by resolu tion  e ffec ts
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» ( 10’’!  s"' ) ---------

Fig. 6

A comparison of several experimental frequency distributidns for vanadium 
The number on the curve gives the reference number. Curve 4 is the result of the present work.

in the inelastic spectrum. But another possib le explanation is the e ffec t 
of multiple scattering; in our measurements we used much thinner samples 
than the other workers did.

The present curve (No. 4 )hasa sm all bump at v = 2. 4X1012 s '1. The ex 
istence of such a peak has been predicted previously at about v = 2XIO12 s-i 
and attributed to the Kohn effect [11].

Although vanadium has a high transition tem perature fo r  the super
conducting state indicating a strong electron-phonon in teraction  which 
favours a strong Kohn effect, such a peak, in princip le, can be expected 
also on the basis o f the Born-von Kármán theory. Using a model with non
central nearest-neighbour and central next-neighbour interactions SINGH 
and BOWERS [12] calculated a frequency spectrum showing three peaks. 
Unfortunately they did not use the co rrect elastic constants. A fte r  the 
elastic constants of vanadium had been measured by ALERS [13], calculations 
using the Born-von Kármán and the de Launay models w ere made [14]. None 
of the models, however, gives a satisfactory representation of the measured 
frequency distributions.

' F rom  the L E A P  calculations the D ebye-W aller coeffic ien t X = 2 W/a 
is  found to be 4. 22 ± 0. 4-2. In the Debye approximation a Debye temperature
0O = 354 ± 15°K can be deduced from this value. Starting from  the measured 
frequency distribution we calculated the specific heat as a function of tem 
perature. The results are w ell described by the above Debye temperature 
and are, within the experim ental e rro rs , in agreem ent with the low  tem 
perature specific  heat measurements by CORAK et a l. [15].
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D I S C U S S I O N

P.  EGELSTAFF: Measurements on vanadium made with the scatterings 
law apparatus at Chalk R iver confirm the existence of the low-energy peak 
which M r. G laser reports.

K.-E. LARSSON: Using the extrapolation technique of Egelstaff to obtain 
f(u>), we often get one series  of experimental points for S{a,@)/a but quite 
another extrapolated curve, sometim es disagreeing markedly with these 
experimental points. What is the reason fo r this? A lso , what is the un
certainty caused by this technique at sm all /3-values?

W.GLASER: In most of the work we have done, the differences between 
sets of experimental points S/a for different incident energies and the final 
extrapolation curves were mainly due to resolution. By making corrections 
for the finite widths of the elastic peaks, we were able to explain these dif
ferences; in particular, the change in slopes versus a was found to be rea
sonable. The uncertainty at sm all /З-values depends on the magnitude of 
this correction .
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Abstract —  Résumé —  Аннотация —  Resumen

PHONONS IN WHITE TIN. Phonons have been studied in white tin with slow neutrons on a time-of- 
flight apparatus. The frequencies of about 700 phonons in the (100) and (001) planes have been measured 
at room temperature. Dispersion curves along symmetry directions are compared with those predicted from 
a model of Musgrave and with predictions from other models.

PHONONS DANS L'ÉTAIN. L'auteur a étudié les phonons dans l*étain à l'aide de neutrons lents et d‘un 
dispositif à temps de vol. Il a mesuré, à la température ambiante, les fréquences de 700 phonons environ 
dans les plans (100) et (001). U compare les courbes de dispersion le long des directions de symétrie à celles 
qui ont été établies sur la base du modèle de Musgrave et aux prévisions fondées suc d’autres modèles.

ФОНОНЫ В БЕЛОМ ОЛОВЕ. Изучены фононы в белом олове с помощью медленных 
нейтронов на устройстве для отбора частиц по времени пролета. При комнатной температуре 
измерены частоты приблизительно 700 фононов в плоскостях (100) и (001). Кривые дисперсии 
по направлениям симметрии сравниваются с кривыми, предсказанными с помощью модели 
Мусграве, и с предсказаниями, полученными на основе других моделей.

LOS FONONES EN EL ESTAÑO BLANCO- El autor ha realizado un estudio de los fonones en el estaño 
blanco empleando neutrones lentos en un aparato de tiempo de vuelo. Ha medido las frecuencias, a 
la temperatura ambiente, de unos 700 fonones en los planos (100) y (001). El autor compara las curvas de 
dispersión correspondientes a direcciones de simetría con las previstas tomando como base un modelo Musgrave 
y con previsiones basadas en otros modelos.

í .  INTRODUCTION

Two models have recently been proposed fo r the lattice dynamics o f 
white tin and used to predict the phonon dispersion relations from the measured 
elastic constants. MUSGRAVE [1] has introduced a model capable o f r e 
presenting g rey  and white tin in o rder to study the transition between the 
two phases. W OLFRAM , LEHMAN and De WAMES [2-4] have applied an 
axially symmetric force-constant model and calculated a Debye-Waller factor 
to compare with Môssbauer experiments. Musgrave's theory predicts station
ary points (Vu = 0) in the d ispersion curves which are in good agreement 
with the superconducting tunnelling experiments recently reported by ROWELL 
et a l. [5] .

This paper describes measurements of phonon frequencies in the (100) 
and (001) planes of white tin. A comparison is made with the models men
tioned, but no attempts to fit a theoretical model to these measurements are 
described at this stage.
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Fig. 1

Time-of-flight apparatus used by Cambridge University at Harwell

2. EXPERIMENT

Phonons are measured with slow neutrons by studying events in which 
a neutron creates or destroys a single phonon in a crystal. This experiment 
was done on the Cold Neutron Apparatus on the reactor DIDO at H arwell 
(F ig . 1). A liquid hydrogen source in the reactor provides a beam of cold 
neutrons which is passed through a rotor to give a monoenergetic beam of 
4 -A neutrons. These may be scattered by the crystal into 24 detectors which 
lie  in a plane also containing the incident beam, called the "scattering plane'! 
The energy o f the scattered neutrons is found by measuring their time of 
a rriva l at the detectors. The crystal symmetry plane under consideration 
is aligned with the scattering plane and observations are made in all counters 
simultaneously fo r each position o f the crystal. In this method phonons are 
measured at general positions inthe plane, i.e . without reference to symmetry 
points or directions.

Measurements were made in this way at 16 positions for the (001) plane 
and 24 positions for the (100) plane.

Approx im ately 700 phonons w ere found in the two planes. F o r  con
ciseness results are given only fo r  those phonons with wave vectors near 
symmetry directions. The (100) plane is equivalent to the (010) plane, the 
designation which is used henceforward.

3. RESULTS

The unit c e ll o f the white tin lattice is shown in F ig . 2. The Bravais 
lattice is body-centred tetragonal with c/a = 0.55. The basis consists of two 
atoms at (0, 0, 0) and (a/2, 0, c/4). Consequently the d ispersion relations



PHONONS IN WHITE TIN 111

Fig. 2

Unit cell and Brillouin zone of white tin

Symmetry Exp. Theon Symmetry Exp Symmetry Exp. Theor.

Fig- 3

Dispersion curves in (001) plane

have six branches. Figure 2 also shows the first Brillouin zone. The section 
with the (001) plane can be reduced to the triangle ГМ Х. The section with 
the (010) plane can be reduced to the quadrilateral ГН Н 'М . H 'M  is the 
continuation of ГН from the point of view of the reciprocal lattice point (0,1,1), 
and so ГН М  can be taken as a whole to be the sym m etry d irection  [001] .

Phonons with wave vectors lying within 5° o f one o f the symmetry d i
rections are shown in F igs . 3 and 4. The frequency v is plotted against the 
length o f the wave vector |q| . F igure 3 also has phonons within 0.0707 of 
the zone boundary MX. Figure 3 shows the triangle ГМ ХГ of the (OOl)plane; 
for the direction ГМ, phonons measured in both planes are plotted together. 
Figure 4 shows the direction [001] .
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Symmetry Exp. Theor.
л
ъ  л ,  О  -------------

'“ ' к 3 • ----
A ''S ( tw ic t)  °

Dispersion curves in [001] direction

The unusual symmetry of white tin means that the usual classification 
in term s o f longitudinal, transverse, acoustic, and optic branches is not 
meaningful except at q = 0. CHEN [6] has perform ed a group-theoretical 
analysis o f the white tin la ttice and it  is convenient to use his notation to 
label the branches. Each symbol re fers to a particular symmetry which in 
the sym m etry directions may be possessed by one branch or by a pair of 
branches together. The points in the figures are the results of this experi
ment. The lines re fer to Musgrave's theory, which are discussed subsequently.

Where branches are close together it ia necessary to consider intensities 
in order to assign phonons to the correct branch. The one -phonon cross
section contains a factor |s|2, where S is the structure factor

S = ^ Q : e K e-^-Ric, (1)
к

where

S = G + q (2)

and eK are the polarization vectors depending on the branch and wave vector 
of the phonon in question.

The situation is particularly complicated for the (001) plane since it is 
not a m irror plane,and in general all six branches have components of polari
zation vectors in the plane. However these fall into two symmetry types with 
three branches in each. These have identical frequencies at the zone boundary. 
In a given zone the structure factor is zero fo r one of the symmetry types. 
In zones about even reciprocal lattice points for example the symmetry type,
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which becomes E2, E4, Д 2,Дя in the symmetry directions, has zero structure 
factors, and so phonons observed in sym m etry directions in these zones 
must be Ej, E 3,  A j or Д4. In the [100] direction it can be seen that E: and 
E3 are w ell separated and identification between the two is no problem; like
wise E2 and E4 are well separated, except for the degeneracy at q = 0. The 
situation is not so good in the [ 1 1 0 ] direction, where A 2is close to A 3and 
A lto  Д 4. However Д1 and Д 2 are pure longitudinal, Д 3 and Д4 pure trans
verse, and in some directions of reciprocal space the structure factor for one 
of the branches may be zero or very small, indicating that the phonon found 
belongs to the other branch. Only phonons fo r which this is the case have 
been retained. At the zone boundary the two longitudinal branches as well 
as the two transverse are degenerate. The two degeneracies are close to
gether and these resu lts are not adequate to decide which is higher. In 
particular there are two close points near the zone boundary which have been 
assigned on intensity considerations to A j and Д4. There is o f course the 
possibility of a Bragg reflection preceding or following a phonon event which 
would result in a different structure factor fo r  that event. This has been 
observed in lead by BROCKHOUSE et al. [7] and of course throws doubt on 
all assignments made on intensity considerations.

The (010) plane is a m irro r  plane and so two branches are polarized 
perpendicular to the plane. In the [100] direction Ej and E? are the branches 
polarized in the plane, which cannot be sim ply distinguished. Only those 
phonons fo r  which branches can be unambiguously assigned by frequency 
considerations alone have been plotted in F ig . 3. In the [001] direction Aj 
and Л3 are pure longitudinal and is  pure tran sverse. F o r  most o f the 
range however A j and A 3 are close together. The structure factor depends 
on the rec ip roca l la ttice  point (h, 0 , 1) with respect to which q is  taken.

If  1 = 4n, the structure factor is non-zero fo r Aj only; i f  1 = 4n + 2, it is 
non-zero fo r A 3 only; i f  1 is odd, scattering is expected fo r both branches. 
Only phonons for which 1 is even have been retained. With an incident wave
length of AÂ and the range of counter angles in the apparatus, the (0 0 0 ) zone 
is only accessible for phonons with q between H and M; the (004) zone'cannot 
be reached at all. Consequently results for A 1 are inadequate.

Measurements in this direction have been made at Chalk River by ROWE
[8 ] . These confirm that At and A3 are very close for most of the range and 
that A, crosses Ад just after H. There is good agreement with the frequencies 
shown here.

4. THEORETICAL COMPARISON

MUSGRAVE [1] has produced a model o f white tin which can also be 
used to describe grey tin. He considers the two types of angles ф, ф' sub
tended at an atom by its four nearest neighbours; in grey tin these take the 
same value в. The forces between atoms are described by six parameters. 
Three force constants are taken to be central stiffnesses fo r first, second 
and third nearest neighbours; two are angular stiffnesses for ф and ф'; the 
sixth is an interaction constant for deformation o f opposite angles ф’ . The 
six elastic constants expressed in terms of these force constants are equated 
to those found experimentally by RAYNE and CHANDRASEKHAR [9] . The 
solution for the force constants gives negative values for k0' and kffl' 0' . He there-
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fore takes a different value fo r C13 which s till produces negative values for 
these force constants but renders the lattice stable. The dispersion curves 
worked out from this set of force constants are plotted in Figs. 3 and 4. Also 
shown are the slopes o f the dispersion curves at q = 0, calculated from the 
elastic constants.

In the [100] direction agreement with the results looks better than it is. 
It appears for instance that E2 has the same behaviour for theory and experi
ment. However according to the theory, at M the branch polarized in the
(001) plane meets E3 at C, a higher point than D where the branch polarized 
in the [001] direction meets £i at D. The corresponding experimental points 
A and В show A lower than B: the lowest frequency at M is not the branch 
polarized in the [001] direction. This would require a much lower value of 
kç> in the theory.

Agreem ent in the [110] direction is better. At the point X the trans
verse branches meet at G, a slightly higher point than H where the longitu
dinal branches meet. This separation is s im ila r to that indicated by the 
experimental points, although as stated in the last section this is not w ell 
determined.

In the [001] direction the flatness of As is adequately represented. The 
discrepancy at M has been noted. 'A-| and A3 are not so close together as the 
experimental points.

The general shape of the curves is confirmed by the experiment. The 
experimental frequencies are somewhat lower, as expected from  the d is
crepancy between the specific heat calculated from the theory and that ob
served experimentally. The theory successfully predicts the existence of 
low optic frequencies which MUSGRAVE [10] associates with the transition 
to a body-centred cubic strùcture observed at 110 kb ( room temperature). 
The low-lying stationary points (Vu= 0) in the acoustic branches, for which 
the theoretical values agree w ell with Row ell's superconducting tunnelling 
results [5 ], also occur in the measured dispersion curves.

WOLFRAM, LEHMAN and De WAMES [2] have a model of eight param
eters, two central force constants per neighbour out to fourth nearest neigh
bours. Rigorous comparison with elastic constants would imply seven con
ditions on these, the six elastic constants and the isotropic pressure con
dition. In the comparison they neglect however the term s to firs t  order 
in q in the re la tive  motion o f the two la ttices. This requires a condition 
to be satisfied by the elastic constants:

C44 - Cu - C66 + C12 = 0 , ( 3)

which.if satisfied, leaves six experimental conditions to be satisfied by the 
eight parameters. The parameters are adjusted within these conditions to 
g ive  the best fit  to the observed specific  heat and D ebye-W alle r facto r.

Dispersion curves [3] worked out on the basis of Rayne and Chandrasekhar's 
elastic constants do not predict the low optic modes. A lso the values p re
dicted for the two optical frequencies at q = 0 are 5.6 and 5.8 X 1012 c/s com
pared with the experim ental values o f 1.3 and 3.8 X 1012c/s. Rayne and 
Chandrasekhar's elastic constants definitely do not satisfy Eq.(3). A general
ization of the model [4] to obtain consistency with their values yields optical



PHONONS IN WHITE TIN 115

frequencies of 2.0 and 2.2 X 1012 c/s. Since the difference of the squares of 
the optical frequencies is uniquely determined on this model by the elastic 
constants, the approach does not seem very promising.

5. CONCLUSIONS

The results confirm  the existence o f the low -ly ing stationary points 
in the dispersion curves suggested by the super-conducting tunnelling results. 
There are low optic modes which were predicted by Musgrave and associated 
by him with the high pressure phase transition. The presence o f very flat 
acoustic modes indicates that a model o f interatom ic forces w ill require 
forces between distant atoms to fit the experim ental curves.
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Abstract — Résumé — Аннотация — Resumen

RECENT RESULTS ON THE CRYSTAL PHYSICS OF WHITE TIN. Preliminary measurements of the fre
quencies of some normal modes of white tin (double body-centred tetragonal) have been made utilizing the 
three-axis crystal spectrometer of Ispra. Frequency versus wave-vector dispersion relations at room temperature 
have been obtained for a number of normal modes propagating along the [001] direction. The experimental 
results are compared with calculations made by Wolfram, Lehman and De Wames (WLD) using the axially 
symmetric model. The theoretical values, based on the experimentally determined elastic constants, are 
not in agreement with our experimental results, since (i) the numerical value of the maximum observed fre
quency is about one half of the calculated one, and (ii) the shape of the observed dispersion curve for the
[001] direction is rather different from the theoretical one and seems to indicate a comparatively strong 
interaction between first neighbours along the с-axis. This relatively strong interaction suggests an inter
pretation of the dynamical structure of white tin as a chain-like structure along the c-direction. Force -con-' 
stants giving a more reasonable fit with the preliminary values of the experimental frequencies are evaluated 
using the WLD model, and a frequency distribution of the normal modes is calculated.

The anomalous behaviour of the anisotropy ratio of the Debye-Waller factor in white tin, revealed by 
Môssbauer measurements, has been checked using the technique of elastic neutron diffraction by a powder 
sample. The same technique has been utilized with á single-crystal sample in order to map the anomalous 
intensity of neutrons diffracted in the surrounding of the (002) reflection, which should be forbidden.

An attempt is made to correlate these anomalous behaviours to a certain amount of static disorder 
present in the crystal. On the basis of the results available at present, such static disorder is not in contradiction 
to the chain-like structure proposed for white tin.

NOUVELLES DONNEES SUR LA PHYSIQUE DES CRISTAUX D'ÉTAIN. Pour les mesures préliminaires 
des fréquences de quelques modes normaux de l'étain, les auteurs ont utilisé le spectromètre à cristal triaxial 
d'Ispra. Ils ont obtenu des relations de dispersion (fréquence/vecteur d*onde) à la température ambiante pour 
plusieurs modes normaux se propageant selon la direction [001]. Les résultats expérimentaux font l'objet 
d'une comparaison avec les calculs faits par Wolfram, Lehman et de Wames (WLD) au moyen du modèle 
à symétrie axiale. Les valeurs théoriques, fondées sur les constantes d'élasticité déterminées par voie ex
périmentale, ne concordent pas avec les résultats expérimentaux obtenus par les auteurs du mémoire; en 
effet: a) la valeur numérique de la fréquence maximum observée est d'environ la moitié de la valeur calculée; 
b) la forme de la courbe de dispersion expérimentale pour la direction [001] est assez différente de celle de 
la courbe théorique et semble indiquer une interaction relativement forte entre les voisins les plus proches 
selon l'axe c. Cette interaction suggère une interprétation selon laquelle la structure dynamique de l'étain 
serait semblable à une chaîne le long de la direction c. Les auteurs évaluent, au moyen du modèle WLD, 
des constantes de force qui donnent un meilleur ajustement avec les valeurs préliminaires des fréquences 
expérimentales, et ils calculent la distribution de fréquence pour les modes normaux.

Le comportement anormal du rapport d’anisotropie du facteur Debye-Waller pour l'étain, déterminé 
par l'effet Môssbauer, a été vérifié par la méthode fondée sur la diffusion élastique des neutrons par une poudre. 
La même méthode a été utilisée avec un monocristal afin de déterminer, au moyen de courbes de niveau, 
l’intensité anormale des neutrons diffusés au voisinage de la réflexion (002) qui devrait être une réflexion 
interdite.

Les auteurs essaient d'établir une corrélation entre ce comportement anormal et un certain degré de 
désordre statique existant dans le cristal. Compte tenu des données actuellement disponibles, ce désordre 
statique n*est pas en contradiction avec la structure en chaîne proposée pour l'étain.

117



118 G. BORGONOVI et aL

ПОСЛЕДНИЕ РЕЗУЛЬТАТЫ ИССЛЕДОВАНИЙ ФИЗИКИ КРИСТАЛЛОВ БЕЛОГО ОЛОВА, 
Были проведены предварительные измерения частот некоторых собственных колебаний белого 
олова (дважды объемно центрир. тетрагональная решетка) с помошью трехосного кристалли
ческого спектрометра, имеющегося в Испре. Для ряда собственных колебаний, распростра
няющихся вдоль направления [001] при комнатной температуре, были получены дисперсионные 
соотношения частота—волновой вектор. Результаты экспериментов сравниваются с расче
тами, произведенными Вольфрамом, Леманом и Де Вамесом (ВЛД) с помошью оксиально сим
метричной модели. Теоретические величины, основанные на константах упругости, получен
ных экспериментальным путем, не согласуются с нашими экспериментальными результатами, 
поскольку 1) цифровая величина максимума наблюдаемой частоты составляет около половины 
расчетной, и 2) форма наблюдаемой дисперсионной кривой для направления [001] несколько 
отличается от теоретической и, по-видимому, указывает на довольно сильное взаимодействие 
между первыми соседними атомами вдоль оси с. Такое относительно сильное взаимодейст
вие дает возможность рассматривать динамическую структуру белого олова как цепную струк
туру в направлении с. Константы силы, наиболее соответствующие предварительным величи
нам экспериментальных частот, рассчитываются с помощью модели ВЛД; рассчитываются 
собственные колебания распределения частоты.

Аномальное поведение степени анизотропии фактора Дебая Уоллера в белом олове, 
вскрытое измерениями Мессбауэра, было проверено с помощью метода дифракции нейтронов 
на порошковом образце. Тот же самый метод использовался с монокристаллическим образ
цом для того, чтобы зафиксировать аномальную интенсивность нейтронов, дифрагированных 
вблизи отражения (002), что должно быть запрещено.

Делается попытка установить соотношение между этим аномальным поведением и неко
торым статическим разупорядочением, имеющим место в этом кристалле. Имеющиеся в 
настоящее время результаты говорят о том, что такое статическое разупорядочение не про
тиворечит цепной структуре, предложенной для белого олова.

RESULTADOS DE ESTUDIOS RECIENTES SOBRE LA FISICA DE CRISTALES DE ESTAÑO BLANCO. Los 
autores han realizado mediciones preliminares de las frecuencias de algunos modos normales en el estaño 
blanco (tetragonal doblemente centrado en el cuerpo) utilizando para ello el espectrómetro triaxial de cristal 
de Ispra. Han obtenido las relaciones de dispersión de los vectores de onda en función de la frecuencia, a 
la temperatura ambiente, para diversos modos normales que se propagan en la dirección [001]. Comparan 
los .datos experimentales con los resultados de los cálculos realizados por Wolfram, Lehman y De Wames con 
ayuda de un modelo axialmente simétrico. ' Los valores teóricos, basados en las constantes elásticas determi
nadas experimentalmente, no concuerdan con los resultados experimentales a que llegan los autores, ya que; 
a) el valor numérico de la frecuencia máxima observada es aproximadamenterla mitad del valor calculado, 
y b) la forma de la curva de dispersión observada para la dirección [001] difiere bastante de la curva teórica, 
y parece indicar la existencia de una interacción relativamente intensa entre átomos vecinos a lo largo del 
eje c. Esta interacción sugiere la posibilidad de interpretar la estructura dinámica del estaño blanco como 
una estructura de tipo cadena según la dirección c. Empleando el modelo de Wolfram, Lehman y De Wames, 
los autores determinan constantes de fuerza que permiten lograr una concordancia más razonable con los valores 
preliminares de las frecuencias experimentales, calculando seguidamente una distribución de frecuencias de 
los modos normales.

El comportamiento anómalo de la razón de anisotropfa del factor de Debye-Waller en el estaño blanco, 
puesto de manifiesto por las mediciones del efecto Mossbauer, se ha comprobado mediante el método de la 
difracción elástica de neutrones en una muestra pulverulenta. Este mismo método ha sido aplicado a una 
muestra monocristalina a fin de determinar, mediante curvas de nivel, la intensidad anómala de los neutrones 
difractados en las proximidades de la reflexión (002), que se supone prohibida.

Los autores procuraron relacionar estos comportamientos anómalos con un cierto grado de desorden estático 
presente en el cristal. Con arreglo a los resultados de que se dispone en la actualidad, ese desorden estático 
no está en desacuerdo con la estructura de tipo cadena propuesta para el estaño blanco.

I. INTRODUCTION

Prelim inary results on the lattice dynamics of the anisotropic tetragonal 
white tin are reported. The results have been obtained at room temperature
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using the techniques of elastic [ 1 - 3J and inelastic scattering of neutrons [4], 
and the data have been taken with the three-axis spectrom eter [5] at the 
Ispra-1 reactor.

Two different approaches to the problem have been followed. The usual 
constant-Q method fo r looking at phonon peaks has been used to determine 
frequency versus wave vector relations. Elastic diffraction has been used 
to study the anisotropy of the Debye-W aller factor and the anomalous inten
sity around the reciprocal lattice point (0, 0, 2), which should correspond to 
a forbidden reflection. Careful examination o f the Renninger effect at the
(002) reflection  has been made, in o rder to elim inate the principal part 
o f the intensity, which comes from  parasitic re flections.

The results are interpreted in terms of a certain amount of static d is
o rder present in white tin. The observations seem to be consistent with 
those o f PRASAD and WOOSTER [6] using the X -ra y  technique.

II. STRUCTURE OF W HITE T IN  AND D YN AM IC AL MODELS

White tin has a structure which can be described in terms o f two inter
penetrating tetragonal body-centred sub-lattices, centred at points (0, 0, 0) 
and (a/2, 0, c/4), respectively. The lattice constants at 25°C are a = 5.8314 Â 
and с = 3.1815 Â [7] . The tetragonal ce ll of white tin and the Brillouin zone 
in reciprocal space are shown in F ig . 1.

A В

Fig. 1

A : Tetragonal unit cell of white tin 
В :■ Brillouin zonê for white tin

(The irreducible part is delimited by the heavy line. )

The Born-von Kármán theory o f lattice vibrations has been applied in 
different ways to calculate the dispersion relations and the frequency spectrum 
o f the normal modes.

An application has been made by WOLFRAM, LEHMAN and De WAMES
[8], who calculated the coefficients o f the dynamical matrix using the axially 
symmetric (A - S) model, and subsequently by De WAMES and LEHMAN [9] 
using a modified A-S model which includes an anisotropy factor.
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Another calculation of the dynamical matrix has been made by MUSGRAVE 
[10] who introduces force constants to account specifically for the variations 
of certain angles.

The model o f Wolfram, Lehman and De Wames (WLD) takes into account 
fo rces up to fourth neighbours, in o rder to get elastic consistency. The 
force constants are deduced from  the elastic constants measured in a large 
range o f temperature by RAYNE and CHANDRASEKHAR [11] . Since in 
white tin one can choose a unit ce ll containing two atoms, one expects of 
course to find acoustic as w e ll as optic branches.

It may be observed that the [001] direction (along the с -axis) is a high- 
symmetry direction. The frequency of transverse modes propagating along 
this axis is independent of the direction of vibration, and the eigenfrequencies 
o f the dynamical matrix correspond to pure longitudinal and transverse de
generate modes.

III. THE ANISOTROPY IN THE DEBYE-W ALLER FACTOR

Since white tin is a highly anisotropic substance, one expects that the 
D ebye-W aller factor consists o f two distinct components, one along the 
с -axis and the other in the basal plane.

Accordingly, the Debye-Waller factor can be expressed in the following
way:

r̂ 2 i i_2 i2
2W = + HZ2^T> ( ! )

where h, к and 1 are the M ille r indices o f a reflecting plane.
The quantity e = H*x/H77, i . e .  the ratio of the mean square atomic d is

placements along the xy-crystal planes and along the с -axis, is the anisotropy 
ratio of the Debye-Waller factor.

There is a striking discrepancy between the theoretical and the experi
mental values fo r  e . A ll  the calculations done so fa r, using dynamical 
models, give for e a value which is larger than unity, while the experimental 
values of e are systematically smaller than unity.

The calculation made by KAGAN [12] neglecting the contribution of the 
optical modes, the calculation of De WAMES et a l. [13] using the A-S model 
and the calculation o f De WAMES et a l. [9] using the modified A-S model 
give values of e which are la rger than one. In the last paper De Wames and 
Lehman point out that the anisotropy ratio depends essentially on the elastic 
constants C33 and Сц, since 2W x  l/u2, so that any dynamical model based 
on the values of elastic constants w ill always give e > 1.

The experim ental value o f the anisotropy ratio  in white tin is due to 
ALEKSEYEVSKY et al. [14] who found that at room temperature e = 0.88, 
using Môssbauer absorption experiments. Another measurement of Môssbauer 
absorption is that of MEECHAN et a l. [15] which confirms that e < 1.

We used neutron elastic d iffraction  to evaluate e. The intensities of 
seven diffraction peaks from a powder sample w ere used, a fter the usual 
corrections, to evaluate the Debye-W aller factor. The result of a fit of the
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- 2 W = - 0 . 0 0 6 4 8 ( f iW ) - 0 . 0 0 3 3 5  I*

Fig. 2

Behaviour of the Debye-Waller factor for white tin 
The points correspond to experimentally determined integrated intensities of peaks of elastic diffraction.

The straight lines are the result of a fit using the least square method.

intensity data to an expression of type (1), using the least square method, is 
shown in F ig . 2. The anisotropy ratio which comes from  our data is 0.64, 
which is s till < 1.

Physically, the discrepancy shows that the mean displacement o f the 
atoms in the c-direction is larger than that implied from the dynamical pro
perties of the crystal.

I f  one calculates from  our data the mean square displacements within 
the basal plane and along the с -axis, one gets respective ly

= 0.074 A and nz = 0.093 A . (2)

A tentative explanation of the discrepancy is the follow ing. Let us suppose 
that there is in the crys ta l a certain  amount o f static d isorder along the 
с -ax is . This means that we can separate the mean square displacement 
along the с -axis in two components in the follow ing way:

Ml = dyn +  *4 St .  (3)

where the contribution juz dyt, is due to thermal disorder induced by the lattice
vibrations and is governed by the e lastic properties, and the contribution
Hz st is due to static d isorder.

If we assume for the dynamical part of the anisotropy ratio the value 1.2, 
which comes from calculations using the WLD model [13] , we find

д2 , = iu2/l. 2' z  dyn *x ' (4)
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which gives, taking into account Eq. (2),

' dyn = ° - 067  1  a n d  st =  ° - 064  &  ■ ( 5 )

The hypothesis o f static disorder along the с -axis in white tin at room 
temperature can be supported by the temperature behaviour of the anisotropy 
ratio. Since the static part o f the displacement should not be affected by 
temperature, e should decrease with decreasing temperature and this agrees 
with MOssbauer experiments o f ALEKSEYEVSKY et a l. [14] at 77° K.

IV. THE ANOMALOUS INTENSITY AT THE (002) REFLECTION

PRASAD and WOOSTER [6 ], using X -ray technique, observed ano
malies in the distribution o f the background scattering intensity from white 
tin. They observed:
(a) That the intensity in the reciprocal lattice along a line passing through 
a reciprocal lattice point was strongly dependent on the line.
(b) That the intensity was distributed in plates norm al to the crysta llo - 
graphic axes.
(c) That there was scattered intensity at points corresponding to forbidden 
reflections.

Prasad and Wooster concluded that these effects can probably be due to 
some static disorder connected with the phase transformation.

In our experiment we detected an abnormally high intensity at the point 
(0,0,2), which corresponds to a forbidden re flection  and we decided to in
vestigate the orig in  o f this intensity.

F irs t  o f a ll it must be noted that a great contribution is  given by the 
Renninger e ffect [16, 17] .

It is very well known that, when the conditions for Bragg scattering are 
satisfied  fo r  two different planes, a third plane, whose indices are given 
by the difference of the indices of the previous planes, is also in a reflecting 
position. In our case it is possible to find many couples o f planes, having 
non-zero structure factor, able to simulate the forbidden reflection  (002). 
To study the effect, two different crystal specimens of white tin were succes
sive ly mounted on the spectrom eter table with the [001] axis para lle l to the 
scattering vector, and rotated around this axis.

The result o f 45° o f azimuthal rotation around the [001] d irection  is 
shown in F ig . 3. The zero of the azimuthal angles corresponds to a situation 
where the [100] direction is parallel to the scattering plane, and the arrows 
indicate the calculated positions at which the parasitic reflections are active, 
while looking at the (002) reflection. One w ill notice the tremendous va r i
ation o f the intensity with the azimuthal angle. What is m ore interesting 
here is the constant leve l over which the peaks of multiple Bragg scattering 
rise.

This leve l is made with the following contributions:

I\ei inc incoherent elastic scattering of neutrons o f wavelength X 

inei inelastic scattering o f neutrons of wavelength X



I x coherent elastic scattering of neutrons of wavelength X/2
2 el. coh.

I coherent disorder scattering in which we are interested.

The four contributions are summed as follows:
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le v e l  = ïxel. inc. +  h  inel. +  h  . . +-  el. coh.

The background has also been measured rotating the tin crysta l out of 
the Bragg position. We assume that

background = Ix el_ inc_ + Ix lnel_. (7)

The assumption that I x inel in the two cases is the same is rather 
arbitrary.

The multiple Bragg scattering measurement has been done in three 
d ifferent ways:
(a) With the spectrometer set in the conventional way.
(b) F iltering the outcoming white beam with a 8-cm quartz single crystal to 

reduce the X/2-component.
(c) With the spectrom eter set fo r  elastic diffraction, the analyser crystal 

being set to re flect the firs t order o f X.
The intensities measured in the different ways are recorded in Table I. 
We can use the intensities o f the multiple Bragg peak, which is  e s 

sentially due to coherent elastic scattering of the X-component, to normalize 
the intensities in the three ways of operation.

The numbers in brackets in Table I are the intensities a fter norm al
ization. We can write for the three ways of operation the following equations:

leve l I \e l .  inc. X̂ inel. el. coh.̂  ^x
2 (8 )

background=Ix el. inc.  ̂X inel. ■

le v e l  = W  inc. +  ^ in e l . +
(9)

background = Ixei. inc. inel.

' leve l = I x el_ inc + I x 

_ background = Ix el_ inc,

(10)
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TABLE I

CO NTRIBUTIO NS TO  THE IN T E N S IT Y  A T  THE
(002) FO RBID D EN R E F L E C T IO N

Conventional
diffraction

Quartz-filtered
beam

Elastic
diffraction

Background 82 35 (74) 6 (28)

Typical peak 
of multiple 
Bragg 4000 1900 (4000) 850 (4000)

scattering

Level 450 160 (337) 45 (211)

Equations (8), (9) and .(10) re fe r to the conventional diffraction, the con
ventional diffraction with quartz-filtered beam and the elastic diffraction as
suming that the Л/2-component is negligible after reflection over the analyser 
crystal, respectively. Introducing the values from  Table I, normalized at 
4000 as indicated, into these equations, it is possible to evaluate Ix, i .e . the 
coherent elastic d isorder scattering. One obtains from Eq. (9) (quartz- 
filtered beam)

Ix = 263 (9' )

and from  Eq. (10) (elastic diffraction)

I*  =183. (10')

Though what we actually get at present is only an order o f magnitude, 
it is important to note that, after having eliminated the multiple Bragg com
ponent, the X/2-component and the inelastic component, a coherent elastic
component, which disappears i f  the crystal is rotated out of the Bragg posi
tion, s till remains at the (002) reflection. The amount of this component is 
found experim entally to be about 0.001 o f that in a perm itted reflection  at 
the same angle.

A map of the intensity distribution around the point (0, 0, 2) is presented 
in Fig. 4. The spectrometer was set for elastic diffraction and the tin single 
crysta l was oriented with the [100] and [001] axis lying in the scattering 
plane. In this orientation, corresponding to the zero of the azimuthal angles, 
•no parasitic reflections appear. One can see that the intensity distribution is 
steeper along the [001] direction, confirm ing the plate shape observed by 
Prasad and W ooster.

The anomalous e la s tica lly  d iffracted intensity observed at the (002) 
reflection can be attributed to a static disorder along the с-axis. This dis
order might be due, fo r instance, to defects or vacancies along any indivi-
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Fig. 4

Map of intensity of neutrons elastically diffracted from white tin around the 
(0, 0, 2) reciprocal lattice point, in the (100, 001) reciprocal lattice plane.

dual atomic chain parallel to the с-axis, to irregu lar mutual displacements 
of neighbouring chains, etc. It is possible to account for the static component 
of the mean square atomic displacement along the с -axis (see Eq, (5)) by any 
of the above-mentioned reasons. More detailed information on the pattern 
o f the density o f the nuclear scattering amplitude around the equilibrium 
positions would requ ire  the study o f other forbidden  re flec tion s  o f tin.

V. IN E LA S T IC  SC A TTE R IN G  E X PE R IM E N TS

A number of frequencies of normal modes of vibration has been measured 
at room temperature using the three-axis crysta l spectrom eter in the 
constant-^ way o f operation.

Since the beginning o f the measurements it appeared that some of the 
phonon peaks, especia lly the [001] L , were rather broad and weak, making 
difficult a precise determination of the dispersion curves.

Here we are presenting only results in the [001] direction, but measure
ments in other directions are pursued.

F igure 5 shows the experim ental points in the [001] direction  fo r  the 
longitudinal optic and trails verse  acoustic branches. In F ig . 5 one can 
also see (a) a sketch o f the reciprocal lattice plane (100, 001) and (b) the 
behaviour o f the inelastic structure factor fo r  the [001] L  branches. The 
structure factor for these particular branches does not depend on the model, 
and it is represented by straight lines.

The measurements fo r the longitudinal branch have been done between 
the points (0, 0, 2) and (0, 0,4). The measurements for the transverse acoustic 
branch have been done between the reciprocal lattice points (4,0,0) and (4,0,1). 
The transverse optical vibrations have not been found at the moment.

The wavelength of the neutrons used was 1.501 and 1.800Â; also in these 
experiments two different crysta l specimens were used as a sample. One 
was a sphere of 2-in diameter and the other was a cylinder, of 1-in diameter 
and 4 in in length. The important features o f the dispersion relations ob
served are the follow ing.
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обо l 2Û0 I too I 
R .l.p .  (100,001)

STRUCTURE FACTOR FOR 
í)0H L

Fig. 5

Dispersion curves for the [001] direction in white tin

Experimental points
■ [001] LA
• [001] LO 
A [001] ТА

The solid lines are the dispersion curves calculated according to a simplified A-S model, 
as explained in the text. The reciprocal lattice plane (100, 001) and the 

behaviour of the inelastic structure factor for the [001] L branches are also shown.

The maximum frequency is about twice lower than the frequency calcu
lated by W LD in the firs t A -S  model. The m odified A-S model [9] gives 
frequencies which are nearer, by an order of magnitude, to the frequencies 
we observed.

The shape o f the dispersion curves we observed is rather different from 
the calculated one. For the [001] branches we notice that the shape is sim i
la r to that o f an acoustic d ispersion  relation  in a lin ear chain having an 
interatomic distance c. This seems to indicate that the most important unit 
in the tin structure is the chain o f atoms in the c-direction. The hypothesis 
o f a "chain -like structure" can be confirmed by the values o f the fo rce  
constants which are necessary to fit the experim ental data.

The liaes in F ig . 5 are calculated using the W LD model, consideriñg 
only interactions up to second neighbours, and imposing the condition that 
the curves should pass through some special points. Elastic consistency<and 
better agreement with the experimental points could very easily be obtained 
by introducing m ore constants; in particular the dip at q/qmax = 0.5 could 
be explained introducing a force constant between second neighbours along 
the с -axis (these are not taken into account in the WLD model).

In Table II A -S  fo rce  constants corresponding to the lines plotted in 
F ig . 5 are given. One must notice that the largest va luéis that of Ki(2, 11)
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g ( V)

Frequency spectrum of white tin evaluated by the root sampling method 
The frequencies have been calculated in 2250 points equally spaced within the irreducible part 

of the Brillouin zone (see Fig. IB) using the simplified-A-S model.

TABLE II

A.-S FO RCE CONSTANTS* 
(104 dyn/cm)

Kj(  1, 12) = 0.543 C2( l ,  12) = 0 .125 -

K1( 2 , 11) = 1. 557 C2( 2 , 11) = 0.157

К (3 ,  12) = 0 C 2(3 ,1 2 ) = 0

К  (4 ,  11) = 0 C 2(4 .1 1 ) = 0.

* Kjfs, ab) = C^s, ab) - C^s, ab). where Cjts, ab) and C^s, ab) are 
the "bond-stretching” force constant and "bond-bending" force 
constant,respectively, for the interaction of the b-th atom of the 
s-th shell with the а-th atom in the cell at the origin.

which corresponds to firs t neighbours along the с -axis. This confirms ob
viously the previous idea o f the chain-like structure.

We did not try  to obtain a better fit because it is not worth while until 
one has m ore precise data.

We want to point out that the difference between the acoustic and optic 
part o f the [001]L branch is very  sm all and almost negligible for q/qmax> 0-3.
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This can probably.result from the static disorder in the c-direction, which 
should be present'in the crystal.

A sketch of the frequency distribution of the normal modes of vibration, 
calculated using the WLD model and the constants given in Table II, is shown 
in Fig. 6. This frequency distribution is obtained by sampling the frequency 
values at 2250 points within the irreducib le volume o f the B rillou in  zone.

V I. CONCLUSIONS •

Measurements on this subject are s till being carried  out to get m ore 
details on the dispersion relations. At present the idea we have o f the 
dynamical structure o f white tin is that o f a chain-like structure along the 
с -axis with a certain  amount o f static d isord er along the same axis .
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D I S C U S S I O N

P . K .  IYENGAR: E arlie r this year we, too, made some measurements 
on white tin, particularly on the TA branch in the [001] direction. Our 
values are in agreement with the data provided by D r.C ag lio ti. We also 
found the forbidden re flection  due to d isorder.

G. CAG LIO TI: I would m ere ly  re itera te the point made in the paper
that particular care was paid to discrimination between the anomalous (002) 
intensity and the very significant influence of the multiple Bragg reflections 
(the Renninger effect).
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B . BURAS: It seems to me that i f  you have some im perfections in the 
c-d irection  you should also have them in other d irections, e .g .  in the a- 
direction. In the paper, however, you take into account only those in the 
c-d irection . .

G. CAG LIO TI: The shape o f the elastic intensity pattern around the
(002) forbidden reflection  supports the suggestion of d isorder along the c- 
axis. Nevertheless, we are going to measure the forbidden reflections in 
order to detect the amount of disorder in other crystal directions.

H. HAHN (Chairman): Could you indicate which atoms move where in 
the phase transition from  white to grey tin?

G. CAGLIOTI: It can be said that the phase transform ation consists
in an enormous compression along the с-axis, by a factor of almost 2. As 
pointed out by PRASAD and WOOSTER [6], the transition from  the «-phase to 
the 0-phase of tin should be accompanied by a noteworthy homogeneous con
traction of the с-axis (from  a = 6.42 A  to с = 3. 18 A ) .
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THE VIBRATION SPECTRUM OF THE WHITE TIN LATTICE. The authors consider the dynamic problem ' 
of vibration in white tin, using the Born-von Kármán model.

They use all force constants entering into the full dynamic matrix for the first three co-ordination spheres 
and interaction with the fourth co-ordination sphere is assumed to be central. In determining the elements of 
the dynamic matrix, they use both modules of elasticity and experimental data for the isotropy of the Môssbauer 
effect.

The resulting dispersion curve displays marked anomalies.
The frequencies of one of the optical branches, at the terminal value, are very low, with the minimum 

lying on the [001] axis. This results in peculiar behaviour of the distribution function for g(w) frequencies 
at small values of ox of the heat capacity at low temperatures, and of other spectrum integral characteristics.

The results obtained explain the anisotropy sign of the Môssbauer effect observed in experiments at 
temperatures of 300 and 77°K and point to an inversed anisotropy sign at lower temperatures.

SPECTRE DES OSCILLATIONS DU RESEAU DE L’ÉTAIN. Le mémoire présente une étude approfondie du 
rôle dynamique des oscillations de l'étain dans le cadre du modèle de Born et von Kármán. On a utilisé toutes les 
constantes de force qui interviennent dans une matrice dynamique complète pour les trois premières sphères de 
coordination, tandis que l’interaction avec la quatrième sphère de coordination est supposée être centrale. 
Pour déterminer les éléments de la matrice dynamique, on a eu recours non seulement aux modules d’élasticité 
mais encore aux données expérimentales touchant l’anisotropie de l'effet de Môssbauer.

Les courbes de dispersion ainsi établies présentent une forte anomalie.
Les fréquences de l’une des branches optiques accusent une valeur terminale très peu élevée, le minimum 

se situant sur l'axe [001]. Il en résulte un comportement spécifique de la fonction de distribution des fréquen
ces g(o>), lorsque west petit, de la capacité thermique pour de basses températures et des autres caractéristiques 
intégrales révélées par le spectre.

Les résultats obtenus permettent d'expliquer le signe de l’anisotropie de l’effet de Môssbauer, qui a été 
observé expérimentalement aux températures de 300 et 77*K, et de prévoir une inversion du signe de l’aniso
tropie à des températures plus basses. .

О СПЕКТРЕ КОЛЕБАНИЙ РЕШЕТКИ БЕЛОГО ОЛОВА. Последовательно рассматри
вается динамическая задача колебаний для белого олова в рамках Борн-Кармановскоймодели.

Используются все силовые постоянные, входящие в полную динамическую матрицу для 
первых трех координационных сфер, а взаимодействие с 4-й координационной сферой предпо
лагается центральным. Для определения элементов динамической матрицы, помимо модулей 
упругости, привлечены экспериментальные данные по анизотропии Мессбауэра.

Найденные дисперсионные кривые обладают резкой аномалией. . .
Частоты одной из оптических ветвей при конечном значении имеют весьма малую вели

чину, причем минимум лежит на оси [001). Это приводит к своеобразному поведению функции 
распределения частот g(<j) при малых и, теплоемкости при низких температурах и других ин
тегральных по спектру характеристик.
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Полученные в работе результаты позволяют объяснить знак анизотропии эффекта Мес
сбауэра, наблюдавшийся экспериментально при температурах 300° и 77°К, и предсказывают 
инверсию знака анизотропии при более низких температурах.

ESPECTRO DE LAS OSCILACIONES DE LA RED DEL ESTAÑO BLANCO. En la memoria se estudia deteni
damente la dinámica de las oscilaciones de la red cristalina del estaflo blanco con arreglo al modelo de Born- 
von Kármán.

Se han utilizado todas las constantes de fuerza que participan en una matriz dinámica completa para las 
tres primeras esferas de coordinación, en tanto que la interacción con la cuarta esfera de esa índole se considera 
de carácter central. Para determinar los elementos de la matriz dinámica, además del módulo de elasticidad, 
se han tenido en cuenta los datos experimentales relativos a la anisotropfa del efecto Môssbauer.

Las curvas de dispersión obtenidas presentan fuertes anomalías. .
Las frecuencias de una de las ramas ópticas acusan valores terminales muy reducidos; el mínimo se 

encuentra en el eje [001]. De ello resulta un comportamiento característico de la función de distribución 
de las frecuencias g(w), cuando el valor (jes pequeño, de la capacidad térmica a bajas temperaturas y de 
otras características integrales reveladas por el espectro.

Los resultados obtenidos permiten explicar el signo de la anisotropfa del efecto Môssbauer, observado 
experimentalmente a temperaturas comprendidas entre 300 y 77°K, y predecir su inversión a temperaturas 
más bajas.

1. ВВЕДЕНИЕ

Исследование динамических свойств решетки олова представляет боль
шой интерес. В первую очередь, это связано с тем обстоятельством, что 
наличие двух атомов в элементарной ячейке олова приводит к появлению 
оптических ветвей, которые сильно перекрываются с акустическими. Воз
никающая сложная картина колебаний заметно отличается от случая одно
атомных решеток и традиционных двухатомных решеток типа NaCl. Как 
следствие, даже такая интегральная характеристика спектра, как зависи
мость теплоемкости от температуры, оказывается существенно отличаю
щейся от той, которая получается на основе использования однопараметри
ческой дебаевской модели [1].

С другой стороны, проводившиеся в последнее время исследования 
эффекта Мессбауэра на ядрах изотопа Snlly в решетке белого олова позво
лили определить другую интегральную по спектру характеристику, а именно, 
зависимость среднего квадрата смещения атомов от температуры [2 — 5].

Более того, тетрагональная симметрия решетки белого олова обуслов
ливает появление анизотропии вероятности эффекта Мессбауэра [6]. И, 
действительно, такая анизотропия экспериментально обнаружена в работах 
[7 — 10]. Эти измерения позволяют определить изменения с температурой 
совершенно новых интегральных характеристик, которые зависят уже не 
только от частот фононного спектра, но и в существенной степени от век
торов поляризации.

Как оказывается, и в случае олова это проявилось очень четко, эти 
величины весьма чувствительны к характеру колебаний решетки. Поэтому 
учет их дает возможности сразу резко продвинуться в решении общей ди
намической задачи.

Наконец, следует обратить внимание на проведенные в последнее время 
измерения туннельного эффекта для олова в сверхпроводящем состоянии, 
которые позволяют, по-видимому, получить положение особенностей функ
ции распределения частот фононного спектра [11].
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При теоретическом анализе динамических свойств кристаллической 
решетки олова мы можем воспользоваться обычной теорией Борна-Кармана. 
Эта возможность связана, главным образом, с превалирующей ролью ко
валентных связей в решетке. Сильная асимметрия расположения атомов 
в элементарной ячейке, к сожалению, обусловливает необходимость знания 
большого числа силовых констант. Поэтому даже наличие эксперименталь
ных значений для 6 модулей упругости не дает возможности выбрать сколь
ко-нибудь однозначным образом совокупность силовых констант для бли
жайших координационных сфер. Оказывается, что в случае олова остаю
щийся при этом произвол столь существенен, особенно в той части, кото
рая касается оптических ветвей, что спектр колебаний может резко менять
ся, если произвольно распорядиться свободными силовыми константами.

Именно это обстоятельство нашло свое отражение в результатах не
давно опубликованных теоретических работ, которые при расчете в качестве 
независимых параметров использовали только шесть модулей упругости 
[12,13].

Авторам не удалось получить результатов, хорошо согласующихся да
же с температурным ходом экспериментально измеренной теплоемкости. 
Что же касается анизотропии эффекта Мессбауэра, то во всех трех рабо
тах [12] знак анизотропии оказывался противоположным наблюдаемому 
экспериментально [7 — 10]. Более того, авторы пришли к заключению, что 
совокупность экспериментальных значений модулей упругости находится, 
в противоречии с результатами измерений по анизотропии эффекта 
М ессбауэра.

Следует сделать несколько замечаний и о моделях, использованных 
при расчетах в работах [12 — 13].

Как уже отмечалось самим автором, принятая в работе [13] весьма 
искусственная модель для силовых взаимодействий между атомами, ока
залась внутренне противоречивой, поскольку она привела к появлению мни
мых частот, т. е.  к заведомо неустойчивой решетке. Поэтому автору при
шлось чисто волевым образом взять один из модулей упругости отличным 
от наблюдаемого на эксперименте.

В работах [12] была использована т.н . аксиально-симметричная мо
дель для парных взаимодействий между атомами. Нам представляется, 
что эта модель при сильно асимметричном расположении атомов в элемен
тарной ячейке и ярко выраженной ковалентности взаимодействия не может 
дать полностью адекватного описания динамической задачи.

Следует также отметить, что в работах [12] были произвольно опущены 
квадратичные по силовым постоянным члены, входящие в уравнения, связы
вающие скорости звука с силовыми постоянными. Однако, как это видно, 
в частности, из результатов нашей работы, эти члены весьма существенны.

В настоящей работе приводятся результаты последовательного рас
смотрения динамической аадачи в рамках Борн-Кармановской схемы с 
использованием всех силовых постоянных, входящих в динамическую матри
цу для первых трех координационных сфер и при предположении, что взаи
модействие с 4-й координационной сферой может рассматриваться как 
центральное.

Для определения элементов динамической матрицы, помимо модулей 
упругости, были привлечены экспериментальные данные по анизотропии 
эффекта Мессбауэра.
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2. НЕКОТОРЫЕ ОБЩИЕ СООТНОШЕНИЯ

В принципе задача колебаний кристаллической решетки полностью опи 
сывается системой уравнений типа Борна-Кармана.

где приняты стандартные обозначения.
Для случая решетки Бравэ динамическая матрица всегда действитель

на, что объясняется наличием центра инверсии в такой решетке.

Для двухатомной решетки с двумя атомами в элементарной ячейке 
центр инверсии не совпадает ни с одним из узлов решетки. Поэтому ди
намическая матрица, а следовательно и вектора поляризации, комплексны. 
Однако наличие центра инверсии, хотя и не совпадающего с узлами, при
водит к условию

u2ea(L) = Ek'Dc.s(kk0ee (kf'), (1)

(2)

Das( u )~  Dae'(22) 

Цув( \?) ~ ( 2*1 )

Рис.1
Кристаллическая структура белого олова.
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по той же причине

(3)

Легко.видеть, что поэтому динамическая матрица без труда приводит
ся к действительной с помощью унитарного преобразования (приложение II).

3. ДИНАМИЧЕСКАЯ МАТРИЦА РЕШЕТКИ БЕЛОГО ОЛОВА

Белое олово (0 — модификация олова) кристаллизуется в тетрагональ
ную решетку с пространственной группой D^j. Его кристаллическая струк
тура может быть представлена как две объемноцентрированные тетраго
нальные решетки Бравэ, вложенные друг в друга с базисным вектором 
Pl2 = (0 , а / 2  с /4) и ребрами а и с (р и с .1 ).

В табл.1 даны координаты 18 атомов, являющихся соседями 0 атома 
и расположенных в 4 координационных сферах.

Построим силовые матрицы взаимодействия 0 атома со всеми осталь
ными. Не будем предполагать специального вида этого взаимодействия, 
а учтем лишь требования симметрии. Используя элементы пространствен
ной группы симметрии решетки, найдем вид всех 18 матриц, описывающих 
взаимодействия (прилож.1). Как оказывается, необходимо 4 +2+4  + 6 = 16 
силовых постоянных для описания колебаний. Не все силовые постоянные, 
однако, независимы. Мы должны учесть условия инвариантности энергии 
относительно вращения кристалла как целого и так называемые условия 
Борна-Хуана, соответствующие отсутствию анизотропных компонент на
пряжения в равновесном состоянии кристалла.

Математически эти условия выражаются в виде тождеств [14]

Используя табл.1 и прилож.1, получим для нашего случая соответственно

(4)

где х«( й:) = ха ({)-ха(«:),

(5)

2a [ — 63 + 264 — 2 6 4 ] = с [<*1 — 0 1  — З0Г3+З/З3] ,

с2 [9 »3+90з + о'1+ Pi f  1602 + 1 багг] = 4а2[-у1 + 7з + 404] .

(4  а)

(5 а)



Таблица 1

КООРДИНАТЫ АТОМОВ, РАСПОЛОЖЕННЫХ В 4-х КООРДИНАЦИОННЫХ СФЕРАХ

1 сфера 2 сфера 3 сфера ' 4 сфера

(12) (П)
Р2 = с

(12) (i d

pj = i  -J4а2 +с2 Р3 = i  у}4а2 +9с2 р4 =  2 \/2а2 +с2

№ атомов 1 2  3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

2нлX5Чаоо
x

X 0 0 f i 0 0 0 0 f  - f а а а  а а а а а  
~ 2 ~ 2 2 2 2 2 ~ 2 ~ 2

У f  - f  0 0 0 0 - f t 0 0
а а а  а а а а а

~ 2 2 2 ~2 2 2 2 2

Z С С С С
4 4 ‘ 4 ’ 4 с -с Зс Зс Зс Зс 

4 4 4 4
с с с  с с с с с  
2 2 2 2 ~ 2 2 2 ~ 2
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Далее, переходя к пределу длинных волн, т.е.  f -* 0, мы получим связь меж
ду модулями упругости и силовыми постоянными. Используя обычные ме
тоды [14], получаем:

cc ii = ffi+ »3 + 4 o '4 -2 ^ ~ ^ ~ ) ( 6l ~ 6 3+ 2 е4-  264)2 , 

оси = -(71 + 7 3  + 4 0 4 ) +4у(е4+ 64) + 1/(61 + 3 6 3 ) ,

c c 66= (3l  + l33 + 4 ff4- 

^а. =  Тх+ 9.73+804 + 8а2 ,

С С44  =  7 1 + 7 3  +  4 0 4 -  Q,1 +  Û,3 + ( 3 1 + 3 3 ( 6 1 -  6 3 + 2 0 4 _ 2 е 4 ) 2 , ( 6 )

c c 12 = 2fy 1+ уэ) ( 61 ~ « 3 + 2 6 4 - 2 Ô4)2 + 4 (7 4 +  Ст4) -  (01+03+4Q Í4 ) ,

сгде v = — ■ ,
а

Отметим сразу же, что в выражения для упругих постоянных входят квад
ратичные члены, вызванные одновременным отсутствием центра инверсии, 
совпадающего с одним из узлов и некубичностью кристалла. Квадратич
ные члены сильно усложняют расчет. В следующих разделах будет показа
но, каким образом можно регулярным способом учесть их. Наконец, ис
пользуя определение динамической матрицы (2 ) и приведенные в прилож.1  

матрицы силового взаимодействия, можно построить динамическую матрицу 
колебаний (прилож.И).

Диагонализация полученной матрицы не может быть произведена в об
щем виде для произвольного волнового вектора Т, и поэтому решение этой 
задачи осуществляется с помощью численных методов на вычислительной 
машине. Однако для трех симметричных направлений в кристалле матрица 
несколько упрощается. Оказывается, что, используя методы теории групп, 
можно не только найти характер вырождения ветвей по этим направлениям, 
но и определить соответствующие частоты. Результаты такого исследова
ния приведены в прилож.Ш.

4. ВЫБОР МОДЕЛИ КОЛЕБАНИЙ

В предыдущем параграфе были получены выражения для динамической 
матрицы при весьма общих предположениях. Само по себе ограничение 
взаимодействия четырьмя координационными сферами в ковалентных кри
сталлах типа олова весьма разумно, и такая модель должна довольно хо
рошо схватывать все особенности динамической задачи. Однако полное 
использование этой модели требует знания 16 независимых элементов ди
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намической матрицы, тогда как без привлечения дополнительных экспери;- 
ментальных данных мы имеем лишь восемь независимых условий для их 
определения (см . (6) и (4а, 5а)). Обычно, когда хотят уменьшить число 
независимых постоянных, идут на сокращение числа учитываемых коорди
национных сфер и на уменьшение числа независимых констант, характери
зующих взаимодействие с данной координационной сферой.

В последнем случае, как правило, вводятся специальные предположе
ния о характере нецентрального взаимодействия.

К сожалению, мы не можем отказаться от учета четвертой координа
ционной сферы (8 соседей), ибо в противном случае связь внутри одной и 
той же подрешетки осуществлялась бы только за счет двух соседей во вто
рой координационной сфере. Как следствие, неправомерно завышались 
бы взаимодействия между обеими подрешетками и тем самым частоты оп
тических ветвей.

С другой стороны, в силу ярко выраженной ковалентности, мы не мо
жем изменить число независимых констант в первых трех координационных 
сферах, используя различные физические объяснения.

Приведенные соображения заставили нас выбрать модель, в рамках 
которой сохраняются все силовые константы, относящиеся к первым трем 
координационным сферам, а взаимодействие с четвертой координационной 
сферой предполагается центральным. Поэтому взаимодействие с четвер
той координационной сферой описывается одной постоянной, через которую 
прежние константы выражаются следующим образом

В этой модели число независимых констант сокращается до 11. Для 
нахождения недостающих трех независимых условий можно воспользовать
ся результатами измерений анизотропии вероятности эффекта Мессбауэра

Вернемся к соотношению (6). Если зафиксировать константы взаимо
действия с 4-й координационной сферой, то легко непосредственно пока
зать, что при этом оказываются однозначно определенными некоторые ком
бинации констант, относящиеся к 1-й и 3-й координационным сферам.

Так, в частности, в нашей модели:

» 4 = = ст4 = X ,

P4 = v2X,

ô4 = е4 = v\ .

[7 -10 ].

01 + 0з = сс66- 4Х , (7 а)

а1 +а3 = с (с66+ с 12 + Сц) -  12Х (7 6)

(СС44 -4i/2X)[c(2c66+ c 12+ c lx) -  16Х] , (7 в)

(ói 6g) — 2(7j + Y3)[c(cgg + Cj2) 8Л] , (7 г)
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ôi + З 6 3  =  [сс13+ ( y i  + Т з )  -  4v2 X] . (7 д)

Существенно, что именно комбинации 7а — 7г вместе с X однозначно 
определяют дисперсионные кривые по направлениям (1 0 0 ) и (1 1 0 ) и фикси
руют частоты на границах зоны Бриллюэна по направлению (001) (прилож.III). 
Заметим, что тем самым фиксируются и величины частот точек Ван-Хова, 
которые лежат на пересечении этих трех направлений с гранями зоны Брил
люэна и при 7 = 0 .  Интересно, что одна из этих частот — оптическая частота 
для волнового вектора вдоль оси (100) на границе зоны Бриллюэна, в рам
ках приближения с 4-мя координационными сферами определяется одно
значно вне зависимости от модели (Illa).

, , 2  _  . . 2  _  4 с с 60  Ido — LJrr —
¿ ñ m

Если обратиться к выражениям (Шв), определяющим закон дисперсии 
для фононов с волновым вектором вдоль оси (0 0 1 ), то легко убедиться, 
используя (7а —7д), что для определения четырех ветвей, вектора поляри
зации которых лежат в плоскости ху, достаточно знать два параметра X
И 0 2 .

Таким образом, все ветви колебаний по симметричным направлениям, 
дающие вклад в смещения атомов в плоскости ху, зависят только от двух 
параметров X и 0

Аналогичный анализ показывает, что вклад ветвей по симметричным 
направлениям в смещения атомов вдоль оси z снова определяется только 
двумя параметрами, а именно X и 02-

Хотя эти результаты и не будут строго справедливы при произвольном 
значении волнового вектора, однако непосредственные расчеты четко по
казывают, что смещения атомов в плоскости ху остаются слабо чувстви
тельными к значению параметра а 2, а смещения вдоль оси z к параметру
02 во всем фазовом объеме.

Это обстоятельство делает крайне заманчивым использование анизо
тропии эффекта Мессбауэра для раздельного определения этих групп па
раметров. Действительно, вероятность эффекта Мессбауэра при вылете 
7 -кванта в направлении оси с (fc ) зависит только от смещения атомов вдоль 
оси z, а при-направлении вдоль оси a ( fa ) только от смещения атомов в 
плоскости ху.

Подробные численные расчеты (см. следующий раздел) показали, что 
постоянная 02 имеет весьма малую величину и очень слабо влияет (по срав
нению с X) на величину fa (напомним, что 02 является константой нецен
трального взаимодействия для 2 атомов, расположенных вдоль оси с, в 
силу чего малость ее величины кажется физически вполне разумной).

Поэтому в окончательных вариантах расчетов мы положили 02= 0 и из 
сравнения вычисленных и измеренных значений для fa и fc получили воз
можность определить значения соответственно Х и «2 и, как следствие, всю 
совокупность силовых констант, фигурирующих в нашей модели.
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Диагонализация динамической матрицы при произвольном значении 
волнового вектора производилась с помощью численных методов на быстро
действующей счетной машине. При этом находились как собственные зна
чения, так и собственные вектора задачи.

Если воспользоваться соображениями симметрии, то легко показать, 
что неприводимой является 1/16 часть полной зоны Бриллюэна (1-я зона 
Бриллюэна изображена на рис.2). При проведении численных расчетов 
использовались пробные точки, равномерно расставленные в этой области. 
Расстояния до ближайших узлов по трем ребрам параллелепипеда в обрат
ной решетке делились на одно и то же число, равное 20. В результате в
1 /16 части зоны Брюллиэна было размещено 198 точек, что в полной зоне 
оказывается эквивалентным 2000 точек.

В целях более тщательного определения низкотемпературной части 
теплоемкости и вероятности эффекта Мессбауэра, область фазового про
странства вблизи f = 0, соответствующая 1/125 от объема 1-й зоны Брил
люэна и подобная ей, в свою очередь бала разбита на 2000 частей.

Найденные значения частот и векторов поляризации для всего фазового 
объема могли быть использованы для получения таких интегральных харак
теристик, как функция распределения частот фононного спектра g(u), за
висимость теплоемкости от температуры, вероятности эффекта Мессбауэра 
для неэквивалентных направлений. При этом знание векторов поляризации 
необходимо только для определения последних величин. Действительно, 
для одноосных кристаллов типа олова имеем f а, с = exp (-za, с )

5 . ЧИСЛЕННЫЕ РАСЧЕТЫ

где R -  энергия отдачи для свободного ядра,
ÏÏ — бозевское распределение для фононов,
N — число элементарных ячеек в кристалле.

Подчеркнем, что в силу свойств (3) вероятности эффекта для обоих 
атомов в элементарной ячейке имеют одно и то же значение.

Необходимо отметить, что хотя 1/16 часть 1-й зоны Бриллюэна являет
ся достаточной для определения всего спектра частот, при учете векторов 
поляризации следует принимать во внимание их поворот, возникающий при 
преобразовании одной неприводимой части зоны в другую. В нашем случае, 
если воспользоваться соображениями симметрии, это обстоятельство мо
жет быть учтено при расчетах с 1 /16 частью зоны Бриллюэна путем замены 
в выражении (8)

N l a  fiu)(f, а )
?—■H2n(u) +1], (8)

|e*(fi“)|2 на H|ex(f.“)|2+ley(V>|2}
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Р и с .  2

П е р вая  зо н а  Б р и л лю эн а р еш етки  б е л о го  о л о в а .

Т аб ли ц а 2

ЗНАЧЕНИЯ УПРУГИХ ПОСТОЯННЫХ И ПАРАМЕТРОВ 
БЕЛОГО ОЛОВА

С 11 с зз С 1 2 ^ 1 3 С 44 с бб С ■ 1 0 8 с м а ;  1 0 8см

7 ,2 3 8 ,8 4 5 ,9 4 3 ,5 7 8 2 ,2 0 8 2 ,4 0 0 3 ,1 8 3 5 ,8 3 2

С 1к -  даны  в еди н иц ах 1 0 11  д и н /с м 2

При проведении конкретных расчетов использовались данные для упру
гих постоянных при Т = 300°К, полученные в работе [15]. Значения этих 
постоянных, а также параметры решетки приведены в табл.2.

Далее, мы воспользовались результатами измерения вероятности эф
фекта Мессбауера f c и f a также при комнатной температуре, найденными 
в работе [10]. При этом в качестве независимых величин брались данные 
ПО f a И f c / fa-

Следует отметить, что эти два параметра на опыте определяются с 
существенно различной точностью: отношение fc /fa с весьма большой точ
ностью, а абсолютные величины с существенно меньшей. Именно поэтому 
отношение fc /fa , фигурирующее в работах [9,10], имеет практически одно 
и то же значение: fc/fa «  0,67. Это значение и было принято в наших рас
четах. Что же касается абсолютного значения эффекта Мессбауэра, то 
оно существенно различается у разных авторов (см ., например, помимо 
цитированных, также работы [2 — 5]). В настоящей работе мы использовали 
значение fa =0,085, полученное в наиболее поздней из них [10].
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Т аб ли ц а 3

ЗНАЧЕНИЯ СИЛОВЫХ п о с т о я н н ы х

<*1 0 1 Уг 5 ! « 2 «3 Тз 0 3  X

2 5 6 2 - 5 ,1 4 0 - 5 ,7 7 7 2 ,4 1 0 8 ,2 8 1 0 ,9 9 0 0 ,7 8 1 3 ,4 7 8 8 ,6 7 2  3 ,0

В с е  к о н стан ты  даны  в единицах 1 0 3 д и н /с м .

6. ОБСУЖДЕНИЕ РЕЗУЛЬТАТОВ

1. В табл.З приведены полученные в результате численных расчетов 
значения 10 независимых силовых постоянных, входящих в матрицы взаимо
действия (прилож.1).

В связи с ограниченной точностью экспериментального определения 
использованных в расчетах параметров фигурирующие в табл.З значения 
их не могут рассматриваться как абсолютно точные. Действительно, если 
менять в рамках нашей модели параметры в пределах экспериментальной 
точности, то приближенно можно установить границы колебаний силовых 
констант.

Непосредственные расчеты показывают, что хотя количественно спектр 
колебаний и интегральные по спектру величины при этом несколько меняют
ся, все качественные особенности этих величин остаются весьма устой
чивыми.

В этом смысле следует относиться и к приводимым ниже результатам, 
полученным на основе силовых параметров табл.З. Сделаем еще одно за
мечание. Как видно из полученных результатов, роль квадратичных по 
силовым постоянным членов в уравнениях (6) весьма существенна. В силу 
этого, в нашей модели возникает вопрос о двузначности решения. Однако, 
как показали непосредственные расчеты, одно из решений приводит к мни
мым частотам, т.е. к неустойчивости решетки. Таким образом, это реше
ние автоматически исключается.

2. На рис.З приведены дисперсионные кривые для трех симметричных 
направлений, соответствующие шести ветвям колебаний*. Как видно, 
спектр частот в олове имеет весьма своеобразный характер.

Так максимальной частотой для симметричных направлений оказывает
ся максимум одной из акустических ветвей. (Более того, эта частота сов
падает и с абсолютным максимумом спектра).

В силу этого обстоятельства, оптическая полоса находится внутри 
акустической. Частным следствием этого является наличие большого чис
ла точек случайного вырождения.

Акустические ветви демонстрируют чрезвычайно резкую анизотропию. 
Обращает на себя внимание также низкое положение двух акустических 
ветвей по направлению (110).

* При ста н д а р тн о м  х а р а к т е р е  вы бо р а зо н ы  Б р и л лю эн а (р и с . 2 ) для п остроен и я за к о н а  
ди сп ер си и  фононов с  во л н о вы м и  ве к т о р а м и  вдо ль  ( 0 0 1 ) м ы  вы н уж дены  вы йти з а  п р еделы  1 -й  
зо н ы . Э т о  с в я з а н о  с  т е м , что р а сс т о я н и е  до гр ани ц ы  зоны  в  эт о м  н аправлении м еньш е чем  
поло ви н а р а сст о я н и я  до бли ж ай ш его в эт о м  н ап р авлен и и  у з л а  обратной р е ш е т к и .
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Что касается оптических ветвей, то они не имеют каких-либо качест
венных особенностей, за исключением совершенно неожиданного поведения 
продольной оптической ветви при направлении волнового вектора вдоль 
(001). Как видно из рис.4, продольная оптическая ветвь имеет глубокий 
минимум при f~0,7 2я7с. Хотя значение частоты в минимуме может ме
няться при изменении исходных параметров в пределах ошибок измерения, 
однако резко выраженный минимум остается всегда.

Благодаря тому, что эта точка лежит по симметричному направлению, 
она является точкой Ван-Х ововского типа и, таким образом, приводит к 
появлению особой точки у функции распределения частот фононного спектра 
g(u), лежащей в аномально низкой области частот. По всей видимости, 
именно эта точка была обнаружена в работе Роуэлла и др. [11], исследо
вавших туннельный эффект для сверхпроводящего олова. Как известно, 
авторы нашли особенность функции g(u), лежащую при частотах 2 —2,5-1012 
рад/сек, аномально низких по сравнению с границей фононного спектра. 
Заметим, что найденная в этой работе граница фононного спектра весьма 
близка к значению 26-1012 рад/сек., полученному в наших расчетах (аб
солютное сравнение экспериментального и теоретического значений часто
ты в минимуме затруднено также и тем, что приведенные кривые вычисле
ны на основе упругих постоянных, соответствующих 300°К).

Следует отметить, что наличие в системе низких частот фононов при 
больших значениях волнового вектора должно привести к целому ряду ано
малий в термодинамических и кинетических величинах. Кроме того, нали
чие таких частот может привести к тому, что уже при относительно слабом
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Р и с .  4

С п ект р  фононов для б е л о го  о л о в а .

изм енени и  п а р а м е т р о в  п о я в л я е т с я  н е ус то й ч и в о ст ь  и, как с л е д с т в и е , ф а з о 
вы й п е р е х о д .

3 .  На р и с .4 п ри ведена функция р асп р еделен и я  ч а ст о т  фононного с п е к 
т р а . На оси  а б с ц и с с  с т р е л к а м и  у к а з а н ы  т е  полож ения т о ч е к  В а н - Х о в о в -  
с к о го  ти п а, ко то р ы е сл ед у ю т  из кривы х зак о н а  дисперсии по тр ем  главн ы м  
н ап р авл ен и ям  (р и с .З ) .

4 .  На р и с .5 п р и ве д е н а  т е о р е т и ч е с к а я  к р и в ая  з а в и с и м о с т и  т е п л о е м 
к о сти  от  т е м п е р а т у р ы  и о д н о вр ем ен н о  н ан есен ы  эк сп ер и м ен тал ьн ы е точки
[ 1 ] .  В и д н о , ч т о  и м е е т  м е с т о  х о р о ш ее  с о г л а с и е  м е ж д у  вы ч и сл е н н ы м и  и 
э к с п е р и м е н т а л ь н ы м и  р е з у л ь т а т а м и . О чен ь и н т е р е с н о , ч т о  н а б л ю д а е т с я  
х о р о ш ее  с о г л а с и е  в о б л а сти  ни зки х т е м п е р а т у р , для которой  с у щ е ст в е н н о  
поведени е g(u) в м ал о м  по сравнению  с и тах и н тер вале ч а с т о т . Но именно 
в эт о м  и н т е р ва л е  ч а с т о т , ф ункция g(w), как  э т о  н еп о ср е д ст ве н н о  видно из 
р и с .4 , и м е е т  в е с ь м а  сво ео б р азн ы й  х а р а к т е р .

5 .  На р и с .6 приведена кривая зави си м о сти  f c/fa от Т , то  е с т ь  т ем п е р а 
т у р н а я  з а в и с и м о с т ь  ан и зо тр оп и и  э ф ф е к т а  М е с с б а у э р а  в м о н о к р и с т а л л е  
о л о в а . В  ш ироком и н тер вал е  т е м п е р а т у р  ниже ком натной анизотропия э ф 
ф е к т а  М е с с б а у е р а  и м е е т  з н а к , совпадаю щ и й  с  н аблю ден ны м  э к с п е р и м е н 
т а л ь н о . О днако при д о статоч н о  низких т ем п е р а т у р а х  возн и кает интересны й 
э ф ф е к т  и н вер си и  а н и зо тр о п и и . С а м  ф а к т  и н вер си и  у с т о й ч и в  к т о ч н о ст и  
и с п о л ь з у е м ы х  э к с п е р и м е н т а л ь н о  п а р а м е т р о в , но т е м п е р а т у р а  и н вер си и  
м о ж е т  в н е к о т о р о й  с т е п е н и  " п л а в а т ь " .

При Т  =  0 зн ак  анизотропии со в п а д а е т  с п р ед сказан н ы м  р ан ее  в раб о те  
одного  из а в т о р о в  на осн о ве  в е с ь м а  упрощ енной м одели  [6].
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т е к )

Р и с .5  '

Т е м п е р а т у р н а я  за в и с и м о с т ь  т е п л о е м к о с т и .

Т ( ° К )

Р и с .  6

Т е м п е р а т у р н а я  за в и с и м о с т ь  коэф ф ициента ан и зотр оп и и .

Н адо с к а з а т ь , ч то  э т о т  же зн ак  со хр ан и лся  бы и во всей  о б л ас ти  т е м 
п е р а т у р , е с л и  в к л а д  в  ан и зо тр о п и ю  бы л бы  с в я з а н , г л а в н ы м  о б р а з о м , с 
а к у с т и ч ес к и м и  в е т в я м и , п о вед ен и е ко то р ы х в зн ач и тел ьн ой  степ ен и  с х в а 
т ы в а е т с я  у ж е  м о дул я м и  у п р у г о с т и . Э то  наш ло с в о е  отр аж ен и е в  р а б о т а х  
[ 1 2 ] ,  г д е  ани зотроп и я уст о й ч и в о  п о л у ч а л а с ь  о д н ого  зн а к а  fc / fa >  1 во  в с е м  
и н т е р в а л е  т е м п е р а т у р  в п р о ти во р еч и и  с  э к с п е р и м е н т а л ь н ы м и  р е з у л ь т а 
т а м и  [7 — 1 0 ] .

10
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К а к  п о к а з ы в а ю т  наши р а с ч е т ы , истинны й зн ак  анизотропии в с у щ е с т 
вен н о й  с т е п е н и  с в я з а н  с  н ал и ч и ем  о б л а с т и  ф а з о в о г о  п р о с т р а н с т в а , г д е  
о п т и ч е ск и е  ч а с т о т ы , при н адлеж ащ и е одной из в е т в е й , и м ею т  в е с ь м а  н и з
кие зн а ч е н и я .

Т а к и м  о б р а з о м , х а р а к т е р  ан и зотр о п и и  э ф ф е к т а  М е с с б а у э р а  в  о л о ве  
в зн ачи тельной  степ ен и  с в я за н  с оптическим и в е т в я м и , для п о сл е д о в а те л ь 
н о го  оп и сан и я к о т о р ы х  зн ачен и я  т о л ь к о  м о д у л е й  у п р у г о с т и  о к а з ы в а ю т с я  
н е д о с т а т о ч н ы м и .

П ри лож ени е I

При н ахо ж д ен и и  с и л о в ы х  м а т р и ц  р е ш е т к и  б е л о г о  о л о в а  м о г у т  б ы т ь  
и с п о л ь з о в а н ы  сл ед у ю щ и е  ч е т ы р е  э л е м е н т а  с и м м е т р и и :

1 _1 0 0 \
О'х = 0 1 0 -  о т р а ж е н и е  в п л о с к о с т и  х  =  0

I 0 0 ч
/  1 0

0 ^
СТу = 0 -1 0 -  о т р а ж е н и е  в п л о с к о с т и  у = 0

\  0 0

0
1 о \

5g = 1 0 0 — о т р а ж е н и е  в п л о с к о с т и  х  =  у

\ 0 0 -1
+ и н в е р с и я ,

I  =

- 1  0  0  \  

0-1  0 

0  0 - 1  j

и н в ер си я  в о дн ом  из у г л о в  
+ т р а н с л я ц и я  на б а зи сн ы й  в е к т о р .

П ервы е три преобразован и я со вм ещ аю т каж дую  из подреш еток с а м у  с собой 
п осл едн ее  м ен я е т  подреш етки м е с т а м и .

П р и вед ем  с а м и  си л о вы е  м атр и ц ы  (в е з д е  Ф (0 1)  =  Ф ( 1)  и т . д . ) .  Н у м е 
рация а т о м о в  д ан а  в т а б л . 1  и на р и с . 1 .

Ю*
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Ф(1) = -

Ф(3) = -

!

Ф(7) = -

\

Ф ( 9 )  =  -

/
Ф ( 1 1 ) -----

\

Ф(13) = -

1-я координационная сфера

1 01 0 0 \ !  Pi 0 0 \

0 «1 Ф(2) = - 0 «1 _б1

I o 61 ■Vi / 1 0 - fil Ti /

1 а 1 0 - « l \ / «1 0 6j \

0 01
0

Ф(4) = - 0 Pi 0

0
т‘ / 0 T1 1

2-я координационная сфера

I  р2 0 0 \

Ф(5) = Ф(6) = - О

\ °

02 О 

О а 2 ]

3 -я координационная сфера

0з 0
0 ^

. / 03 0
0 \

0 «3 Ф(8) = - 0 «3 -«з
0 &3

ч \ ° Г®3 ч

О'З 0 б3 \ / «3 0 -в3\
0 03 0 Ф(10) = - 0 03

0
53 0 7з/ \-53 0 73 /

4-я координационная сфера

0-4 74 I a  4 -Т4 ” ̂ 4 \

сг4 «4 -64 Ф(12) = — -ст4 «4 54

б4 _е4 04 /
Г 4 04/

74 е А / «4 -74 «4^

ст4 «4 «4 Ф(14)= - -а 4 а4 -¿4 .

«4 <4 04 i \ 04 _е4 04 /
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(  «4 CT4 - b \ j  a 4 -<T4
_ Ô 4 \

Ф ( 1 5 )  =  - 74 «4 - € 4 Ф ( 1 6 )  =  - -74 « 4 <4

W 4
- 6 4 04 1 ^ 4 54 '0 4  /

f a 4 CT4
à*\

/ 0-4 -CT4 ô4\
Ф ( 1 7 )  =  - T4 «4 <4 Ф ( 1 8) =  - "7 4 «4 -Ç4

l 6 4
«4 04  y

i  64 -«4 0 4 /

Ф(0) = -ЕФ(п )  =
n

8 ОГ4  +  2 0 2  

, +  2 (о '1 + а з +  0 1 + 0 3 )

О 

О

О

8 « 4  +  2 0 2  +

+  2 ( a 1 + û ' 3  +  0 1 + 0 3 ) 

О

0  \  

О

8 0 4  +  2 ff2  + 1

+  4 ( Г 1 + Т з )

Приложение II

Элементы динамической матрицы DaB(¡y можно получить, используя 
выражения (2 ) и (3), а также табл . 1  и прилож.1 .

D a 6  (  ík )

f f   ̂
D o e ( n )  D a g ( 1 2 )

\  ®  otff  ̂1 2  ̂ ^ a í ( l l )

m D xx (1 

m Dyy (1 

m D zz (1 

m D xy  ( 1  

m  D Xz ( 1  

m D y Z (1

1) = 2 ^  +a3 +0! +03 ) +20(1 -  C2z) + 8a4 (1 -  C xCy Cz 

1) = m D xx (11 ) ,

1) =  4(Yi + 73 ) + 2a2( l  -  C 2z) +804 (1 -  CxC yC z) ,

1) = 4SxSy[74gz + 04gzb 

) = — 4iSx Cy [€4 gz — 64 gz ], 

) ^iSyC^fô^ gz 4̂ gzl *

m D xx(12) = - 2 C yg *g î [P1g z +P3g z ] - 2 C xg * [ a 1g ï + a 3g2] J
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m D yy (12) =  -2 C yg*g*[orlgz +e3 g*] -  2Cxg *[p 1g*+j33gí ], 

m D zz (12) = -2 C yg*g*['ir1g z +T3g*] - 2 C xg*[Y ig* + 73g J ,  

m D xy(12) = 0

rnD xz (12) = 2iSxgy[6¿gz — 63 gz ], 

m D yz (12) = -2 igy gzSy [6, gz -  63 g * ].

Везде приняты обозначения Ck = cos fkak/2, 
Sk=  sin fkak ¡ 2J 
g k =exp (ifkak/2).

Что касается действительной матрицы, то она может быть получена

под элементами понимаются трехрядные подматрицы.
Отметим, что в силу общего характера соотношений (3), это унитар

ное преобразование будет приводить к действительному виду динамическую 
матрицу любой двухатомной решетки с одинаковыми атомами.

Для волновых векторов, лежащих в симметричных направлениях, дина
мическая матрица (2) может быть диагонализована в общем виде. Исполь
зуя "малую группу симметрии" каждого из таких векторов, получим, при
меняя методы теории групп (см. например [16]), следующие результаты.

а) Направление (100) fy = f z = 0 ( fx = f z = 0)

Малая группа симметрии 2 mm, частоты ветвей:

Приложение III

mUl22 =|(Ai + B i)± i { (A i  - B i )2+4|Ci |2)*, 

mu3% = i (A 2+ B 2)± | ( (A 2 - B 2)2 + 4|с 2 |2)*, 

m u 2 = ( 1 - C x ) [ 8 a 4  +  2 ( A  + 0 3 ) L  

m(0g = 4(tt! + 03 ) +2(13! +0з)(1 +CX) +8íu(1 -  Cx) ,
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где Ai = 2 (а 1+в3) ( 1 - С х),

"  Bi  =8 /34 ( 1 - С х ) + 2 ( т 1 + 7 з ) (3 + С х ),

Ci = - 2i(Ô! -  03)Sx ,

A 2 =4(/3j + 03) +2 («! + a 3) ( l  +C X) + 8a4 (1 -  Cx),

B 2 =  2 (ti  + 7 з ) ( 1  -  Cx),

C2 = 2i(6j -  63)SX.

б) Направление (110) fx = fy ; f2 =0

Малая группа симметрии 2 mm, частоты ветвей:

т и 1?2 = ï(Ai +Bi) ±2 ((Ai -  Bi)2 + 4 |Ci |2 ,

mu3?4 =I(A 2 + B2)±|((A 2 -  Ba)® + 4 |c2 |2 }* .
. mw5?6 ~ 2(a l + ff3+ 01 + 0з)(1±С х) +8 (û4 + ')'4)Sx -

где A i = 4(?i + T3)(1 + CX) + 804S2 ,

Bj = 2(o,i + a 3 + 0i +/33)(1 -  Cx) + 8S|(o4 -  y4),
Cj = 2\f2 i (6i -  ô3) S* ,

A 2 = 4(7i +Y3HI + Cx) +804S2 ,

B 2 = 2 ( « i+ a 3 +j3i +03)(1 + Cx) + 8S|(a4 -  04),

C 2 =  - 2 / 2 i (6 i  -  Ó3)S X .

в) Направление (001) fx = fy = 0

Малая группа симметрии 4 mm, частоты ветвей:

m u ¿  = mw3̂  = 8a4(l -  C z) + 2 ( a 1 + a 3 + l +03) + 2/32(l -  C2z ) ±

± 2  ( [ ( a 1 +j31)C z/2 + ( a 3 + 0 3) C 3z/2 ] 2 + [ ( » i  -  0 i )S z/2 -  (o-3 -  0 3)S 3z/2 ] 2)*,

mwgi6 = 8j34(l -  Cz) +4(7i + 73 ) +2a2(l -  C2z ) ±4 7 iC z/2 +473C 3z/2 .
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D IS C U S S IO N

G. CAGLIOTI: If I understood correctly, the authors of this paper uti
lized the experimental value of the anisotropy ratio of the Debye-W aller 
factor of white tin in certain relations connecting the elastic constants and 
the interatomic force constants. As I mentioned during the presentation of 
my paper*, there is experimental evidence that the behaviour of the aniso
tropy factor e (eexpti.< 1, €theor.> 1) is not due to dynamical considerations, 
but most likely to static disorder present in the crystal, especially along 
the [001] symmetry direction. Perhaps these are the reasons for the dis
crepancy in dispersion relations between this theoretical work you presented 
and the independent experimental findings of.the Italian, British and Canadian 
groups.

M.G. ZEMLYANOV: Your comment is very interesting. Unfortunately
I have not yet been able to acquaint myself with the experimental work to 
which you refer.

Ф BORGONOVI, G . , CAGLIOTI, G. and AN TO N IN I, М ., "Recent results on the crystal physics of 

white t in " , these Proceedings I.





LATTICE DYNAMICS OF MAGNESIUM
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BOMBAY, INDIA

Abstract — Résumé — Аннотация — Resumen

LATTICE DYNAMICS OF MAGNESIUM. A group th e o re tica l analysis of modes of vibrations in hexagonal 

clo se-p ack ed  la ttice s  has been m ade. The results have been used to classify the phonons at som e special points 

in th e  Brillouin  zo n e  and fa c to r iz e  th e  se cu la r  d e term in an t. Dispersion relatio n s for phonons in m agnesium  

alo n g  th e  tw o sy m m etry  d irection s [ 0 0 0 1 ]  and [ 0 1 1 0 ]  h av e  been m easured ( a t  ro o m  te m p eratu re) m o re  a c 

cu ra te ly  than reported e a r lie r . T h e  m easu rem en ts h a v e  b een  m a d e  using a  tr ip le -a x is  sp e ctro m e te r and a  

"window filte r" sp ectrom eter, both operated in the " c o n s ta n t-^ "  m ode. The results are com pared with c a lc u 
lations based on th re e - and four-neighbour a x ia lly  sy m m etric  m odels. It is observed th at th e  four-neighbour  

m odel gives a  reasonably good description of the data . Even better agreem ent is obtained with a four-neighbour 
tensor force m odel. Th e force constants derived trom  the experim en t have been used to com pute the frequency  

distribution.

DYNAMIQUE DE RÉSEAU DU MAGNÉSIUM. Les auteurs ont procédé à  une analyse théorique par groupe 

des niodes de v ib ratio n  dans les réseau x  à  structure  h e x a g o n a le  c o m p a c te . Ils ont u tilisé  les résu lta ts  pour 

classer les phonons en des points p articu liers  de la zo n e  de Brillouin e t analyser m ath ém atiq u em en t le  d é te r

m in an t s é c u la ire . A fin d 'é ta b lir  les re la tion s d e dispersion pour les phonons du m ag n ésiu m  dans les deux  

directions de sym étrie  [ 0 0 0 1 ]  e t  [ 0 1 Î 0 ]  ( à  la  tem p ératu re  a m b ian te), ils ont fa it des mesures plus précises que 

ce lle s  qui ont é té  signalées jusqu'à présent. A c e t  effet, ils ont u tilisé un sp ectro m ètre  tria x ia l  e t un sp ectro

m è tre  a v e c  « f i l t r e  à fe n ê tre » , l ’un e t l ’ au tre  dans le  m ode de « 3  c o n s t a n t» .  Ils ont co m p aré  les résultats  

au x ca lcu ls  fondés sur des m odèles à  sym étrie  a x ia le  faisant in tervenir les tro isièm e e t q uatrièm e voisins. Ils 

ont co n staté  que le  d eu xièm e de ces m odèles fournit une assez bonne description des données. Un m o d èle  de  

forces ten so rie lles en globan t le  q u atrièm e voisin assure une co n co rd a n ce  e n co re  m e ille u re . Les auteurs ont 

u tilisé  les constantes de fo rce  déduites d e l 'e x p é r ie n c e  pour c a lc u le r  la  distribution d e fréq u en ce.

Д И Н А М И К А  Р Е Ш Е Т К И  М А Г Н И Я . Б ы л  п р о и зв е д е н  гр у п п о в о й  т е о р е т и ч е с к и й  а н а л и з  
ви д о в  ко лебан и й  в г е к с а г о н а л ь н о й  р е ш е т к е  с  плотной у п а к о в к о й . Р е з у л ь т а т ы  бы ли и с п о л ь 
зо в а н ы  дл я  к л асси ф и к ац и и  фононов в н ек о то р ы х сп ец и аль н ы х  т о ч к а х  зо ны  Б р и л ло у и н а и р а з 
лож ен и я в е к о в о г о  д е т е р м и н а н т а . Д и сп ер си о н н ы е  соотнош ен и я для ф ононов в  м а гн и и  в  д в у х  
си м м ет р и ч н ы х  н ап р ален и ях [0 0 0 1 ]  и [0 1 Î 0 ] были и зм ер ен ы  (при ком натной т е м п е р а т у р е ) б о лее  
то ч н о , ч ем  со о б щ а л о сь  р а н е е . И зм е р е н и я  бы ли п р о и зведен ы  с  помощ ью т р е х о с н о го  сп е к т р о 
м е т р а  и с п е к т р о м е т р а  с  "окон ны м  ф и л ь т р о м ". О ба эти сп е к т р о м е т р а  р аботали  при колебании  
с  "п остоян н ы м  Í " .  Р е з у л ь т а т ы  изм ерени й  со п о ст а в л я ю т ся  с р е зу л ь т а т а м и  р а сч е т о в , о сн о ва н 
н ы х  на т р е х -  и ч ет ы р е х ч л е н н ы х  а к с и а л ь н о  си м м ет р и ч н ы х  м о д е л я х . У с т а н о в л е н о , ч то  ч е т ы 
рехч лен ная м о д ел ь  д а е т  довольн о хорош ее описание эт и х  дан н ы х. Е щ е более хорош ее с о гл а с и е  
п олучено с  четы р ехч лен н ой  м оделью  тен зо рн ой с и л ы . К о н стан ты  с и л ы , полученны е в р е з у л ь 
т а т е  эк сп е р и м е н т о в , были и сп о л ь зо ван ы  для вы ч и слен и я р асп р еделен и я  ч а с т о т .

/
DINAMICA RETICULAR DEL MAGNESIO. Los modos de v ib ración  de las redes h exagon ales co m p a cta s  

se han a n a liz a d o  sobre la base de la te o rfa  de los grupos. Los resultados se han u tiliz a d o  para c la s if ic a r  los 

fonones de algunos puntos e sp e cia le s  de la  zon a de Brillouin  y p ara  fa c to riz a r  e l  d e te rm in a n te  s e c u la r . Se 

han m edido, con m ayor precisión que la a lcan zad a hasta e l presente, las relaciones de dispersión de los fonones 

en e l m agn esio en dos d ireccio n es de sim etría  [0 0 0 1 ]  y [ 0 1 1 0 ] ,  a  la  tem p eratura  am b ien te . Las m ediciones  

se han efectuad o utilizando un espectróm etro triaxia l y un espectróm etro con «  filtro de v e n ta n a » , funcionando 
am bos según e l  m odo de « ( ?  c o n s ta n te » . Los resultados se com paran coñ cálcu lo s  basados en m odelos a x ia l 

m e n te  sim étrico s  que a b arcan  h asta e l  te rc e r  o e l  cu a rto  á to m o  v e cin o . Se ha com probad o que este  ú ltim o  

m o d elo  se aju sta  ad ecu a d a m e n te  a  los datos obtenidos. Con un m o d elo  de fuerzas ten soriales que a lca n z a n  

hasta e l  cu a rto  á to m o , se ob tiene una co n co rd an cia  aún m ás sa tis fa c to ria . Para c a lc u la r  la  d istribución de 

fre cu e n cia s  se han u tiliz a d o  las constan tes de fuerza dedu cidas d el e x p erim en to .
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I. INTRODUCTION

Magnesium is a divalent element belonging to group II of the periodic 
table. It has a hexagonal close-packed (hep) structure and shares this with 
two other elements in the group, namely beryllium and zinc, though with 
some differences in packing. Zinc has a с/a ratio of 1. 855, the highest 
known. For beryllium the value is 1. 58, one of the lowest. Magnesium with 
a value of 1. 622 approaches the ideal packing, for which с/a is 1. 633. This 
difference in the с/a ratio among these metals, manifests itself in several 
properties including the elastic one. It is therefore interesting to compare 
the lattice vibration spectrum of these three substances and look for syste- 
matics, if any, with respect to the с/a ratio. The phonon spectrum in both 
beryllium [1J and zinc [2, 3] has been studied by other groups. In this paper 
we give a complete account of our investigations of the lattice dynamics of 
magnesium by neutron inelastic scattering. The following section gives an 
account of the application of group theory to the dynamics of hep lattices. 
A brief account of the theoretical considerations pertaining to neutron 
scattering is also given. The experimental techniques used and the results 
obtained are described in section III. The analysis of the experimental 
results and a comparison with those of beryllium and zinc is presented in 
section IV. Parts of this work have been reported earlier [4, 5].

II. THEORETICAL CONSIDERATIONS 

Lattice dynamics

The space group of magnesium is D|h . In the primitive unit cell there 
are two atoms whose positions with reference to the hexagonal axes (see 
F ig .1) are '

f  f - ' f  )

where a j, a2 and a3 are the primitive translational vectors. The lattice 
parameters are | a j | = |a2| = a = 3.2028 Â and | З3|= с = 5. 196 Â. The reci
procal lattice is also hexagonal and belongs to the space group D^h.

The dynamics of hep lattices have been discussed by several authors 
within the framework of the Born-von Kármán formalism, using different 
models for the interatomic forces and including interactions up to different 
distances [1, 5, 6-10] . Some preliminary considerations can, however, be 
obtained purely from the symmetry of the lattice using the methods of group 
theory.

Group theory has been widely used in the study of molecular vibrations 
[11,12]. Its application to lattice vibrations, however, has not been so ex
tensive. As in the case of molecular vibrations, group theory can be useful 
in two ways: (1) in classifying the modes of vibration and (2) in factorizing 
the secular determinant.

Consider a crystal having N unit cells with n atoms per unit cell, satis
fying the periodic boundary conditions. Let {3 lr (l)} denote a symmetry oper-
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z,a«

T h e top figure shows the C artesian  axes and the crystallograp hic axes for the hep la ttice  

The bottom  figure shows the first Brillouin zone.

ation which, when performed on the crystal with all the atoms in their equi
librium, leaves it invariant. Here a stands for the rotational part of the 
operation and 7(1) for the lattice translation. The set of elements {3|?(1)} 
constitute the space group G. The N elements {E lr ( l ) }  (E representing the 
identity operation) form the translational sub-group T, which is an invariant 
sub-group of G. In the study of lattice dynamics, we consider the elements 
{t?|r(l)} to be acting not on the equilibrium crystal, but on the atomic 
displacements. л

Now the displacement vectors of the atoms in the crystàl span a 3nN- 
dimensional space. However, this space is reducible into N sub-spaces 
each of dimension 3n and it is well known that Bloch-type functions [13, 14)

= exp̂ ~ 2irî ' Ua(k)
l .

form a suitable basis for this reduction*. These functions are also termed 
translational symmetry co-ordinates. Upon expressing the vibrational 
energy in terms of these translational symmetry co-ordinates, one easily 
obtains the familiar secular determinant.

*  W e shall follow the sam e notation as in our earlier paper [ 5 ] .
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The 3n-dimensional sub-space is further reducible if the wave vector q 
lies along a symmetry direction in reciprocal space or, to put it differently, 
if the group of the wave vector Gq contains rotational elements, mirror 
planes, etc., in addition to the translational elements. The functions which 
form the basis far this additional reduction are called symmetry co-ordinates. 
They transform according to the various allowable or small representations 
[15] of Gq. If the dynamical matrix is developed in terms of these symmetry 
co-ordinates, then automatically it will be block-diagonalized. These con
siderations show that, for enumerating the symmetry modes and factorizing 
the secular determinant, it is sufficient to have a knowledge of the allowable 
representations of G^. The representations of the complete space group 
are not necessary.

The allowable representations for the points Г, A, M, T, К, E and Д 
in the Brillouin zone (see Fig. 1) have been obtained by employing methods 
developed earlier by RAGHAVACHARYULU [14, 16] in a study of the diamond 
lattice. For convenience in constructing the symmetry co-ordinates, the 
complete matrix representation has been obtained. A typical table of allow
able matrix representations corresponding to the point Д is shown in Table I. 
The character tables constructed from such matrix representations cor
responding to the different points in the Brillouin zone which we have con
sidered are listed in the Appendix. (The notation used is also explained 
there. ) They are in agreement with those obtained earlier by HERRING [17] 
by a different method Using the character tables in the Appendix, it is a 
simple matter to obtain the number of modes belonging to the various allow
able representations. One first calculates the character x(R) of the 3n- 
dimensional reducible representation corresponding to the element R accord
ing to the formula [14]

where NR is the number of atoms in the unit cell which are left in an equi
valent position as a result of the operation R, and <j>R is the angle implied 
in the rotation. The positive and negative signs apply to proper and im 
proper rotations, respectively. The number nj of modes belonging to a 
particular allowable representation Г j is then given by the relation

where N(G^/T) is the order of the factor group (G'q/T) and xrJ (R) is the 
charactér of the element R in the allowable representation T j. The results 
of such a classification are also shown along with the character tables.

We now consider the factorization of the secular determinant: This, as 
we remarked earlier, requires a knowledge of the symmetry co-ordinates. 
If the translational symmetry co-ordinates are represented by a column 
vector u and the normalized symmetry co-ordinates by another column 
vector i?, then the two are related by the matrix equation

X(R) = N R(± l+ 2  c o s 4 r ) , (1)

(2)
R e ( G g /T )
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where § is the transformation matrix. Expressed in terms of v, the dyna
mical matrix D becomes §D§+ and will be block-diagonalized. The problem 
therefore is essentially to determine the symmetry co-ordinates and the 
transformation matrix 3. Once this is done the block-diagonalization is 
trivial.

The symmetry co-ordinates are best constructed by employing the pro
jection operator technique [18]. The projection operator belonging to the 
i-th row of the j-th irreducible representation of a group is defined
as E [R(' ]*R , where Ri. refers to the i-th diagonal element in the matrix 

Reÿ ” 11
representation of R in the j-th irreducible representation. If this projection
operator is applied to any arbitrary function F, then it can be shown that the 
resultant function belongs to the i-th row of the j-th irreducible represen
tation. In our case we require the projection operators corresponding to 
the allowable representations of G'J. As noted by Raghavacharyulu, the con
struction may be limited to the elements of mod T.

We w ill illustrate the application of the projection operator technique 
to the construction of the symmetry co-ordinates and subsequent block- 
diagonalization of the dynamical matrix by considering the case of the point 
Д. Using the definition of the projection operator given above in conjunction 
with the matrix representations listed in Table I, the operators correspond
ing to the various allowable representations relevant for phonons propagating 
along Д are easily constructed and these are shown in Table II. The pro

jection operators are then allowed to act on the Bloch functions ua

which there are six in magnesium), and the linearly independent members 
of the resultant set selected and normalized. This gives the symmetry co
ordinates transforming according to the relevant allowable representations. 
The results for the point Д are included in Table II.

Using the results of Table II, the transformation matrix is easily given

by I -I « ^  0

I Í » »
i  „  . i * . . ,  . t o i  „

s =

о  0 1

Л

0  0 - ; = =
1_

«/2

7 T ( " Z )

e(-z)

e(z.) = exp(ijrcqz)



TABLE II

PROJECTION OPERATORS AND SYM M ETRY CO-ORDINATES FOR A

A llow ab le

rep.
Projection operators Sym m etry co-ordinates

д .

P(At) = E + c3( l )  + c3(2) + ov(4)-fav(5)+ov (6)

+ e(-z)[c j(z) + c , ( l)  + ce(2) +od ( l) + a d (2) +od (3)]

^2

Р(Д2) = E + C j( l)  + c3(2) + ov(4) + ov (5) + ov(6)

. - e(-z)[c2(z) + ce( l)  + c6(2) + od( l )  +od(2) + ad(3)]
_цз ( 0 ' из( ! ) е(' ^

A s

Pu  (AJ = Е + шгс3(1) +wcj(2) + e(-z)[c2(z) +шс6(1) + ш2с6(2)]

-

[-©■<?)]
[<?)-<?)]e(-z)

PK (A¿ = E+wc3 (1)+0)2c s(2)

+ e(- z)t c2 (z) c6 (1) +шс 6(2)]
- (̂í)+ia{í)_e(-z)

LATTIC
E

 
D

Y
N

A
M

IC
S 

OF 
M

AG
NESIUM

 
159



TA BLE II ( c o n t .  )

A llo w ab le
rep.

P ro je c tio n  o p erato rs S y m m e try  c o -o r d in a te s

д б

P, l (Д 6) = E + шгс 3 ( 1) +Ш С, (2 )  -  е ( -  z) [ С2 ( z) +Ш С 6 ( 1) +  ш г с б ( 2 ) ]

_ " «0 )+lu,0 ) e ( - z )

Р22  (Д 6) =  Е +ш с3 (1 )  +  ш2с 3 ( 2 )  -  е ( - z ) [  с2 ( г )  +  шгс6 (1 )  +шс6 ( 2 ) ]

-

_u‘( î ) +iu2( i ) .

л ( Г ) - ‘< П e ( - z )

160 
P. K. IYEN

GAR 
et 

al.



LATTICE DYNAMICS OF MAGNESIUM 161

when the components of the column matrix u are arranged in the order 

ui ( l ) *  U2( f ) ’ U3( f ) ’ U l0 ) ’ U* ( 1 )  and из ( г ) '  Upon applying this 

transformation matrix to the dynamical matrix, the latter assumes the form

В

В

D

where

■ïMâ)+ U 1 + Re D l A l 2  ) +  D 2 2 V 1 2
co s 7rcq z

Im
_Dll̂ 12/ +

sin ircqz

We thus find the dynamical matrix to be completely diagonalized and the 
dispersion relations for the different branches may be separately computed. 
Table III summarizes the results of such an analysis for the other points 
we have considered. Group theory, therefore, offers a method of syste
matically classifying the modes and factorizing the secular determinant 
purely from symmetry considerations. It must be remembered, of course, 
that in some cases, factorization beyond that predicted from symmetry argu
ments is possible if the interatomic forces assume a very simple form. As 
an example of the usefulness of group theory, we might quote our experience 
with the secular determinant for the point T. Conventional calculations 
based on a simple model by SLUTSKY and GARLAND [8J showed that the 
(6X6) determinant could be factorized into a (4X4) and a (2X2) determinant. 
Further reduction was not easy. On the other hand, using group theoretical 
methods alone, we see that the (6X6) determinant can be factorized into two 
(2X2) determinants and two (1X1) determinants.
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TABLE III

REDUCED MATRICES AT SYMMETRY POINTS

Symmetry line 

or point

Allowable

representation
Dynamical matrix

г *
s

’3 3 © +ReD3 3 @

, © - ReD» G i )

< г ) - » и

’n ( n ) +ReD“

TOl, TOll

3 \TAl, ТАИ

5)

<s)
TA±\ 

TOx )

TAII 
4 \ T O ll

M n )  D»(iq2y

D *[  *  )  d J  4« V  12 /  “  V 11

4 ) D ( 412 j  33 \ 1 1 .

rD“( n ) D“ ( i í

U V 12 n V 11 у
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Symmetry line 

or point

Allowable

representation
Dynamical matrix

M

m | (LA)

Mj (TOx)

M+ (TA||) ^ ( i ) - «e I ^ ( l 2 )

M j (LO) D» ( i i ) +ReDa(iO

M-, (TO||) Dn (n )+ReDn(r2)

M ¡  (TAl)

T, (TOx)

T, (TAi)

Dn ® +ReD“(l42)-lImD“(l2)'

«СО (̂i4

^ ( i l ) +BeD-(l2) 

°̂11(iD_ReD” (12)iimD- (iq2)N 
\-ÍImD« (5 )D- ( n ) +ReD“(l2)y

2 {Dll(n )  +D“ Cn)

11( iq2) - R e D „ +.m D1, ( 142) }+ ReD
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TABLE n i  (co n t. )

An actual evaluation of the frequencies for phonons propagating in the 
symmetry directions, using the results of Table III, demands a knowledge 
of the interatomic force constants. In the absence of accurate knowledge 
of the force constants from first principles, they must necessarily be left 
as parameters to be determined by experiment, making at best assumptions 
about the symmetry of the forces. As remarked earlier, several force con
stant models of this type have been considered in the past for hep lattices. 
These include a simplified central force model [1, 8], axially symmetric 
(A-S) force model [5, 7,10], and tensor force (T -F ) model [5, 6, 9]. In view 
of the extensive discussions available in the literature, we will not go into 
the dynamics of hep lattices here. It is sufficient to remark that calculations 
according to any desired model are easily made using the simplifications 
suggested in Table III.

Neutron scattering

The nuclear properties of magnesium are quite favourable for a study 
of the phonon spectrum by the technique of coherent inelastic scattering of 
slow neutrons. It is well known that when slow neutrons are scattered co
herently by phonons in a single crystal, distinct groups occur in the scattered 
neutron distribution governed by the conservation conditions

k0 -  k' = Q = 27ГТ -  2îrq (4a)

|e 0 " E'| = hi/j(q). (4b)

Here ic0 and ïc1 denote the incident and scattered neutron wave vectors, re
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spectively; Eo andE' the incident and scattered neutron energies, respectively; 
? a reciprocal lattice vector and (^) and cj are the frequency and the wave 
vector, respectively of the phonon of the j-th branch participating in the 
scattering process.

The cross-section for the neutron-phonon interaction is given by [19, 20]

per steradian per unit cell. Here Nj = [exp(hvj/kBT) - 1 ]'1 is the population 
factor for the phonon annihilation case and Nj + j the corresponding factor 
for the phonon creation case; e_2W is the familiar Debye-Waller factor. Jj is 
a Jacobian introduced in connection with certain transformations during the 
calculation of the cross-section and effectively sums over the different 
normal modes which can contribute to the observed neutron group. For a 
fixed incident neutron energy E 0, Jj is given by [19]

with e = + 1 for neutron energy loss and -  1 for neutron energy gain. In the 
"constant-G$" mode of observing the neutron group j Jj| = 1 [21J . The same 
holds for "constant-^" experiments in which the scattered neutron energy is 
fixed. The intensity of the scattering process is therefore predominantly 
controlled by the quantity g?(q, t ), often referred to as the dynamical struc
ture factor. It can be expressed as [20]

In this equation, 7 (k ) is the position of the к-th atom in the unit cell, Mk 
its mass, bk its bound scattering length and Çjk(q) the polarization vector. 
The summation runs over аД the atoms in the primitive unit cell. To help 
in choosing proper lattice points for making observations, we have mapped 
the behaviour of gf (q, in reciprocal space for lying along [0110] and
[0001]. For these directions the structure factor (Eq. (7)) is related in a 
simple manner to the elements of the dynamical matrix and is therefore 
easily calculated. Our calculations were made assuming a simplified model 
by Slutsky and Garland involving central forces and interactions up to three 
neighbours. The results are shown in Fig. 2. The structure factor is periodic 
in reciprocal space and the region bounded by the dark lines in Fig. 3 shows 
the unit over which the structure factor repeats.

III. EXPERIMENTS

( 6 )

( 7 )

The scattering experiments were perfomed with the crystal spectro
meters at the Canada-India Reactor (CIR) using the "constant-^" method.
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Fig . 2

Inelastic scattering structure factors for magnesium 
calculated on the SG model plotted in units o f [(b tj -(?)2/2Mi/j)

As is well known, in this technique [21], the phonon wave vector and the 
lattice point for making the observation are first selected, thereby fixing 
<3; £o and ic' are then varied suitably keeping C§ constant until the two con
servation conditions are simultaneously satisfied as indicated by a peak in 
the scattered neutron intensity. The peak position thus defines the phonon 
frequency using Eq. (4).

Two variations of the "constant-<$" technique were used in the present 
experiments. In the first Eo was kept fixed and k', the scattering angle ф 

and the crystal orientation ф were varied to realize "constant-Q" operation. 
A conventional triple-axis spectrometer, using an aluminium single crystal 
as a monochromator and the (111) planes of a second aluminium crystal as 
the analyser, was employed for this purpose. In the later stages a copper 
crystal reflecting from the (111) planes was substituted for the aluminium 
analyser. In the second method, Ic1 was kept fixed and E0, ф and ф were 
varied. As has been pointed out by BROCKHOUSE [21], it is possible to
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Th e region bounded by the solid lines is the unit over which the structure factor repeats.

use a triple-axis spectrometer for this method also. We have, however, 
adapted a beryllium detector spectrometer for this purpose as this gave 
greater intensity. Monochromatic neutrons were obtained by reflection off 
the (111) planes of an aluminium crystal and the scattered neutrons selected 
by a "window filter" [22] in place of the conventional beryllium filter. The 
"window filter" serves to define ïc' within the limits of Be and BeO edges. 
The "window filter" technique of observing phonons has been discussed in 
detail by IYENGAR [23].

The magnesium single crystal used in the experiments was in the form 
of a square slab 5 cmX5 cm X I cm with the hexad axis nearly parallel to 
one of the long sides. The crystal was mounted on a goniometer and 
oriented using neutrons. Most of the low frequency phonons were studied 
using the triple-axis spectrometer. Both energy gain and energy loss 
processes were used. The "window filter" observations necessarily in
volve energy loss processes and were confined to the higher frequency
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4 3 5  3 25  2
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70 6 5  M  5-5

FREQUENCY ( itftys)

Fig . 4

T y p ica l neutron groups observed during the experim en t  

T h e groups shown in (a ) and (b) w ere observed by conventional crystal spectrom etry methods 

w hile that in ( c )  was obtained by the "window filte r" m ethod.

phonons as the technique works best here. Specimen neutron groups ob
tained by the two techniques are shown in Fig. 4. Nearly sixty phonons pro
pagating in the two principal symmetry directions L  and Д were observed 
and their frequencies are listed in Table IV. The errors quoted are due to 
counting statistics alone and do not include any possible systematic errors.
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TABLE IV

FREQUENCY OF PHONONS PROPAGATING IN 
SYMMETRY DIRECTIONS E AND Д 

(1012 c/s)

4 /4 m a x [0001] LO ч/чтах [0001] LA Ч/Чщах [0110] ТАИ

0.00 7.3 ±0.15
0.10 7.34 ±0.16
0.20 7.13 ±0.14
0.30 7.07 ±0.14
0.40 7.03 ±0.14
0. 50 6.78 ±0.13 0. 50 2. 70 ± 0. 08 0. 50 2. 56 ±0.05
0. 60 6.56 ±0.13 0.60 3.20 ± 0. 09 0. 60 2. 96 ± 0. 06
0.70 6.20 ±0.12 0.70 3.70 ±0.11 0.65 3. 28 ± 0. 07
0.80 5.92 ±0.12 0.70 3.40 ± 0. 07
0. 90 5. 615 ±0.11 0. 90 3. 82 ± 0. 08
1. 00 5.2 ±0.10 1.00 5. 20 ±0.10 1.00 3. 71 ± 0. 07

4 /4 m a x [0001] ТО ч/чтах [0001] TA ч/чтах [0110] ТА±

0. 00 3. 75 ± 0. 08
0. 30 3. 83 ±0. 08
0.40 3. 60 ±0. 07
0. 50 3. 71 ± 0. 07 0. 50 1. 55 ± 0. 02 0. 50 2. 80 ± 0. 03
0. 60 3. 58 ± 0. 06 0.60 3. 30 ± 0. 03
0.70 3. 46 ± 0. 05 0.70 2. 03 ± 0. 02 0.70 3. 58 ± 0. 04
0.80 3. 34 ± 0. 03 0. 80 2. 29 ± 0. 02 0. 80 3. 90 ± 0. 04
0.90 3.15 ± 0. 03 0.85 2. 66 ± 0. 03 0.90 4.10 ± 0. 04

0.95 2. 82 ± 0. 03
1. 00 2. 94 ± 0. 03 1.00 2. 94 ±0. 03 1.00 4.15 ±0.04

ч/чтах [0110] LO
ч^чт а х [0110] LA “ Ч и х [0110] ТОХ

0. 00 3. 75 ± 0. 08 0. 00 7. 30 ±0.15
0.10 3. 92 ± 0. 08 0.10 7.28 ± 0.15
0. 21 4. 20 ± 0. 08 0. 20 7.18 ± 0.14
0. 30 4. 70 ± 0. 09 0. 30 3. 20 ± 0. 07 0. 30 7. 08 ±0.10
0. 40 5.26 ± 0.11

. 0.52 5. 69 ± 0.12 0.60 5. 58 ± 0.11 0.60 6. 51 ±0.13
0.806 6. 69 ±0.13 0.69 5. 96 ± 0. 06

0.78 6. 25 ±0.06
0.90 6. 88 ±0.14 0.914 6. 46 ± 0.13 0.90 6. 25 ± 0. 08
1. 00 6.88 ± 0.14 1. 00 6. 60 ±0.13 1.00 6.12 ± 0. 08
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The near ideal close packing that occurs in magnesium would lead one 
to expect a considerable degree of isotropy in its properties. Indeed the 
elastic properties do exhibit such a behaviour. This led Slutsky and Garland 
to describe the lattice dynamics of magnesium in terms of the model re 
ferred to earlier. The model assurñes central forces involving only 
stretching of the interatomic bonds and interactions up to three neighbours. 
Our preliminary measurements tended to support such a view. With the 
availability of more data, however, it became clear that the Slutsky-Garland 
model was not adequate and it seemed that a more sophisticated model was 
called for. We therefore considered a three-neighbour model based on 
axially symmetric forces 15, 10J. According to this model the ratio 
I/ 2 Î 4 m a x ) / l/ 2 ( 4 = 0 )  f ° r  transverse phonons propagating along the [ 0 0 0 1 ]  di
rection should be 0. 5. The same is true of the longitudinal phonons also. 
This, however, is in disagreement with the observed data. A four-neighbour 
A-S model was therefore tried. The following values (in dyn/cm) were used 
for the force constants:

a, = 9. 992XlO3 <*„ = 0. 700X103

/3S= 10. 789X103 0B = 0. 543XlO3

7s = 2. 149X103 yb = -1. 650X103

в = 0. 614X103 ó = 0. 303X103

IV. DISCUSSION

(The notation, above is the same as in [5 ]. ) The values used for the force 
constants were derived from neutron data corresponding to some special 
points in the Brillouin zone and the elastic constants C13 and C44 [23]. Dis
persion relations calculated using these values are shown in Fig. 5 as solid 
lines. It is seen that the four-neighbour A-S model gives a reasonably good 
description of the observed results. Even better agreement was obtained 
by extending consideration to a four-neighbour T -F  model and making a least 
square fit to the neutron data. The values of the force constants (in dyn/cm) 
derived in the notation of [5] were as follows:

a =  5. 603X103 0= 2. 028X103 7 = 0.211X103

X = 2. 396X103 Ц = -1. 381X103 v  = 7.163X103

f = -0. 372X103 n = -0. 581 X103 Ç = -0. 124X103

в = 0. 339X103 ф = 0.114X103

For evaluating many of thermodynamic properties, it is useful to have 
a knowledge of the frequency distribution. Towards this end, we have com
puted this quantity using the four-neighbour A -S  model just discussed. In 
calculating the frequency distribution, it is sufficient to consider the i r 
reducible region of the Brillouin zone which in our case is the prism bounded 
by the planes TALM , ГМК, ГКНА and TALH. It is, however, more con
venient to consider a zone of twice this volume. This particular choice 
makes it easier to divide the zone into exactly equal meshes. The secular
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Dispersion relations for phonons in m agnesium  along ГМ  and ГА 

T h e solid points w ere obtained using the trip le -a x is  spectrom eter  

while the open points w ere observed using the "window filter" spectrom eter.

Th e broken lines are ca lcu la tio n s  based on a  four-neighbour A -S  m odel. 

T h e solid lines are  the least squares fit assum ing a  four-neighbour T - F  m odel.

determinant was solved for 3512 points in this enlarged zone (which is l/12th 
the Brillouin zone). The frequencies obtained were then sorted in frequency 
intervals of Av = 0. 075X1012 c/s after weighting the surface points ap
propriately. The calculations were performed in a CDC-3600 computer and 
the results are shown in Fig. 6. Frequency distribution for magnesium has 
been computed earlier by SLUTSKY and GARLAND [25] and YOUNG and 
KOPPEL [26]. The parameters used by these authors do not give a good fit 
to our neutron data. In particular the cut-off frequency (corresponding to 
the higher of the two q = 0 frequencies) is not given correctly. We believe, 
therefore, that our frequency distribution is closer to the actual situation 
than those calculated by the above-mentioned authors. It should be possible 
to derive an even more reliable frequency distribution using the four- 
neighbour T -F  model which as we have seen earlier gives a better fit to 
our data than the four-neighbour A -S  model. This unfortunately could not 
be done as it was not possible to deduce a ll the force constants from  our 
neutron data.

Consideration will now be given to the comparative features of the dis
persion relations in beryllium, magnesium and zinc. It is known from  
the elasto-kinetic equations that the velocity for the propagation of trans
verse elastic waves along the c-direction is the same as the velocity for 
transverse waves propagating in the basal plane having their polarization 
vector perpendicular to the basal plane. It is interesting to see to what ex
tent this similarity holds in the dispersive region. Figure 7 shows the dis
persion relations for the [0001] and [0110] TA branches in beryllium, mag
nesium and zinc. The results for beryllium were taken from  the work of 
SCHMUNK et al. [1 ], and those for zinc from the work of BORGONOVI ,et al.
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FREQUENCY ( I0 IS C/S)

Fig . 6

Frequency distribution for m agnesium  ca lcu la te d  

acco rd in g  to th e four-neighbour A -S  m odel.

Fig . 7

Dispersion relations for [ 0 0 0 1 ]  and [О Н О ] TA  

perpend icular branches in b ery lliu m , m agnesium  and zin c

[2] . In all cases, a smooth line has been drawn through the experimental 
points. It is observed that in all three metals, the phonons in the two 
branches considered have sim ilar frequencies, the maximum difference 
being of the order of 10%. In magnesium the dispersion begins half way 
to the zone boundary. In beryllium and zinc, however, the dispersion occurs 
much earlier.

The behaviour of the two transverse branches in the [0110] direction 
is also interesting. The dispersion relations for these branches for mag
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Dispersion relation s for TA  p aralle l and TA perpend icular branches 

along th e  [ 0 1 1 0 ]  d irection  in m agnesium  and zinc

nesium and zinc are shown in Fig. 8. In magnesium the velocities of sound 
for the two transverse modes is very nearly the same. This similarity ex
tends to the dispersive region also, though not quite to the same extent. This 
is in striking contrast to the situation in zinc. No comparison with beryllium 
has been made as data for the TA parallel branch is not available. It is 
clear from this discussion that homology between these metals does not exist. 
This lack of homology suggests that the nature of the interatomic forces in 
these substances must be quite different.
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A P P E N D I X

T h e follow ing notation w ill be used for the sym m etry operations:

E -  identity operation 

Cn( t )  '  n-fold  rotation about the axis 

rotation-inversion axis 

i - inversion through the origin

oij -  horizontal minor plane

° v( e - i

(E) J v e rt' c a * 1™ n0r P*anes containing the axis ?

T - non-prim itive translation.



In term s o f  the above n o tatio n , the basic sym m etry operations for the hep la ttic e  are (c f .  Fig. 1 for the various axes)
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T h e Z -a x is  is perpend icular to the plane o f the paper.

{E | 0 }  { c 2 ( 2 ) 10 }  { i | 7 }  { o d(2)|T }

{c2(z )| t l { сг (3) 10} {oh |0} {od(3)|7}

{c,(z), Cj-'WIO} { с2(4)|Г} {S5(z), S6M(z)|t} {ov(4)|0}

{c6(z). c6-‘(z ) ít}  {cz(5)|t} { S3(z), S j‘(z)|0} {ov(5)|0}

{ c2( 1) 10} {c2(6)|t} {od(l)|?} K(6)|0}

CHARACTER TAB LE  FOR L

Rep. {e |  0 } { c 2 (2 ) | 0 } {ohlO} { o v(4 )| o } nj

1 1 1 1 2

1 1 -  1 -  1 0

Es 1 - 1 -  1 1 2

£4 1 -  1 1 -  1 2

x(R> 6 - 2 2 2
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Rep. {E l  0 } { c 2 (4)1 t } { o h | 0 } { o d( 2 )|"?>
" j

T , 1 1 1 1 2

T 2 1 1 -  1 - 1 1

T» 1 - 1 -  1 1 1

T 4
1 - 1 1 - 1 2

X(R) 6 0 2 0

CHARACTER TABLE FOR M

Rep. { e| 0 } {c2<z>l *} { = 2 ( 2 ) 1  0 } {0 3 ( 4 )1 7 } { t i n K l ° } { o v(4)| 0 }
" j

1 1 1 1 1 1 1 1 1

M+ 1 - 1 1 1 - 1 1 - 1 0

< 1 - 1 - 1 1 1 - 1 - 1 1 1

К
1 1 - 1 1 1 - 1 - 1 1

м ;
1 1 1 1 - 1 - 1 - 1 - l ' 0

1 - 1 1 - 1 - 1 1 - 1 1 1

M 3 1 - 1 - 1 1 - 1 1 X - 1 1

m ; 1 1 - 1 - 1 - 1 - 1 1 1 1

x(R) 6 0 -2 0 0 2 0 2



CHARACTER T A B LE  FOR К

Rep. { E l  0 } { c 3 ( z ) | 0 } { c 'K z ï l O } { c 2 (4 )| 7 } { c 2 (5 )|T } { с 2 <6 > ^ } { % !  ° } { S 3 ( z ) | 0 } { S 3' ' ( z ) | 0 } { o dc i)| T } { o d(3)|  ? }
" i

K , 1 w 2 Ш 1 w 2 ш i U) UJ 2 ÜJ 1 Ü J2 1

K 2 1 a ; 2 UJ - 1 -  w 2 -  UJ i LU w 2 -  UJ -  1 - ш 2 1

K3 1 W2 UJ 1 w 2 UJ - 1 -  UJ - u 2 -  UJ -  1 -  U J 2 0

K4 1 ш 2 UJ - 1 -  ÜJ2 -  UJ - 1 -  ut -Ш 2 UJ 1 U J 2 0

K 5 2 - ш 2 -  UJ 0 0 0 2 -  Ш -  co 2 0 0 0 1

K 6
2 - ш 2 ' -  OJ 0 0 0 -  2 UJ w 2 . 0 0 0 i

x(R> 6 0 0 0 0 0 2 - 4 -  4 0 0 0
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CHARACTER TABLE FOR A

R ep. {E| 0 } { c 2 ( z ) | t }

{ c 3 (z)| 0 }  

{ c V ( z ) |  0 }

{ c 6 ( z ) | t }

{c¡\z)\T}

{ c 2 ( l ) | 0 }  

{ c 2< 2 ) |  0 }  

{ c 2 (3 ) | 0 }

f e  (4 )1 *5

{ C 2 (5 ) | t }

{C2 ( 6 ) | t }

w  5 { ° h l ° }

{S e (z )|  t }  

{ S i l ( z ) f t }

{ S g ( z ) | 0 }  

{ S 3" 1 (z)| 0 }

H i w r ô

{ o d( 2 )|T }

{ ° d( 3 ) | t }

K ( 4 ) |  0 }  

K (  5)| 0 }  

{ o v ( 6 )| 0 }

nj

A i  * 2 0 2 0 0 0 0 0 0 0 0 2 1

A 2
2 0 2 0 0 0 0 0 0 0 0 - 2 0

A 3 A 0 - 2 0 0 0 0 0 0 0 0 0 1

X(R> 6 0 0 . 0 - 2 0 0 2 0 - 4 0 2
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D IS C U S S IO N

G. DOLLING: Contrary to your statement in the oral presentation, thëre 
appears to be no experimental basis for rejecting the A-S model of Wolfram 
et al. on the grounds that the TA parallel and TA perpendicular curves fail 
to become degenerate until very small wave vectors are reached. The 
"elastic constant" region of degeneracy need not extend beyond q%0. 01, say, 
and the neutron results are confined to q>0. 6. After all, no one knows what 
happens in the intermediate region. Your other reasons for rejecting the 
A-S  model are more convincing.

A . P . ROY: I agree that departure from the velocity-of-sound slope is 
a secondary consideration. However, in magnesium one expects the dis
persion to start for rather larger values of q, as is clearly the case with 
propagation in the c-direction.

R. SRINIVASAN: Collins has measured the dispersion relations in mag
nesium and has found that forces up to fourth neighbours give a good fit to 
experimental data. The forces between the first twelve neighbours are pre
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dominantly central. How do Collins' results compare with those you 
presented?

A .P . ROY: Collins' experimental data are meagre, although they agree 
with ours within the limits of experimental error. However, the force con
stants derived by him do not fit all our neutron data.
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LATTICE DYNAMICS OF THE HEXAGONAL CLOSE-PACKED STRUCTURE. L attice  dynam ics of hexagonal 

clo se-p ack ed  (hep) structures, using the Born-von Kárm án approach and assuming interactions with any number 
o f in teractin g  neighbours, w ere c a lc u la te d . T h e g en eral properties o f  a  d y n a m ica l m a trix , com ing from  the 

sym m etry of hep structu re, h a v e  been established.

Using the operations o f a  point group o f the sym m etry group o f hep structure, the fam ilies o f  equivalent, 

equidistant la tt ic e  points and their fo rce  m atrices  h av e  been evalu ated . This perm itted  the ca lcu la tio n  of the 

elem en ts of the Fourier transform  o f the d yn am ical m atrix .

U sing the long w aves p roced u re, the g e n e ra l form ulas for e la s tic  constants expressed by elem en ts of a  

dyn am ical m atrix  have been obtained. The phonon dispersion relations have also been evaluated, by a facto ri

z a tio n  o f  a  secu lar equation o f  a  p rob lem . In the course o f th e  work a  n o m en clatu re  co n v en ien t for further 

analysis o f  form ulas obtained has been  used.

DYNAMIQUE DE RESEAU DES STRUCTURES HEXAGONALES COM PACTES. L’auteur a  c a lc u lé , par la  

m éth od e d e Born e t  von K árm án, la  dyn am ique de réseau des structures h exago n ales  co m p a cte s  en  supposant 

que des in teractio ns se produisent a v e c  un nom bre quelconque d’atom es voisins. Il a  déterm iné les propriétés 

gén érales d 'un e m a tric e  dynam ique d éco u lan t de la  sym étrie d 'une structure très co m p a cte .

En utilisant les opérations d'un groupe ponctuel du groupe de sym étrie des structures hexagonales co m p ac
tes, l 'a u te u r  a  é v a lu é  les fa m ille s  d e  points du réseau  équ ivalents e t éq uidistants ain si que les m a tr ic e s  de  

fo rces corresp ond antes. C e c i  a  p erm is d 'o b te n ir  les é lé m e n ts  d e  la tran sfo rm ée d e Fo u rier d e la  m a tr ic e  
d yn am iq u e.

L 'au teu r a  obtenu, par la  m éth ode des grandes ondes, les form ules gén érales des constantes d 'é la s tic ité  

e xp rim ées en fonction  d 'é lé m e n ts  d 'u n e m a tr ic e  dyn am ique. Les relations de dispersion des phonons ont é té  

aussi m esurées, par facto risatio n  d 'u n e  équation sé cu la ire  d'un problèm e. Au cours de ce s  trav au x , l 'au teu r  

a  u tilisé  une n o m en clatu re  d estinée à  fa c il i te r  l 'a n a ly se  ultérieure des form ules obtenues.

Д И Н А М И К А  Р Е Ш Е Т К И  С  Г Е К С А Г О Н А Л Ь Н О Й  С Т Р У К Т У Р О Й  С П Л О ТН О Й  У П А К О В К О Й . 
П р о и зв е д е н  р а с ч е т  ди н а м и к и  р е ш е т к и  с  г е к с а г о н а л ь н о й  с т р у к т у р о й  с  п лотн ой  у п а к о в к о й  в  
приближ ении Б о р н а -ф о н  К а р м а н а , причем  п р е д п о л а г а л о с ь , что в за и м о д е й с т в и я  п р о и схо дя т с  
лю бы м  ч и слом  в за и м о д е й ст в у ю щ и х  со се д н и х  а т о м о в . О пр еделен ы  общ ие с в о й с т в а  д и н ам и ч ес
кой м атр и ц ы , возникаю щ и е на о с н о в е  си м м етр и и  г е к са го н а л ь н о й  стр у к т у р ы  с  плотной у п ако вк о й .

П р о и зв е д е н а  о ц е н к а  с е м е й с т в  э к в и в а л е н т н ы х , эк в и д и ст а н ц и о н н ы х  у з л о в  р е ш е т к и  и их  
с и л о в ы х  м атри ц  с  помощью операций точечной группы  си м м етр и и  ге к са го н а л ь н о й  ст р у к 
т у р ы  с  плотн ой  у п а к о в к о й . Э т о  п о зв о л и л о  п о луч и ть э л е м е н т ы  п р е о б р а зо в а н и я  д и н а м и ч е с 
кой м атр и ц ы  по м е т о д у  Ф у р ь е .

С  помощ ью  м е т о д а  дли н н ы х волн  получены  общие ф орм улы  дл я  у п р у ги х  к о н с т а н т о в , в ы 
р а ж е н н ы х  э л е м е н т а м и  д и н а м и ч е с к о й  м а т р и ц ы . П р о и з в е д е н а  т а к ж е  о ц е н к а  ф он он ны х д и с 
п ер си он ны х соотнош ений при помощ и р а зл о ж е н и я  в е к о в о го  у р авн ен и я  з а д а ч и . В  х о д е  р аботы  
и с п о л ь зо в а л а с ь  н о м е н к л а т у р а , которая п одходит для д а л ьн е й ш его  а н а л и за  полученны х ф орм ул.

DINAMICA RETICULAR DE LA ESTRUCTURA HEXAGONAL CO M PA C T A . E l autor h a c a lc u la d o , con  

a rreg lo  a l m éto do de B orn-von K árm án , la  d in á m ica  re ticu la r  de la  estructura h e x a g o n a l, suponiendo in te r

a ccio n e s  en las que p artic ip a  cu alq u ier núm ero de átom os vecinos. S egu idam ente ha estab lecid o  las propie

dades g e n e ra le s  d e una m a triz  d in á m ic a , d erivad as d e  la s im e tría  d e la  estru ctu ra  h e x a g o n a l c o m p a c ta .

181



182 A. CZACHOR

M ediante op eracion es con un sistem a puntiform e d el grupo de sim etría  de la estructura hexagon al c o m 

p a c ta , h a determ inad o las fam ilias de puntos re ticu lares  equivalentes y equidistantes, asf co m o  sus m a trice s  

de fu e rz a . E llo  p e rm itió  c a lc u la r  los e lem en to s  de la  tran sform ada d e Fou rier corresp on diente  a  la m a triz  

d in á m ic a .

Ha obtenido, por e l  p rocedim iento basado en las ondas largas, las fórmulas generales para las constantes 

de e la stic id a d  expresad as por e lem en to s  d e una m a triz  d in á m ic a . T am b ién  h a e v a lu a d o 'la s  re la c io n e s  de  

dispersión fon ón ica , por fa c to re o  d e la e cu a ció n  c a ra c te r ís tic a  de un p rob lem a. E l au tor ha u tiliz a d o  en  su 

trab ajo  una n o m en clatu ra  apropiada para un análisis m ás deten ido de las fórm ulas obtenidas.

INTRODUCTION

Normal vibrations of the hexagonal close-packed (hep) structure were 
first treated by BEGBIE [1], assuming interactions with two nearest neigh
bours. Afterwards several papers were published, dealing with the subject 
in the approximation of three, four and five neighbours [2 -5 ].

In this paper the general form of the Fourier transform of the dynamical 
matrix of the Born-von K á rm á n  theory, assuming interactions of every atom 
with any number of its neighbours and the form of elastic constants in this 
case, is elaborated. From the methodological point of view this work is a 
straightforward generalization of Begbie's procedure. The notation how
ever, for the sake of simplicity, was partly changed from that used by 
Begbie.

To the best knowledge of the author this kind of general treatment has 
been carried out only for cubic structures [6].

GENERAL THEORY

• Let us consider the lattice-like system of atoms in the adiabatic and 
harmonic approximation and assume that the motion of the system can be 
described by a potential ф, which is a function of nuclei co-ordinates and has 
the same symmetry as the system. Under these assumptions the equations 
of motion are [7] ■

( 1 )

or in more convenient form (see Table I for notation)

( 2)

The dynamical matrix D ae( kk’) fulfils the relation

D a B U k ' )  - О в с Л к ' к Ь (3)



TABLE I ■

NOMENCLATURE
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T(\) position of a p rim itive c e ll

r“(k) position o f ato m  k in a  p rim itive c e ll

4 ) = ? ( l ) + ? ( k ) f itsC artesian  com ponents -  x a  ( ^ )

» ( { ) d isp lacem en t v e cto r o f  an atom  in position r * ^  )

4 ) = 4 “ ( ‘k )

Ф a p o ten tia l, being a function of nuclei co -o rd in ates

ф“ в  ( к  ̂ ) = а ,ф / 0 х а ( 1к ) ахв ( ^ elem en ts o f  force m atrix  (a to m ic  fo rce  constants)

D a e ( 1k,;Í )  =  ( m k n ’k - ) - H a S ( 1k- í ) elem en ts o f  d yn am ical m atrix

\/(к ) , VÜ(k) p olarization  vectors of the к-th  atom

w, q angular frequency and w ave vector, resp ectively

(0 ) ( 1 ) (2 ) 
С<х0 ' ' - a S "  c a S elem en ts o f  the power expansion of C a g (q  |kk') in q

$ k ) ,  $ ( k ) .  ^Vfk)
—► —*

elem en ts o f th e power expansion of W(k) in q

P density of the crystal

Pn and pN w eight factors in s and S sub-spaces, resp ectively

The solutions of Eq. (2), which are expected to be plane waves can be written 
in two forms

(4)

va (}[)=Wct(k )e tot e2íriÍ?(Í>. (5)

Then one obtains

и 2 Va (k)= E Dcefl(q|kk,)Vg (к1) (6)
6k'

and .

u2W„ (k)= EQeCqlkk'iWeik'), (7)
ek ’

where

Ca6(q|kk') =DaS(q|kk')e '2’riî[r(k)“t(k)1 (8)
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and Daglqlkk1) is the Fourier representation of the dynamical matrix

Dee(q|kk') = EDefl( k1k.)e-2,,iîfW . (9)

As a condition for the solution of Eq. (6) one has

lD«e ((llkk')-u)26kk.6c(fi| = 0 . (10)

Solutions with respect to u give phonon dispersion relations. The above
outlined scheme is quite general and can be used for any structure.

Let us consider a more specific problem, i.e . the dynamics of the hep 
structure.

SYMMETRY PROPERTIES OF THE HCP STRUCTURE

The hep structure is given by a simple hexagonal lattice with two atoms 
in the primitive cell. We can look on it as two identical sub-lattices,one 
shifted with respect to the other. Quite arbitrarily, we fix the origin of the 
co-ordinate system at one of the atoms. Atoms belonging to the same sub
lattice as the atom in the origin will be indexed by "1", those belonging to 
the other sub-lattice by "2". The pattern of the hep structure and the shape 
of a primitive cell is shown in Fig. 1. Lattice points are given by:

r (n) = к a + 1 b + m с (11)

or in the Cartesian co-ordinates

r (n) [(21 - k ) í -  Л к  Jl + cm k . (12)

The positions of atoms of the first sub-lattice are just r (n), and positions 
of atoms of the second sub-lattice are marked R(N),

R(N) =| [ (2 L -K )? -/ 3 (K + f  ) Í] + c(M +¿)k . (13)

To find the lattice vectors of the latter, we subtract the vector r(2, ^ d e 
scribing the position of an atom 2 in the primitive cell, from the vectors of 
the first sub-lattice.

The symmetry group of the hep structure can be generated by three 
primitive operations. We shall use the symbol {T|t}, where T is the ro
tational and t* the translational part of an operation. We have

(a) A six-fold axis of rotational inversion -  the z-axis.

-1/2 -3/2 0

3/2 -1/2 0 , t = 0 . (14)

0 0 -1
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Fig. 1

The projection of the hexagonal close-packed structure on the basal z = 0 plane

•  k = 2 —--- z = 0

-, о k=  1 . ----- z=±c/2

(b) A two-fold axis of rotation -  the y-axis

- 1 0  0 

0  1  0

0  0 - 1

, t = 0. (15)

(c) A glide plane, consisting of reflection in the y = 0 plane and translation 
with vector ?(2, 1), i.e .

T = To = -Tu, t= r  (2, 1) . (16)

Let us suppose an atom in the position r has the matrix Ô. If symmetry 
operation {T|?} transforms vector r into r 1

r '  = f  r +  t
then matrix 6 ' connected with r 'is  given by [8]

Û '= f D T .

Let us set up the following symmetry operation:

{ ' î i | r } = { T u| 0 } { 'î g | r ( 2 , l ) } = { t uT'g | f u r  ( 2 , 1 ) }  .

(17)

(18)

(19)

As the glide plafte transforms the sub-lattice 1 into the sub-lattice 2 and 
vice versa , we have
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Including Eq. (3), one has

D a s ( l 2 )  '  D f l a (  1 2 )  - ( 2 2 )

i.e . matrices Da8(¿ ) are symmetric.
Let us write the matrix Dc(b(111) as a sum oí a symmetric and anti

symmetric part

Dae ( l l )= D «6(111)+ D ^ (1\ ) .  (23)

Comparing Eqs. (3) and (22) one obtains

( A ) = D^s ( íí) -  D¿6<n) = Die (¿ ) -  ( 2 2 )  • (24)Dae '111

Operations { í 1 |Ü} acting on a vector generate other vectors of the same 
length. In this way one obtains the family of equidistant structure points. 
Their force matrices фав (k tt ' ) ( ° r  D «e ( kV  ) matrices) can be obtained by 
transformation of the matrix (see Eq. (18)) corresponding to the mentioned 
vector. In the case of the hep structure there are 12 vectors of that kind. 
We know however, that in'the sub-lattice 1 for every vector r (n) there exists 
also a lattice vector "r (~n) = (n) and its matrix is given by Eq. (24). For
these reasons we shall formally include the "inversion" points in families 
of equidistant points in sub-lattice 1, i.e . we shall treat them as consisting, 
in the general case,of 24 points.

The matrix for a general vector r(n) we mark daB(n)

m i d a S ( n ) =  Ф а в ( 1п1 )

a n fn en 0 f a 1 n
a

en

fn b„ d n - - fn 0 d*

e n dn gn _ e n -dS 0

(25)

D « B W

The matrix DaS ( Ц )(symmetric) for a general vector S(N) is marked by

An f n E n 

f n  Bn D n 

e n  d n  g n

(26)

Symbols n and N stay for triples of indices k, 1, m and K, L, M, 
respectively.

GENERATION OF LATTICE VECTORS AND FORCE MATRICES

We are interested in setting up the families of.equally distant points. 
This can be done by {T|U} operations only. There are in this case twelve 
rotations that may be expressed by the matrices



LATTICE DYNAMICS OF HCP STRUCTURE 187

M=0, 1
■ T1" ' - ( f uf ( f rf  for

v = 0, 1, 2, 3, 4, 5

We mark other vectors generated by them as follows:

r (n) = T r (n)

-HiU a UV ->
R (N) = T R (N) .

We distinguish them from lattice vectors of (N) points.

(N) = R 1*” (N) - r (2 ,1) .

Similarly,

t i ”  = î MVÜ (N )fMI\

(27)

(28)

(29)

(30)

(31)

(32)

FOURIER TRANSFORM OF THE DYNAMICAL MATRIX

To ensure that every vector comes into calculations only once, we set 
up the sub-spaces, generating uniquely all vectors of the structure by sym
metry operations. These are (see Fig. 2)

Generating sub-spaces

(a) Sub-space s for r(n) vectors:

y > - Í 3 x > 0 ;  z >  0, i.e . 21 > k; 1 £ 0; m > 0.

(b) Sub-space S for S(N) vectors:

y > ^ > 0 ; z>0 , i.e . 2 L > K ; L +K .<-1 ; M3>0.

(33)

(34)

Points of the sub-spaces do not repeat themselves under the {"f |5} operations, 
with the exception perhaps of the points situated on the limitations of sub-
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spaces (this is discussed later.). The shape of the sub-space s is given by 
the "inversion" properties of the sub-lattice 1 that has been discussed 
earlier. Using once more these properties and Eqs. (22) and (24), the 
Fourier transform of the dynamical matrix is given as follows:

Dae(q | l l )= d afJq) =2 E [ (n) cos (2*q ■ ? ""(n))]
n e  s
|J, v .

-2 i E [p d^gtn) sin(2?rq-r fli'(n))] (35)
ne s p
\iv

Da8 (q! 12)= DaS (q) = nE [pND^g (N) exp (-2* iq’- r ""(N ))] (36)
' I I ,  V

Da0(q|H )=D *6c|q| ll)=D *e (q|22) (37)

. Da3 (q I 12) = Dga (q | 12) = D*g (q | 21) . (38)

Matrices c^a (n) are written explicitly below. Matrices Daa(N) are not pre
sented explicitly, but their form is exactly the same as the symmetric part 
of da8(n), written in capital letters (see Eqs. 25 and 26).

a n fn e n 0 f a e *

m i d ^ f l ( n )  =  - f n b n d n
-

- f n 0 d n

e n d „ g n - d n 0

a n ■ f n e n 0 < e n

n i i d < i e  M  = " - f n b „ ~ d n
-

in 0 - d n

_ d " g n - e n d n 0

j  03 , < 
m l d a 8 ( n )  = '

m i d a > = '

a n fn - e n 0 f ai n -e*

f n b n " d n
- - f n 0 - d n

_ - e n _ d n g n _ e£ d Ü 0

an - f n - e n 0 - f n -en

- f n b n d n - f aAn 0 d n

d n g n

«1 
СФ

1 - d * 0

(39)
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■ jan + ^ fn + lb n 1. .>£3.
_ 4 an 2fn+ 4 bn 1 У К  

2e" 2 n

midâe(n) = - - ^ a n- | f n+ ^ b n 3 ^ 3f o.1 ь
4 an“ 2 f" 4 n

î/3
2 e" 2 n

1 У  A 
2e" 2 n -  2 en + g dn gn

0 .
1 a n/З ,a
2en 2 n

■ -  ' -  fa 1 n 0 -  — ea + —da 2 e" 2 n

1 a "/З ,a
2 ^  2 n

'/З a 1 ,a 
2 ^  2 n 0

i У К  + з.4 an + 2 fn + 4 bn
/ 3 a 1 . ,/ з ,

"  4 an 2 n 4 n
1
2 e" 2 n

m l d(xe (n  ̂= “ Ь  - У 3К
4 an -  2 n 4 bn

3 î/3. 1 .
4 an g fn 4 bn &  Л *  

2 e" 2

1 чГз j 
2e" _ 2 n

/3 1 , 
2 e" ~ 2 gh

(39)
(cor

0 fn
1 a Л  ,1 - 2 e„- 2 d n

- -  f 3 1 n 0 /3 a K a
2 6,1 2 1

1 a «/Ï5 ,a
2 e" 2 "

•J~3 a l a  
~ 2 ^  2 " 0

m i d a e ( n )

i  + Û . f  Л и
4 a n + y î n + 4 b n

Û .  + 1 ,  J ï u
4  a n+ 2 f n 4  b r

I
2 8n 2

/3 1 sT3u I
4 an + 2fn -  4 b n 2

3 '/’3 ,  Л , й4 an g fn + 4 bn 2

/3 1 ,
2 611 "  2

/ 3

' T '

■ i *

g "
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I  J ,
4 an 2 n 4 n

_ I f4 dn 2 n 4 ^
1 sf3 J 
2 e" 2 "

» 05 i \ 
m l d aS(n) = "

/3 1 чГз,
4 an 4 bn 3 jV s . . 1-

4 &n+ 2 n 4 n ^ 3 
2 e 2

1 /3
2 en ~ 2 n

X1,  
2 e" 2 gn

0 fn
1 а Л  a
2 6n 2 n

- -fS 0 —  ea' +—da 2 n 2 n

1 а.'/З a 
2 e" 2 n

43  a 1 ,a 
2 e" ~ 2 0

1 -U3K
4 an 2 n 4 n

лГз . 1 , V s .
4 an+ g fn+ 4 bn 1 У 3,  

~ 2 e" 2

j 12 / \
4 an 2 4 "

3 оУ3 , ¿ K
4 a„ 2 n 4bn

^ 3 4.1 ., 
2 en 2

1 ^ 3 A 
2 0,1 2 "

■̂ 3 . 1 j
T 6" 2 dn gn

(39)
(cor

0 <
_ i ea +i/ida 

2 n 2 n

- f a 1 n 0 /3 a , 1  ,a 
2 ^  2 n

1 а чГЗ ,a 
2 en ' T dn

/3 a 1 ,a
' T en " 2 d«

0

1 i 3 L
4 a " 2 f" 4 "

чГз . 1 , ,/ з ,
-  4 a n+ 2 fn+ 4 bn

1 nT3 j  
2 en 2 "

m id ^ (n ) = - ^3 Л ,  ./ з . 
” 4 a" 2 4

3 чГз 1
4 an+ 2 4 ° n

/3 1 , 
~ 2 e" ~ 2

i / 3 J 
2 en-  2 "

sf3 1 .
2 e" 2 " gn
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n

l a  , J j 3  , a  

2  n 2  n

-f„

0

~e* -  — da 
2 ^  2  n

^  a _ _ 1  ,a
2  n 2  n

*/~3 a , i  .a

T C" 2dn
(39) 
(cont. )

a n  +  b n
0 0 +12I'>"a n+ b n 0 0

m l d a r f 0 )  = 6XPN 0 a n  + b n
0 0 a n + b n 0

N tS 0 0 2 G n
ncs

n ^O 0 0 2 g n  _

The matrix dag(0) describes the force of the point at the origin on itself, 
due to its own displacement from the equilibrium position. Its form is given 
by the condition of the translational invariance of the system. As it clearly 
follows from Eq. (2) this force is attractive if elements of dae (0) are positive. 
The lattice vectors of structure points are (see Eqs. (28) and (30)):

r°°(n ) = ^ [(2 1 -k )l-«/3 k  j*] +cmlc

r 01 (n) = f  [(2 к -1 И +/3 1 Я  -cm íc

r (n) = — [— ( l+ k )i  +n/3 (k — 1) j ] +cm k

r (n) = —[(2 1 -k )i-\T 3 k j* ]-cm k

r (n) = ̂ [(2k-l)"i+«/31;f] +cm ¡{

r (n) = - [~(1 + к )?к/3(к-1 )]Г ]- e m íe  

r 10(n) =| [- (2 1 -k )i -v Í3 k ^ ]-c m k  

r n (n) = f  [ -  (21 — к )T+n/з 1 J ] + c míe

(40)

r 12(n) =| [(l  + k)7+</3 (к -  1)X] -  c mïc 

r 13(n) [— (21—k )i —n/3 к j ] + cmk

r (n) = -  [—(21—k )i —s/”3 к j ] +cm k

r 15(n) = |  [(1 +  к ) Т + - /3 ( к - 1 ) ^ ]  +  c m к
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r 00(N) = f  [(2Ь -К )Т -ч/ЗК  j] + cM k

r 01(N) =| [ (2 K -L  + 1)T+ /3(L + 1) j ] - c ( M  + l )£

? 02(N) = |  [ - ( L + K  + 1 U +  чГЗ(К-Ь + 1 )Л  + с М £

r °3(N) = |  [(2L -К ) Г -/ЗК 7 ] -  с (M +1) k

r 04(N) = |  [(2K -  L  + 1)Г+\Г3 (L  +1) j*] +cMÊ

(41)
? 05(N) = |  [ - ( L + K  + l ) f + / 3 ( K - L  + l ) j > c ( M  + l ) Ê  

? 10(N) = |  [ - ( 2 Ь - К ) Г - ч Г З К Л  - с  (M + 1) k 

r 11(N) = |  [-(2К-Ь + 1)Г+чГЗ(Ь + 1)Л + сМ г  

r 12(N) = |  [ ( L + K  + 1 ) Î + / 3 ( K - L  + 1)J>] - c ( M  + l ) E  

? 13(N) = |  [ - ( 2 L - K ) r - V 3 K f ]  + c MÏc 

? 14(N) = |  [ - ( 2 К - Ь  + 1 ) Г + / 3 ( Ь  + 1)Т] -  с (M + l)ïc 

? 15(N) = |  [(L + K + l ) r + V 3 ( K - L  + l ) Î J  + с M k .

Now let us carry out the summation over ц, v  in formulas (35) and (36). 
The elements of the Fourier transform of the dynamical matrix are then as 
follows:

mid n (q ) = 6 L  pN(AN+ B N) + £pn {12 (an + bn)
N n

-  2 cos (2jrcmqz) [4ancos(7ra(21 -k ) q x)cos (\T3jrakqy)

+ (an+2s/3fn+3bn) cos (тга (2k — l)qxj cos (\T37ralqy)

+ (an -  2\Æfn+ 3bn) cos (îra (1+k) qx)cos (\/3sr (k — l)qy)]}
(42)

m 1^22 (q) '  6 E pN (An + BN ) + £ pn {12 (a n+ bn)

-  2 cos (27rcmqz) [4bncos (тга(21 — k)qx) cos b/~37rakqy)

+ (3an -  2\/3fn+bn) cos (7ra(2k ~ l)q x) cos (>/37ralqy)

+ (3an + 2\T3fn + bn) cos (ffa(l+k) qx) cos (sT3jra (k -1) qy)]}
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= 1 2  E p N GN + E p n { 2 4  g n-
N n

-  8g n c o s ( 27rc m q z)[c o s (7ra( 2 1  ~ k )q x) c o s  (•/ 3 jrakqy)

+  co s(ffa(2 k - l)q x ) c o s b /3 jralqy) + cos(jra(l + k)q x)cos(\T3 îra(k — l)q y)]}

= - 2  E pn[[co s(27rcmqz){[4 f nsin(n'a(2 1 - k ) q x) sin  {J~3irakq y)

+  (\ГЗап + 2 fn-\T3 b n) sin (^ a (2 k - l ) q x)sin(>/3 ffalqy)

+ (\ГЗап -  2 fn-\T 3 b n) sin (7ra(l+ k )q x) sin(\T37ra (k — l) q y) ]

- 4 i f„ [s in  (7ra( 21  ~ k )q x) co s (\T37rakqy)

+ s in ( jr a ( 2 k -l) q x) co s (*/3 jralqy) '

-  sin(jra(l +  k)qx )co s (-/37га(к - l ) q y )] } J

= 4  E  pn[[sin(27rcm q z) { [ 2 e nsin(jra(2 1 - k ) q x) co s (^ ffa k q y ) (42)

( con t. )
- ( e n +\T3dn)sin(7ra(2k - l ) q x )c o s( '/3 ?ralqy)

+  (en -\T3 d n) sin(7ra(l +  k)qx ) co s (•ТЗжа (к — l)qy )]

+ i [2e{¡ sin  (тга(21 - k ) q x) sin(»/37rakqy)

+  (e* + "/3 d „) sin (?ra(2 k - l ) q x ) sin í'/Síralq y)

-  (e* -\T 3 dn) sin (ira(l +  k)qx ) sin  (J3 ira(k ~ l) q y ) ] }  f

= -  4  E pn[sin  (27rcmqz) {[ 2 dn cos (тга{ 21  ~k)qx) sin (\T3 îrakqy ) 

- ( / 3 e n- d „ )  cos (тга(2к - l)qx) sin (\ГЗпalqy)

+ ( / 3 e n + d n) co s (?ra(l + k)q x) sin  (sT37ra(k - l)qy)

-  i [ 2 d * c o s  (?ra{ 2 1  - k ) q x) c o s  (v/37rakq y)

+  ('/3 e* - d * ) c o s  (тга(2к - l ) q x ) c o s  (\T3 )ralqy)

-(\ГЗе“ + d „ )  c o s  (тга(1 + k) q x) co s (%ГЗтга(к - l ) q y ) ] } Ц
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m jD j^q ) = -  E pN{e cos (27Tc(M + 2)qz)[4 A N cos (7ra(2L-K) qx ) e У 

+ (A n +2/3Fn +3BN)cO s(ffa (2K -L  + l)q x) e vr3,ria(L+1)4y 

+ (AN -2 / 3 Fn +3BN)cos(ffa (L+K  + l)q x)e '/3,ria(K' L+1)<,>']}

m jD22(q) = -  E pN {e ^ ^ c o s  (2 тгс(М + i )q z )[4BNcos (jra(2L -K ) qx) е ^ ^ У
N • '

+ (3AN - 2 vT3Fn + B N)cos (ffa (2 K -L  + l)qx)e'/3,ria(L+1)4y 

+ (3AN + 2nT3Fn + BN ) cos (jra(L +K + 1)Чх)е 'Л7Г‘а(К' 1+1)чУ]}

HiiD33(q) = -4  E pN {G n e™42 cos (2jtc(M + *) q z) [cos (тга(2Ь -K )q x) е ^ ^ У

+ cos (ira(2K -  L  + l )q x) e '/3,ria(L+1>qy+ cos (та(Ь +K + l)q x) e-^ia(K-L+i)qyj}

E pN {ie "^ 2 cos (2тгс(М + ¿)qz) [4FN sin (тга(2Ь -K ) q x) e/3,riaKqy
N

-b/3AN + 2FN -N/3BN )sin (7ra(2K-L + l ) q x)e '/3,ria(L+1)4y (42)

-  (*/~3An _ 2Fn - n/3Bn ) sin (jra(L +K + 1) qx) e'^3,ria(K'L+1)4y]} (cont^

m jD 13(q) = E pN{ 2 e riC<iz sin (2тгс(М + qz) [ 2En sin (тга(2Ь -K )q x)еЛ ™ КчУ
N

- (E n +nT3Dn ) sin (тга(2К -  L +1) qx) e_/3,rla(L+1)4y 

+ (En -/3DN )sin (? ra (L+K + l)qx)e '/3,ri(K' L+1)qy ]}

m jDjgiq) = E pN {2ie,ricqzsin (2jtc(M + i )  q z) [2DN cos(ra(2L -K )q  x) е/3™ КчУ 

+ b/ЗЕN -  DN ) cos (тг a(2K -  L  + l)q x ) e '/37ria<L+1)qy 

-(«/3EN +DN)co s (îra (L +K  + l ) q xe"/3,ria(K'L+1)qy ]}

LIMITATIONS AND SIMPLIFICATIONS

If the structure point is situated on the boundary of its sub-space, the 
related term in Eqs. (42) may usually be simplified, due to the fact that an equi
distant family of such a point may be obtained by operations of a sub-group 
of the {T|0} group. The related term inEqs.(42) has then to be multiplied 
by the weight factor, the ratio of an order of the sub-group used to the order 
of full {T j 0} group.
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At the same time related force matrices must usually be invariant, for 
physical arguments, with respect to some operations of the {T | 0} group. A 
good example is the force matrix of any point on the z = 0 plane; it must be 
unchanged by the reflection in this plane because the position of these points 
is the same. Similar arguments significantly simplify the general forms 
of matrices.

Sub-lattice 1 has been generated from points of sub-spaces s. The fol
lowing primitive operations and their combinations have been used: 6-fold 
rotational inversion, x = y = 0 axis and two-fold rotation, x = z = 0 axis and, 
in a sense discussed earlier, an inversion. Sub-lattice 2 has been generated 
from sub-space S using two first operations and their combinations, but 
there was no "inversion" there. Simplifications and weight factors pn , P n  

are presented in Table I. The weight factors for general points of sub
spaces are equal to one.

PHONON DISPERSION RELATIONS

Let us consider now Eq.(6) and its condition of solubility Eq,(10). For 
the hep structure it is an eigenproblem with a determinant (6X 6). We have 
to solve it with respect to u to obtain the phonon dispersion relations w(q). 
It cannot be done explicitly because of the complicated form of Eq. (10) for 
a general point of the Brillouin zone. It simplifies however for some special 
directions of the reciprocal zone. The determinant (10) in its full form is 
presented below. Subscripts under the terms indicate where in the reci
procal space the term discussed is equal to zero (see Eq.(42)).

dn ( q ) - u 2 d {2(q) di3(q) Dl l  (q) D i2 (q) Di3 (q)

q x = o q x= о q x = o qx = °

q y=0 q z= о qz=  o

dÎ2 w d22( q ) - u 2 d23 (q) D 12(q) D22(qi d 23 (q)

qy =0 qx = q y:

qz =o qz = 0

d* (q) d$3 (q) d33( q ) - u 2 D13 (q) D23 (q) D33 (q)

Dfcfl(q) d&eto) - u 26oe

= 0

(43)

It is easy to show, by permutation of rows and columns, that for phonons 
propagating in the qy-  or q ¡¡-directions of the reciprocal space, the deter
minant factorizes into three determinants (2X 2), connected with polarization 
vectors Vx (1), Vx (2); Vy (1), Vy(2); and Vz (1), V2 (2) respectively. Forthe  
qx-direction it factorizes to (4X 4) and (2X 2) determinants. The second 
one is connected with polarization vectors Vz (1), Vz (2). In these cases 
modes are purely transversal or longitudinal (perpendicular or parallel to



TABLE II

FORCE M ATR IX  FOR STRUCTURE POINT POSITIONS

S tru ctu re  poin t  
positions

Pn: PN 
w eig h t  

fa c to rs

F o rc e  m a trix

x  =  0 ; y  >  0 ; z >  0  

2 1  =  k; 1 <  0 ; m > 0

a  0  0

0  b d

0  d g

0 0 0

1
0 0 da

m l
0 - d a 0

y =  / 3 x ;  x  >  0 ; z >  0 

1 =  0 ; k < 0 ; m > 0

/ 3

/ 3
• ( a - b )

2

b

/ З е

( a - b )

V"3e

'

0 fa / 3 d a

_1 _
m .

- f 3 0 d a

- / 3 d a -d a 0

y > / З х  > 0 ;  z = 0 

0  >  2 1  >  к; ш  =  0

a  f 0

f b 0

0  0 g

0  f»  0

- f a  0  0

0 0 0

X =  0 ; y >  0 ; z =  0  

2 1  =  к; 1 <  0 ; m  =  0

a  0  0

0  b 0

0  0 g
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TABLE П (cont.)

S tru ctu re  p o in t  

positions

Pn» Pn  
w eig h t  
fa c to rs

F o rc e  m a tr ix

y  =  V 3x; x  >  0 ; z  =  0  

1 = 0 ; k <  0 ; m  =  0
Y  ( a - b )

/ 3  ,  . ,
- T ( a - b )

1

m .

fa  0  

0  0

0  0

x  =  y =  0 ; z  >  0  

1 =  k =  0 ; m  >  0 12

a  0  0

0  a  0

0  0 g

x  =  0 ; y >  0 ; z  >  0  

2 L =  K; K <  0 ; M » 0

A 0  0

0  B O

0 D G

y =.x/V 3i; X >  0; z >  0 

L+ K +  1 = 0; K < 0; M >  0

A —  ( A - B )  /3 D

f  (A-S) 

/3 D

D

G
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T h e Brillouin zone for a  hexagon al la tt ic e

the direction of phonon propagation) and the explicit forms of dispersion  
relations can be written easily. The Brillouin zone for a hexagonal lattice 
is shown in Fig. 3.

The phonon dispersion relation for symmetry directions and corres
ponding elastic constants are given below:

( 1 ) qz “direction, z -  polarization, сзз.

u2 (q z) =d33(qx = qy = 0) ±|d33 (qx = qy = 0)|

(2) q z -  direction, x or у -  polarization, C44.

w2 (qz) =dn (qx=qy = 0)±|Dn (qx =qy = 0)|

(3) qy -  direction, у -  polarization, сц,

у 2 ( Ч у )  = d 2 2 < 4 x  = 4 z  = 0 ^ ± lD 2 2 ( 4 x  = = ° )|

(4) qy -  direction, x -  polarization, C66 • (44)

u (qy) = du (qx = qz = 0)±|Dn(qx = qz = 0)|

(5) qy -  direction, z -polarization, c44.

u2(qy) - d33(qx = qz =0)±|D33(qx = qz = 0)|

(6) q x -  direction, z -  polarization, C44.

w2 (qx) =d33(qy =qz = 0)±|D33 (qy = qz = 0)| .

ELASTIC CONSTANTS

The easiest way to obtain elastic constants expressed as a function of 
force constants is to put |q]-»0 in the dispersion relations of (44). Acoustic 
branches in this region are linear



200 A. CZACHOR

where the velocity of sound s is connected with the elastic constant с and 
density p as follows:

и = 2ffs I q |, (45)

In the case under discussion however, it is impossible to obtain all elastic 
constants in this way. The reason is that one cannot factorize the deter
minant in Eq. (43). everywhere and therefore, one of the elastic constants С13 
is not included in formulas (44). We shall find them all, going through the 
standard long waves procedure.

Let us consider Eq. (7) for the case of long waves, i.e . q-> 0. We ex
pand all quantities in Eq. (7) as power expansions in q, compare equal powers 
and find out an explicit form of the second-order approximation. One has 
then [7]

(0) (1) _ (1) .
E C afi(kk')W s (k') = -E  чГт.С (q kk ')Us (47)
0k' 0 flk' K 0

9 ■—  (D  . (D   __________ (2 ) ,
Emk.u U a = £ ч/ткСаВ (q | kk')Wg (k ') + 2wmkmk. С aS(q | kk ') UB, (48)
k' Bkk' 6kk’

whereUa is some translation of the crystal as a whole. After elimination 
of Ws (k') the result has the form:

P“2U « = 4 / E D 'ae(q )Ue .
D

(49)

By comparison with the elasticity theory, elements of the matrix D¿e(q) are 
equivalent to elastic constants that may be written as follows:

D i l C11 C 6S C55 C 65 C51 C 16 4 x

D¿2 c66 c22 C44 C 24 c 46 c  62 q 2

D ¿3 C 55 C 44 C33 G43 c 35 c  54 q l

D ¿3 c  65 C 24 C43 2 (C 2 3  +  С ^  ) 2 ( c 4 5  +  c 36  ) 2 ( c 64 + C 2 5 ) 2q y q z

D 31 C 51 c 46 c 35 2 (C 45  +  C36  ) Í  ( C 3 1  + c 55 ) Í  ( c 56 + с 1б)

D k _ c 16 c 62 c 54 Í  (Сб4 + C 2 5 ) Í  ( c  56  +  С 14 ) 2 ( C i 2 + C 66) _ 2 q x q y _

(50)

These general formulas will now be specialized. For the hep structure we 
have (see Eq. (8))

Ccxfltql11' = c Se (q l22)
,  г ( 5 1 )

c « e <ql 121 = c S e ( q  12 1 ) = D a s  (4) e 3 iaqy ' ,riC4z
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(0) 6
A n + B N 0 0

0 a n + B N 0

0 0 2G]

(1)

С и e(ql i d = p

(0)
_  С  a g í  1 2 )

(52)

c l e (q|l2) =-чГЗгг1^ E pN [(A N- B N )(3K + 2 ) -2-Л FN(2L-K)]

qy qx 0

Чх'Чу 0 
0 0 0

Using these properties and Eqs. (47) and (48) one has:
(0) (i) (i) .— (i) ,

ECa6(U )(W s ( l ) - W e ( 2 ) ) = - E ^ lCae(q|l2)Ufl
(53)

9 ---- ( 1 ) (1) (1 ) (2 ) (2 )

2mjU U„ = -  Æ iE  C aB (W8 ( 1 ) -.W„(2)) + 2mi E(Cafl(q|ll ) +Ca0 (q|l2))Ue 
Б 6

( 1) ( 1)
Now Wa ( l ) - W a (2) may be eliminated from the second E q . ( 5 3 ) .

_£_m̂ tt ~ r» __ y
4ТГ2 •JZifiaPc в

m i  (D  i CD i . (2 ) , (2 ) ,
, ECa¿(qll2 )C5fl(q|l2)+Ca8(q|ll)+Ca6(qll2)) U„

(54)

The comparison of this equation with Eqs. (49) and (50) enables us to write 
the elastic constants expressed by atomic force constants фа8 (¿uO* They 
are as follows:

Cn  { 2 E pn[an(1812 + 9k2 -  18kl) + b n (612 + 15k2 -  6kl) + 4 3 f n(6 l?  -  12kl)]

+ E pN [A n(18L + 9K -  18KL + 6K + 2) + B N(6L  +15K¿ - 6K L + 18K + 6) 
N

+V3 Fn (6K2 -  12KL -  8L + 4K)] -  P }
(55)

C66 = ^ ^ { 2  Epn[an(612+15k2-6k l)+bn (1812 + 9k2-1 8 k l)-^ 3 fn(6k2-12kl)]

+ E pN [A n (6L2 + 15K2-6KL + 18K + 6)+ B n (18L2 + 9K2 -  18KL + 6K + 2)

- / 3 F n (6K 2 -  1 2 K L  -  8 L  +  4K ) ] -  P  }
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C44 = ^ { 2 £ p n [gn(k *+ l* -k l)]+  E ^ IG n O Í+ L 2 -K L + K + I ) ] }  

C33 = ̂ § ^ r {2 E p n[gnm2] + EpN [GN (M + i )2]} (55)
( cont. )

C13 = j h  {2 Epn[m(en(21-k)-/3dnk)] + EpN[(M +|)(EN(2L - K ) - / 3DN(K + !)]}-C 44
V  O a  П

{£ pN [(AN -  BN H3K + 2 )  -  2чГз Fn (2L -K )]}2
p  = J : ----------------------------------------------------------------------------

It is worthwhile to notice that elastic constants are given by the symmetrical 
part of the dynamical matrix. The invariance of the potential ф with respect 
to rotation of the crystal as a whole gives the following relation between 
force constants:

= 2£pngn(k2 + l 2-k l) + £ pN[G N(K2 + L 2 -K L + K + A )] . 
n N

OTHER INFORMATION CONCERNING HCP STRUCTURE DYNAMICS

1. The optical frequencies at q = 0 are as follows:

2. The trace of Fourier transform of the dynamical matrix gives the 
sum of squared frequencies

m jEu2 = 48E Pn(an+ bn + gn) + 24 § Pn (a n+ ®n + g n)

-16  E {p n(an + bn + gn)cos(2îrcmqz )[cos(?ra(21 -k )q x)cos(\T37rakqy)

+ cos(ira(2k - l ) q x)cos(\T37ralqy) + cos(7ra(l+k)qx)cos(\T37r a(k - l )q y) ] }
(58)

3. The propagation of phonons along the c-direction shows an inter
esting feature. The dispersion relations for this direction are of the form

m1u2 = L  xm[l-cos(27Tcmqz)] + £ • X M{l±cos[2jrc(M+£)q2]} (59)

(12 g p N (A n + Bn )

m
(57)



where for longitudinal modes

x m  = 2 4 £  S k l m p n :  X M = 1 2 £ G KLm P n  ( 6 0 )
kl

and for transversal modes

x m  ‘  12 E  ( a klro +  b k]m )p n ; X M = 6  £  ( A  K L M + B  K L M ^ P n  ( 6 1 )
kl 1<-L

This relation may be substituted by its acoustic branch taken in a region 
twice as wide as the Brillouin zone -  1/c < qz< l/c

LATTICE DYNAMICS. OF HCP STRUCTURE 203

Fig. 4

A qualitative picture of the phonon dispersion curve for qz-direction drawn in the 
Brillouin zone (B. Z. ) and the Jones zone (J. Z .)

One has (see Fig. 4)

m ^ 2 = L  ys [1 -  cos(7rc s qz )], (62)
s

where

ys =xs for s^O  and even

ys =X S_1 for s > 0 and odd.

This is identical with the phonon dispersion relation for a monatomic linear 
chain with many-neighbour interactions [9]. We see that atomic planes per
pendicular to the c-direction vibrate as a whole, and because all atoms are 
of èqual mass, their vibrations may be described by the dispersion relations 
of an acoustic type. In this approach atomic planes situated at 0, +c ,

. . .  along the c_axis are treated as identical atoms of a linear chain. 
The increase of a qz periodicity range corresponds to a substitution of the 
Jones zone for a Brillouin zone for hep structure [10].
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NOTE ON DISPERSION CURVE 
CALCULATIONS IN ZINC

A. HOLAS 
IN STITU TE OF NUCLEAR RESEARCH,.
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(P r e s e n t e d  b y  B .  B u r a s )

Abstract — Résumé — Аннотация — Resumen

NOTE ON DISPERSION CURVE CALCULATIONS IN ZINC. An attempt has been made to describe an 

irregular shape o f the experimental phonon dispersion curve in [01Ï0] direction for zinc, using harmonic ap

proximation o f the Born-von Kármán theory.
The general dispersion relations for hexagonal close-packed structures given as functions of atomic force 

constants o f an unlimited number o f neighbours were employed. By means o f them, the least squares fitting 
o f theoretical curves to experimental points, considering the neighbours situated up to the distance three times 
lattice constant a, has been performed. In spite o f that, the calculated curves do not follow experimental 

points satisfactorily. It allows one to suppose that the observed irregularity is to be explained by anharmonic 
or electron-phonon interaction effects rather than by harmonic theory.

OBSERVATIONS SUR LES CALCULS DE COURBES DE DISPERSION DANS LE ZINC. On s'est ettorcé de 
décrire une forme irrégulière de la courbe de dispersion expérimentale des phonons dans la direction [0110] 
pour le zinc, en utilisant l ’ approximation harmonique de la théorie de Born et von Kármán.

On a utilisé les relations générales de la dispersion pour les structures hexagonales compactes, exprimées 

en fonction des constantes des forces atomiques s’ exerçant entre un nombre illim ité  d’atomes voisins. Au 
moyen de ces relations, l ’ auteur a pu adapter, par la méthode des moindres carrés, les courbes théoriques aux 
points obtenus expérimentalement en considérant les atomes voisins situés jusqu’à une distance égale â 3 a, 
a étant la constante du réseau. Toutefois, les courbes calculées ne suivent pas de manière satisfaisante le tracé 
des points expérimentaux. Ceci donne à penser que l’ irrégularité observée doit s’ expliquer par des effets an- 
harmoniques ou par des interactions électrons-phonons, plutôt que par la théorie des harmoniques.

О ТН О СИ ТЕЛЬН О  РА С Ч Е Т О В  ДИСПЕРСИОННЫ Х К РИ В Ы Х В ЦИНКЕ. Была сделана 
попытка описать с помощью теории гармонического приближения Борна фон Кармана необыч
ную форму экспериментальной кривой фононной дисперсии в направлении [0110 J для цинка.

Были использованы общие дисперсионные соотношения для гексагональной  структуры 
с плотной упаковкой, представляющие функции констант атомных сил неограниченного коли
чества соседних атомов.

С их помощью было проделано выравнивание методом наименьших квадратов теорети 
ческих кривых по экспериментальным точкам с учетом  соседних атомов, расположенных на 
расстоянии трехкратной константы решетки а. Н есмотря на это , рассчитанные кривые не 
совпали достаточно хорошо с экспериментальными точками. Это дает основание предпола
гать , что наблюдавшаяся необычность формы должна быть объяснена эффектами негармонич
ных или электрон-фононных взаимодействий, а не теорией гармоний.

NOTA SOBRE EL CALCULO DE CURVAS DE DISPERSION EN EL CINC. El autor procura explicar la forma 
irregular de la curva experimental de dispersión fonónica en la dirección [o l io ]  del cinc, aplicando la aproxi
mación armónica de la teorfa de Born-von Kármán.

U tiliza las relaciones generales de dispersión para una estructura hexagonal compacta, expresada en 
función de las constantes de fuerza para un número ilim itado de átomos vecinos.

Basándose en dichas relaciones, ajusta por el método de los cuadrados mínimos las curvas teóricas a los 
puntos experimentales, tomando en consideración los átomos vecinos situados hasta una distancia igual al triple 
de la constante reticular a. A pesar de ello, las curvas calculadas no se ajustan satisfactoriamente a los puntos

205
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experimentales. Ello permite suponer que la explicación de la irregularidad observada radica en los efectos 
anarmónicos o en los de las interacciones electrón-fonón, y no en la teorfa armónica. •

The acoustical branch polarized in the c-direction of the dispersion  
curve for zinc in the [0110] direction, measured earlier in this Laboratory
[1], has an unusual depression for q <*< 0.11 Â -1 (see Fig. 1 -  experimental 
points are marked as circles).

The inteption of this work was to check whether this dispersion curve 
can be described by the Born-von Kármán theory. The dispersion relations 
for phonons in the hexagonal close-packed structure, derived by CZACHOR
[ 2 ] as functions of the force constants of an unlimited number of neigh
bours, were used. For the branch and direction under consideration, those 
relations may be transformed into the following form:

mu2 = B +  £ot(l -Cr)±  |/30+ £ (0 rCr+iYrSr)|/ 
r= l r= l

where

±  gives optical and acoustical branches, respectively, 
m is the mass of an atom, 
a is the lattice constant,
Cr = cos ( г Л  тга qy),
Sr = sin(r -J3 ir a qy),

CO
в = L 0r

r=0

a t, j3r, Yr are force constants which are subject to the additional con
ditions: .

(аг + Эг)г2 cC44 + |  B,

where C44 is the elastic constant and с is the lattice constant.
The frequency uo of the optical phonon at the centre of the Brillouin zone 

obtained from measurements in the [0001] direction, gives the value of the 
constant B, since

2
mu0= 2 B.

Thus dispersion relations may be expressed in terms of a<¿, а з , . . . ,  

Pi t  Э21 03< • • • • Y2 - 7 з j • ■ ■ as independent parameters, while a 1 , fio and 
Yp may be evaluated using the above-mentioned conditions.

Force constants a r, j3r , are linear combinations of atomic force con
stants Ф33( kk'í. ^namely ôr for atoms of the same sub-lattice (к ='k'= 1 ) and
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Dispersion relations for phonons in zinc for the [0110] direction, 
polarization parallel to the c-direction.

The projection o f the hexagonal close-packed structure on the basal plane

J3r, Yr for atoms of different sub-lattices (k = 1, k'= 2). It is interesting to 
note, that every element of those combinations is the sum of force constants 
of all atoms situated along the same line perpendicular to the basal plane.

Figure 2 shows the projections of such lines on the basal plane. Lines 
used in calculations in a model with three independent parameters are indi
cated by the number 3; in a model, with four parameters, by numbers 3 and 4 
and in a model with seven parameters, by numbers 3, 4 and 7.

The calculations were performed using the electronic computer GIER. 
The least squares procedure was used to fit theoretical curves to experi
mental points. The resultant values of force constants are shown in Table I, 
and the corresponding dispersion curves in Fig. 1: the dotted line is for the 
3-parameter model, the dashed line for the 4-parameter model, and the 
solid line for the 7-parameter model.

As can be seen, the calculated curves do not follow satisfactorily the 
experimental points. The use of a model with a higher number of independent 
parameters seems to be doubtful for two reasons:

(1) The number of independent parameters would be too high compared 
to the number of experimental points and
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FORCE CONSTANTS  
( 10 3dyn/cm)

Force constants
Model

3 4 7

“ 1 -  8.728 -  8.315 - 8.156

OÍ2 3.530 3.183 3.183

«3 - — - 0.00045

00 16.59 15. 73 15.89

61 14. 68 15. 56 15.40

e2 4.512 4.544 4.544

e3 - — 0.00041

n -14. 68 -22. 91 -23. 77

Гг -  4 .512* -  0.4895 -  1.096

Уз - — 0.6928

*  In this model У2- - 62.

(2) The slight improvement of fitting by changing from model 4 to model 
7 does not allow expectation of really better results for a higher 
number of parameters.

Therefore one should probably look for an explanation of the observed 
irregularities of the dispersion curve in anharmonic effects or electron- 
phonon interaction.
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D IS C U S S IO N

G. CAGLIOTI: I should like to mention that anomalous changes in the 
slope of the [01 TO] TA perpendicular branch of zinc, though much less pro-
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nounced than the depression at q0 = 0. 11 A-1 discussed in Dr.Holas1 paper, 
were also found at the Ispra Laboratory*. In the latter study, however, the 
data had not been obtained in sufficiently small increments of q/qmaxand 
at conveniently low energies of the impinging neutrons for us to be able to 
discuss the details of these anomalies. Further work in this direction is 
planned for the near future.

B. BURAS: Figure 2 of M r.Holas1 paper shows that the depression is 
quite pronounced. The measurements were made twice with two zinc single
crystals. They were then repeated after we learned about D r . Caglioti's 
work. We therefore believe that the depression really exists. I am very 
glad, however, to hear that Dr. Caglioti is going to repeat his measurement. 
It is always good to check against the possibility of the results depending on 
geographical altitude.

*  See BORGONOVI, G., CAGLIOTI, G. and ANTAL, J.J., Phys. Rev. 132 (1963) 683.





PHONONS IN ALUMINIUM AT 80° К

R. STEDMAN AND G. NILSSON 
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Abstract — Résumé — Аннотация —  Resumen

PHONONS IN ALUMINIUM A T  8 0 %  The dispersion relations for aluminium have been determined 
fairly completely at 80*K by measurements with a new three-axis crystal spectrometer at the 30-MW research 
reactor R2 at Studsvik. Complete dispersion curves have been obtained for the three symmetry directions, 

together with interpolation points on the zone boundaries and elsewhere. The results are presented as dispersion 
curves and as contour maps of dispersion surfaces.

The series o f measurements was the first undertaken with the spectrometer, and to establish a sound 
experimental routine, considerable attention was devoted to details such as resolution, reproducibility and the 
avoidance of disturbing effects, A focusing technique was used throughout to optimize resolution. The results 
consequently were o f a rather high degree o f accuracy and were utilized to search for Kohn anomalies, but 
no clear examples were found. Such effects are evidently small in aluminium, but there are indications that 
a moderate improvement of experimental technique may render them discernible.

Phonon widths at 80°K could often be determined from the widths of observed resonances via a calculated 
resolution width. In another series o f measurements at 300eK -  not yet completed -  widths could always be 
determined. Examples are given o f broadenings and energy shifts in passing from 80 to 300%  A noteworthy 
effect was found at If* = (0.8,0,0) : the phonon width there increased in an anomalous fashion in passing from 
80 to 300%  *

Another observation is that points for small "<£ on transverse branches tend to lie  significantly above the 
lines through the origin having slopes corresponding to the velocity of 10-Mc/s sound waves.

PHONONS DANS L'ALUMINIUM A  8 0 %  Les auteurs ont déterminé de manière assez complète les 
relations de dispersion pour l'aluminium à 80*K par des mesures effectuées au moyen du spectromètre â cristal 
triaxial récemment installé près du réacteur de recherche R2, de 30 MW, situé à Studsvik. Us ont établi des 
courbes de dispersion complètes pour les trois directions de symétrie, ainsi que des points d'interpolation situés 
tant aux frontières de zone qu'ailleurs. Les résultats obtenus sont présentés sous forme de courbes de dispersion 
et de lignes de niveau des surfaces de dispersion.

Cette série de mesures est la première que l'on ait effectuée avec le  spectromètre, et pour fixer de 
manière rationnelle les conditions des expériences futures, les auteurs ont apporté une grande attention à 
certains aspects particuliers tels que la résolution, la reproductibilité et l ’ élimination des effets parasites. 
Pour optimiser la résolution, ils ont utilisé un système de focalisation pendant toute la durée des mesures. 
Ils ont ainsi obtenu des résultats d'une assez grande précision, dont ils se sont servis pour la recherche d'anoma
lies de Kohn, sans cependant trouver d’ exemples bien nets. Bien entendu, des effets de ce genre sont faibles 
dans l*aluminium mais, d’après certaines indications, une légère amélioration de la technique expérimentale 
peut les rendre perceptibles.

A partir des largeurs des résonances observées, i l  a souvent été possible de déterminer les largeurs des 
phonons à 80eK par l'intermédiaire de la largeur de résolution calculée. Au cours d’ une autre série de mesures 
â 300eK -  qui n'est pas encore achevée -  i l  a toujours été possible de déterminer les largeurs. Les auteurs 
donnent des exemples d'élargissements et de déplacements d'énergie observés lorsque la température passe de 

80*K à 300%  Un effet digne d’attention a été relevé pour "q' = (0,8, 0, 0) : dans ce cas, la largeur des phonons 
a augmenté de façon anormale lorsque la température a passé de 80 à 300%

D'autre part, les auteurs ont observé que des points pour q* petit sur les branches transversales tendent à 

se trouver sensiblement au-dessus des lignes passant par l'origine et ayant des pentes qui correspondent à la 
vitesse des ondes sonores de 10 Mc/s.

ФОНОНЫ В АЛЮ МИНИИ ПРИ 80e К . Довольно подробно были определены дисперсион
ные соотношения для алюминия при 80®К путем  измерений с помощью нового тр ехосев ого  
кристаллического спектрометра на исследовательском  реакторе R 2  мощностью 30 м гвт  в 
С тудсвике. Получены  полные кривые дисперсии для трех  направлений симметрии вм есте
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с интерполяционными точками на границах зон и в других м естах. Результаты  представлены 
в виде кривых дисперсии и контурных диаграмм дисперсионных поверхностей.
 ̂ Эта серия измерений была впервые произведена с помощью спектром етра. В  целях 
разработки надежной программы экспериментов значительное внимание уд еля лось  таким 
деталям , как разрешающая способность, воспроизводимость и избежание возмущающих эф 
фектов. Для оптимизации разрешающей способности с сам ого  начала и до конца использо
вался метод фокусировки. Поэтому результаты  имеют довольно высокую степень точности.

Это было использовано для нахождения аномалий Кона, но очевидных примеров обнару
жено не было. В алюминии такие эффекты являются, безусловно, небольшими, но есть осно
вания полагать, что небольшое усовершенствование экспериментального метода может сд е
лать  их различимыми.

Фононную ширину при 80е К часто можно определить по ширине наблюдаемых резонансов 
посредством высчитанной ширины разрешающей способности. Во время другой серии и зм е
рений, которые еще не завершены, при 300е К ширину всегда можно было определить. При
водятся примеры уширений и смещений вследствие энергии при переходе от 80е К к 300е К .

Заслуживающий внимания эффект был обнаружен при q ' = (0 ,8 ; 0; 0 ): фононная ширина 
увеличилась необычным образом  в промежутке от 80 до 300®К.

Замечено также, что точки для небольших значений q' на поперечных ветвях чаще всего 
леж ат значительно выше линий, проходящих через начало координат и имеющих склоны, с о 
ответствующ ие скорости звуковых волн с частотой колебания 10 мгц .

ESTUDIO DE LOS FONONES EN EL ALUMINIO A 80eK. Los autores han determinado de una manera 
bastante completa las relaciones de dispersión en el aluminio a 80*K, mediante mediciones realizadas con un 
nuevo espectrómetro triaxial de cristal en e l reactor de investigación R2 de 30 MW, de Studsvik. Han obtenido 
curvas de dispersión completas para las tres direcciones de simetría, asf como puntos de interpolación en las 
zonas limítrofes. Los resultados se presentan como curvas de dispersión y como curvas de nivel de las super

ficies de dispersión.
Como esta serie de mediciones fue la primera llevada a cabo con el espectrómetro» se prestó considerable 

atención a detalles tales como el poder de resolución, la posibilidad de repetición y la eliminación de efectos 
perturbadores, a fin de establecer un procedimiento corriente de experimentación sobre una base firme. En 

todo el proceso se ha utilizado una técnica de colimación con el propósito de conseguir una resolución óptima. 
Esta técnica se aplicó para detectar anomalías de Kohn, pero no pudieron observarse casos netamente definidos. 
Esos efectos son evidentemente débiles en el aluminio, pero hay indicios de que, mejorando ligeramente la 
técnica experimental, sería posible distinguirlos.

Con frecuencia ha sido posible determinar las amplitudes foñónicas a una temperatura de 80*K partiendo 
de la amplitud de las resonancias observadas y de una amplitud de resolución calculada. En otra serie de 
mediciones -todavía sin terminar- han podido determinarse siempre las amplitudes a una temperatura de 300°K. 
Los autores exponen ejemplos de ensanchamientos y de desplazamientos de la energía al pasar de 80*K a 300*K»

Un efecto digno de mención se observó para "3* = (0,8, 0, 0) : en este punto, la amplitud fonónica aumen
tó de manera anómala al pasar de 80 a 300*K.

Asimismo, se ha observado que los puntos de q’ pequeño en ramas transversales tienden a situarse sensi
blemente por encima de las líneas que pasan por e l origen con pendientes correspondientes a la velocidad de 
ondas acústicas de 10 Mc/s.

1. INTRODUCTION

When our new three-axis spectrometer began to operate, it was decided 
to do the first measurements on aluminium because it is a good experimental 
substance. It was available in large single crystals of a simple structure, 
with low absorption and incoherent cross-sections (the coherent cro ss
section is also unfortunately rather low), and was previously the object of 
neutron measurements [1-4] . But perhaps the main reason for our choice 
was that D. Saunderson of Harwell lent us an unusually good single crystal. 
The measurements were more extensive than originally intended because our
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apparatus and technique improved considerably during the course of measure
ments, so that we were able to examine phonon resonances in some detail, 
while at the same time adverse experience made us aware of several dis
turbing effects which had to be guarded against.

Preoccupation with experimental method during the measurements on 
aluminium is reflected in this presentation of our results. While the data 
and comments on them are naturally the principal interest, rather more 
space than usual has been devoted to experimental technique, because this 
is of particular importance in the development of phonon spectrometry to
wards more refined measurements, which is our general aim.

2. APPARATUS AND METHOD

The spectrometer is at the 30-MW research reactor R2 at Studsvik. 
The beam from the reactor passes through a quartz filter, cooled to 80° K, 
before striking the monochromator, usually Cu(220). The shielding around 
this beam is 20-30 cm of iron surrounded by about 30 cm of water or poly
thene. The BF3 detector and the analyser crystal are completely surrounded 
by 10 cm of paraffin wax lined with boron carbide and cadmium. This 
shielding, together with the filter, results in a background of about 20 counts 
per hour, disregarding thermal neutrons scattered in the sample.

Spectrometer movements are in multiples of a 0.01°-step and follow a 
programme tape. Counting periods are determined by a monitor in the 
beam incident on the sample. The normal mode of operation is constant-к 
(Brockhouse's "constant-^").

For the measurements described here the sample was mounted in a 
cryostat and cooled to liquid nitrogen temperature, here given as 80°K. A 
complete series of measurements at 300° К has also been made, and ex
amples are shown in Fig. 4

The attainment of good resolution involves a reduction of momentum 
resolution as much as available intensity will allow, and the application of 
a focusing technique. The spectrometer design takes account of these re 
quirements in that a wide range of angles is accessible in each angular 
motion; collimators and crystals are easily exchangeable and several mono
chromator and analyser crystals are available. "

2. 1 .  F o c u s in g

A  focusing technique for improving resolution was devised some years 
ago and has been applied in all measurements with the present spectrometer. 
The idea may be explained very briefly as follows.

First a few words on our notation. Neutron variables are icb it2, ¡c, e . 
ki is the momentum of a neutron before scattering, k2 the momentum after 
scattering; к = Tq - 52, e = (k f- k|)/2. The units are such that ft = 1 and the 
neutron mass is also 1. Phonon variables are w and C$ (reduced: q), and the 
condition for a one-phonon scattering resonance is (ic,e) = (<3,10). A dis
persion surface may be transferred to (ic, e) space, where it becomes a 
surface of one-phonon resonances. The course of a measurement is illustrated 
in Fig. 1. The spectrometer, at any setting, looks at a region around a point
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Fig. 1

The correspondence between a recorded one-phonon resonance (right) 

and the spectrometer's traversing of a dispersion surface (left)
Widths of distributions are indicated by half-maximum contours, shown in section.

(к,е). The intensity distribution around this point may be visualized by its 
half-maximum contour, which is to a good approximation an ellipsoid. If 
momentum and energy have relative scales of the order usual in diagrams 
of dispersion curves, this ellipsoid is quite thin in the energy direction. 
Consequently, if it is possible to tilt this disk so that it is locally parallel to 
the dispersion surface under investigation, the observed resonance will be 
narrower and higher than it would otherwise have been. A  focusing condition 
has then been achieved.

A further advantage of focusing is that it minimizes a source of error  
associated with the circumstance that the real mean of the region seen by the 
spectrometer does not always coincide with the nominal mean (that corres
ponding to the spectrometer settings) on account of instrumental uncertainties.

In practice, focusing is seldom exact, but even approximate focusing is 
valuable. A full account of how focusing is achieved is quite long. Here it is 
sufficient to say that this is done by an appropriate choice of (given^), 
the analyser crystal and its setting, the monochromator and the beam path 
(from four alternatives).

3. RESOLUTION AND PHONON WIDTHS

Energy resolution may be calculated with respect to a plane parallel 
to the dispersion surface at the relevant point, (Vertical components of 
momentum are of no consequence. ) There are four contributions, each an 
energy deviation from this plane. They are associated with: the mosaic 
width of the monochromator, the width of the entrance collimator (between 
the monochromator and the sample, i.e . the dominating collimator on the 
monochromator side in our arrangement), the mosaic width of the analyser 

, and the width of the exit collimator (between the sample and the analyser). 
The contributions are mutually independent and can be combined by adding 
squares and taking the root in accordance with a well-known result on the 
second moments of folded distributions. In practice we designate the width 
of a distribution by the full width at half-maximum height, but since all distri
butions are bell-shaped and have no large contribution from the wings, the 
ratio of this practical parameter to the standard deviation may safely be
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assumed to be the same for all the distributions concerned (compare, for 
instance, a triangular distribution and a Gaussian).

The phonon widths reported here are determined by the same simple 
procedure: the square of the calculated resolution width is subtracted from 
the square of the width of the observed resonance and the square root then 
taken. This assumes the phonon energy distribution to be such that the 
contribution to the second moment from the wings is riot large, but in any 
case the wings are inevitably curtailed in the somewhat arbitrary process 
of deciding what is background and what is peak in the observed resonance. 
A phonon width is referred to as Ли. This may not be a true phonon width in 
the sense of an energy uncertainty (thickness of the dispersion surface); it 
may be due to unresolved structure of the dispersion surface. The errors 
quoted for phonon widths are wholly due to the estimated effect of counting 
statistics on observed resonances.

4. DISTURBANCES

There are other processes than the one-phonon scattering under in
vestigation that lead to peaks (or occasionally valleys) in the detector counting 
rate. Where such peaks are expected and separable from the effect under 
observation they are tolerable, but an unexpected small effect may remain 
undetected and lead to a displacement of the observed peak and an alteration 
of its width. We have observed several instances of disturbing effects and 
are introducing devices to eliminate them. In the measurements we report 
here we have made every effort to detect and avoid disturbances and are 
confident that the results are not marred by them except perhaps in some 
overlooked isolated cases. The following is a list of disturbances and 
remedial measures.

4. 1. T h e  a n a ly s e r  s e c o n d -o r d e r  e f fe c t

The crystals ordinarily used &s monochromators and analysers reflect 
neutrons of momentum 2k, 3k, . . .  as well as k. Consequently the spectrom
eter "looks at" several points of (к,е) space simultaneously (any combination 
mki, nk2 gives a point), and any of these points can give rise to an inelastic 
scattering resonance. With aluminium the only case of importance is the 
combination kj, 2k2 and low-energy one-phonon scattering.

A radical remedy is to use an analyser without a second-order reflection, 
e.g. G e (ll 1). The difficulty is to obtain a large enough crystal with sufficiently 
large mosaic width. A Ge (111) analyser should be suitable for measure
ments on high-energy phonons, where this second-order disturbance is 
particularly troublesome. -

The scattering plane is usually a plane of high symmetry, and a simple 
diagram (or a computer programme) is then sufficient to see whether the 
effect is likely to occur. If it is, the experimental conditions may be ad
justed to avoid it. The effect is very likely to occur if i i  - 2Й2 lies some
where near a reciprocal lattice point and (k 2- 4k22)/2 is small.

A partial remedy is to rotate the sample a few degrees around the 
ic-direction so that the scattering plane no longer contains many lattice points
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(cf. previous paragraph). We have done this for measurements on longi
tudinal phonons (q parallel to <3), and now have an arrangement which allows 
this to be done for all measurements.

If the effect is suspected to have occurred, the measurement may be 
checked by repeating it with an analyser set to 2Йг- In this case it is pre
ferable to change the analyser to one with a lattice spacing about half that of 
the crystal originally used (so that momentum resolution for 2lc2 is about the 
same in both cases). Good resolution (good momentum resolution and 
focusing) reduces the incidence of this disturbance, and makes it easier 
to discover it when it does occur. This applies generally to air disturbances, 
of course. The incidence of the effect is also less at low sample tempera
tures, because energy-gain processes are then of minor importance.

4 . 2 .  B r a g g  s c a t t e r in g  in  th e  s a m p le

Each reciprocal lattice point C? has an associated "Bragg plane", which 
is the perpendicular bisector of Ô. A neutron of momentum "k undergoes 
Bragg reflection if к lies on such a plane. Figure 2 shows the traces of

rig. 2 ,

The traces of Bragg planes in a principal plane o f the reciprocal lattice for a fee crystal 

Each plane is the perpendicular bisector of a reciprocal lattice vector.

such Bragg planes in a principal plane of the reciprocal lattice for a face- 
centred cubic (fee) crystal. It will be seen that Bragg reflection of either 
£i or Й2 is-difficult to avoid entirely, particularly for the longer kx.

One might expect such reflection to attenuate the incident or scattered 
beam and thus distort the observed peak. This effect is negligible in our 
sample, because its mosaic width is so small (secondary extinction so large), 
but a poor quality crystal may well exhibit this attenuation effect. The 
neighbourhood of such points as the nodes in Fig. 2 may be expected to Ъе 
particularly unfavourable. These are avoided if the sample is tilted around îc.

Incident neutrons may be Bragg-scattered into the analyser, and some of 
them there scattered into the detector. This is avoided by tilting the crystal 
around к. A monitor behind the analyser crystal discloses the effect.
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An effect analogous to that just mentioned may be expected to arise from 
"non-Bragg" scattering in the monochromator, and subsequent Bragg scat
tering in the sample and analyser. The remedy is to tilt the sample.

4. 3. B r a g g  s c a t t e r in g  f r o m  e x t ra n e o u s  m a te r ia l  n e a r  the s a m p le

A  few cubic millimetres of polycrystalline material in the sample holder 
or cryostat can produce a disturbance if Iq is roughly equal to 2 k2. The 
remedy lies in design of the sample holder etc. and in avoiding the con
junction ki = 2k2(which responds to any incoherent elastic scattering also, 
of course). A monitor, after the analyser crystal,discloses the effect. Small 
inclusions in the sample crystal give rise to a sim ilar effect, which again 
points to the need of high quality sample crystals.

5. RESULTS

Dispersion curves for th e . [I l l ] ,  1200] and [220] directions are shown 
in Figs. 3-5. Below the curves are values for the energy widths of phonons,

values being determined as described in section 3 and widths in the sense 
explained there. Results for 300°К are included in the figure for the [2Ó0] 
direction. It should perhaps be mentioned that all these measurements were 
by energy loss for the neutrons. ,

The lines through the origin in each figure have slopes corresponding 
to the appropriate velocity of sound in the direction concerned, from measure
ments at 10 Mhz [5] .

Figures 6-8 are derived from the dispersion curves, together with some 
further measurements which are indicated by +. They show energy contours 
on the inner surfaces of an elemental tetrahedron in reciprocal space. This 
tetrahedron is indicated in the small insets accompanying each figure. It is 
more convenient to use this figure instead of the usual segment of the first 
Brillouin zone with its more complicated boundary and more complicated 
symmetry conditions at the boundary.

6. ERRORS

The probable error in the assignment of a mean position to an observed 
resonance was estimated in each case with regard to counting statistics and 
the shape of the resonance. Its magnitude is between 0.01 and 0.03 (X 1013 rad/s), 
the higher value occurring near the maxima of dispersion curves. Another 
error arises from uncertainty in the calibration of the instrument: we be
lieve this error is negligible for longitudinal branches and where the slope 
of dispersion curves is small; elsewhere it may be up to 0.03 X 1013 rad/s. 
Yet another error arises from the curvature of dispersion surfaces, since 
the spectrometer records an average for a certain region. Momentum re 
solution was typically about 0.07 in q' in all directions, and it can be shown 
that the error due to curvature of the surface is then negligible except at 
small q', where a small correction has been made.



Fig. 3

Dispersion curves for phonons in the [111] direction in A1 at 80°K 

Below: phonon widths for the respective branches.

Fig. 4

Dispersion curves for phonons in the [200] direction in Ai.

The main curves are for 80°K, the dashed curves for 300°K. 
Below: phonon widths for the respective branches : J  80”K, £з00°К.
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Fig. 5

Dispersion curves for phonons in the [220] direction in A l at 80°K 

Below: phonon widths for the respective branches.
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Fig. 6

A contour map of phonon frequency for the L branch on the unfolded inner surface of the 

elemental tetrahedron shown in the inset 
Contours at intervals of 0.5 x 1013 radA. + indicates the site of a measurement off the 

symmetry directions. 0 , Ф and © indicate polarization.
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Fig.1
A contour шар o f phonon frequency for the Tj branch on the unfolded inner surface o f the 

elemental tetrahedron shown in the inset 
Contours at intervals o f 0.5 x 1013 rad/s. + indicates the site of a measurement off the 

symmetry directions. 9, Ф and © indicate polarization.

Resolution widths varied between 0.03 and 0.2 (x 1013 rad/s); they appear 
indirectly in the information on phonon widths. Of course it w ill be seen 
that resolution was particularly good for transverse branches and poorer 
near the maxima of dispersion curves.

7. COMMENTS

A  rather large number of measurements was made in the [22Ó] direction 
because this happened to be thé first direction investigated, and we did new
measurements as experimental improvements were made. It also seemed 
that there was a variation of real or apparent phonon width with q1 which
might be associated with Kohn anomalies, so we made more detailed measure
ments. Subsequently we found that the blurred situation near q1 = 0.96 is
due to a singularity in the dispersion surfaces at the crossing point of two 
branches, and no connection was established between phonon widths and the
Ferm i surface. However, the width of the Tt branch between q1 = 1.2 and
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Fig-8

A contour map of phonon frequency for the T2 branch on the unfolded inner surface of the 

. elemental tetrahedr6n shown in the inset
Contours at intervals o f 0.5 x 1013 rad/s. л indicates the site o f a measurement off the . 

symmetry directions. ©, Ф and © indicate polarization.

q1 = 1.35 is notably small, and there seems to be a suggestion of a knee at 
about q1 = 0.4 on the L-branch, and perhaps at q1 = 0.7. When the behaviour 
of widths on other branches is also considered, it appears that the search 
for Kohn anomalies may still be rewarding.

The sound velocities from ultrasonic measurements fit well to the lower 
parts of our longitudinal dispersion curves, but for the transverse branches 
they lie below the dispersion curves. Although the discrepancy is small, it 
appears to be definite, cf. in particular the [220] Ti branch when the sound 
velocity line is produced to larger q1.

The maps of phonon energies are generally similar to those of WALKER 
[6 ], though considerably different in detail. Our higher frequency values 
are consistently a good deal higher than W alker's; the frequency of the 
maximum for the [200] L branch is some 12% higher and plateau-like forma
tions in our maps are not present in his. The u-distribution should there
fore be significantly different from that of Walker, and it may be that the 
discrepancy between the corresponding specific heat curve and the measured 
specific heat will disappear. It is intended to carry out an interpolation of
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u for the complete volume of the elemental tetrahedron, which w ill enable 
the u-distribution to be constructed almost directly from measurements.

The dispersion curve for the [200] direction at 300° К exhibits a note
worthy effect: around q1 = 0.8, и is depressed relative to the 80°К values 
more than it is elsewhere, and the phonon width increases in a pronounced 
fashion. We have thoroughly checked this effect and there is no doubt that 
it is real.
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D IS C U S S IO N

P. EGELSTAFF: It seems to me that your data are comparable with 
those of Yarnell and Warren. If I remember correctly, they, too, noted 
the difference between the neutron data and the ultrasonic data. Perhaps 
Mr. Warren could confirm this.

J. WARREN: This is true, and Yarnell also saw slopes which were 
above those predicted by the elastic constants. However, we found that our 
resolution in wave vector produced a wave-vector-dependent correction 
which essentially eliminated the discrepancy observed between our results 
and those of the elastic constants.

P. EGELSTAFF: Don't you think that the possibility of the Kohn effect 
contributing to the large width mentioned in the last paragraph of your paper 
should be investigated theoretically before you draw any conclusions?

R. STEDMAN: As I indicated in my oral presentation, I am hesitant 
about putting forward any suggestion. However, there is nothing in the Kohn 
anomalies, as they are accounted for at present, that would lead one to ex
pect a temperature-dependent effect like the one we observed.

S. SINHA: In measuring the phonon width by subtracting the second 
moment of your resolution function from that of your observed distribution, 
you may run into a difficulty in interpreting the second moment of your natu
ral line-width. For a Lorentzian shape this second moment diverges. In 
any case, I think it is a complicated, and perhaps temperature-dependent, 
function of your phonon lifetime. The question is then, what is it that you 
are measuring?

R. STEDMAN: In our width analysis we assume that all distributions 
are bell-shaped and that there are small contributions to the second moment 
from the wings. The ratio of the width at half-maximum height to the stand
ard deviation varies little for such distributions. A Lorentzian distribution 
does not fit into this scheme because the wings are not negligible. More
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over, a more rigorous analysis which would cover this distribution as well 
is made difficult by the experimental circumstance that the wings of the ob
served resonance are in any case cut off somewhat arbitrarily when the 
background is subtracted.

P .K . IYENGAR: Dr.Stedman has given a fine description of the dis
tortions that may be introduced in the so-called phonon resonance when one 
uses a crystal spectrometer method. But, so far, this type of description 
does not appear to have been done with chopper time-of-flight methods, and
I wonder whether the pitfalls in locating the point in q-space would occur 
with the latter technique. I think it would be worth investigating to see if 
the method introduces some errors in the placing of the phonons at the 
proper q-values. This is probably also relevant to the work Sinha presented, 
in which he does not see the type of forbidden reflection or diffused scatter
ing which Caglioti reported in his paper.

As regards our own paper on magnesium*, I think the point Mr. Roy 
was trying to make was that, by using a four-neighbour T -F  (tensor—force) 
model, you get simultaneous agreement on the longitudinal-optical and the 
longitudinal-acoustical modes as well as on the slope of the dispersion curve 
in the acoustical region. This is why we feel that the T -F  model is more 
appropriate. The limitations of our experiment in respect of small values 
of q is secondary.

*  IYENGAR, P .K .. VENKATARAMAN. G ., VIJAYARAGHAVAN, P. R. and ROY, A .P . .  "L a t 
tice dynamics o f magnesium", these Proceedings I .
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THEORETICAL INVESTIGATIONS OF THE INFLUENCE OF ANHARMONICITY AND IMPURITIES ON 

NEUTRON SCATTERING BY CRYSTALS ANDON THE MdSSBAUER EFFECT. Some aspects will be given concerning 
the effect of diluted substitutional impurities and concerning the combined effect of impurities and anharmoni- 
city on the Môssbauer effect and on neutron scattering by crystals. Published papers by various investigators 
and some unpublished work by the author, partly in collaboration with Lax, are considered.

ÉTUDE THEORIQUE DE L'INFLUENCE DE L'ANHARMONICITÍ ET DES IMPURETES SUR LA DIFFUSION 
DES NEUTRONS DANS LES CRISTAUX ET SUR L’EFFET MÔSSBAUER. L'auteur s'intéresse à l'influence des 

impuretés de substitution diluées et à l'influence combinée des impuretés et de l ' anharmonicité sur l'e ffe t  
Môssbauer et sur la diffusion des neutrons dans les cristaux. П passe en revue des mémoires publiés par divers 
chercheurs, ainsi que des travaux inédits qu 'il a faits lui-même, dont plusieurs en collaboration avec Lax.

ТЕ О РЕ ТИ Ч Е С К О Е  ИССЛЕДО ВАН И Е ВЛИЯНИЯ Н ЕГАРМ О Н И Ч Н О СТИ  И ПРИ М ЕСЕЙ  
НА РАССЕЯНИЕ НЕЙТРОНОВ НА К Р И С ТА Л Л А Х  И НА ЭФФЕКТ М Е С С Б А УЭ РА . И злагаю т
ся некоторые аспекты влияния разбавленных замещающих примесей и общ его влияния при
м есей  и негармоничности на эффект М ессбауэра  и на рассеяние нейтронов на кристаллах. 
Рассматриваются опубликованные работы ряда исследователей и некоторые неопубликован
ные работы автора, выполненные частично совместно с Л аксом .

ESTUDIO TEORICO DE LA INFLUENCIA DE LA ANARMONICIDAD Y  DE LAS IMPUREZAS EN LA DIS
PERSION NEUTRÓNICA POR CRISTALES Y EN EL EFECTO MÛSSBAUER. Se exponen algunas cuestiones relativas 
al efecto de las impurezas de sustitución diluidas, asf como a la influencia combinada de las impurezas y de 
la anarmonicidad sobre efecto Môssbauer y la dispersión neutrónica por cristales. Se examinan memorias pu
blicadas por varios investigadores y algunos trabajos inéditos del autor, realizados en parte en colaboración 
con Lax.

The problem of the influence of anharmonicity on the Môssbauer effect, 
when the nucleus emitting or absorbing Môssbauer gamma-rays belongs 
to an impurity atom in a crystal, has been treated in a recent paper by 
KRIVOGLAZ [1]. Not being aware of this publication, LAX and WALLER [2] 
have recently given a treatment of the same problem from somewhat dif
ferent and perhaps more general aspects. It is the purpose of this paper 
to apply a sim ilar treatment to some simple cases of neutron scattering 
by crystals containing impurities. The results in [2] can be obtained as a 
special case of the present paper. As we did in [2], I want to give some 
clarification of the so-called "Bessel function enhancement" noted by 
KAUFMAN and LIPK1N [3] and considered by ELLIOTT andMARADUDIN [4]
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226 I. WALLER

and others. This effect has been claimed to give an enhancement of the ordi
nary temperature factor for the Mossbauer effect and to act sim ilarly in 
neutron scattering and would appear when the impurity causes a frequency 
mode above the bands of the host lattice or between such bands. Such modes 
are localized to the environment of the impurity and are therefore called 
localized modes. They were first investigated by LIFSHITZ [5] and later 
by other authors [6-8] . It was emphasized in [1] and [7] and in pàrticular 
in [2] for the Mossbauer effect that in practice, because of the usually larger 
frequency width of a localized mode, this enhancement does not appear in 
ordinary Mossbauer experiments because of the high energy resolution of 
the detector absorber. In this paper a corresponding problem for neutron 
scattering is considered first.

Making a slight generalization of the well-known VanHove formula for 
the differential cross-section reaction for neutrons, we obtain in the har
monic approximation for a lattice containing impurities

respectively and ftv and fix’ therefore the energy and the momentum trans
ferred to the lattice; m is the neutron mass. ;

use this (for shortness written as R) to denote the nuclear mean positions 
at the temperature of the lattice. The displacement at the time t of thenu-

where^. . . . >̂ signifies a statistical mean value for the equilibrium state 
at the temperature T. '

We have expressed the displacements in normal modes, numbered by S, 
in the following way (us being the frequency of the modes)

d2(j
= ÏT SKo

( 1)dvdii

where

RR’

(bRbR. + 6RR. eg) exp [2 WRR, (t)] ехр[йЗ(Й-Й')].(2)

Here

(3)

ÿ 0 and le being the wave vectors of the neutron before and after scattering

tfc=<aR >e-w; Cg =<a|> e '2W- b| (4)

are the coherent and squared incoherent scattering lengths including the 
temperature factors. The positions of the nuclei are denoted by В  and we

cleus R is written as ï?R (t) and we have

W RR' (t) = \  <t»« • u R(0 ) ]  Í"ic - Ct)]> ( 5 )
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s

ej^ being real. Then if MR is the mass of the nucleus R

W RR.(t ) = ^ ^ - ¿ r KxK*-(MRMR. ) '* e » Jte¿.x. N£(uSJt), *(7)
s = i l  X X '

where terms which vanish in the harmonic approximation have been ne
glected and where .

N£(u,, t) =<a,(0)a*(t)> for S = +1

N ¡ > s,t) =<a*(0)a,(t)> for 5 = -1

In the harmonic approximation

N£(Us, t) = | ( coth'^ ^ '+ f )e x p  (iÇust) = nç(us>t)exp(iÇu)st). (8)

If anharmonic or other damping effects are present we have under very ge
neral conditions for large enough t, as emphasized in [2],

Nc(ws, t) = n£(us) exp [iÇust - y s (t).] (9)

where ys is a damping constant. There is also a frequency shift which we 
suppose is included in us.

We Consider for the sake of brevity the simple case that there is a single 
impurity at the position R = 0, which gives rise to a localized mode above 
the continuum of states which then has the same extension in the perturbed 
lattice as in the host lattice. We assume further that the lattice has cubic 
symmetry with respect to the impurity site.

To clarify some essential points, we assume further that the impurity 
has such à large and dominating incoherent scattering length Co that only 
that term in Eq. (2) which is proportional to Co need be considered. Such
a situation may, for example, be approximated if the impurity is hydrogen.
Then

+00

S(ic , v) = C2 J  dt e"ivt e2W(4 , (9')
~oo

where

W(t) = к2 ^  ) ^ 4M u (eo)2 nsH ) exp[iÇiost - Ts(t)] .
£=±i s 0 s

(10)
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We separate W(t) in two parts

W(t) = Wc (t) + WL(t) ( I D

where Wc (t) comes from that part of the sum in Eq. (10) which refers to 
modes of the continuous bands and WL (t) is the contribution of the localized 
mode to this sum. We can write

col being the mean frequency and the half-width of the localized mode. 
We introduce the mean quantum number nL for the localized mode and expand 
thus

We see that all terms in these expansions give rise to continuous bands ex
cept those modes which come from the first term in Eq. (14) multiplied by 
Eq. (15). When substituted in Eq. (9 1) these terms give the following contri
bution : .

To a term r, s in this sum corresponds a scattering process where the lat
tice has taken up an energy (r -s )u L, i. e. a process in which r local phonons 
have been creatéd and s such phonons destroyed. The term for which r = s = 0 
should properly be written as 2 jt5 ( v ) and describes elastic scattering. The 
terms r = 0, s = 1 and r = 1, s = 0 give scattering processes where the neu
tron has lost or gained the energy amount wL respectively. These scattering 
peaks both have the same width as the localized mode. The terms r = s>  1 
give bumps of the widths 2r-yL in the vicinity of the elastic line. The inte-

2WL(t) = P lX  пе(Ч) exP - T l  ( * ) ]  » ( 12 )

c=±l

where

_ fuc2 2 
Pl 6M 0u 0 e°L * (13)

exp[2Wc (t)] = l + 2Wc (t) + \ [2Wc (t)]2 + . . . (14)

(ñL + l ) r nL
r! s! exp [i(r- s)wLt].(15)

r, s=0

(i6)

grated intensity of all these bumps is
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where

L = 2 pL (18)

The factor containing the Bessel function

. <19>
s=0

is the "Bessel function enhancement" in this case.
. We represent the energy resolution attained in the measurement by the 
function

f ( v |  '  ( V -  Г »  ( 2 0 >

which means that the measured differential cross-section for the scattering 
processes just considered is

+oO
/  f - ( v ) ^ s £ , v ) d v

•со

i.e . . .

_ËÎ2_ - JE. ! c2 V_____ г+[г+в)% (21)
dvdiî k0 n 0 [vо - ( r -  s )uL]2 + [Г + (r + s f r j 2

r, s

This result can be applied to the Mossbauer effect for an impurity atom. 
We have in this case a nucleus which emits gamma rays and,because of its 
recoil,exchanges energy with the lattice. It can be easily understood that 
Eq. (21) gives the intensity of the emitted gamma rays resulting from the 
interactions with the localized mode provided we make the following inter
pretations. ,

On the left of Eq. (21) we have the intensity emitted per unit frequency 
range and unit solid angle. On the right C'o is the total intensity emitted 
per unit solid angle from a fixed nucleus. Its intensity distribution is 
a Lorentz distribution of the form of Eq. (20), 2 Г being the mean lifetime 
of the nucleus in its excited state. Further v0 is the difference in energy 
between the emitted gamma ray and the centre of the gam m a-ray line.

It is easy to get a qualitative understanding of the bumps surrounding 
the elastic peak and also the corresponding phenomena, e.g. the one-phonon 
peak, by considering the possible single-phonon emission and absorption and 
the corresponding widths.

It is also easy to include the damping of the phonons in those formulae 
for the scattering of neutrons by a crystal containing isolated impurities, 
which was published some time ago [9] . One of these formulae has later 
been derived in a preprint by ELLIOTT and MARADUDIN [4] and they have 
made an interesting discussion of this formula.
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' D IS C U S S IO N

K .P . SINHA: You have discussed the case of an impurity atom of mass 
different from that of the host atoms. If, however, we introduce ionized 
defects without altering the mass, we may also expect additional lattice 
modes and the electronic states around the defects will probably also be 
modified. For polar systems we may expect strong interactions between 
the localized lattice modes and electronic states. How will this affect the 
Môssbauer spectra of such systems?

I. W ALLER: I think the situation you are referring to is included in - 
the formalism I have given.

A. SJÔLANDER: You referred to Ambegaokar and Maradudin in order 
to justify cutting the cumulant expansion. If I remember correctly, they 
only consider a regular lattice, where the frequency distribution extends 
over a large region. I think the situation is quite different if you are looking 
at a sharp, localized mode. Could you comment on this?

I. WALLER: It is true that Ambegaokar and Maradudin have treated 
only regular crystals. It seems to me, however, that there is also quali
tative validity for a crystal with a localized mode, because the mechanisms 
for the appearance of an energy shift and its associated width are essentially 
the same. Other interaction terms may become important if the frequency 
of the localized mode is very high.

F .L . SHAPIRO: In some molecular crystals there exist very narrow 
peaks in the frequency spectra attributed to torsional oscillations of such 
groups as N H 4 . Are your considerations regarding the widening of the 
elastic and one-phonon peaks for localized modes applicable to the case of 
torsional oscillations?

I. WALLER: This is an interesting question. I think that considerations 
similar to those I have given will apply to the case you mention.
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Abstract — Résumé — Аннотация — Resumen

THEORY OF NEUTRON SCATTERING BY LATTICE VIBRATIONS IN IMPERFECT CRYSTALS. Theoretical 
formulae are derived.for the one-phonon inelastic scattering cross-section of neutrons by crystals containing a 
small finite concentration of impurities, on the assumption that the defect atoms have only a different mass 
from the atoms of the host crystal and that the force constants are unchanged. For defects of mass much lighter 
than the host, localized modes appear at frequencies w ell above the frequency band in the perfect lattice. 

The coherent cross-section in this case shows that it should be possible to determine experimentally the spatial 

extent of the localized modes and to relate it to the frequency spectrum of the perfect lattice. The wave-like 
modes o f the perfect lattice g ive , in principle, a coherent inelastic differential cross-section at discrete 
frequencies which satisfy energy and wave vector conservation as determined by the frequency spectrum. In the 
presence of impurities these lines are shifted and broadened by the scattering of the lattice wave from the dis
ordered array. The shift and broadening are calculated as the real and imaginary part of the self energy o f the 
phonons to first order in the concentration с of impurities. For some defects resonance modes occur within the 
frequency band and these are particularly well defined for impurity masses much greater than those of the host. 
The frequency shift shows a change in sign in passing from frequencies on either side o f the resonance, and 
the width shows a maximum there. These effects should be observable and provide direct evidence o f the 
resonance character of these modes. The incoherent scattering cross-sections reflect the change in the vibra
tional amplitudes o f the atoms o f the imperfect crystal, and under most circumstances lead to small effects 
at low concentrations, ,

THEORIE DE LA DIFFUSION DES NEUTRONS PAR LES VIBRATIONS DU RÉSEAU DANS LES CRISTAUX 
PRÉSENTANT DES IMPERFECTIONS. Les auteurs établissent des formules théoriques de la section efficace de 
diffusion inélastique des neutrons, à un phonon, dans des cristaux contenant des impuretés à faible concen
tration, en prenant comme hypothèse que les atomes d'impuretés ne diffèrent des atomes du cristal hôte que par 
la masse et que les constantes de forces restent les mêmes. Pour les impuretés ayant une masse beaucoup plus 
faible que celle du cristal hôte, des modes localisés apparaissent à des fréquences bien supérieures à la bande de 
fréquences dans le réseau parfait. D’après la section efficace de diffusion cohérente dans ce cas, i l  doit être 
possible de déterminer expérimentalement l'étendue spatiale des modes localisés et de la rapporter au spectre 
des fréquences du réseau parfait. Les modes à caractère ondulatoire du réseau parfait donnent théoriquement 
une section efficace différentielle de diffusion inélastique cohérente, déterminée par le spectre de fréquences, 
pour des fréquences discrètes qui sont conformes au principe de la conservation de l'énergie et du vecteur 
d’ ondes. En présence d’ impuretés, ces raies sont déplacées et élargies par la diffusion de l'onde du réseau due 
à la structure désordonnée. Le déplacement et l'élargissement sont calculés en tant que partie rée lle et 

imaginaire de l'énergie propre des phonons jusqu'au premier ordre de la concentration c des impuretés. Pour 
certaines impuretés, des modes de résonance apparaissent dans la bande des fréquences, et ces modes sont 
particulièrement bien définis pour des masses très supérieures à celles du cristal hôte. Le déplacement de 
fréquence change de signe lorsque les fréquences passent de l'un à l'autre côté de la résonance, et la largeur 
présente un maximum à cet endroit. Ces effets devraient être observables et donner une preuve directe du 
caractère de résonance de ces modes. Les sections efficaces de diffusion incohérente mettent en évidence la
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modification des amplitudes des vibrations des atomes du cristal imparfait, et dans la plupart des cas les effets 
observés sont peu importants à faibles concentrations.

ТЕ О РИ Я РАС С ЕЯН И Я НЕЙТРОНОВ ПРИ КОЛЕБАНИЯХ РЕШ ЕТКИ  В НЕСОВЕРШ ЕН
НЫХ К Р И С Т А Л Л А Х . Выводятся теоретические формулы для сечения однофононного неупру
го го  рассеяния нейтронов с помощью кристаллов, содержащих небольшую ограниченную кон* 
центрацию примесей, исходя из предположения, что атомы примесей отличаются от атомов 
ядра кристалла только по массе и что константы силы являются неизменными. Для дефектов 
массы, которая намного меньше массы ядра кристалла, локализованные колебания появляют
ся при частотах, которые намного превышают полосу частот в совершенной решетке. С ече
ние когерентного рассеяния в этом  случае показывает, что можно определять эксперимен
тальным путем пространственную величину локализованных колебаний и установить ее связь 
с частотным спектром совершенной решетки. Волнообразны е колебания совершенной р е 
шетки дают, в принципе,дифференциальное сечение когерентного неупругого рассеяния при 
дискретных частотах, которые соответствуют законам сохранения энергии и волнового векто
ра, как это определено с помощью спектра частот. В присутствии примесей эти линии сдви
гаю тся и уширяются при рассеянии волн в кристалле от разупорядоченной систем ы . С м е
щение и уширение рассчитываются в виде действительной и мнимой части значения собствен
ной энергии фононов к первому порядку в концентрации " с "  примесей. Ввиду некоторых 
дефектов резонансы происходят в полосе частот и они особенно хорошо определяются в о т 
ношении массы примесей, которые намного больше массы ядер кристалла. Смещение частот 
сви д етельствует  об изменении знака при изменении частот  по обе стороны резонанса, а 
ширина показывает максимум . Эти эффекты должны быть заметными и служить прямым 
доказательством  резонансного характера этих колебаний. Сечения некогерентного рассея
ния отражают изменение вибрационных амплитуд атомов несовершенного кристалла и в боль
шинстве случаев приводят к небольшим эффектам при низких концентрациях.

TEORIA DE LA DISPERSION NEUTRONICA POR VIBRACIONES RETICULARES EN CRISTALES IMPERFECTOS* 
Los autores deducen fórmulas teóricas para calcular la sección eficaz de dispersión inelástica monofonónica de 
neutrones en cristales que contienen una pequeña concentración de impurezas, partiendo del supuesto de que los 
átomos defectuosos sólo se diferencian de los átomos del cristal huésped en su masa, y de que las constantes de
fuerza no sufren variación. Para masas defectuosas mucho más ligeras que el huésped, aparecen modos locali
zados a frecuencias muy superiores a las de la banda correspondiente a la red perfecta. En este caso, la eva
luación de la sección eficaz de dispersión coherente demuestra que es posible determinar experimentalmente 
la extensión espacial de los modos localizados y de relacionarla con el espectro de frecuencias de la red perfecta. 
Los modos cuasi ondulatorios de la red perfecta presentan, en principio, una sección eficaz diferencial de 

dispersión inelástica coherente a frecuencias discretas que satisfacen e l principio de la conservación de la 
energfa y de los vectores de onda, conforme lo determina el espectro de frecuencias. En presencia de impure
zas, esas lfneas se desplazan y ensanchan a consecuencia de la dispersión de la onda reticular, causada por la 
disposición desordenada. Este desplazamiento y ensanchamiento se calculan respectivamente como la parte 

real e imaginaria de la energfa propia de los fonones hasta el primer orden de la concentración с de impurezas. 
Para algunos defectos, aparecen modos de resonancia dentro de la banda de frecuencia, que resultan particular

mente bien definidos para masas de impureza mucho mayores que las del cristal huésped. El desplazamiento de 
frecuencia cambia de signo al pasar de un lado a otro de la resonancia, siendo ahf donde la anchura es máxima. 
Estos efectos deben poder observarse y han de proporcionar prueba directa del carácter resonante de esos modos. 

Las secciones eficaces de dispersión incoherente reflejan el cambio producido en las amplitudes de vibración 
de los átomos de cristal imperfecto y, en la mayoría de los casos, ejercen escasos efectos cuando las concen
traciones son bajas.

1. INTRODUCTION

The vibrational modes of a crystal lattice are perturbed by the intro
duction of defects, and consequently all those properties of the crystal which 
depend on the vibrational motion are changed. These effects have recently
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been the subject of extensive theoretical and experimental investigation [1] . 
Bulk crystal properties like the specific heat [2] and thermal resistance [3] 
may be measurably changed by a finite defect concentration. However, the 
most striking results are obtained in those experiments which use the defect 
as a probe, and to date the most detailed information has been obtained from 
defect-induced one-phonon optical absorption in covalent and ionic crystals
[4] . Inelastic neutron scattering should be an even more sensitive experi
mental tool for the study of the effects of defects on individual phonons be
cause the momentum and energy transfer from neutron to crystal can be 
measured simultaneously. For low defect concentrations the change from 
the perfect lattice is small, but it appears that there are some feasible 
neutron experiments which will give information about the vibrations that 
can be compared with well-established theories [1 ], and it is the purpose 
of this paper to draw attention to such possibilities. Most of our results 
are implicit in the work of Krivoglaz and Kagan quoted in Reference [5], 
but they do not emphasize the salient points where theory and experiment 
might meet. Some experimental results on the Pd-Ni system [6] and vanadi
um hydride [7] have been published. In this work it was the incoherent 
scattering of neutrons from these systems that was studied. Protons have 
such a large incoherent cross-section that if they are used as a defect, they 
tend to dominate the cross-section and weight the impurity atom scattering. 
Further experiments of the type described in Reference [7] should also 
prove very interesting. However, we shall see that it is coherent scattering 
experiments which provide the more detailed information.

For randomly disordered mixed crystals with high defect concentrations 
neutron scattering experiments will give important information. Several 
attempts at a theory of such systems have now been published [1, 8-10] . 
There are related experimental results on the order-d isorder transition 
of 0 -brass [11]. A ll these types of experiment will be of particular value 
in metals where the vibrations cannot be so easily studied by other 
techniques.

Our calculations in this paper are confined to a low concentration of 
simple defects with changed mass and to the one-phonon scattering 
processes.

2. DEFECT VIBRATIONS

In the presence of an isolated defect the normal modes of a crystal are 
of two kinds. At frequencies outside the range of the allowed frequencies 
of the perfect lattice, localized modes may exist in which the vibrational 
amplitudes fall away faster than exponentially with distance from the defect 
[1 ]. These modes will have a point symmetry determined by the point 
symmetry of the defect.. Inside the frequency range of the host lattice band 
modes still exist. At certain frequencies they may have a resonance 
character with gréatly enhanced amplitude around the defect 112, 13] . Both 
of these important effects may be seen for the simplest defect, when a small 
concentration of atoms of mass M1 are substituted at random in a Bravais



lattice of atoms of mass M. It is convenient to define a mass defect param
eter e by

e = (M -M ')/ M . (1)

Well-localized modes occur if M'kM, and sharp resonance modes occur at 
low frequencies if M '»M .

The one-phonon scattering cross-sections will be related in the next 
section to the time-dependent correlation functions between displacements

<u e(l,t)ufl(l', 0)>, (2)

where the brackets denote a thermal average, a, ¡3 are x, y or z giving the 
component of the displacement and 1 specifies the unit cell centred at 51(1).
The time Fourier transform of (2) is related to a Green function (14J by
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[e10Jt<  ua(l,t )u e(l ', 0) >dt = lim ~  
' 6~> 0

-  Ga6 (1,1'j U-Í6)

Gas(l, l ';u  + i6)

(3)

where 0 = H/kT. The space Fourier transform of G is a convenient quantity 
to work with. We define

Goe^1' 1':u ) ee(k', j') е1к',х(1,) =G„. (k ,k ';u ) (4)
, 1,1' «6

and also .

^  G . j a . i ' i u l e 5' 1’® ' * 1111 =GaS(k,u). (5)

1.1'

In the unperturbed crystal the latter function is

„  ,7» i y  e « (^ >  3) ee(í?, j )
P« S (k' u ) ~ M ¿  u2-u 2(l?,j) ’ ( )

where u(k, j) is the frequency of the normal mode of the perfect crystal des
cribed by wave vector É  and branch index j, while ea(Ic, j) is the associated
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eigenvector. Using the orthonormal properties of the eigenvectors we find 
that for a perfect lattice

Pjj’ u) = M 6ji’ 0(‘" 'k' ) U2.U2(I?J) •

For the perturbed lattice the equation for G is [15]

GafJ(l, 1'; u) = PeB (1.1'; u) +Meu2̂  Pey(l, s; u) Gy0(s, 1'; u ). (8)

У-8

where the sum on s runs over those sites with impurity atoms.
For a small concentration of defects which produces well-localized 

modes, the interference between pairs will be small and the results may 
be studied by examining the solution of Eq.(8) for an isolated defect. If this 
is at the origin the solution of Eq.(8) is

G (1,1';to) = P . (1,1';u)+ u).. (9)
“В ® 1-Меш2Р (0 ,0; со)

for a cubic Bravais lattice where Рай(0,0;ы) is diagonal inc*,|3 and is inde
pendent of a . The extra response frequency of the system is given by the 
new pole of G at the local mode frequency Uj given by

( 10)

where v  is the density of modes per unit frequency range in the perfect 
crystal normalized so that j i/(u') du' = 1. The sum in Eq. (6) has been re
placed by an integral since Ujlies outside the range of v . With a finite 
concentration of defects the local modes associated with each defect will 
interact and broaden this frequency into a band [8-10] . The relative width 
Дш/и is proportional to ct at small с [16] and would be hard to detect by 
neutron techniques. If the interference between modes ón different defects 
is neglected the G for the whole crystal can be written in terms of Eq. (9) 
and multiplied by the number cN of defects.

For the band modes the solution is best described in terms of GagOs.u) 
defined by Eq.(5 ) since the unperturbed Pag(Ti,u) in Eq.(6 ) leads directly 
to the frequency and momentum conservation familiar in one-phonon cross
sections. This has been studied by TAYLOR [17] by iterating Eq.(8 ) and 
keeping only those terms which refer to a single sum over the defect sites 
s and hence are linear in the concentration. This gives

y.S
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Forming the transform, Eq. (4), and averaging over site positions s gives
an expression for Gjj. (k^l?;w) which in view of Eq.(7) is diagonal in j and E.
Abbreviating the notation we have

GjOt.u) =P. 0£,ю)+МсУ(ы)Р52(1с,и), (12)

where

V(u) =ei02[l-Meu)2pact(0 ,0 ju )]"1 . (13)

This can be written to order с in the form

Gi ^ u )= N u 2-u2(t f ,i )-£ (ït j,u ) (14)

and

(15)

The last terminthedenominatorofEq.(14)has the form of a self energy, and

Efl?,j,u)=cV(u). (16)

The real part gives a shift of the characteristic frequencies of the lattice 
and the imaginary part represents the damping of the wave-like modes in 
the imperfect lattice. Self energies obtained by other authors (1, 9,101 by 
other methods differ from Eq.(16) by a factor u2(k, j)/u2. This makes es
sentially no difference for the width and shift in the low с case under 
consideration. The origin of the discrepancy is discussed elsewhere [17]. 
There is also a part of Eq.(9 ) which describes the local mode type of so
lution, for £ becomes large even for small с near the frequency given by 
Eq.(10). The results obtained this way do not differ greatly from those 
we shall derive using Eq. (9).

3. CROSS-SECTION FORMULAE

The differential scattering cross-section, per unit solid angle per unit 
interval of outgoing energy per nucleus, can be written as

_ d ^ o  \  = 1 ^ i V a  a  ' -1k . [ x (1 )-x (1 ')] f  d te iw t /  -iK -u (l.t) i / ? 5 l \ 0 K  f l 7 i
díídE J  2ffNft k: ¿  1 1 J  '  Л  ( '
d a ^  _ 1 kL

l 
1,1'

where Icj and Ic2are the initial and final wave vectors of the neutron respec-
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tively, Rk =H(k’!-k '2) is the momentum transfer to the crystal, and fiu is the
energy transfer to the crystal; a¡ is the neutron scattering length of the
1-th atom. In the harmonic approximation, by use of standard transfor
mations 11 j , Eq. (17) m aybe rewritten as

d2cr к 2 -»
dfidE " 2irhk! S(k’ u )’ ( )

whe re

S Ç t.u ) = ^  AjAj. e - ^ ^ 1)- *™  Jdteiu>t exp <?-Й[1, t)i?.£(l', 0 )> . (19)

- •  eo
1,1’

Here Aj is an effective tempe rature-dependent scattering length

A ^ a je - 1̂ * 1» 2)  (20)

including the Debye-Waller factor. In a perfect crystal this is independent 
of 1, but in the non-ideal case it w ill vary from site to site depending on 
the impurity positions. This variation has been discussed in [5] and in 
more detail in a preprint by the authors of Reference [18] . At high 
T,<([k *u (1) j2^ is the same for every atom in this case of uniform force con
stants and varying mass. We shall stick to the high T case and replace the 
Debye-Waller factor everywhere by e"2Mo. The actual correlation function
found in Eq.(19) turns out to be small even for relatively large k* in the third
Brillouin zone, at temperatures comparable with the Debye temperature. 
The exponent may be expanded; the first term gives elastic scattering and 
the second the main result

S(i?,и) = J '  dteiwt <0?-u(l, t)7?-u’(l ', 0) )>. (21)

1.1' -

This term represents the one-phonon cross-section which is of most direct 
interest.

In general at will vary from site to site even with the same atomic species. 
For each species we define a mean length as the coherent scattering length

a=<a>, (22)

and a fluctuation about the mean gives an incoherent length a defined by

a 2 = ^a2/1- К.З.У2 . (23)

Denoting these quantities without aprime for the host atoms and with primes 
for the impurity, Eq.(21) can be divided into two parts. The first has the
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same form as Eq.(21) with the coherent lengths at substituted for a¡. This 
part tends to the coherent cross-section in the perfect lattice, but it now 
also contains a further incoherent part because of the random array of im
purities. The division between coherent and incoherent thus becomes a 
little obscure; the division will be examined more closely in each particular 
case. There is also an entirely incoherent part.

where again the label s denotes impurity site. In general the correlation 
function depends on 1, and when averaged over position in the sums, the 
self-correlation will be different at impurity and host sites.

4. NEUTRON SCATTERING BY LOCALIZED  MODES

The scattering of neutrons by localized modes has been considered at 
length in [18] to which the reader is referred for details. We quote here 
the essential results and comment briefly. Neglecting interference effects 
we may substitute Eq.(9) into Eq.(3) for the correlation function in Eq.(21). 
In the frequency range of interest Paa (0, 0;u+iô) has only an infinitesimal 
imaginary part, which leads to delta functions of the frequency at ± Ui, the 
solutions of Eq. (10), which correspond to poles of G. The strength of the 
pole is obtained by differentiating the denominator.

after simplification with the use of Eq.(10). The Green's function giving 
the combination required in Eq.(21), assuming an impurity only at the 
origin is

a '2GaS(0 ,0 ;u1)+ ^  П '  Ga6 (0,1; Ul) e’1*-*®

1 = 0

1,1*7* 0

+a P .  )~|2Mew2 [1-Meu2 P (0, 0; Uj)]*1 , (26)
M e W j a u  1 J  a a

after some manipulation using Eq.(10).
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Finally, substituting these results back into Eqs. (21) and (17) we obtain

<й ш )  = )+ (“!+ i)6(“ - “ i ) }  M l b f j  e‘
2M„

:^[ic-"e(i?, j) ]2 eu2 + u2 -u 2(ic, j) (27)

where nj is the equilibrium number of phonons, which enters from Eq. (3),

nj = (eôwl - l )'1 (28a)

and

-n(-u) = n(u) + l . (28b)

The scattering cross-section takes a simple form when the vector i? lies 
along one of the symmetry directions of a cubic crystal, namely the UOOJ, 
[110 J and [111J directions. The lattice waves propagating in these directions 
are purely longitudinal and purely transverse, so that к-е(к, j) =0 unless 
j refers to the longitudinal branch. In this case only this value of j occurs 
in the sum in Eq. (27). If the scattering is measured along a symmetry line 
perpendicular to n (the direction of these longitudinal waves) which passes 
through a reciprocal lattice point so that к’ lies outside the first Brillouin 
zone, the cross-section is

d2c к2 Г . , .  > . , Л  cui e 2M°
dfidE 2hki П16 (u + W l )  + (n i+ l) ô (u - lO l) MB(u 2)

: K2-jsir
u 2 - u 2 (7?, 1 )

+  COS eu 2 и2 -со2(к,t)
(29)

where ф is the angle between 1? and ÎÎ, while t refers to a transverse mode 
whose polarization vector lies in the plane i? and n. In this way effects as
sociated with the transverse modes may be observed.

In principle a measurement of the intensity of inelastic scattering at 
ДЕ ="hwi as a function of it determines uÇit) along symmetry directions for 
both longitudinal and transverse modes. The situation is reminiscent of 
that arising in the determination of phonon dispersion curves from the in
tensity of the thermal diffuse scattering of X-rays by one-phonon processes. 
The preceding result also allows a demonstration of the spatial localization 
of the modes. In fact Pas (ic^Wi) appearing in Eq.(26) is related to the 
Fourier transform of the displacement field; the factor B(ujf) provides 
the normalization.
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As an illustration we consider the special case of a face-centred cubic 
crystal with nearest-neighbour central forces between atoms. Fori? along 
the [100J direction the longitudinal mode frequency is [19]

ü ü . 2 1 t,и (i?)=wLsm -  R0kx ,

where wLis the maximum lattice frequency and R0 the lattice parameter. 
In this case

d2CT _ - 2 M 0
_ _ = ^ L  i ni6(u+ui) + (n i+ l )6 (u-ui)] 4a

R o “ l
F(x), (30)

where

F(x) = x ¿
~(a'/a)-l

l - ( u L S i n  x / u ) j ) 2
(31)

This function is plotted in Figs. 1 and 2 for several values of e and (a1/a). 
The relation between Uj and e is taken from Table IV. 1 of Reference [1J . 
There is some additional /^-dependence in the cross-section, Eq.(30), 
through the Debye-Waller factor, which may reasonably be taken as constant 
under the conditions which allow us to use Eq. (21) for the one-phonon part 
of Eq.(19). From the results it is clear that the angular dependence is most 
striking for small e when the localized mode first appears above the band 
and is very extensive in space. In this situation interference effects between 
impurities will be more important. It will be noticed that the maximum of 
F(x) occurs for i? near the zone boundary. The band modes of this type have 
relative motions of nearest neighbours which are essentially opposite and 
out of phase, and the motion of the local mode will be sim ilar. Analysis 
of the curves shows an effective exponential decay of the localized mode 
displacement with distance from the origin, with an inverse decay length 
in the x-direction of

4^2[Wi/lom)2- 1]1/2/R0 » (32)

as may be obtained analytically by replacing sin x by 1 ^ -x )  inEq. (31).

5. SCATTERING FROM BAND MODES

The cross-section in this case is most conveniently discussed in terms 
of the self-energy formulation in Eq.(14). Using this to obtain a correlation 
function from Eq.(3) to substitute in Eq.(19) gives

S(ic,u) =e 2 м о а 2 ^ Г  [к-е(к, j ) ] 2  [u2.u 2(;?j j ) _ c  y ^ w ) ] 2 +  [c V2(u )]2 * (33)
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x

Fig.l

A plot of the function F(x) = x2[^ - ^ — + — -----—'
I € l-(WLslnsinx/uj)2

for different values of the mass defect parameter e.
This function gives essentially the angular dependence of the 

one-phonon contribution to the differential scattering cross-section 
for the scattering of neutrons by a localized vibration mode 

when the momentum transfer from neutron to crystal is in the [100] direction. 
"1'/Г= 1, H' and â being the coherent neutron scattering lengths.

where for the moment we have put a'= a. Here the real and imaginary parts 
of Eq.(13) are

eu
Vj(u) + i V2 (u) =-

1 -eu P Г y(u')du' ~J  u 2 - u '2 _
(34)

1-eu P, Г l^to'jdu1
J  w2 - u ' 2

where P  denotes the principal valued integral. Thus for small с there is 
an effective frequency shift of the peak of the response

AÓ?, j) = c V j  M ? , j)] /2w(¡?, j) (35)
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TO?, j) = cV2 [u (^  j)]/u(^, j). (36)

This shift and width have an essentially resonance character. The width 
is a maximum when V 1 = 0, <

Yr = 2c/iri/(ur) . (37)

and a  w idth

For a very heavy impurity e «  0, where the resonance appears at very low

Fig. 2

A plot o f the function

for different values of the mass defect parameter e. 

a'/a = 2 , â ' and â  being the coherent neutron scattering lengths.

frequencies, the result for a Debye model has some validity. Then the 
relative width is given by

, 2c /ш тХ  2c 
Tt/Wt 3i r \wt )  ~37r > ' W - ‘

3/2
(38)

Specific calculations for Sn in Si and I in KC1 show effective widths of this 
order [17 J . It is probably beyond the limit of present neutron techniques
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except in especially favourable cases (e .g . Pb in Mg at concentrations of 
several per cent).

Numerical results for the shift and width of a phonon computed for the 
model of a face-centred cubic lattice introduced in the last section are shown

Fig-3
The shift & (k , j) in the frequency o f the normal mode (ici j) o f a perfect crystal 

owing to isotppic disorder is plotted as a function o f the frequency o f this mode, 
for a nearest-neighbour, central-force model o f a face-centred cubic crystal.

The parameter e is given by where M ' is the mass o f an isotopic impurity,
and M is the mass o f an atom o f the host crystal. The concentration o f impurities 

is denoted by c, and o ji is the maximum frequency o f  the host crystal.

F ig .4

The width o f the frequency o f the normal mode (к, j) o f a perfect crystal 
owing to isotopic disorder is plotted as a function o f the frequency o f this mode 

for a nearest-neighbour, central-force model o f a face-centred cubic crystal.
The parameter £ is given by 1 -(M '/M ), where M ' is the mass o f an isotopic impurity, 

and M is the mass o f an atom o f the host crystal. The concentration o f impurities 
is denoted by c , and й the maximum frequency o f the host crystal. .

in F igs.3 and 4 for e appropriate to gold in copper. Both the shift and width 
are seen to have typical resonance character. At low frequencies the shift 
is that appropriate to the change in the mean mass of the crystal

Д(к, j) = ceu(^, j)/2. (39)
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This shift changes sign at the resonance frequency, the change being more 
abrupt for sharper resonances. The relative frequency displacement across 
the resonance is crudely of the order of се/2, and should be observable.

Note in Fig.3 that the shift is negative for large phonon frequencies. 
A larger shift of this sign has recently been confirmed experimentally [20] 
for longitudinal and transverse phonons at the Brillouin zone boundary in 
alloys of copper containing small concentrations of gold. It should be pointed 
out that the zone boundary values for the frequencies of transverse waves 
for the present model correspond to x = 0. 707; 0.9239, 0.6533; 0.5, for 
waves propagating in the [100J „ 1110], and 1111J directions, respectively. 
For longitudinal waves the corresponding values are x = 1.0, 0.8536, 1.0, 
for waves propagating in the [100], [ 110j , and [111] directions.

If the coherent scattering length a' is different from â  the intensity of 
the scattering given by Eq.(33) will be altered and an extra incoherent cross
section is to be expected. In passing from E q . ( l l )  to Eq.(12) we averaged 
over site positions with no weighting. To calculate Eq.(21) the weighted 
average

eii?[x(1)- x(1’)] Q *  (l , l ';u ) (40)

1 , 1*

is required. For the first term on the right hand side of E q . ( l l )  this gives 

< â > 2 PaB (i?, u) + [< I 2> -< â > 2] PaS (0, 0; u), (41)

where

<(а^ = а+с (а '-а ) (42)

and

< à 2> - < â > 2= c ( l - c ) ( â ' - â ) 2 . (43)

The two terms lead to the usual expressions for coherent and incoherent
scattering in a perfect lattice. In the second term of E q .(l l )  averaging over 
impurity configurations gives

^  a j e ^ ^ ^ a y  (1, s ;u ) =<â> Pay (i?, u) + (à '-<â> ) Pa), (0,0; и) (44)

l

since s is always an impurity site. Expanding the result to order с gives 
for Eq. (40)

1.2, 2câ(â '-â ) V(u)
a + ------- — 5--------- В <?, u )+â 2 MCVM P2(¡?, U ) + a '-a ) Р „  (0, 0; u ) (45)

J J 6 ( J ¿
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In fact the last term is proportional to G(0, 0;u) at an isolated impurity site 
(cf. Eq.(9)) and gives the incoherent scattering appropriate to the vibration 
of an impurity site. This suggests that in the true incoherent cross-section, 
Eq.(24), the terms with 1 = s should also be multiplied by this same factor. 
The first part of Eq.(45) can be rewritten to first order in с as

_2 , 2câ(â '-â ) V(u) а -г лeu2

with the Green function of the perturbed lattice given by Eq.(14). This gives 
an effective scattering length dependent on the frequency. On taking the 
imaginary part of Eq. (46) to substitute in the cross-section it is found that 
the extra term divided by the term in Eq. (33) is

2 (a1 - a)
. â

It has thus a very small effect in the vicinity of the peak in the cross-section 
and although it tends to produce an asymmetry it may usually be neglected.

6. CONCLUSION

There are therefore two types of experiment in which inelastic neutron 
scattering could further elucidate the vibrations of crystals containing a 
low concentration of defects. The frequency of the localized modes and their 
spatial amplitude distribution could be determined. This might be of par
ticular interest in a metal where other methods are not available. A study 
of the shift and width of the ordinary phonon scattering peaks would also 
give detailed information about the position of resonances in the band modes. 
Heavy defects like Au in Be, Pb in Mg or Ca, or Au in Cu are the most suit
able for this purpose.
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D I S C U S S I O N

H, PALEVSKY: Could you give some estimate of the size of the ex
pected multiphonon effects?

R.J. ELLIOTT: These will be of similar order to the two-phononeffects 
in a perfect crystal.

G. DOLLING: As far as I recall the results of Brockhouse's student 
Swenson, he did not observe the resonance effects you have described.

R.J.  ELLIO TT : He did not look in the right frequency range.
G. DOLLING: Would you expect the same kind of localized mode theory 

to work in the case of an alkali halide, which displays a gap in the frequency 
distribution function, and when the "local" mode frequency falls in the gap?

R.J.  ELLIOTT: Yes. Such modes have been observed in infrared ab
sorption by Sievers of Cornell University.

P . EGELSTAFF: What effect does strain or lattice deformation in the 
region of the defect have on your results?

R.J.  ELLIOTT: It does not change the qualitative picture of local and 
resonant modes, but it will affect the actual frequencies at which they occur.

J.A.  JANIK: Do you know of any experiments, other than neutron ex
periments, which give evidence of localized modes in crystals?
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R. J. ELLIOTT: There is a great deal of work on infrared absorption 
in semiconductors and ionic crystals. This shows up localized modes very 
well, e.g.  B, L i, etc., in Si and III-V  compounds which show effects of 
agglomeration, H and D in alkali halides and CaF2 which show anharmonic 
effects, and so on. Some work has been done on band modes, particularly 
in diamond, but the low frequency resonances are in a difficult spectral 
range. The effect of these resonances has been observed in thermal re
sistance, e.g. of I in KC1. Much of this work was reported and reviewed 
at the Conference on Lattice Dynamics*.

B. BURAS (Chairman): I should like to add that a colleague of mine, 
D r . Nazarewicz, in collaboration with Professor Balkanski's group at the 
Ecole Normale Supérieure in Paris, has recently studied the local modes 
of silicon doped with both lithium and boron, using infrared spectroscopy. 
He found some peaks which could be attributed to vibrations of Lifi-вю  , 
Li7 -B ii and other complexes. Do you think that with inelastic neutron 
scattering one could see not only the local modes of single impurity atoms 
but also the vibrations of similar kinds of complexes?

R. J. ELLIOTT:' I think so, especially in a favourable case. Using im
purities with coherent cross-sections in a material with incoherent cross
sections one could pick up the correlations between pairs quite strongly.
I suppose vanadium could be used.

*  Conference on Lattice Dynamics, Copenhagen, 1963, to be published.
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INELASTIC NEUTRON SCATTERING FROM DOPED GERMANIUM AND SILICON. The normal modes 

o f vibration o f the pure semiconductors germanium and silicon have been extensively studied by means of 
coherent one-phonon scattering of slow neutrons from single-crystal specimens. The present paper describes 
similar experiments performed ( i )  on germanium heavily doped ( ~ 0 .1%) with (a) arsenic and (b) gallium, 
and also ( i i )  on silicon doped with phosphorus. In each case, control experiments were carried out on high- 
purity crystals. A ll measurements were performed with the triple-axis crystal spectrometer at Chalk River 
Nuclear Laboratories. The elastic constant Cu  for germanium is known to be appreciably dependent on the 

dopant concentration, and so certain transverse acoustic (ТА ) modes of long wavelength were studied to see if 
such effects persisted in to  the dispersive region. Other ТА modes whose frequencies could be measured with 
high precision were also studied in both materials to check as sensitively as possible for small effects which 
might be ascribed to the existence o f excess electrons or holes. A particularly careful study was made of 
modes having the following wave vectors (а^/2тг, where a is the cubic unit ce ll side): ( i )  in germanium, 

(1 ,0 ,0 ), ( i i )  in silicon, (0.85, 0.85, 0) and (0 .3 , 0, 0). Such normal modes might be expected to show 
anomalous behaviour in the n-type crystals, since inter-valley scattering of electrons between adjacent con
duction band minima would require their co-operation in order to conserve "crystal momentum” .

The results in all cases were negative, i. e. no differences in phonon frequencies or energy widths between 
pure and doped specimens were observed, within the experimental accuracy. In the most favourable cases, 
this (relative) accuracy is about 0. 5% in frequency, rising to 2. 0% for certain longitudinal optic modes in 
silicon.

DIFFUSION INÉLASTIQUE DES NEUTRONS DANS DU GERMANIUM ET DU SILICIUM CONTENANT UNE 
«IM P U R E T É » L'auteur a étudié, à l'a ide d'expériences de diffusion cohérente (à  un phonon) de neutrons 
lents par des monocristaux, les modes normaux de vibration du germanium et du silicium purs. Le mémoire 
décrit des expériences semblables sur 1. du germanium contenant une «im pu reté»en  assez forte proportion 

(~ 0 ,1%), cette « im p u re té » étant a) de l'arsenic, b) du gallium; et 2. du silicium contenant du phosphore. 
Dans chaque cas, des expériences de contrôle ont été faites sur des cristaux d'une grande pureté. Toutes les 
mesures ont été effectuées à l'aide du spectromètre â cristal triaxial de Chalk River. On sait que la concen
tration de Г  «im pu reté »in flu e  sensiblement sur la constante d’ élasticité Cu  du germanium; l'auteur a donc 

étudié certains modes acoustiques transversaux de grande longueur d’onde pour déterminer si ces effets persistent 
dans la région de dispersion. П a également étudié, dans l'un et l'autre de ces semi-conducteurs, d'autres 

modes acoustiques transversaux dont les fréquences peuvent Être mesurées avec une grande précision, afin de 
vérifier avec la plus grande sensibilité possible les effets mineurs pouvant être attribués à l'existence d’ électrons 
ou de trous en excès. Un examen particulièrement approfondi a été effectué sur les modes ayant les vecteurs 

d’ onde suivants (а^27Г, ой a est la longueur de l ’ arête d’une cellule cubique unitaire): l .  dans le germanium 
(1 ,0 ,0 ); 2. dans le silicium (0, 85, 0,85, 0) et (0,3, 0,0). On pouvait s'attendre que ces modes normaux 
présentent un comportement anormal dans les cristaux de type n, étant donné que la diffusion des électrons 
entre les minima des bandes de conduction adjacentes exigerait leur intervention de manière à assurer la 
conservation de la «q u an tité  de mouvement du c r is ta l»  . ■

Dans tous les cas, les résultats obtenus ont été négatifs, c ’ est-à-dire qu'on n'a observé, dans les limites 
de la précision expérimentale, aucune différence de fréquences de phonons ou de largeurs d'énergie entre les 
échantillons purs et les échantillons contenant une « im p u r e t é »  . Dans Íes cas les plus favorables, cette 
précision (relative) est d'environ 0, 5Що pour la fréquence et e lle  atteint 2, 0°jo pour certains modes optiques 
longitudinaux dans le silicium.
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Н Е У П Р УГО Е  РА С С Е Я Н И Е  НЕЙТРОНОВ НА ГЕ РМ АН И И  И КРЕМ НИИ С П РИ С А Д 
КОЙ. Нормальные формы колебания чистых полупроводников германия и кремния ши
роко изучались с помощью когерентного однофононного рассеяния медленны^ нейтро
нов на моно-кристаллических образцах. В данном докладе описываются аналогичные 
эксперименты, выполненные 1) с германием с большой присадкой (-^0,1%) а) мышьяка 
и Ь) галия, а также 2) с кремнием с фосфорной присадкой. В каждом случае кон
трольные эксперименты проводились на кристаллах высокой чистоты . Все и зм ере
ния выполнялись на трехосном кристаллическом спектрометре в лабораториях в Чок- 
Ривер . Как известно, постоянная упругостиС44 для германия в значительной степени з а 
висит от концентрации присадки, и поэтому некоторые поперечные акустические колёбания 
(Т А ) с большой длиной волны изучались с целью выяснения наличия таких эффектов в дис
пергирующей области . Другие Т А  колебания, частоты которых можно измерять с высокой 
степенью точности, также изучались в обоих материалах с целью возможно более точной про
верки небольших эффектов, которые можно было бы приписать наличию избытка электронов 
или дырок. Особенно тщательно изучались колебания со следующими волновыми векторами 
( aq/2 ir, где а —сторона кубической элементарной ячейки): 1) в германии (1 ; 0; 0); 2) в крем
нии ( 0.85; 0.85; 0 ) и (0 .3 ; 0 ; 0 ) .  Можно было бы предположить, что такие нормальные ко
лебания проявят необычные черты в кристаллах n-ного типа, поскольку для рассеяния элек
тронов между соседними минимумами зон проводимости потребовалось бы взаимодействие 
для сохранения "импульса кр и сталла".

Результаты  во всех случаях были отрицательными, т . е .  в пределах точности экспери
ментов не наблюдалось никаких различий частот фононов или энергетических ширин между 
чистыми образцами и образцами с присадкой. В наиболее благоприятных случаях такая (о т 
носительная) точность составляет приблизительно 0,5% по частоте , с повышением до 2,0% 
для некоторых продольных оптических колебаний в кремнии.

DISPERSION INELASTICA DE NEUTRONES EN GERMANIO Y SILICIO DELIBERADAMENTE IMPURIFICADOS. 
Los modos normales de vibración de los semiconductores germanio y silicio puros se han estudiado ampliamente 
por dispersión monofonónica coherente de neutrones lentos en muestras monocristalinas. En la memoria se 

describen experimentos análogos realizados utilizando: 1) germanio deliberadamente impurificado ( ~ 0 ,1%) 

con a) arsénico y b) galio ; 2) silicio impurificado con fósforo. Se realizaron siempre experimentos testigo con 
cristales de elevada pureza. Todas las mediciones se llevaron a cabo con el espectrómetro triaxial de cristal 

instalado en los Chalk River Nuclear Laboratories. Como es sabido, la constante elástica C ,̂ correspondiente al 
germanio depende sensiblemente de la concentración de la impureza* por lo que se estudiaron ciertos modos 
acústicos transversales de onda larga para comprobar si tales efectos persistían en la región dispersiva. En 

ambos materiales se estudiaron también otros modos acústicos transversales de frecuencia susceptible de medirse 
con gran precisión, a fin de observar con el mayor detenimiento posible los leves efectos que pudiera atribuirse 
a la existencia de electrones o vacantes en exceso. Se estudiaron con particular cuidado los modos que tienen 
los vectores de onda (aq/2?r, en donde a es la arista de la celdilla unidad cúbica): a) en el germanio (1 ,0,0), 
y b) en e l silicio (0, 85, 0,85, 0) y (0 ,3 , 0, 0). Cabría esperar que estos modos normales tuviesen un 
comportamiento anómalo en los cristales de tipo n, pues la dispersión intervalle de electrones entre mínimos 
adyacentes de bandas de conducción exigiría su cooperación para conservar « e l  impulso del cristal>*

Los resultados fueron negativos en todos los casos, esto es, no se observó diferencia alguna de frecuencias 
fonónicas ni de amplitudes de energfa entre muestras puras e impurificadas, dentro del margen de error ex
perimental. En los casos más favorables, esta exactitud (relativa) alcanza al 0, 5% del valor de la frecuencia, 

y llega hasta 2,0°¡o tratándose de algunos modos ópticos longitudinales en el silicio.

1. INTRODUCTION AND THEORY

In recent years the normal modes of vibration of the pure semi" 
conductors germanium [1, 2] and silicon [3, 4] have been extensively studied 
by means of slow neutron inelastic scattering techniques [5]. The inter
atomic force systems [4, 6] and electronic band structures [7] of these ma
terials are now fairly well understood, at least in broad outline. This paper
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describes attempts to detect changes in the vibrational properties of Ge and 
Si when relatively large concentrations (about 0. 1%) of dopant material are 
added. Specifically, a number of normal mode frequencies have been 
measured at 296°K for three single crystal specimens of germanium (a) pure,
(b) doped with arsenic (n-type) and (c) doped with gallium (p-type), and for 
two specimens of silicon (a) pure and (b) doped with phosphorus (n-type). 
A brief report of the measurements on silicon has been given elsewhere [8]. 
All of the measurements were made by means of a triple-axis crystal 
spectrometer at the NRU reactor, Chalk River, and consisted of observations 
of the energy distributions of neutrons scattered from the single-crystal 
specimens by coherent one-phonon processes involving neutron energy loss, 
and under conditions of constant neutron momentum transfer (constant- ^  
method [5]).

That such changes in the normal mode frequencies might be expected 
is shown, for example, by the fact [9] that the elastic constant C44 of heavi
ly doped n-type germanium at 4. 2°K is 5% lower than that of the pure ma
terial. (The other elastic constants are substantially the sam e.) It is of 
interest to ascertain whether these effects persist into the dispersive region 
of the frequency-wave vector characteristic, v  (q), and if possible to de
scribe any observed changes in terms of some modification of the effective 
interatomic potential. There is also the possibility of observing certain 
special effects in the n-type crystals, associated with the phenomenon of 
intervalley scattering of the "excess" electrons between adjacent conduction 
band minima*. The locations in reciprocal space of these minima are known: 
for Ge [7] at wave vectors aq/2îr = (0. 5, 0. 5, 0. 5), (0. 5, 0. 5,- 0. 5), etc., and 
for Si [10] at wave vectors aq/2îr = (Ç, 0, 0), where Ç »» 0. 85. The selection 
rules governing these intervalley scattering processes have been enumerated 
by LAX and HOPFIELD [11]. For such scattering to occur, the momentum 
and energy changes suffered by the electron must be balanced by the creation 
or annihilation of a suitable phonon. Figures 1 and 2 illustrate for the case 
of n-type germanium and n-type silicon,respectively, how these conservation

WAVE- VECTOR TRANSFER 0  = < 0 , 0 , 1 . 0 1

F ig .l

Energy-wave vector diagram for "conduction" electrons in n-type germanium, 

showing how intervalley electron scattering may involve a phonon o f wave vector acf/2ir=(l, 0,0)

*  This possibility was suggested by Dr. P.J. Price.
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OX, OY ARE EQUIVALENT CUBE AXES 

Fig. 2

Energy-wave vector diagram for "conduction" electrons in n-type silicon, 

showing how intervalley electron scattering may involve a phonon of wave vector a3/2ir = ( l ,  0,0)

conditions restrict the possible wave vectors of the phonon concerned. The 
ability of the electrons to adjust themselves to the changing nuclear po
sitions during a lattice vibration might well be significantly affected by these 
processes. Consequently, one might expect changes in the frequency and 
perhaps also the frequency widths of the particular modes shown in Figs. 1 
and 2 .

The location of the conduction band minimum is much less accurately 
known in silicon than in germanium. Furthermore, many of the normal 
mode frequencies of silicon are rather too high for convenient and easy de
termination. We therefore describe in some detail (section 2) the more 
favourable case of germanium, and restrict discussion of the experiments 
on silicon (section 3) to a presentation of the results.

2. EXPERIMENTS ON GERMANIUM

The three germanium specimens were very similar in size and shape 
(cylinders, 2 in long and 1 in in diameter), and of the same orientation 
(cylinder axis parallel to the (110) crystallographic direction). The ap
proximate dopant concentrations were (a) < 5X 1013 atoms/cm3 for the pure 
specimen, (b) 3.5 X 1019 arsenic atoms/cm3 for.the n-type specimen and
(с) 3X 1019 gallium atoms/cm3 for the p-type specimen. A ll three were 
similarly mounted so that the (110 ) axis was in each case perpendicular to 
the plane containing the incident and scattered neutron beams of the spectro
meter. A number of modes of vibration were selected and scattered neutron 
groups arising from appropriate coherent one-phonon processes were ob
served, from which the normal mode frequencies were determined. The 
triple-axis spectrometer was operated in such a way that the energy distri
bution of scattered neutrons could in each case be measured for a fixed value 
of the wave vector of the normal mode concerned. Certain low frequency 
transverse acoustic (TA) modes were chosen for study, in view of the known 
dependence [9] of the elastic constant C44 upon dopant concentration. Other 
TA modes, whose frequencies could for experimental reasons be measured 
with high precision, were studied in an attempt to detect relatively small 
changes in the effective interatomic potential. The possibility of special
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effects arising from intervalley scattering of conduction electrons in the 
n-type specimen was investigated by observing various modes with wave 
vectors in the vicinity of the zone boundary in the Д-direction, i. e. aq/27r = 
(1, 0, 0) where a is the lattice constant. The optic mode of zero wave vector 
(Raman mode) was also stiidied for this reason. If the electron wave vectors 
appropriate to two conduction band minima are к i and кг, then the condition 
of conservation of "crystal momentum" may be expressed by

к ! - k 2 = Q = 27rr + q ,

where q is the reduced wave vector of a normal mode of vibration and r  a 
vector of the reciprocal lattice. For example, for aS i / 2w  = (0. 5, 0.5, 0.5) 
and al?2/27r = (-0 . 5, 0. 5, 0. 5), Eq. ( 1) may be satisfied if the phonon wave 
vector is acj/27r = (1, 0, 0). The selection rules [11] indicate that only the 
longitudinal (L) mode may participate in such an electron scattering process. 
Nevertheless, measurements of the TA and TO mode frequencies were also 
.made in an attempt to check whether these selection rules were indeed 
satisfied.

The complete results for the three specimens (at 296°K) are given in 
Table I. The errors quoted are relative rather than absolute, and have 
been estimated on the assumptions (a) that the instrumental calibration re
mained the same during the entire experiment and (b) that the specimen 
orientations were the same to within 0.05°. Assumption (a) was checked 
by making several repeat measurements, with changes of specimen between 
each repeat, and also by measuring the energy distribution of neutrons scat
tered by a polycrystalline vanadium sample before and after the experi
ments. The specimen orientations were determined by careful observation 
of several independent "Bragg reflections". This method is capable of the 
above-mentioned relative accuracy (0.05°) provided that extinction effects 
are similar in the three crystals. If this is so, the mean position in the 
crystal from which the incident neutrons are Bragg reflected, and hence 
the effective angle of scattering, will be the same in all cases. Measure
ment of the mosaic spread and Bragg reflection intensity for the present 
specimens showed that while the pure and gallium-doped crystals were very 
similar in these respects, the arsenic-doped crystal displayed a substantial
ly larger mosaic spread and "Bragg reflecting power". This may lead to 
an error in crystal orientation and effective scattering angle sufficient to 
produce an appreciable change in the measured frequency of a mode for 
which the gradient Vqi/ is large. In the case of the LA modes of wave vec
tors near (1, 0, 0), for example, it is estimated that this effect may be as 
much as 0. 3% in frequency (that is, the measured LA frequencies for the 
arsenic-doped crystal are up to 0.3% too low). This effect is of course 
negligible for many of the modes studied in these experiments, since 
is usually small or zero.

The lattice constant a of germanium was taken to be 5. 6575 A . Measure
ments of a by means of neutron diffraction experiments showed that it 
was indeed the same for all three crystals, to within 0.08%. If the lattice 
constant of the arsenic-doped crystal is as much as 0.08% larger than that 
of the pure material, then the resultant error in q may be similar (0. 3%) to 
that involved in the orientation error mentioned above.
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TABLE I

FREQUENCIES O F  NORMAL MODES PROPAGATING  ALONG  
THE [Ç00] DIRECTION IN PURE AND DOPED GERMANIUM

AT 296°K

Wave vector 
co-ordinate S

Mode

Frequency 
( 1 012 c/s)

(i) Pure Ge (i i )  As-Ge (ii i )  Ga-Ge

1 . 00 TA . 2.37 ± 0.01 2,37 ±0 .01 2.36 ±0 .01

0. 95 TA 2.37 ±0 .01 2.37 ±0 .01 2.37 ±0 .01

0.90 TA 2.37 ±0 .01 2.37 ±0 .01 2.36 ±0 .01

0.20 TA 1 .175 ± 0.01 1.18 ± 0 . 0 1 1.18 ± 0 . 0 1

0.24 TA 1.365 ± 0. 0 1 I . 3 5 5  ± ° - ° l 1 .З 65 ± 0 . 0 1

0.28 TA 1.53 ±0 .01 1.53 ±0 .01 1.53 ±0 .01

0.00 O 8 . 94a 8.98 ±0 .10 --

0.05 TO - 9.00 ±0 .10 -

0 . 1 0 т о - 8. 97 ± 0.10 --

0.85 т о 8.13 ±0 .08 8 . 1 2  ±0 .08 8 . 1 0  ±0 ,08

0.88 т о 8 . 1 0  ±0 .08 8.15 ±0 .08 8 . 1 0  ± 0. 08

0.90 т о 8 . 1 1  ±0 .08 8.18 ± 0.08 8.13 ±0 .08

0.93 т о 8.16 ±0 .08 8. 20  ±0 .08 8,08 ±0 .08

0. 95 т о 8,20  ±0 .08 8 . 1 1  ±0 .08 8.07 ±0 .08

0. 98 т о 8 . 1 1  ±0 .08 8 . 1 2  ±0 .08 8.14 ± 0.08

1 . 00. т о 8 . 1 1  ±0 .08 8.18 ±0 .08 8.13 ±0 .08

1 . 0 0 L 7.12 ± 0. 05 7.11 ±0 .05 7,12 ±0 .06

0,95 LA 6. 92 ± 0. 04 6.89 ±0 .04 6.92 ±0 ,05

0,90 LA 6.66 ±0 .0 4 6. 64 ± 0. 04 6.65 ±0 .05

0.95 LO 7.32 ±0 .06 7.30 ±0 .06 7.33 ±0 .06

0.90 LO 7.52 ±0 .0 7 7.50 ±0 .07 7.51 ±0 .07

a Interpolated from Reference [2 ] (not checked in the present experiments).

Figure 3 shows the scattered neutron groups observed under identical 
conditions for the three specimens, and associated with (a) the TA mode 
(1, Q, 0) and (b) the LA mode (0. 95, 0, 0). Part of the discrepancy between 
the measured frequency of this LA mode in the arsenic-doped crystal and 
those in the other two crystals is no doubt due to the orientation-error effect 
described above. The experimental points in Fig. 4 represent the results
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(a) TA (1.0,0,0) (b) LA  (0.95,0*,0)

Fig.3

Neutron groups observed in experiments at 296eK on the three germanium specimens

(i) pure, ( i i )  n-type and (i i i )  p-type corresponding to normal modes (a) TA(1, 0, 0) and (b) LA(0. 95,0, 0) 
Wave vector co-ordinates are given in reciprocal lattice units.

Neutron groups (b) are superposed on a sloping "background" arising partly from 
fast neutrons and partly from incoherent scattering from the specimens.

for the arsenic-doped crystal, while the dashed and dotted curves refer 
to the pure crystal at 296°K. Those parts of the dispersion curves, which 
have not been measured in pure germanium at 296°K, have been estimated 
by interpolation from data at 100°K and 700°K [2, 12]. _

Consideration of Table I and Figs. 3 and 4 shows that in no case is there 
any significant difference between the normal mode frequencies in the three 
specimens. In the L  modes near (1, 0, 0),for example, any effect due to 
intervalley electron scattering must be less than 1% and is probably less 
than 0.5%. There is perhaps a suggestion of a discontinuity (^1%) near 
aq/2îr = (1, 0, 0) in the transverse optic (TO) branch of i/(q) for the arsenic- 
doped specimen, though measurements of higher resolution would be needed 
to prove its existence. No significant differences between the three speci
mens were observed as regards the widths of the scattered neutron groups.

3. EXPERIMENTS ON SILICON

Two specimens were employed, having the same shape and crystal ori
entation as the germanium crystals described in section 2: (a) a pure speci
men, approximately 1 in in diameter and (b) a phosphorus-doped specimen
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— [t о о]
REDUCED WAVE-VECTOR 

CO-ORDINATE £

Fig. 4

Dispersion curves for the [ £00] direction in germanium at 296°K.
The dotted (dashed) curves represent transverse (longitudinal) modes in pure germanium, 

while the experimental points (circles and triangles refer to transverse and longitudinal modes, respectively)
were obtained for n-type germanium.

The results for p-type closely resemble these and are not shown.

(3X 1019 phosphorus atoms/cm3), 1.4 in in diameter. The measurements were 
performed at 296°K with the (110) crystallographic direction perpendicular 
to the plane of the incident and scattered neutron beams. Most of the results 
for the pure specimen have been reported previously [4]. A small number 
of additional measurements were made to check the earlier work and ex
cellent agreement was obtained. The normal mode frequencies measured 
in the n-type crystal at 296°K are given in Table 11 and plotted in Fig. 5 (as 
experimental points). Most of the acoustic mode points are the mean values 
of three or more independent measurements, while the optic mode points 
generally represent only one or two measurements each. The dashed and 
dotted curves in Fig. 5 represent the results for pure silicon at 296°K for 
comparison. The most accurate results are those for the low frequency 
acoustic modes; any differences between the two specimens would appear 
to be substantially less than 1% for these modes.' The optic mode frequen
cies have been determined with a relative accuracy of only about 2%, from 
which we conclude that any differences here must be less than about 3% in 
frequency. There aré suggestions of possible depression of the optic mode 
frequencies in the n-type specimen, although considerably more work would 
be needed to examine these possibilities in more detail, owing to the diffi
culty of measuring such high frequency modes. As in the case of germanium, 
no significant changes in the widths of the neutron groups were observed 
in the experiments on silicon.
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TABLE II

FREQUENCIES OF NORM AL MODES PROPAGATING ALONG  
THE [Ç00] AND [0ÇÇ] DIRECTIONS IN PUR Ea AND DOPED  

' SILICON A T  296°K

Wave vector
Mode

Frequency

( 1012 c/s)

co-ordinate Ç
Р-Si Pure S ia

1.0

[C00] Direction 

TA 4.47 ± 0.03 4.49 ± 0.03

0.9 TA 4.50 ± 0.03 4.47 ± 0.03

0.6 TA 4.21 ± 0.03 4.27 ± 0.04

0. 5 TA 3.91 ± 0.02 3. 92 ± 0. 03

0.3 TA 2.86 ± 0.02 -

1.0 TO 13.85 ± 0.17 13. 90 ± 0.17

0.0 О 15.30 ± 0.18 15.53 ±0 .1 3

1.0 L 12.36 ± 0.10 12.36 ± 0.10

0.9 LA 11.65 ± 0.10 -

0.4 LA 6.10 ± 0.08 6.10 ± 0. 08

0.35 LA 5.46 ± 0.07 -

0.3 LA 4. 62 1 0. 05 4. 65 ± 0.05

0.25 LA 3.90 t  0.05 3. 90 ± 0. 05

0.2 LA 3.17 è 0.05 3.20 ± 0 .0 5

0.9 LO 13.03 ± 0.20 -

0.3 LO 15.10 ± 0.20 15.20 ± 0 .3 0

0.25 LO 15.25 ± 0.20 -

0.2 LO 15.45 ± 0.20 15.55 ± 0.25

0.9

[0ÇÇ] Direction 

ПА 5.15 ± 0.06 5.10 ± 0.06

0.85 ПА 5. 65 ± 0.06 5.60 ± 0.06

0.8 ' . ПА 6.22 ± 0.06 6.19 ± 0. 06

0.9 ПО 14.12 ± 0.20 14.15 ± 0.25

0.85 . ПО 14.09 ± 0.20 14.20 ± 0.20

0.8 ПО 14.10 è 0. 20 14. 35 ± 0.25

0. 75 ПО 14. 30 ± 0.20 14.40 ± 0.25

0. 7 ПО 14.65 ± 0.20 14.60 ± 0.25

0.6 ПО 14. 60 ± 0.20 -
0.5 ПО 14. 63 ± 0.20 14. 55 ± 0.25

a Taken from [4 ] and other unpublished work by the present author. Estimated relative errors 
are quoted.
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REDUCED W ÁV E -V E C TO R  C O -O R D IN A T E  £

Fig. 5
Dispersion curves for the [COO] and [0££] directions in silicon at 296"K.

The notation is similar to that o f Fig. 4, except that the modes are not strictly longitudinal 
or transverse in the [0S£] direction.

The experimental points refer to n-type silicon, and the dashed and dotted curves to pure silicon.

4. SUMMARY

A search has been made for changes in the vibrational properties of 
pure germanium and silicon at 296°K, as a result of the introduction of ex
cess electrons (or holes) by suitable doping. No significant changes of any 
kind were observed in either material. It would be interesting to make a 
theoretical calculation of the expected magnitude of any such effects, as a 
check on the experimental results, though this has not been attempted in the 
present paper.
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D I S C U S S I O N

R. J. ELLIOTT: Your experiment reminds me of a different effect one 
might hope to see in a material with a many-valley band structure, namely, 
scattering of the neutron off the conduction electrons with a momentum change 
corresponding to the intervalley distance. Such a cross-section would be 
small, but it would be concentrated at particular Ic-values. A favourable 
substance might be the semi-metal bismuth, which is known to have small 
electron and hole pockets near the edge of the zone and which also has a 
large electron magnetic moment because of the large spin-orbit coupling.

J.L.  WARREN: I talked briefly with Dr. Koenig of IBM WatsonLabora- 
tories on the way to the meeting. He was not too surprised at the negative 
results of your experiment. If I understood him correctly, the change in 
the constant C44 in n-type materials is due to a sort of electron screening 
effect for lattice vibrations associated with intervalley scattering. The 
relaxation time for this effect is of the order of 10"12 s and hence this effect 
would not be operative for the high frequencies observed by inelastic neutron 
scattering.

G. DOLLING: Dr. Koenig's explanation of the change in C44 is very 
interesting. This type of effect will naturally be much smaller for the higher 
frequency modes. However, I think that the kind of effect which we were 
hoping to detect at certain specific wave vectors is quite distinct from that 
discussed by him.
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A STUDY OF INELASTIC NEUTRON SCATTERING BY ANHARMONIC CRYSTALS WITH THE DAMPING 
THEORY. The damping theory is developed in terms of projection operators, and an expression for the transition 
probability per unit time which is suitable to line shape studies in general is obtained. This expression replaces 
the usual energy-conserving delta function by a Lorentzian distribution whose width is equal to the difference of 
the widths of the initial and final states. Using this expression, a formula for the scattering cross-section of slow 
neutrons by an anharmonic crystal is derived. Expressions for the width and shift of lines corresponding to 
multiphonon events in general, and to a one-phonon event as a special case, are obtained and investigated in 
the zero and high temperature limits. The results are compared to those obtained previously. It is found 
that the inverse of phonon lifetime is expressible in terms of the difference of the widths of the crystal states, 
as obtained by Brout. The shift formula is shown to be in agreement at all temperatures with that obtained by 
Maradudin and Fein and others. The width formula agrees with theirs only in the zero temperature limit. In 
the high temperature limit, the present formula predicts a quadratic temperature dependence in contrast with 
the linear dependence predicted by theirs. This discrepancy is discussed in terms of the concept of phonon 
lifetime. The present theory predicts a larger width at high temperatures by a factor (2/dhw0), and therefore is 
expected to yield a better agreement with the large experimental widths observed by Brockhouse et al. than 
that reported by Maradudin and Fein. . • ■

Étude, au moyen de la théorie de l'amortissement, de la diffusion inélastique des
NEUTRONS DANS DES CRISTAUX ANHARMONIQUES. En développant la théorie de l'amortissement en fonction 
des opérateurs de projection, les auteurs obtiennent une expression de la probabilité de transition par unité de 
temps, qui convient de manière générale pour des études sur la forme des raies. Cette expression remplace la 
fonction delta habituelle de conservation de l'énergie par une distribution lorentzienne dont la largeur est égale 
à la différence entre les largeurs des états initial et final. A partir de cette expression, les auteurs établissent 
une formule de la section efficace de diffusion des neutrons lents par un cristal anharmonique. Ils obtiennent 
des expressions de la largeur et du déplacement des raies correspondant à des événements à plusieurs phonons en 
général et à un événement à un phonon.dans un cas particulier, expressions qu'ils étudient à une température 
nulle et à haute température. Les résultats sont comparés à ceux qui ont été obtenus auparavant. On constate 
que l’inverse de la durée de vie d'un phonon peut s'exprimer en fonction de la différence entre les largeurs des 
états cristallins, établie par Brout. La formule du déplacement concorde, à toutes les températures, avec 
celle de Maradudin, Fein et d'autres chercheurs. La formule de la largeur ne concorde avec la leur qu'à la 
limite correspondant à une température nulle. A la limite correspondant à une température élevée, la formule 
actuelle laisse prévoir une variation quadratique en fonction de la température, par opposition avec la variation 
linéaire que prévoit leur formule. Les auteurs discutent cette divergence entre les résultats en se fondant sur 
la notion de durée de vie des phonons. La présente théorie laisse prévoir une largeur plus grande d'un facteur 
(2/6Ьш0) à de hautes températures et devrait donc mieux concorder avec les grandes largeurs observées par 
Brockhouse et ses collaborateurs lors de leurs expériences, qu'avec celles indiquées par Maradudin et Fein,

ИЗУЧЕНИЕ НЕУПРУГОГО РАССЕЯНИЯ НЕЙТРОНОВ НА НЕГАРМОНИЧЕСКИХ КРИ
СТАЛЛАХ С ПОМОЩЬЮ ТЕОРИИ ЗАТУХАНИЯ. Теория затухания разрабатывается с уче
том операторов предсказанного значения случайных величин, и авторы выводят выражение 
вероятности перехода на единицу времени, пригодное в целом для изучения формы спектраль

* Supported by the United States National Science Foundation.
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ных линий. Это выражение заменяет обычную дельта-функцию сохранения энергии с помощью 
распределения Лоренца, ширина которого равна разнице меж ду размерами ширины перво
начального и конечного состояний. С помощью эт о го  выражения выводится формула для 
поперечного сечения рассеяния медленных нейтронов на негармонических кристаллах. Вы
водятся и изучаются при пределах нулевой температуры и высокотемпературных пределах 
выражения для ширины и смещения линий, соответствующих многофононным явлениям в це
лом  и однофононному явлению в частном сл уч а е . Результаты  сравниваются с ранее получен
ными результатам и. Устанавливается, что обратная величина времени жизни фононов м о
жет быть выражена в отношении разницы между размерами ширины при разных состояниях 
кристалла, как это выведено Браутом . Показывается, что формула смещения согласуется  
при любой температуре с формулой, полученной Марадюдином, Файном и др. Формула ши
рины со гла суется  с их формулой только при пределе нулевой тем пературы . При вы соко
температурном пределе нынешняя формула предсказывает квадратическую температурную 
зависимость в противоположность линейной зависимости, предск4зываемой их формулой. 
Такое расхождение обсуждается в рамках концепции времени жизни фонона. Нынешняя тео 
рия предсказывает больший размер ширины при высоких температурах на фактор (2//3hu>.), 
и поэтому, как предполагается, она приводит к лучшему согласованию с большими экспери
ментальными значениями ширины, отмеченными Брокхаузом  и д р ., чем теория, предложен
ная Марадюдином и Файном.

ESTUDIO DE LA DISPERSION INELASTICA DE NEUTRONES EN CRISTALES ANARMONICOS, APLICANDO 
LA TEORÍA DEL AMORTIGUAMIENTO. Los autores desarrollan la teorfa del amortiguamiento en función de los 
operadores de proyección, y obtienen para la probabilidad de transición por unidad de tiempo una expresión 
que, por lo general, resulta adecuada para los estudios sobre la forma de las curvas. Esta expresión sustituye 
a la habitual función delta de conservación de la energfa por una distribución lorentziana cuya amplitud es 
igual a la diferencia entre las amplitudes correspondientes a los estados inicial y final. Haciendo uso de 
esta expresión, los autores deducen una fórmula para la sección eficaz de dispersión de los neutrones lentos en 
un cristal anarmónico. Obtienen expresiones para la amplitud y el desplazamiento de las rayas correspon
dientes a los procesos multifonónicos, en general, y como caso particular, a un proceso monofonónico, y estu
dian esas expresiones para temperaturas que tienden a cero y para temperaturas elevadas. Comparan los re
sultados con los obtenidos previamente, y comprueban que la inversa de la vida media del fonón puede ex
presarse en función de la diferencia entre las amplitudes de los estados del cristal, calculadas por Brout. 
La fórmula obtenida para el desplazamiento concuerda, para todas las temperaturas, con la propuesta por 
Maradudin y Fein, y por otros investigadores. En cuanto a la fórmula para la amplitud, concuerda con las 
de esos investigadores sólo para el lfmite de temperatura cero. Para el límite superior, la nueva fórmula 
prevé una variación con el cuadrado de la temperatura, en contraste con la variación de tipo lineal establecida 
en la de aquéllos. Los autores examinan esta discrepancia atendiendo al concepto de vida media del fonón. 
La teorfa de los autores prevé una mayor amplitud de un factor (2/0fi(Jo) a altas temperaturas y, por ello, es 
de suponer que concuerde en forma más satisfactoria con los elevados valores de amplitud observados experi
mentalmente por Brockhouse y sus colaboradores, que con los dados a conocer por Maradudin y Feiru

I. INTRODUCTION .

The aim of this paper is to study the inelastic scattering of slow neutrons 
by anharmonic crystals with the damping theory. The latter was presented 
by H eitler inReferences [1, 2] some tim e ago, as a perturbation theory of 
transition rates between decaying states, and was used extensively to in
vestigate the natural broadening of optical lines. However, the potential 
of the damping theory as a tool for calculating the shapes of spectral lines 
in photon em ission and neutron scattering experiments in the presence of 
medium effects does not seem to have been investigated. The present work 
is a step in this direction. . .

The following section contains an extension of the damping theory to 
include the decay of the final state. Such an extension.is essential for the



SCATTERING BY ANHARMONIC CRYSTALS 263

application of the theory to the inelastic neutron scattering by anharmonic 
crystals because the lifetim e of the final crystal state is comparable to that 
of the initial state, and hence cannot be neglected as is often done in the 
optical line shape problem s. The remaining sections are devoted to the 
calculation of the spectrum of the slow neutrons inelastically scattered by 
anharmonic crystals. '

II. DAMPING THEORY

The quantum-mechanical interpretation of a large class of experiments 
involves the quantity

Wmn='|Umn(t)|2/t (2.1 )

where U (t) is  the "tim e-evo lu tion " operator which is given  by U (t) = e 'itH 
when the Hamiltonian H of the system is time-independent (units are chosen 
so that fi = 1). The representation { |n>}  is generated by Ho which is the 
part of H = Ho + V fo r which the eigenvalue problem

(H0 — E h ) I n> = 0 (2 .2 )

can be solved. The numerator in Eq.(2 . 1) is the probability of finding the 
physical system in a state |m> at tim e t, knowing that it was in the state 
|n> at t= 0. The quantity Wmn is in general time-dependent. However, in 
certain tim e intervals, it can be approximated1 by some time-independent 
quantity, and thus interpreted as "transition probability per unit tim e" from 
the initial state |n > into the final state |m> . Such an approximation can 
be obtained by using H e itle r1 s damping theory [1, 2]. The following treat
ment of the damping theory d iffers from H eitler1 s original derivation in two 
respects: F irs t, it is developed in term s of projection  operators and 
second, it employs a different iteration procedure. It is an extension of 
the quantum theory of decaying states by MESSIAH [3] to the cases where 
the decay of the final state cannot be ignored [4].

The firs t step is to compute the diagonal and off-diagonal m atrix e le
ments, namely, Unn (t) and Umn(t), of the time-evolution operator in Eq. (2.1). 
Since U(t) is the inverse Laplace transform of the resolvent of H, i. e. G(z) 
= (z -H )*1, one tr ies  to compute Gnn(z ) and Gmn(z ).  F o r  this purpose, one 
introduces two new opera tors  6"nn(z) and £ mn (z) which a re  defined by

O z )= P nG (z)Pn , im ( z )  = P mG (z)Pn, (2 .3 )

where P n and P m are projection operators onto the subspaces spanned by 
the eigenvectors belonging to the eigenvalues En and Em. If  the states |n> 
are non-degenerate, then P n implies projection on the eigenvector |n>. The 
projection operator on the complementary subspace w ill be denoted by Qn, 
namely Q n= l _P n • Follow ing Messiah, one divides H into two parts as H 
= H1+H2 , where Hi and H2 are defined by
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H j e e  P nHPn + Q nHQn =H 0 + P nV P n+ Q nVQn, (2.4)

H 2 = P nHQn + Q nH Pn = Pn VQ n + QnVPn . (2.5 )

The following commutation relations are needed in the subsequent analysis:

[Hj . P J M H j. Q J ^  ( 2 . 6 )

PnH;>=Hç)Qn, Q nH2 =H2P n, (2.7 )

-PnHo = EnPn = H 0Pn • ( 2 . 8)

The resolvent G (z) can be expressed in term s of H i and H2 as follows:

- HJ-, » I I . ° U )  12.9.)

+ (2 - 9b>

One can now obtain an expression fo r Ç nn{z) by operating on both sides of
Eq. (2. 9b) by P n, and observing that the second term  vanishes by virtue
o fE q .(2 .7 ).  The result is

£nn(z) = [г -Е п -Г г Л 2) ]-1?!!. (2.10)

where the operator Г п (z ) is defined by

Tn(z ) ее PnlV + V Q ^ z -Q n H Q n ^ V lP n . (2. 11)

A s im ilar expression fo r  ÇmD{ z) is obtained by operating on Eq. (2. 9a) by
P m on the le ft, and by Pn on the right:

Çmn{ z) = Pm(Z" Qn HQn )*^ QnV^nn(z). (2.12)

Using Qn = ^  Pr = Pm+ ^  Pr, one can express Eq. (2. 12) as follows: 

гфп1 r^n.m

Çmn(z) = Pm(z — QnHQn) *PmV^nn(z) + /  Pm(z — QnHQn) *PrV^nn(z)-
r + п.ш (2 -13)

It is noted that Eqs. (2. 10) and (2. 13) fo r ^ nn(z) and ^rnn(z), respectively,
are exact. However, they contain the operator ( z - Q nHQn)-i whose matrix
elements in the representation { J n > }  are not known. M essiah approxi
mates this operator by ( z -Н о )-1 by ignoring QnVQn in QnHQn =Qn(Ho + V)Qn, 
and thereby obtains a closed form  fo r  Çmn(z) and ^ nn(z ). This approxi
mation excludes automatically the width and shift of the final state |m>, 
and therefore is  not suitable to line shape studies in a ll cases. A m ore
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accurate approximation can be obtained by repeating the foregoing procedure 
in the complementary subspace defined by Qn, fo r  the follow ing operator

G '(z ) = (z -J ¿ y l Qn, (2.14)

where jV= Q nHQn. In Eq. (2 .14 ), and below, a single prim e denotes an 
operator restricted  to the subspace Q n. One splits J i  as J l  = JJo + У  where 
JJo EEQnHoQn and = QnVQn. C learly , the representation {| m > } diago- 
nalizes Jin, i.e. P mJJn = En,Pm - J J (P m holds. The operator Ç 'mnj[z) = PmG '(z )Pm 
appearing in the firs t term  in E q .(2 . 13) can be read ily obtained from  Eq. 
(2. 10) by replacing Ho and V byjt/o and T ,  respective ly:

S 'm m ^ W z -E r o - r V z n - lP n , ,  . (2.15)

where

r-m(z ) = Pm[V + VQ nQ m(z - Q mQnHQnQm) - lV ]P m. (2.16)

The operators Ç 'mr(z ) = PmG '(z )P r appearing in the restric ted  summation 
in Eq. (2. 13) can be written, according to Eq. (2. 12), as

Ç'mi (z) = i'm m (z)^Qm(z ~ Qm-^Qm) 1 4  > (2- 17)

or, replacing Qm by Ps , one finds 

s^m.n

= £  i ' mm( z ) f P G » ( z ] P r , (2.18)

s r̂.m

where Gn(z ) = ( z - Q mJ/Qm)-iQ mQn , and where Ç ïr(z ) is defined in a sim ilar 
fashion as <7nn(z) in Eq. (2. 10), or £ 'mm(z ) in Eq. (2. 15). Operators with 
double prim e are restricted  to the subspace obtained by deleting the sub
spaces Pm and Pn from  the original H ilbert space. The firs t iteration is 
effected by substituting Ç’ml (z ) from Eq. (2. 18) into Eq. (2. 13). The result is

I  Ç mm( z ) V Ç ' ' | z ) V Q z ) + . . .  ( 2 .1 9 )

гф Ш,  n

It is observed that Eq. (2. 19) is an expansion, in a sense, in powers of V. 
It expresses the non-diagonal operator £mn(z ) in terms of the diagonal opera
tors (7im(z), Q'mm(z), . . .  . The first term corresponds to the direct transi
tion from  the initial subspace into the final subspace; the second term  re 
presents transitions through an interm ediate subspace, and so on. It is 
noted [cf. Eqs. (2. 10) and (2. 15)] that the diagonal operators <Jnn(z), Çmm(z), 
... s till contain G (z), G '(z ), ....through rn(z ), r ¿ (z ) , . . .  . However, one may
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now approximate r n(z), r 'm(z ). . . by replacing H in their expression [cf. Eqs. 
(2. 11) and (2.16)] by H0:

r n ( z ) ~ P I1[ y  + V Q nl z - H 0r 1 V ] P n, ( 2 . 20)

r 'm(z )~ P m[V + VQnQm(z -H 0)- iV ]P m. (2.21)

It is noted that the width and the shift of the final state are included in this 
approximation in contrast to the approximation made by replacing H by Ho 
in Eq.(2 . 13) d irectly.

When the eigenvalues of Ho are non-degenerate, the projection operators 
Pn j Pm» e tc . , in the foregoing formulas can be replaced by their c o rre s 
ponding eigenvectors. The operators Cmn(z) anc* <vnn̂ z) then reduce to the 
matrix elements Gmn(z) and G nn (z), respective ly, and Eqs. (2. 19), (2. 10), 
(2.20), and (2. 21) become:

О т п =  O j n m V m n G n n  +  ̂  G ' m m ^ m r G " r ^ r n  О n n  +  . . . ( 2 . 2 2 )

I r̂ n.m

Gnn(.z) = [ z - E n - r n(z )]- i , (2.23a)

G{nm(z )  = [ z - E , n - r ¿ l z ) ] - 1 , (2.23b)

r n(^  = Vnn+ ^  I v j ' l z - E , ) ' 1, (2.24a)

г 4 n

Г ' (z ) = V + ) |V I2 (z  -  E ) - l .  (2,24b)m ' ' mm 1 rm 1 ' г ' ' '
r+m.n

These results are identical to those obtained by ARNOUS and HEITLER [1] 
except fo r the fact that Г 'т  in Eq.(2 . 23b), which represents the width and 
shift of the final state excludes the transition back to the initial state, as 
well as the transition into itself. Consequently, the initial and final states 
do not enter the.formulas sym metrically in the present derivation whereas 
Gmnlz) is symmetric with respect to the initial and final states in H e itler1 s 
derivation. The foregoing refinement over H eitler 's  results does not seem 
to be of any significance in the application of the damping theory to neutron 
scattering by crystals discussed in section III. However, it may be of im
portance in the study of natural broadening of the optical lines.

When the unperturbed Hamiltonian Ho of the system can be expressed 
as H0 =H j + H q , where H® has a degenerate discrete spectrum, and H  ̂ has 
a continuous spectrum, the choice of the representation |n> and the defi
nition of P n require c loser attention. This situation is encountered in the 
study of optical line shape where the emitting atom has a discrete spectrum, 
and the surrounding medium has a continuous spectrum. In this case, the 
base vectors can be written as |n> = | a/j > |3>, where |a/u> are internal 
states of the em itter with energy Ea, and | /3 > describe the states of the



SCATTERING BY ANHARMONIC CRYSTALS 267

surrounding medium, as w ell as the external states of the em itter. A c 
cordingly, the projection operator Pn becomes Pn = P aT>6 . In this case, one 
chooses Pa as the projector onto the fin ite dimensional subspace spanned 
by I aju > so that the shift functions which ultimately appear in the formulas 
remain fin ite. The shift function is the same as the second-order pertur
bation calculation of the correction to the energy of a level, and this choice 
of Pa eliminates the vanishing denominators. The operator Pg is chosen as 
the projector on | (3 > . As w ill be seen presently, one is actually interested 
in the non-hermitian operators G (x+), Гп(х+), Г ,т (х+), e tc ., which are de
fined as .

Гп(х+) = lim  r n(x + ie ) = Sn(x ) - |  Yn(x)> (2.25)

where

S n ^ s P n lV  + V Q ^x-H ob -1 V ]P „  (2.26)

Tn(x)=27rPnVQn6 (x -H 0)V P n, (2.27)

and where (x -H o )p 1 indicates principal value of (x -H o ) ’ 1. Then, the matrix
element of G(x+) between |n> = |a¿í> |j3> and |m> = |bv> |y > canbewritten
as

G (xm n ' < by | [x -E m- < 7  I Г'т  (x +) I y>] 1 \ bv 1 X t o 1 I Vyg| a/j'>

< a/j ' I [x -  En -  < Э I Гп(х+) I (3> ] j a/j>

Let it be assumed that the operators < 7  |г!п(х+)|у> and < |31 Г п (x+) |3> oper
ating on |aju> and |bi/>, respectively, can be diagonalized in the subspaces 
Ea and Еь. Then, the summations on ц' and v1 in Eq. (2.28) disappear, and 
the form  of Eq. (2. 28) reduces to that in Eq. (2. 22) obtained fo r the non
degenerate case. It follows that the Eqs. (2. 22), (2. 23), and (2. 24) can be 
used also in the present case provided the representation { | n> }  is chosen 
properly as illustrated.

One is now in a position to compute the m atrix elements of the tim e- 
evolution operator U (t) as the inverse Lap lace transform  of G (z ). F ir s t  
cons ider the diagonal m a tr ix  elem ent U nn(t ), which can be w ritten  as

+ OO . .

u nn(t) = 2~ f  dx e [ x _ En _ S n (x )]2+ (1 /4 )T ^ (x ) >
- OO

where Sn(x) and yn (x) are defined by Eqs. (2. 26) and (2. 27) respective ly. 
This integral can be evaluated approximately by treating Sn(x) and 7 n (x) as 
a constant. This is justified because Sn(x) and Yn(x) are slowly varying in
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the neighbourhood of x = En where the integrand attains its maximum value, 
and because the dominant contribution to the value of the in tegra l com es 
from  this region. The constant value of Sn(x ) and 7n (x ) can be taken as 
their value at x = E n. Thus, one obtains the well-known result

Unn(t) = exp [-it(E „ + Г „ )],  (2.29)

where

4  = Sn(E n)-^ T n (E n). (2.30)

Next consider the off-diagonal element of Umn(t)- According to Eq. (2. 22), 
it is the inverse Laplace transform of the products G U  (z)Gnn(z), G'mm(z) 
G'}T(z )G nr, (z ), etc. Hence, it can be expressed as 

. t

Um„(t) = v f  U'mm (r)Unn ( t - т  )d r + . . . , (2.31)

о

where U'mm(t) is  the in verse Laplace transform  of Gfem(z). Henceforth, 
only the firs t term  in Eq. (2. 31) w ill be retained because the approximation 
made by ignoring higher order term s corresponding to transitions via an 
intermediate state is found to be sufficiently accurate to include the domi
nant features o f the line-broadening phenomenon. The integration in Eq. 
(2. 31) can be performed approximately by using the approximate expression 
for Unn (t) from  E q .(2 .2 9 ), and the sim ilar expression for Ubm (t), i .e . 
U 'mm (t) = exP + r 'm )]. The result can be expressed

I 12 i "it(En+ 4i) ■ *1(Ет +r in ) i2
|Umn(t)| =----------------------------- - l e  -e  I (2.32)

I + rjn) -  (En + Гп ) I

which is the basic result of the damping theory.
The next task is to obtain an approximate form ula fo r  the transition 

probability per unit time from |n> into |m> , using Eqs. (2. 29) and (2. 32). 
According to Eq. (2. 29), the states decay exponentially as |Unn(t)|2 = expE-T t̂], 
indicating that -yn is actually the probability of decay per unit time. This 
suggests that one may express Wmn in Eq. (2. 1) as

Wmn = T „ ^ mn, (2.33)

where £Pma is the probability that the transition from  |n>, when it occurs, 
w ill be towards |m> , and attempt to determine ^mn rather than Wmn- Com
bining this probability concept with the fact that the states decay exponentially, 
one can obtain an alternative expression for |Umn(t)|2:

t .

|um„(t)|2 = J  e 7"' (2.34a)
0 .
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Umn (t)| 2 = - ^ r - 7 ( e rn,t- e  V  ) ^ m„ .  (2 .3 4 b )
Tn Tm

T h e  f a c t o r  exp  [ -T n t ']  Tndt' in  E q . (2 . 34a) i s  th e  p r o b a b i l i t y  that a tr a n s it io n  
w i l l  o c c u r  in  d t 1 a b o u t t 1, ^ mn i s  th e  p r o b a b i l i t y  th a t t h is  t r a n s i t io n  w i l l
b e  to w a r d s  | m > , and th e la s t  f a c t o r  i s  th e p r o b a b i l i t y  that th e  s y s t e m  w ill
r e m a in  in  | m >  in  th e  t im e  in t e r v a l  ( t - t 1) .  C o m p a r in g  E q s .  (2 .  3 4 b ) and  
(2 .3 2 )  in  th e t im e  in te r v a l | т 'т -Т п  11»  1, on e  f in d s  th e fo llo w in g  e x p r e s s io n  

for ^m„:

|Tmn I

^mn =7 r lVmnl (E - E  +S ) 2 + t2 * (2.35)»n v-^m ~  °mni T fmn

w h e r e  w e  h a v e  in tr o d u c e d

Smn = S'm — Sn , Ttnn = (Т'гп ” T n ) /2 .  (2 .3 6 )

C o m b in in g  E q s .  (2 . 33) and (2 . 35) y ie ld s

¡2 \yn
Wmn = 2|Vmnl (E m - E n + S mn) 2 + T 2n ( 2 - 37 )

w h ich  w il l  b e  the s ta rt in g  po in t o f  th e l in e  shape th e o r y  d e v e lo p e d  in  the sub
se q u e n t s e c t i o n .  O ne n o te s  that E q . (2 . 37) r e d u c e s  to  th e  c o n v e n t io n a l e x 
p r e s s io n  f o r  th e  t r a n s it io n  p r o b a b i l i t y  p e r  unit t im e  w hen  Y mn and Smn ten d  
to  z e r o  b e c a u s e  th e  la s t  f a c t o r  a p p r o a c h e s  7r6 (E m - E n ) a s  Tm n^O .

T h e  f o l lo w in g  a lt e r n a t iv e  d e r iv a t io n  o f  E q . (2 .  37) m a y  r e f l e c t  m o r e  
c l e a r l y  th e  n a tu re  o f  th e  a p p r o x im a t io n s  in h e re n t in  Wmn . O ne s ta r t s  w ith  
W mn = |Umn(t)|2 / t  and s u b s t itu te s  |Umn(t)|2 f r o m  E q . ( 2 .3 2 ) .  S in ce  U (t) and
U '(t )  a r e  u n ita r y , on e  h a s  E |Um(t)| 2 =1 and £  |U 'rm (t)| 2 = 1. U s in g  th e s e ,r r .
and m u lt ip ly in g  th e  n u m e r a to r  and  d e n o m in a to r  b y  | | U nn(t) |2 -  | U'mm (t)  |2 1,
on e  c a n  w r it e  Wmn a s

U_
Wmn = t  

m" ll U

u-

r^n rfcm

( 2 .  38)

w h e r e  th e  a r g u m e n t  o f  U (t) and U '(t )  a r e  o m it t e d . E q u a t io n  (2 . 38) i s  s t i l l  
e x a c t .  T h e  a p p r o x im a t io n  w h ich  h a s  to  b e  m a d e  t o  o b ta in  E q . (2 .  37) c o n 
s i s t s  o f  e v a lu a t in g  th e  f i r s t  f a c t o r  u s in g  E q s .  (2 .  29) and (2 .  32) f o r  l a r g e  
t i m e s ,  i . e .  | т 'т  -  Tn I t »  1 , and o f  ev a lu a tin g  th e  s e c o n d  f a c t o r  f i r s t  le t t in g  
Tn and Tm tend  to  z e r p  and then tak ing the l im it  a s  t->-oo . T h e  s e co n d  fa c t o r  
g iv e s  r i s e  t o  | т 'т - Тп| in  E q . ( 2 .3 7 ) .  T h e  n o v e lty  a b ou t E q . (2 . 37) i s  that 
it  ta k e s  in to  a c c o u n t  th e  d e c a y  o f  th e  f in a l  s t a t e s ,  w ith ou t w h ich  th e  a p p l i -
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cation of the damping theory to the study of a large class of line shape prob
lem s*, e.g . phonon line shape, would be impossible.

III. NEUTRON SCATTERING BY ANHARMONIC CRYSTALS

As an application of the damping theory, scattering of slow neutrons 
by a macroscopic system, in particular by an anharmonic crystal, are dis
cussed in this section. The d ifferential scattering cross-section  per unit 
solid angle and per unit final neutral energy ef= (h2kf2/2m), can be written 
as (units are chosen in this section such that ft / 1)

.2
d ‘r .......................  -  ' ................. .... (3.1)F T Ü î I  S. I 1° IV,dfidcf (2îrh)

Mi .Ti Mf,Tf

where ki and kf are the initial and final neutron wave numbers, m is neutron 
mass, N is the number of nuclei in the scattering medium, |t¡> and J Tf> 
are the initial and final neutron spin states, |/u¡> and |/jf> are the initial 
and final states of the scatterer including spins, P Mi is the probability of 
finding the scatterer in | jui > , and finally the last factor is the transition 
probability per unit tim e yrhich is discussed in section II. The represen
tation |n> = I /j > I r > I к > is generated by Hn =H °+ J / s where Hn is the kinetic 
energy of neutron and JJ* is an appropriate portion of the Hamiltonian H s of 
the scatterer. In the case of a crystal as the scattering medium, J fs w ill 
be the harmonic part of the crystal Hamiltonian. In deriving Eq. (3.1) one 
ignores the off-diagonal m atrix elements of density operator D in i|n> > , 
and replaces Pn =D njn. by Pu. P¡ .̂ PT. , where P£ and P T. are the probability 
of finding the neutron initially in |k¡> | t ¡ > .  In an experiment with a mono- 
energetic unpolarized beam, PJ*. =1 and P  = 1/2. The main approximation 
of the present theory of neutron scattering is made by replacing | Unfn,(t ) |'2/t 
by Eq. (2.37). The perturbation V appearing in Eq. (2.37) is given by 
У  = H1 + V n where H' = Hs - Л s and Vn is the interaction between the neutron 
and the scatterer. In the case of a crystal, H1 denotes the anharmonic po
tential energy. Approximating Vn by the Ferm i pseudo potential one obtains 
the starting formula of the present theory:

d2g _ kf
dfidef 27rNkj 1 , 1 ,  Mir i

■ W f

N

X
Z ík-Ri , 12 IT n,n. I

a l e X + e -  S )2 + у 2 * (3.2)
' " M i  n f n j  / T  < nf n i

1 =  1

*  Equation (2 .37 ) does not apply to the natural line width problems of a multi-level atom where 

the width of a line in a transition a -► b is equal to ya +yb. rather than the difference of the widths ya and 

yb of the levels [5 ] .  The reason for this, as pointed out by BROUT [1 2 ], is that the sequence of tran
sitions between the excited states are not statistically independent. The present theory applies to the 

systems where the decay of the final state is predominantly caused by the system Hamiltonian rather than 

the radiation (or the neutron interaction, in the case of neutron scattering problems).
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where ic and e are the momentum and energy transfer, respectively, from  
the neutron to the scatterer, namely îc= îc i-lc f and e = f i2(lc? -lc2f)/2m, a, 
is the spin-dependent scattering length of the 1-th nucleus located at ñi , and 
finally Snfn, and Ynfn; are defined [cf. Eqs. (2.36), (2.30), (2.26), and (2.27)] by

S„f „. - i7 n fnj = H m [r  - Г  ] , (3.3 )
I l  î 1 g-»- о 1 1

r n .  = < n ¡|vn + H, |ni > + £  |< n|vn + H' Int> I2[En.-E n  + ie ]-1 . (3.4)

n tn¡

The expression fo r  r nf is  obtained by replacing (n i) in Eq. (3 .4 ) by (n f). 
Here, we ignore the distinction between Г 'т  and Г т  as discussed earlie r, 
because the number of available states into which the system can decay from 
the final state is la rge in a crysta l. The exclusion of the transition back 
to the in itial state corresponds to deleting one term  from  a la rge number 
of term s.

Equation (3 .2 ) is the scattering cross-section  for slow neutrons which 
includes line structure that may be present in the energy spectrum of the 
inelastically scattered neutrons. It expresses the cross-section as a super
position of a sequence of Lorentzian distributions. It is observed that the 
line shape problem has already been reduced to computational form  in Eq. 
(3 .2 ). When H' in Eq. (3 .4 ) is  spin-dependent, and when the eigenstates 
|iu> of the scatterer can be written as the product of spin state |s> and 
position state |r> , the cross term s arising from  the squared matrix e le
ment in Eq. (3 .4 ) vanish. Then, r nj can be written as Г щ = Гщ + Г ь  where

r„ r v n in i+ X  K n l ^ n i - E n  + Í O ’ 1, (3.5 )
nf ni

r i= H !. + Y  I H'r. |2 (E¡ - E t + ie ) - !  . (3 .6 )

&

In these form ulas |i> is the in itia l position state with energy E¡ o f the 
sca tterer. The quantity rRi in Eq. (3 .5 ) represents the broadening and 
the shift due to the transitions caused by neutron interaction. The quantity 
r ¡ is due to transitions caused by H1. In the case of a crystal represents 
the shift and the broadening in the energy of the harmonic crysta l states 
|i> as a result of the anharmonic potential. In scattering experiments, it 
is  legitim ate to ignore Гщ as compared to r¿ . Then, one finds that Snfn¡ 
and Ynfni in Eq. (3.2) become independent of neutron states and the spin state 
of the scatter, and the summation on the final spin states | t f > | S f> can be 
perform ed. This enables one to separate the coherent scattering c ross 
section as
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where ac is the coherent scattering length [6, 7] and P i is the probability 
of finding the scatterer in the position state |i>. The final position state 
is denoted by | f> . The foregoing discussion indicates that the spin- 
dependence of the neutron-nucleus interaction does not affect the line shape 
if the Hamiltonian of the scatterer is spin-independent, and if rR¡ is ignored.

The general scattering cross-section  formula of Eq. (3. 7) w ill now be 
applied to neutron scattering by an anharmonic crysta l. F o r  the sake of 
sim plicity, a simple Bravais crystal w ill be considered. The result can 
be cast into the follow ing form

2 2 
^ ĉoh _ ac kf
diîdef 7г k¡

3 N

п
Xp I

Z I 2n.
. X x)

(e -  E Tiwx m x- S fi)2+T fi
(3 .8 )

where

Ух = exp[-(ftwx/2kT)], (3.9a)

F (m x ,K) = exp [i(K -m xq )- U - î ' ) ] ,  (3. 9b)
il'

T (n ,  m, х) = хШ^ т ) ,  eX[L " (x ) ]2, (3.9c)

X x =(fi/2MNwx)|ex -K|2. (3. 9d)

In these equations, X= (q, j) describes a normal mode with a wave vector q, 
polarization index j( j  = 1, 2, 3), direction of polarization ex, and frequency 
wx; n x and nx + mx are the occupation numbers of the Л-th mode in the initial 
and final states, respectively; Г is the equilibrium position of the 1-th nucleus; 
M is the mass of the nuclei, and finally Ln’ (x) is the associated Laguerre 
polynomial. The main steps in arriving at Eq. (3 .8 ) are reproduced in the 
Appendix. In computing уц and Sfi through Eq. (3 .4 ), one has to know the 
relative magnitudes of the various anharmonic potentials, in particular those 
of the cubic (H (3) )  and quartic (H (4) )  harmonic potentials, for a consistent 
scheme of approximation. It is pointed out by VAN HOVE et a l. [8] and also 
by MARADUDIN and FEIN [9] that the anharmonic potential can be written 
schematically as

H' =/uHl3)+/u2H l4j + . . . ,

where ц measures the relative order of magnitude of the anharmonic terms
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and is equal to the ratio of the averaged atomic displacement to the nearest- 
neighbour separation in the lattice. Then, I ¡  reads in the lowest order as

r t =Нц4) -  < i IH <3>(J(/S-E i +i€ )_1Н(3) | i> , (3.10)

/34 j
where H¡¡ = 0 is used. Using the usual expressions for the quartic and cubic 
anharmonic potentials in term s of creation and destruction operator, one 
finds Ц as follows:

Г 1 - 2 1  ® l,-1,2,-2̂ П1П2 + П1 + n 2+
1, 2

1 V  I 12 Г(1 + П - 1 ) ( 1  +  П -2)(1  +  П - з )  nin2n3
3!fi Z j ' wj+ w2+ w3+ ie ’Wj+ w2+ w3-  ie

1 . 2 , 3  '  '

+ 3 n (Ц -П -2 )П З _+ 3 (1 + П1)П.2(1 + П8)1
-w ! + w2- w 3 + ie  w i-w 2 + w3+ ie  J

where щ and wi are the occupation number and the frequency of the mode 
Xi, and where the negative subscripts ( - i )  r e fe r  to the mode whose wave 
vector has the opposite sign to that of mode X i. The symbol Gil2, 3 is de
fined by

G1i2>3 = (î i /2M )3/2(Nwx w x wXj)"1/26 ( i ,  q j+ q g + q s)

expU lq jj-B j + qg-ha)] ^  e ^ e ^ . e ^ . ,

h j , h 2 a , a ’ ,ot"

where the symbols have their conventional meanings [10]* . The expression 
for T f can be obtained by replacing n\ in Eq. (3. 11) by (nx + m \ ). Then Sfl 
and Yfj in Eq. (3 .8 ) follows from

Sfi -  iy  fi = l im  ( r f - r ,  )
0

Sfi -  2  ^  Gi, - 1 . 2 .  -2  m j^ n j + 1 + m 2)
1,2

_ J _  V  l<- l2f  m 1( l  + n2 + n3)+ m 1m2 
2ñ  l_ i ' 1 . 2 . З  I w j + w 2+ w 3

1 . 2 , 3

, 2m i(n3-n -2)-m .2( l  + ni + n3)-2 m im .2 + т !т з 1■У , (3.12)
w2 - w f w 3 Jp

*  The symmetric properties of G lt2 3, namely, G1 (2i3= Gx 3|2= G2>lt3 = 6 1 ,-2,-3 an<* Gi,a-2=0» have 
been used many times in Reference [1 0 ].
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Y fi ^  IG 1 , 2 , 3  \2[ 2m x{n3 + n_2 + 2n_2n3) + m .2( l - fn 1 + n3 + г ^ п з )
1.2,3

+ idj m.2(2n3 + 1) + m 1m3 (2n _2 + 1)+ 2m! m_2 m3]6(w!-w2+ w3).

(3.13)

In the case of creation or annihilation of phonons of one kind, the above for
mulas sim plify considerably. Denoting the mode which interacts with the 
neutron by Xo> and the change in the occupation number by mo, and sub
stituting mx. = 0 for X f  Xo and m\ = mo fo r X = Xo in Eqs. (3. 12) and (3. 13), 
one obtains

Sfi = ^ 2- ^ G 0.-0.i1-i(2n1+ l )
1

_iB° У  |g |2Г l + n i+n 2 | 2 П-1-П 2 l + n - i+ n -2 ~| (3.14)
2fl ¡ _ I  1 0 , 1 , 2  1 X w g  +  w j  + W 2  W q  —  W j  +  W 2  W q  -  W j  “  w 2  J  '

1 . 2  - -  -  . P

7fl 1°0.1.2 I ■[t(1 + n- l ) (1 + n-2) + n- ln -2l6<w0- w l _v%)
1.2

+ 2 [(l + n .1)n2+ n .1( l  + n2)] ô (w0-w j +w 2)|-.

IV. DISCUSSION OF THE CROSS-SECTION FORMULA

In this section, some of the important features of the cross-section  
formula of E q .  (3 .  8) are discussed. F irs t, it w ill be shown that E q .  (3. 8) 
reduces to the scattering cross-section for a harmonic crystal when 7 ft and 
Sfi tend to zero. Indeed, where -уд = Sf¡ = 0, the last factor in Eq. (3. 8) ap
proaches a delta function, and becomes independent of the initial occupation 
numbers. Then the therm al average o f the factor ^ m ^ ,  n\, X \ ) can 
be worked out (see Appendices):

•0 .

X  ( l  - у х2 )у 2п̂ ( т х, - v  X x> <4- ^

' " i 0
where

2V^= Х х(1 + у 2 )/ (1 -ух2), (4.2a)

рхэ22Ч У х А 1-Ух)* <4- 2b>

and where Imx(P\ ) is the modified B essel function o f the firs t  kind. The
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factor exp[-2W ] is the usual D ebye-W aller factor. Substituting Eq. (4. 1) 
in Eq. (3 .8 ) gives:

dftdef =a° f f  e2W Z mx> П Птх,к)укШ' lmX(PX ). (4.3 )
1 m=-. x x

where m denotes the set (m i, m 2 , . . . тзн ), and where a given set of values 
of mil1 s g ive  r is e  to a term  in the summation. This form ula is identical 
to the d ifferentia l cross-section  form ula fo r a harmonic crysta l obtained 
elsewhere [6 , 7]. The novelty about Eq. (4. 3) is that it is obtained without 
resorting to Bloch's theorem, by using the identities proved in the Appendices.

Second, the zero temperature lim it of Eq. (3. 8 ) w ill be considered. In 
this lim it a ll the initial occupation numbers are zero, and the crystal is in 
the ground state. The cross-section in this lim it follows from Eq. (3. 8 ) as

d gçoh = aç k£e-2W(°) 
diîdef 7Г k¡ (m\)!

, ITfi (m, о) I
X --------,------------------------- j----j--------r . (4-4)

[e -  £ fiw xm x-  Sfi (m, o)] + -уй (m, 0)

m\
where ^"(m x, 0 ,X x) = exp (-X x)(X x /mx'.) was used. In this formula Sfi (m, 0) 
and yfi (m, 0) are to be obtained from  Eqs. (3. 12) and (3; 13), respectively, 
by setting nj = П2 = П3 = 0 everywhere. It is noted that Eq. (4.4) contains only 
the positive values of mx as a result of mx,' in the denominator. Physically, 
this im plies that the crysta l cannot g ive  energy to neutrons when it is  in 
the ground state. The cross-section  fo r  one-phonon excitation, which is 
perhaps the most interesting case from  the experimental point of view, can 
be obtained from  Eq. (4 .4 ) by setting mx = 1 for X = Xo and zero otherwise. 
The result is

|-> -* 12 i I
d2CTcoh a2cTi kf -  -  , ;^ (Q ) y . -  -o' '-o

jo
d£2def 2 тгМ k¡ Ô̂ ’ K Qo)e 2_, w0 (e -fiwo -  S0)2 + To ’

where 7 0  and So are obtained from Eqs. (3.14) and (3. 15), respectively, by 
setting mo= 1, nx = 0 for all X.

S o ^ X g o .o .x .- i  + I X I g 
1 1,2

i2
0 , 1 , 2 1

■  W 1 -  W 2  W q  +  W ^ +  W 2
(4.6 )

■4Z'7 ° = Í ñ / > lG0.l.2|2 6 (v'n -w 1 - w 2 ). (4 .7 )
1,2
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Apart from differences in notations, this formula is identical to that obtained 
by MARADUDIN and FE IN  [9] and KOKKEDEE [11].

We now consider the cross-section  at a finite temperature. Equation
(3.8 ) expresses the cross-section as a weighted superposition of a sequence 
of Lorentzian distributions with different widths and shifts. For each initial 
and final state there corresponds a Lorentzian distribution. For a specified 
final state, the average of the appropriate Lorentzian distributions over ini
tial states gives a peaked curve which corresponds to an observed line in the 
neutron spectrum. Although the individual distributions have a Lorentzian 
form , their thermal average w ill not in general be a Lorentzian distribution. 
However, as an approximation, one may rep lace the resultant curve by a 
Lorentzian  distribution with an average width and shift. Denoting the 
average width and shift by Г ( т )  and S(m), one obtains the following cross
section formula:

The average shift and width are to be obtained from  Eqs.(3 . 12) and (3. 13) 
respectively by replacing the occupation numbers nx. by their mean values, 
namely, Ux= ~У 2)- Note that the approximation made in obtaining Eq.
(4. 8) from  Eq. (4. 3) is equivalent to replacing the average of a function by 
the function of the averaged variables. The cross-section  fo r one normal 
mode interaction is obtained again by choosing the set m = m i, m 2 . . . т зц  
in Eq. (4 .8 ) as m = (0, 0, . . . mo , 0, . . . ). The result is

2 2 
d °~coh _ 3.Ç
d f i d € f  it

m£ ^ [e -  £ fiw xmx-S (m )]2 + r 2(m)

Г ( т )

(4.8 )

d Qçoh _ ac kf
dfidej 7Г kj

(4.9 )
where

1 1 .2

(4. 10)

Г (  | m 0 |) = - ^  Ixn0 I I G 0, 1 , 2  |2 { [ ( l  +  n i H l  +  n 2 ) +  n i n 2 ] à ( w 0-  w i ~  W 2 )

1,2

+  2 [ ( 1  +  п 1 ) п 2 + п 1( 1  +  П 2 ) ] б  ( W Q - W 1  + W 2 ) }  . (4. 11)
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Equation (4. 10) can be further simplified in many applications by using the 
asymptotic value of Im(x) fo r small arguments, i . e . ,

Im(x )~ (x/ 2 ) |m| 1

n i 
as follows:

2 2 d CTCoh ac kf -2W _  1
, r , ,  =— T-L e F (m 0,K )r—d f2df 7Г kt J m„ 2MNw,

lmol

- eiiw. I I ,
e ( I m0 |-m0)/2 Г( m0 )

(1 -  e
- ôfiwn. m

[e - f iw 0m0 -S (m 0)]2+ r 2(|m 0|)
(4.12)

In the zero temperature lim it, this cross-section vanishes when m 0<0 as a 
result of the factor exp [-(3hw0( |m0|-m0)/2]. This result is in agreement 
with Eq. (4. 4). As a matter of fact, Eq. (4. 12) reduces exactly to Eq. (4. 4) 
when the temperature apprpaches zero, although it involves one more ap
proximation over Eq. (4. 4), i. e. replacing the width and the shift by their 
mean values. The reason for this is that the latter approximation becomes 
exact in the zero temperature lim it.

The dependence of the cross-section on mo, i. e. the number of phonons 
exchanged between the crysta l and the neutron, is exhibited by Eq. (4. 12). 
Because of the exponential factor in the numerator, the cross-section  fo r 
the energy transfer from the neutron to the crystal is greater than the cross
section fo r an energy transfer to the neutron by a factor exp[-0fiwo |mo | ]. 
At high temperatures, both processes become equally probable. The shape 
of the peaks in the neutron spectrum depends on |mo|. Hence, the shape 
is the same for both the creation and annihilation of phonons. Furthermore, 
since the width is proportional to |mo|. the peaks are broadened and re 
duced in height when the energy exchange gets larger. The shift of the lines 
is proportional to mo. and thus depends on the direction of the energy trans
fer. There will be two identical peaks in the neutron spectrum on both sides 
of the incident neutron energy, corresponding to the creation and annihi
lation of equal number of photons.

The asymptotic values of the shift and the width in the high temperature 
lim it can be obtained from  Eqs. (4. 10) and (4. 11) by replacing the mean oc
cupation numbers by kT/hw^. One finds

S(m0 ) kT-f 2 Y  p0.-0..l . -l _ y   ̂ °-1' 2 J
L z_. wi Z_j 11W1W2 
' 1  * 1,2 * “

X  W j +  W  2  +  2  W 2  -  W 1 _____________W 1 +  W 2

|_ W q  +  W i +  W 2  W 0  “  W !  +  W 2  W q  -  W i  “  W 2 } • (4.13)

П  | m 0 | )  =  7 r | m 0 | ^ p —  V  ^ ( ^ 1 ‘ 2  I [ ¿ ( W 0 - W 1 - W 2 )  +  2 6 ( W 0 - W 1  +  W 2 ) ] .

1,2 1 2 (4.14)
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It is observed that the shift is proportional to T at high temperatures where
as the width is proportional to T2 .

V. CONCLUSIONS

The present study of neutron scattering by anharmonic crysta l is es
sentially a straightforward application of the damping theory. The width 
and shifts of the phonon lines are expressed as the difference of the widths 
and shifts of the initial and final crystal states. This conclusion is in agree
ment with BROUT's results [12]. The cross-section  formula in the zero  
temperature lim it is obtained directly from the results of the damping theory 
without requiring any additional approximation. At finite temperatures, an 
approximation of a statistical nature had to be made to replace the super
position of a sequence of Lorentzian distributions corresponding to a given 
multiphonon event by an averaged Lorentzian distribution.

The shift formula fo r a one-phonon line agrees exactly with those re 
ported in the previous studies [9, 11, 13] at a ll tem peratures. The width 
form ulas, however, agree only in the zero  temperature lim it. The dis
crepancy at finite temperature arises from  the difference in the sign of the 
term s in П1П2 and ñ i ( l  + ñ2 ) in Eq. (4. 11) (seea lsoE q . (3. 15)). These terms 
correspond to transitions in which a phonon with (qo, jo) is created whereas 
the remaining two term s in Eq.(4 . 11) correspond to transitions in which a 
phonon with (qo, jo) is annihilated. Thus, the observed width of a one-phonon 
line in the present work is proportional to the sum of the averaged proba
bilities of all the transitions involving the mode (q0,jo ) which interacts with 
the neutron, namely

(qoJo ) -  (-qi.3i)+ ("42. h ) .

(qo-Jo)+ (<i2 . Ó2 ) ( - q i J i ) -

In other words, any transition involving a change in the number of phonons 
in the mode (qo, jo) contributes additively to the observed width. The width 
formula of the cited references can be obtained from  Eq. (4.11) i f  the sign 
of the second and fourth term s is reversed  [14], i. e.

F( |m0| ) =—  |m0|^ |g0,i,2|2{[( l + ñ i ) ( l + ñ 2) -  П1П2 ] Ô (w0- w i - w 2 )
1,2

+ 2 [( 1 + ñ j)ñ 2 - ñ 1( l + ñ 2)] 6 (w0-  w j+ w2)} .

Accord ing to this form ula, the observed width is  proportional to the d if
ference of the averaged transition probabilities fo r the creation and anni
hilation of a phonon (qo, jo)- Physically , this im plies that the observed 
width is related tb the rate of net change in the number of phonons in the 
(qo, job in contrast to Eq. (4.11) which expresses the width as the averaged 
probability per unit tim e that the occupation number of (qo, jo) w ill change 
by one, or, as the frequency o f fluctuations in the occupation number. A
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consequence of this discrepancy is that the present theory predicts a qua
dratic temperature dependence at high temperatures in contrast to linear 
dependence predicted by the previous investigators except for BROUT [12]. 
Furthermore, the present theory predicts a larger width at high temperature 
by a factor 2/pfiwn> and therefore may yield a better agreement with the large 
widths measured by BROCKHOUSE et a l. [15] in scattering from  lead at 
high temperatures, than the agreement reported by MARADUDIN and FEIN
[9]. The short life tim es of the order of a period, or even less, obtained 
from  the width of the observed one-phonon peak may be interpreted more 
satisfactorily in terms of the frequency of fluctuations rather than the decay 
time of a normal mode.

It is worth mentioning that the present formalism includes the broaden
ing and the shift due to the transitions caused by neutron interaction, a l
though they are neglected in the final width formula on the ground that their 
numerical value is small as compared to the width and the shift caused by 
the phonon-phonon interaction. This effect corresponds to the natural 
broadening of the optical spectral lines.

It is also interesting to note that the cross-section formula of Eq. (4. 8) 
at finite temperatures, which is obtained with the statistical approximation, 
is identical to the cross-section formula for harmonic crystal [cf. Eq.(4. 3)] 
with the exception that the energy conserving delta functions in the latter 
are replaced by a Lorentzian function. There is no correction to the Debye- 
W aller factor arising from  the anharmonicity of the crystal within the lim i
tations of the statistical approximation. This result seems to be in agree
ment with the conclusion reached by THOMPSON [13].

The shift and width given by Eqs. (3. 14) and (3. 15) respectively can be 
related to each other by a certain d ispersion relation which is  derived in 
Appendix B.

The authors were unable to explain the origin of the discrepancy between 
the width formula obtained with the damping theory, which is in agreement 
with that by Brout, and the width formula of the cited references. However, 
they believe that this discrepancy is of a fundamental nature, and presu
mably arises from  the techniques used for handling infinite series involved 
in width calculations. The damping theory provides an iteration procedure 
thus eliminating the summation of infinite series . The re lative m erits of 
these two resu lts w ill probably remain to be judged by m ore refined 
experim ents.

APPENDIX A

COM PUTATION OF THE M ATRIX ELEMENTS OF ехрЦк-xi]

In obtaining the formula of Eq.(3. 8), one encounters the matrix element
Il = < f  I exp [iic- xi] |i> where ïq  is the displacement from the equilibrium of 
the 1-th nucleus. In terms of creation and destruction operators, xi can be 
written as . .
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i K - x i  + “ \ l a\)-

ax l= (fi/2MNwx )1/2 (e^- к)ехр (iq -1 ).

The matrix element to be computed is

Ii  = < f |Пехр[Ца^1 а х + а м a j ]  |i> . 
x

Using the operator identity

A +B А В -(1/2) [A, B] .e = e e e ,

where A and В are operators satisfying [A , [А, В] ] = [В, [A, B]] = 0, and ex
pressing the in itial and final states in term s ©f occupation numbers, one 
gets

* 1

П

-Х \/2  i ic t \ ia + ict\ ia  i
e < m x+ n j j e .  e |n\>, (A . l )

> •

where denotes

X^= |aM 12 = (fi/2MNwx) I e^-к |2 . (A . 2)

Note that X\ is independent of 1. To compute the matrix element in Eq.(A .l), 
one uses the following relations:

iaae I _ V  U ») n! i ^
п > = / —. л ; n~ s>>1 Z_| s \  (n - s) 1

I (n -  s - 1)1. (ia *)1
(п - s ) !  t!

n -  s + t > .

The result is

T -  П V V  t i a ^ ) S 4 * * 1  - i n x K n x - s  +  t ) !  ,
1 x Zj Zj S! t! ( n X - S ) !  14 +mx.- nx_s+t

t =  0 s=0

Ii=II e'V2(-\i ) X̂nx'- (nx+mx)!̂  — 1 -X x )'
(n\- s) .'(mx+ s)'.

s= 0
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The last expression can be written in a compact way by recalling the defini
tion of associate Laguerre polynomials, namely.

t miv\ = V (n+m).' ( ~ x ) s
n' ' -  (n - s )  ! (n+s).' s'. ’

i ,  - n  « “ ‘ • ' V u  r j  4 >  ( Д . З )
\

which is the desired formula.
The product IiF Ï' which appears in Eq. (3. 7) follows from Eq. (A. 3) as

V \ n x, m x, X x),
X

where

c»-/ . m n! -XrTm, x12^ (n , m, x )= x  (n + m ), e [L „ (x )] . (A .4)

We shall now calculate the thermal average of ^"(nx, m x, X x) with res
pect to the initial occupation numbers, i. e.

' <.94nx,m x,X x ) > s  ( 1 - у х ) ^ у Г Х^ (п х, т х,Х х ), (A . 5)
nx=°

where

v = -(fiwx/2kT)
yx -  e •

Dropping the subscripts and arguments, and combining Eqs. (A. 4) and (A. 5), 
one finds

00
^ ,1 2 . m -x \ 2n n! [Tm, ..2< T >  = ( l - y  )x e ^ y  _ _ [Ln (x)] .

n= 0

To compute the summation in the last expression, one may use the following 
expansion, given by MAGNUS and OBERHETTINGER [16]

eo .

n! Гтт  %12 V 1 x2s ,
tm ) !   ̂ n(x)' " L  s'. (m + s)! n' s ( X)'(n +

s= 0

The result is

9 m x^s V-1 m + 2s
' Л  l ï ï j î T i T ï ï l L . - ,  ( 2 x ) y  . ( A . 61

n= 0



282 A .Z . AKCASU and R .K . OSBORN

The summation on n can be performed by using the generating function for 
the associated Laguerre polynomials [17], namely,

( 1 — t) m+1
- n=0

as follows:

£ C ( x ) t " ,

-2хуг/ (1 - y2)
V  Tm+2s,n , !n 2s e ’ ' '
^ L n.s ( 2x)y =y (1 _y2)m+2s+l •
n=0

Inserting the last formula into Eq. (A . 6), one finally obtains

. -m_-x(l + y*)/(l-y«) T f  2xy ^ , n< ¥ >  =y e Im { y  _ J> (A. .7)

where I m(x) is the modified Bessel function of the first kind.

APPENDIX В

A DISPERSION RELATION

The shift and width formulas given by Eqs. (3. 14) and (3. 15), respec
tively, can be written as

- Sft =R e [G f (E f ) - G 1(E i )]

7fi = Im [G f (E f) - G i lE i ) ] ,  

where the functions G j(x) and.Gf(x) are defined by

(4) i (3) 1 (3) i

G¡(x) = H¡¡ + U m < i| H  (xT hs— e)-H |i> .

Observing

ir  J  X -  L i
■«

one finds

fi = 1 p  f  f R e [G f(x )] -H ¿4) _ R e [ № ) H ^ | dx 
7Г J \  x - E f  x - E j  J

- e o  

+ oe

= у  [R e [G ^ ( E f + y ) - G i (E1+ y )]- (H (ff>-H (u) )].
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Define a new function G f¡(y, w0) as

Gfí (y, w0) = G f(E f + y ) -  Gí (E¡ + y),

where the subscript zero  re fers  to the mode that interacts with the neutron. 
This function can be obtained explicitly as follows:

1 \ ' 1 V""* i 12
Gfi(y, wo) = 22j Go,-o,i,-i(2ni+ 1 ) - | Go. l, 2 |

1 1.2

Um Г ( l  + n i ) ( l  + n2)____________ nxn2 |2 (l+ n -i)n 2
£->■0 1.У+ w o  + wj + w 2 + ie y -w 0-W i -  w2+ ie  y-wo+w j-w2+ie

+ 2__ n-i ' l  + n2) | п.дп.2 _̂______ + ( l  + n.1) ( l  + n.2)
y + w 0- w 1+w 2+ ie  y + w0- w a-w 2 + ie у -  w0+ Wj + w 2 + ie J '

It is clear from  the definition of G fi(y ,w o) that

Sfi = Re [Gfi(0, w0)],

Tfi = Im [G fi(.0, w 0) ] .

The therm al average of G f¡(y, wo), denoted by G(y, w o ,T ), is obtained by 
replacing the occupation numbers in its expression by their mean values. 
Then, the averaged width and shift are given by

■y (w n , T ) = Im  [G (O ,w0,T ) ]

. S (w 0, T ) = Re[G  (O ,w0, T )],

which, in view  of the foregoing rem arks, satisfy the follow ing relation:

in. 0 (0 , w „  T ) . i p  f  Sj l a y. y- i ^ a i  - A ay,
ir J  у .

- »

where

(4 )  (4 )
A =  <H ff -  Hü >  t  .

One observes from  the expression of G'(y, w0,T )  that Re [G(y, w0 , T )] is, for 
large values of T, a quadratic function of T  fo r all у  + 0, and a linear func
tion of T  when y -  0. S im ilarly, Im [G(y, w0, T )] is a quadratic function of 
T  fo r  a ll y. It follows that the width y ( w 0 , T ) = Im[G(0, w 0, T )] may depend 
on T  quadratically while the shift S(w0> T ) = Re[G(0, w0 , T )] is a linear func
tion of T  for large T , in spite of the fact that the real and imaginary parts 
of G(y, wo , T ) are related to each other by the foregoing transform .
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Abstract — Résumé — Аннотация — Resumen

THE NATURE OF THE PHONON SPECTRUM AND THE ANALYSIS OF LATTICE THERMAL CONDUCTIVITY. 
An analysis of lattice thermal conductivity is presented, wherein a more realistic phonon spectrum is utilized 
than the usual Debye-like phonon spectrum consisting of one average acoustic branch. We have first used an 
ánisotropic continuum dispersive model in our calculation of the temperature dependence of the lattice thermal 
conductivity of germanium. The approach that we have utilized in this calculation is a modified version of 
Callaway's formulation. Houston's six- and three-term integration procedures are used in evaluating rather 
formidable integrals over lattice frequencies. Suitable prevalent expressions for relaxation times for boundary 
and impurity scatterings and three-phonon normal and Umklapp processes are used. A good fit to the experi
mental data of Holland and Slack and Glassbrenner is obtained for germanium from 2 to 1000*K by adjusting 
the four constants occurring in the integrals.

On the face of reliable neutron spectroscopic evidence, we know that germanium has very disperse 
transverse branches and for them an anisotropic continuum dispersive model also yields a poor representation. 
We therefore thought it appropriate to utilize the very elaborate shell model for the lattice dynamics of 
germanium put forth by Cochran. With a proper adjustment of the parameters entering in our formulation for 
the calculation of lattice thermal conductivity, we again find a good fit with the experimental data. We are 
led to a conclusion that the nature of the phonon spectrum does not greatly influence the analysis of lattice 
thermal conductivity data according to current approaches and the niceties of the phonon spectrum are 
lost in the adjustment of the various parameters involved. It is felt that instead of putting too much labour 
in evaluating the tedious integrals for more realistic lattice dynamical models, it is better to investigate the 
validity of various relaxation time assumptions that have gone into these integrals.

NATURE DU SPECTRE DES PHONONS ET ANALYSE DE LA CONDUCTIBILITE THERMIQUE DU RESEAU. 
Les auteurs présentent les résultats d'une étude sur la conductibilité thermique des réseaux effectuée au moyen 
d'un spectre de phonons plus précis que le spectre de phonons analogue au modèle de Debye, utilisé d'ordinaire, 
qui est constitué par une seule branche acoustique moyenne. Pour calculer les variations en fonction de la 
température de la conductibilité thermique du réseau du germanium, ils ont utilisé tout d'abord un modèle 
anisotrope de dispersion en continu et suivi comme méthode une version modifiée de la formulation de Callaway. 
Pour effectuer la sommation d'intégrales complexes sur les fréquences du réseau, ils ont appliqué la méthode 
d'intégration à six et trois termes de Houston. On utilise les expressions appropriées des temps de relaxation 
pour les diffusions à la frontière et les diffusions dues aux impuretés ainsi que pour le processus normal à trois 
phonons et le processus Umklapp. Pour le germanium entre 2 et 1000*K, on obtient une concordance satis
faisante avec les données expérimentales de Holland et de Slack et Glassbrenner en ajustant les quatre constantes 
présentes dans les intégrales.

D'après des données de spectroscopie des neutrons dignes de foi, on sait que le germanium comporte des 
branches transversales très dispersées et qu'un modèle anisotrope de dispersion en continu en donne aussi une 
mauvaise représentation. Les auteurs ont donc jugé bon d'utiliser le modèle des couches très complexes pour 
la dynamique de réseau du germanium présenté pai Cochran. En ajustant les paramètres entrant dans la for
mulation qu'ils ont utilisée pour le calcul de la conductibilité thermique du réseau, ils ont également obtenu 
des résultats concordant avec les données expérimentales. Ceci leur a donné à penser que la nature du spectre 
des phonons n'a pas une grande influence sur l'analyse des données relatives à la conductibilité thermique du 
réseau suivant les méthodes actuelles, et que le spectre des phonons perd de sa précision en raison de l'ajuste
ment des différents paramètres entrant dans les calculs. Les auteurs estiment qu'au lieu de s'attarder à effectuer 
la sommation d'intégrales complexes pour des modèles de la dynamique de réseau plus proches de la réalité, 
il vaudrait mieux étudier la validité des différentes hypothèses relatives au temps de relaxation prises comme 
base pour l'établissement de ces intégrales.

285
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ХАРАКТЕР ФОНОННОГО СПЕКТРА И АНАЛИЗ ТЕПЛОПРОВОДНОСТИ РЕШЕТКИ. 
Дается анализ теплопроводности решетки, в котором используется более реалистичный фонон- 
ный спектр, чем обычный дебаевский фононный спектр, состоящий из одной средней аку
стической ветви. Впервые использована дисперсионная модель анизотропного сплошного 
спектра в ресчете зависимости теплопроводности решетки германия от температуры. При
мененный путь решения в этом расчете представляет собой измененный вариант выражения 
Коллуэйя. Для оценки довольно значительных интегралов выше частот решетки использует
ся процедура интеграции шести и трех членов уравнения Хаустона. Применяются наиболее 
подходящие распространенные выражения для времени релаксации для рассеяния на границе 
и на примеси, а также для трех фононных нормальных процессов и процесса Умклаппа. При 
правильном подборе четырех постоянных, имеющихся в интегралах, получается хорошее со
ответствие с экспериментальными данными Холланда, Слака и Глассбреннера для германия 
от 20 до 1000°К.

Благодаря надежным данным нейтронной спектроскопии мы знаем, что германий имеет 
очень разбросанные поперечные ветви, и дисперсионная модель анизотропного сплошного 
спектра также дает о них плохое представление. Поэтому мы считаем необходимым исполь
зовать очень хорошо отработанную модель оболочки для динамики решетки германия, пред
ложенную Кохраном. При соответствующем подборе параметров, входящих в наше выраже
ние для расчета теплопроводности решетки, мы вновь получаем хорошее соответствие с экс
периментальными данными. Мы пришли к выводу, что характер фононного спектра не влияет 
сильно на анализ данных теплопроводности решетки существующими методами, и точность 
фононного спектра теряется в результате подгонки различных входящих сюда параметров. 
Есть мнение, что вместо того, чтобы тратить слишком много времени на расчет трудоемких 
интегралов для более реалистичных динамических моделей решетки, лучше изучить справе
дливость различных предположений о времени релаксации, входящих в эти интегралы.

NATURALEZA DEL ESPECTRO FONONICO Y ANALISIS DE LA CONDUCTIVIDAD TERMICA RETICULAR. 
Los autores analizan la conductividad térmica reticular utilizando para ello un espectro fonónico más realista 
que el habitual espectro fonónico tipo Debye, consistente en una rama acústica media. Para calcular la 
influencia de la temperatura sobre la conductividad térmica reticular del germanio, emplean en primer término 
un modelo dispersivo continuo de carácter anisotrópico. Aplican a tal efecto una versión modificada de las 
fórmulas de Callaway, Utilizan el método de integración de seis y tres términos de Houston para determinar 
integrales sumamente complejas que abarquen las frecuencias reticulares, y emplean las expresiones actual
mente más adecuadas para los tiempos de relajación correspondientes a la dispersión en los bordes y a la dis
persión por impurezas, asf como procesos trifonónicos normales y procesos de «Umklapp». En el caso del 
germanio se obtiene una concordancia satisfactoria con los datos experimentales de Holland y de Slack y 
Glassbrenner, entre 2 y 10Q0eK, ajustando las cuatro constantes que aparecen en las integrales.

Como se sabe por los resultados fidedignos obtenidos por espectroscopia neutrónica, el germanio tiene 
ramas transversales muy dispersas, y un modelo dispersivo continuo de tipo anisotrópico tampoco constituye 
una representación satisfactoria de las mismas. Por tanto, los autores han estimado oportuno utilizar el com
plejo modelo de capas propuesto por Cochran para la dinámica reticular del germanio. Ajustando adecua
damente los parámetros que figuran en la fórmula utilizada por los autores para calcular la conductividad 
térmica de la red, se obtiene también una concordancia satisfactoria con los datos experimentales. Se llega, 
pues, a la conclusión de que, según los criterios actuales, la naturaleza del espectro fonónico no ejerce in
ferencia acusada en el análisis de los datos relativos a la conductividad térmica reticular, y de que las sutilezas 
propias del espectro fonónico se pierden con el ajuste de los diversos parámetros que intervienen. A juicio de 
los autores, en lugar de preocuparse demasiado por determinar las laboriosas integrales correspondientes a 
modelos de dinámica reticular más realistas, es preferible investigar la validez de las diferentes hipótesis 
referentes al tiempo de relajación que intervienen al formular dichas integrales.

I. INTRODUCTION

In simple d ie lectric  crystals thermal energy is transported by lattice 
vibrations. A finite thermal conductivity results from interactions between 
phonons and from the scattering of phonons by crystal imperfections. Ana
lys is  o f lattice thermal conductivity as a means o f studying phonon-phonon
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and phonon-defect interactions has been attracting increasing attention in 
recent years. Although an exact calculation o f lattice thermal conductivity 
is possible in principle, lack o f knowledge o f crysta l vibration spectra and 
o f anharmonic forces in crystals and the difficulty o f obtaining an exact solution 
o f the Boltzmann equation are formidable barriers to progress. In order to 
make a calculation a number o f assumptions have been introduced in the 
general theory. The usual approach is the relaxation time approximation for 
solving the Boltzmann equation. Further, it is often necessary to work with 
the Debye approximation fo r the lattice dynamics of the solid. Under these 
assumptions it is possible to find a reasonably good agreement between theory 
and experim ent in certain  tem perature ranges. A sim ple m odel fo r  the 
lattice thermal conductivity was proposed by CALLAW AY [1] . He assumed 
a Debye phonon spectrum and made severa l assumptions as to the form  of 
the three-phonon scattering times. The low temperature thermal conductivity 
o f a number o f m aterials can be fitted under this formulation [2-10] . As 
a small concession to reality, Holland has tried an analysis of lattice thermal 
conductivity o f germanium and silicon  by making some gross assumptions 
about the nature o f the phonon dispersion. HOLLAND [11] has shown that 
an analysis, which considers the transport o f heat by transverse and longi
tudinal phonons separately, gives a good flt to the data on germanium over 
a wide range o f temperature.

The assumptions contained in the Debye model o f lattice thermal con
ductivity can be summarized in the following five points: (1) Debye density 
o f states, (2) no distinction of polarizations, (3) constant sound velocity, 
(4) relaxation time and (5) additivity o f reciprocal relaxation tim es. The 
va lid ity o f a ll these assumptions is open to question. The frequency and 
temperature dependence o f the three-phonon relaxation tim es is strongly 
dependent on the actual phonon branch and on the dispersion o f the lattice 
waves. W ith the detailed theoretica l and experim ental in form ation now 
available about the lattice dynamics o f solids, it would be in teresting to 
attempt to elim inate some o f the restric tive  assumptions enshrined in the 
Debye model. We have here attempted an analysis o f the lattice therm al 
conductivity utilizing more realistic phonon spectra than the Debye one. The 
motivations fo r  such calculations w ere two fold. F irs t, one would like to 
know whether thermal conductivity and its temperature dependence, as calcu
lated from more realistic lattice dynamical models than the Debye one, did 
in fact im prove agreement with experiment or not. Secondly, it would be 
interesting to find whether thermal conductivity data can be used as a test of 
a lattice dynamical model. In the present calculation o f the lattice thermal 
conductivity o f germanium we have utilized two lattice dynamical models, 
the anisotropic continuum dispersive model [12] and Cochran's shell model [13] .

II. THEORY

In the relaxation time approximation, the lattice thermal conductivity 
per unit volume, к, o f a d ielectric material is given by [14]
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(2 ;r)3 и . X Cph^Uq,X'
v 2. cos20 d3q q. X ^  ' (1)

where q represents the,phonon wave vector, X the polarization  index, 
^  x = dwq ^/dcf is the phonon group velocity (q  ̂̂ being the lattice frequency), 
в is the angle between x and the direction  o f tem perature gradient and 
Cph(Ч[ Л ) the heat capacity per normal mode given by

Cph(w) (fan)
kT2

exp f i iu
\kT exp ( i P f ) - 1 .

-2
(2)

The integration over 5 is to .be taken over the whole of the first Brillouin 
zone. Using the transformation d3q = q2 dq di\, and then changing from inte
gration over q to integration over u, we can w rite  E q . ( l )  in the follow ing 
form :

"du  (ftw/кТ) e ^/ i i —— cos бт  . ---- ‘---- ‘------ -— q diodOq.
(2v)3L J  J  dq ЧЛ (etiaykT - 1 )

(3)
x

Our calculation o f к, on the basis o f this equation, was for two lattice dynamical 
models: the anisotropic continuum dispersive model and the shell model. 
The choice of these models was dictated by the following facts. The aniso
tropic continuum d ispersive m odel is a ve ry  sim ple though crude model 
and its usefulness fo r a calculation of a physical property has already been 
vindicated [12, 15, 16] . A shell model is an elaborate m odel which gives 
nice agreement with the experimentally observed dispersion relations [13], 
and may be taken as giving us a realistic picture of the lattice dynamics of 
germanium. We further discuss our calculation for these models separately.

Anisotropic continuum dispersive model

In the anisotropic continuum dispersive model, the lattice frequencies 
are given by

4 ..X  = s in  W )

where Cx(0, ф) are the velocities of sound waves with different polarizations 
given by the three roots of the third-order Christoffel equation for a particu
la r  direction (б, ф) o f the propagation vector q. The Brillou in  zone is r e 
placed by a sphere of radius Q = (бтгЭДз, where N is the number of unit cells 
per unit volume. Combining Eqs.(3 ) and (4) we find

к = bQ yVqjXX x(u)dudnq ,
x

(5)



PHONON SPECTRUM AND THERMAL CONDUCTIVITY 289

where

X x(u)- = (a2 -  to

and

) = c x Ф)- (6 )

When the phonon scattering processes are taken to be independent, the 
combined relaxation tim e Tq,x  in Eq. ( 5 )  is obtained by the rec ip roca l ad
dition o f a ll the relaxation tim es present, so that

where Tj is  the relaxation tim e fo r a single scattering process. I f  in ad
dition to the normal three-phonon scattering with relaxation tim e tn , we 
consider Umklapp processes, scattering by impurities and boundary scat
tering (relaxation time тц , rt and rb respectively ) then

L  gives equivalent sample size and F is a geometric factor. The customary 
expression for r f1 is Au4 where A= (i20/4jrv3) £ f , [ l  - M¡/M]2 andM = E f1Mij 
Í20is  the volume p er atom; M ¡ is  the mass o f the i-th type  o f atom, these 
being a fraction  f¿ o f the total number o f atoms. This form  assumes that 
the scattering is entirely due to mass difference, which is true for isotropic 
disorder. F o r the normal processes HERRING [17] has classified the re 
laxation tim es according to crys ta l class and po larization  and has given  
expressions fo r t n .  According to Herring we should expect to find at low 
temperatures

The subscripts L  and T  indicate the' longitudinal and tran sverse modes, 
respectively. In the case of Umklapp processes HOLLAND [11] has deduced 
the following expression for highly dispersive transverse phonons

(7a)

r ' 1 = Tj;1 + t^1 + 7J,1 + . (7b)

t 1̂ is as usual approximated by v/LF , where v  is average phonon velocity;

t ln = B lU2T 3 and T-fJ, = BT uT4.

r jy  = BTU u2/sinh (Iiu/кТ) for u,  ̂и «  u2
(8)

= 0 for w < u,.
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Here иг is the frequency of the transverse acoustic modes at the zone bounda
ry  and to* the frequency o f these ve ry  modes fo r  a wave vector o f half the 
magnitude of the maximum wave vector along that direction in the zone. This 
form  of t t u  indicates that low-frequency phonons. with frequency less than 
Ui do not participate in Umklapp processes.

The summation over X in Eq. (5) is fo r the quasi-longitudinal mode and 
the two quasi-transverse modes. We can therefore write

к = K[, + kt  = Kti + kTi + kt  ̂ (9)

with

kl  = bQ J 'J '?l X L(u)du dfiq '

and

On the basis of reasons mentioned earlier, the expressions for the relaxation 
times t l  and t t  are given by:

bQI t t  X T(u) du> df2 (10)

r-i v
F L

+ Au4 + BL u2

(11)

r-l == + Au4 + Bj. uT4 + T,TU

We assume that t t  is given by the same expression for both the transverse 
modes. Because o f the form  of t t u  (E q .(8 )), the component k t  can be further 
split to give

к = kl  + kto + ktu, . (12)

kto is the contribution o f low-frequency transverse modes with u < Uj and 
KT(J is due to transverse modes with frequencies lying between and w2. 
Eqs. (9)-(12) finally lead to the expressions
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----------------------------- du <1Ц
(1/ть) + Ai/ + В ^ Т 3

x j e . * )

кто “ (1/гь) + Au4 + BTwT4

хт(е, Ф)
du dfiq (13)

T  £2 О

кти = bQ
хт(е, Ф)

du df2q.
(1/ть ) + Au4 + BTU u2/sinh (îiu/kT)

т n ы.

In /сти we have neglected the sm all N -p rocess term  BTuT4 and the whole 
analysis neglects U -processes fo r  the longitudinal modes.

Shell m odel

In the light o f re liab le neutron spectrom etric investigations [18 ], we 
rea lize  that germanium has v e ry  d ispersive transverse branches and the 
anisotropic continuum d ispersive m odel yie lds a poor representation fo r 
the lattice dynamics o f this solid. We therefore thought it appropriate to 
utilize the very elaborate shell model put forth by Cochran fo r a calculation 
of к. In Cochran's model the ion is not treated as rigid. A spherical shell 
o f outer electrons can move rig id ly with respect to the core. There is 
isotropic coupling between each core and its shell as w ell as shell-shell, 
sh ell-core and co re -co re  short range interactions between nearest neigh
bours. On the basis o f this model the frequency-wave vector relations can 
be reasonably w ell accounted fo r with only two disposable param eters.

The lattice vibrational frequencies u4A entering in the thermal conduct
iv ity  expression are given by Eqs. (2. 11) and (3. 3) o f COCHRAN's paper 
[13] for wave vectors lying along symmetry directions [100] and [111] . An 
expression fo r the group ve loc ity  du/dq along these directions can be ob
tained from  expression  fo r  u. A long other o ff-sym m etry  d irections, an 
evaluation o f group velocity became a terrib ly  involved process because of 
the complexity of the model. The relaxation time expressions were exactly 
the same as u tilized  in the case o f the anisotropic continuum d isp ers ive  
model, and the process employed fo r evaluating к was also s im ilar to the 
one used fo r the anisotropic continuum dispersive model. The explicit ex
pressions fo r kl ,k t0 , Ktu are too lengthy and involved to be reproduced here.

III. CALCULATIO N AND RESULTS

It is convenient to discuss the evaluation of к separately fo r the aniso
tropic continuum dispersive model and the shell model.
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Anisotrop ic continuum dispersive model

The integrations over f2a in Eq. (13) w ere ca rr ied  out using modified 
Houston's spherical s ix -term  integration method as developed by BETTS 
et al. [19] . The applicability o f Houston's method has been discussed by 
many workers [20-24] . I f  we wish to evaluate

j = y i ( e , * ) d n .

where the integrand is invariant under the operations o f the complete cubic 
sym m etry group, we w ill requ ire the value o f 1(0, ф) in the fo llow ing six  
directions:

A [1 0 0 ], B [110], C [ l l l ] ,  D [210], E[211] and F[221] .

These w ill be written I A, IB etc. The expansion o f the integrand in cubic 
harm onics retain ing s ix  term s leads to the fo llow ing express ion  fo r  J :

J =
Air 

1 081 080 117 603 IA + 76 544 IB + 17496 I c

+ 381 250 I_ + 311 040 I„ + 177 147 I cD E F (14)

During our calculation we found that the three-term  formula

4 y 
35

10 IA + 16 IB + 9 Ic

gives results not much different from the six-term  formula and it is econo
mic to use three-term  procedure during the process of adjustment of param
eters in Eqs. (13). The С^{в.ф) were expressed in term s o f the elastic 
constants through the solutions of the Christoffel equation for the propagation 
o f the elastic waves in a continuum fo r six directions [001], [101], [111], 
[102], [112], and [212] . We have taken into account the observed tempera
ture variation of the elastic constants and the lattice parameter. The elastic 
constants are taken from  McSKIMIN [25] whose measurements are extra
polated towards lower temperatures by assuming a temperature variation 
of the type observed by FINE [26] . The integrations over w were performed 
numerically. •

A rb itrary parameters ть , BTU, BL and Bx appearing in Eqs. (13) were 
adjusted to such values as to give a good agreement o f the calculated value 
o f к with the experiment. r b is adjusted to fit the data at 2°K . ктц is ob
tained from  700° К data with the assumption that mainly transverse modes 
contribute at this temperature through three-phonon Umklapp processes. 
BTU was thus obtained by fitting 700° К data. Bl was obtained from  300° К
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Fig.l

Thermal conductivity of germanium 
Solid lines are the result of the calculation on the basis of the anisotropic continuum dispersive model.

О - Measurements of Slack and Glassbrenner 
. □ - Measurèments of Holland

Separate contributions are also shown.

data with the values o f ktu taken into account, кто w ill be insignificant at 
this temperature. BT was then obtained from the best fit for 40° К data, with 
ktu and taken into account. The final values o f the param eters used in 
the analysis are:

V  = 5.2 X 106 s '1

BT(J = 12.6 X 10'18 s

BL = 8.4 X 10'24 s ( " K f

BT = 8.0 X 10-11 ("K )‘ 4

The isotropic scattering param eter A is taken as 2.4 X 10"44 s3, the value 
given by SLACK and GLASSBRENNER [27] . Lattice thermal conductivity 
calculated by this formulation is plotted in Fig. 1, where we have also shown 
the contributions Ктп, к то and kl . The experimental data is from HOLLAND 
[11] fo r  low temperatures (1.7 to 200°K)and from SLACK and GLASSBRENNER 
[28] fo r higher temperatures (200°K to the melting point).
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In the calculation of lattice frequencies and du/dq for wave vectors along 
[100] and [111] directions, the same constants as those given by Cochran 
were used. The three-term  integration procedure o f Houston was used to 
e ffect an integration over Since и and du/dq were not calculated fo r the 
[110] direction in this model it was necessary to approximate them. Fortu
nately their contributions may be ve ry  w e ll approximated by giving their 
weights, in the integrand, to the longitudinal and transverse [100] modes. 
BIENENSTOCK [29] had ea r lie r  used this sort o f approach fo r evaluating 
integrals over spherical Brillouin zone in a calculation of the thermal expan
sion of germanium.

For the evaluation of parameters rb, BTU, Bl and BT, exactly the same 
procedure was adopted as was utilized in the case of the anisotropic continu
um dispersive model. The values of the parameters are

тГ1 = 5.95 X 10e s"1
D

Вти = 4. 00 X 10'18 s

BL = 8 .4 X 1 0 'M s ("K )'s

BT = 8.0 X 10'11 (°K )-4

The value of A is the same as given earlier. The contribution of the optical 
modes to the thermal conductivity is limited by their low group velocity. To 
estimate their contribution in a crude way we used the same relaxation time 
expressions as for the acoustic modes with corresponding polarizations, and 
the parameters BL, Bx, etc. were given the values listed above. The contri
bution o f these modes to к was found quite negligible. The calculated values 
of thermal conductivity along with the experimental data are shown in Fig. 2.

Shell model

IV. DISCUSSION

From  F igs . 1 and 2 it is evident that the agreement o f the calculated 
values with the experiment is quite good over a very large temperature range 
for both the lattice dynamical models for germanium. The constants needed 
to fit the two models are quite different and at a particular temperature the 
re lative contributions kt0 , kl and ktu are also quite different. The highly 
d ispersive nature o f the shell model phonon spectrum shifts the ktii peak to 
lower temperatures. The study indicates that though the thermal conductivity 
analysis seems to depend on the type o f the model used fo r the lattice dy
namics o f the solid, the presence o f many adjustable param eters in the 
theory washes o ff such effects from the ultimate result of a calculation of к . 
The niceties of the phonon spectrum are lost in the adjustment of the various 
parameters involved. .

In the present analysis we have not considered the four-phonon Umklapp 
processes, and electrons and holes as possible carriers of heat. The elec-
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. Fig. 2

Thermal conductivity of germanium 
Solid lines represent the calculation based on the shell model.

. О - Measurements of Slack and Glassbrenner
□ - Measurements of Holland

- Separate contributions are also shown. -

tronic contribution to к becomes important at the very highest temperatures, 
when the number of thermally generated carriers becomes very large. Our 
analysis of low temperature data leads to a value of r^1 higher than the 
Casim er's expression v/LF . This implies increased boundary scattering. 
There is always the possibility that the increased boundary scattering is due 
to large-sca le crystal defects. In this analysis we have not taken different 
relaxation times for N-processes in low and high temperature regions. The 
three-phonon N -processes are important mainly in the temperature range 
0- 300°K, for which the use of the low temperature expression for relaxation 
time may not lead to much error.

We are also aware o f the insufficiencies in the existing therm al con
ductivity formulations. In discussing phonon scattering problems, is it at 
a ll possible to use the relaxation time approximation in the Boltzmann equation 
describing the phonon flow? Furthermore, since there are usually several 
phonon scattering processes active simultaneously, can one get the combined 
relaxation through Eq. (7a)? This equation means that the scattering p ro
cesses are essentially independent o f each other, which is not quite true.

We thus rea lize  that the Callaway scheme o r its m odifications have 
proved extrem ely successful phenomenological schemes fo r the calculation 
o f the therm al conductivity and it is not surprising that they have shown 
certain weaknesses on closer examination. It is doubtful that better methods
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of comparable sim plicity w ill be available in the near future, because of the 
inherent complexity of the processes involved in lattice thermal conduction. 
Our study shows that instead o f putting too much labour in evaluating the 
tedious integrals for more realistic phonon spectra, it is better to scrutinize 
the assumptions that have gone into these integrals.
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D IS C U S S IO N

R. SRINIVASAN: The constant Вто , indicating the Umklapp process 
effect, is three times less fo r  the shell model than fo r the anisotropic d is
persive continuum model. What feature of the phonon dispersion curves in 
the shell model is responsible fo r the difference?

S .K . JOSHI: The transverse branches in the shell model are very d is
persive as compared with the anisotropic continuum d ispersive model and 
this leads to the difference in BTU values.
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ANHARMONIC EFFECTS AND THE SCATTERING OF NEUTRONS FROM A CRYSTAL. The effects of 
the anharmonic interactions between the normal modes of vibration of a crystal on the inelastically scattered 
neutrón distributions have been discussed by several authors. It is well known that they give rise to temperature- 
dependent widths and frequencies for the scattered neutron groups. It is less well known that both the fre
quency and the lifetime of a normal mode depend not only on the temperature, but also on the "applied” 
frequency used to study the normal mode. As a result of this frequency dependence, the scattered neutron 
groups may have a more complex structure than a simple Lorentzian shape. Furthermore, if the eigenvectors 
of the normal mode are not completely determined by the symmetry of the crystal they cannot be considered 
as independent. The interference between them will depend on both the temperature and the applied frequency. 
In most crystals these effects are small at temperatures well below the melting point. However, in certain 
crystals, ferroelectrics for example, some of the modes are anomalously temperature-dependent so that these 
effects may be larger. Calculations have been made of these effects using a model of strontium titanate. 
The results, which give reasonable agreement with the temperature dependence of the modes, the infrared 
reflectivity and thermal expansion, show that the effects of the frequency dependence of the modes and of 
the interference of the different normal modes are by no means negligible.

EFFETS ANHARMONIQUES ET DIFFUSION DES NEUTRONS PARUN CRISTAL. Plusieurs auteurs ont analysé les 
effets des interactions anharmoniques entre les modes normaux de vibration d'un cristal sur les distributions de neutrons 
diffusés inélastiquement. C*est un fait bien connu que ces interactions donnent lieu, pour les groupes de neutrons dif
fusés, à des largeurs et des fréquences qui dépendent de la température. C'est un fait moins bien connu que la fréquence 
comme la durée de vie d'un mode normal sont fonction non seulement de la température, mais aussi de la fréquence 
«appliquée »  que Гоп utilise pour l'étude du mode normal. Du fait de cette influence de la fréquence, il se peut que 
les groupes de neutrons diffusés aient une structure plus complexe que celle d’une forme lorentzienne simple. 
En outre, si les vecteurs propres du mode normal ne sont pas complètement déterminés par la symétrie du 
cristal, ils ne peuvent être considérés comme indépendants. Leur interférence dépendra à la fois de la tem
pérature et de la fréquence appliquée. Dans la plupart des cristaux, ces effets sont restreints à une température 
très inférieure au point de fusion. Toutefois, dans certains cristaux, par exemple les ferroélectriques, certains 
des modes dépendent dans une mesure anormale de la température, de sorte que ces effets peuvent être plus 
importants. L'auteur a calculé ces effets au moyen d'un modèle de titanate de strontium. Les résultats, qui 
concordent dans une mesure raisonnable avec l'influence de la température sur les modes, la réflectivité 
infrarouge et la dilatation thermique, montrent que les effets des variations des modes en fonction de la fré
quence et ceux de l'interférence des différents modes normaux ne sont nullement négligeables.

НЕГАРМОНИЧЕСКИЕ ЭФФЕКТЫ И РАССЕЯНИЕ НЕЙТРОНОВ НА КРИСТАЛЛЕ. Эф
фекты негармонических взаимодействий между нормальными формами колебания кристалла 
на распределение неупруго рассеянных нейтронов рассматривались некоторыми авторами. Хо
рошо, известно, что в результате этих эффектов наблюдаются зависимые от температуры

2 97
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ширины и частоты у групп рассеянных нейтронов. Не так хорошо известно, что как частота, 
так и время жизни нормального колебания зависят не только от температуры, но также и от 
"применяемой" частоты, используемой для изучения нормального колебания. В результате 
такой частотной зависимости группы рассеянных нейтронов могут иметь более сложную 
структуру, чем простая форма Лоренца. Далее, если собственные векторы нормального ко
лебания не определены полностью симметрией кристалла, то их нельзя считать независимыми. 
Интерференция между ними будет зависеть как от температуры, так и от применяемой часто
ты. В большинстве кристаллов при температуре значительно ниже точки плавления эти эф
фекты незначительны. Однако в некоторых кристаллах, например в ферроэлектриках, неко
торые из колебаний проявляют настолько необычную зависимость от температуры, что эти 
эффекты могут быть значительнее. Проведены расчеты этих эффектов с использованием 
модели титаната стронция. Результаты, которые довольно хорошо согласуются с темпера
турной зависимостью колебаний,коэффициентом отражения инфракрасных лучей и тепловым 
расширением, говорят о том, что пренебрегать эффектами частотной зависимости колебаний 
и интерференцией различных нормальных колебаний ни в коем случае нельзя.

EFECTOS ANARmÓniCOS Y DISPERSION NEUTRONICA EN LOS CRISTALES. Varios autores han investi
gado los efectos ejercidos por las interacciones anarmónicas de los modos normales de vibracián de un ctistal 
sobre la distribución de los neutrones dispersos inelásticamente. Como es bien sabido, originan en los grupos 
de neutrones dispersos amplitudes y frecuencias dependientes de la temperatura. Es menos conocido que tanto 
la frecuencia como la duracián de un modo normal depende no sólo de la temperatura, sino también de la 
frecuencia que se «aplica» para estudiar el modo normal. Como resultado de esta dependencia, la estructura 
de los grupos de neutrones dispersos puede ser mis compleja que una mera forma lorentziana. Además, si 
los vectores propios del modo normal no están completamente determinados pbr la simetría del cristal, no 
pueden considerarse independientes. La interacción de dichos vectores dependerá de la temperatura y de 
la frecuencia aplicada. En la mayor parte de los cristales, estos efectos son débiles a temperaturas netamente 
inferiores al punto de fusión. Pero en ciertos cristales, por ejemplo en los ferroeléctricos, algunos de los 
modos dependen de la temperatura en una medida anormal, de manera que esos efectos pueden llegar a ser 
más acusados. Se han calculado dichos efectos utilizando un modelo de titanato de estroncio. Los resultados, 
que son razonablemente compatibles con la variación de los modos en función de la temperatura, la reflectivi- 
dad infrarroja y la dilatación térmica, muestran que los efectos de la frecuencia en los modos y en la inter
ferencia de los diferentes modos normales distan mucho de ser despreciables.

1. INTRODUCTION

The effects of the anharmonic interactions between the normal modes ' 
of vibration of a crystal may be studied by using the techniques of coherent 
inelastic scattering of slow neutrons. Several m etallic [1, 2] and non- 
m etallic [3-5] crystals have been studied experimentally, and the results 
show that both the frequencies and the widths of the scattered neutron groups 
change with temperature.

Although ordinary perturbation theory has been used to study these e f
fects theoretically [6 ,7 ], m ore recent developments have made extensive 
use of the techniques of many-body perturbation theory [8-11]. In the next 
section, the theory is outlined using the thermodynamic time-dependent 
G reen 's functions.

Because very little  is known of the nature of the anharmonic interactions, 
very few detailed calculations have been made. MARADUDIN and FEIN [11] 
have used an oversim plified model for lead and have computed the lifetimes 
of some of the normal modes. More recently the author [12] has calculated 
the shape of the one-phonon neutron groups for the long-wavelength longi
tudinal and transverse optic modes of potassium bromide and sodium iodide.
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Both o f these calculations were for normal modes whose eigenvectors 
are entirely determined by symmetry. In this paper, we discuss the further 
difficulties which occur when there are severa l normal modes belonging to 
the same irreducib le representation o f the space group. Calculations of 
these effects are made by using a model of strontium titanate which is de
scribed in section 3. The results of the calculation are described in 
section 4 and discussed in the final section.

2. THEORY

The Fou rie r transform  of the tim e-ordered  Green 's functions fo r  a 
phonon in a crysta l is  given by

A (q j, t) is the sum of the destruction and creation operators for the phonon 
(q j) in the Heisenberg representation, P the Dyson tim e-ordering operator 
and /3 the in verse temperature, /3 = l/ k BT. These G reen 's functions are 
conveniently evaluated by means of diagrams [11-13], and can be shown to 
obey a Dyson equation.

|3h £ [ (u 2(q j ) - Q 2) 6jj. + 2 u (q j )D (3 j j ',  r ) ]  G(q j ' j " ,  П)= 6 и -2и(ф). (2)

D(q j j ' , ^ )  is the anharmonic contribution to the se lf-energy  of the phonon 
and in general depends on both temperature and the frequency Cl.

The Dyson equation shows that the anharmonic effects couple the normal 
modes j and j ' .  Even though it is possible to choose eigenvectors which 
diagonalize the Herm itian part of the se lf-energy , there is s till an anti- 
Herm itian part which couples the eigenvectors. It is this coupling- which 
has a considerable effect on the physical properties, and it is both tempera
ture and freauencv dependent. '

This complication does not arise i f  the normal modes j and j '  belong to 
different irreducible representations of the space group of the crystal. The 
anharmonic effects w ill then a lter the diagonal parts o f the se lf-en erg ies  
but w ill not introduce any off-d iagonal contributions. .

The neutron scattering from  an anharmonic crystal is complicated not 
only because the self-energies of the phonons are altered, but also because 
the distinction between one-phonon and multiphonon processes becomes less 
sharp. This difficu lty has been discussed by KOKKEDEE [9], and by 
AMBEGAOKAR, CONWAY and BAYM  [14] who show that the one-phonon 
peaks in terfere  with the multiphonon background. This in terference has 
two effects; firs tly  it alters the intensity of the one-phonon peaks, but 
more importantly it contributes an asymmetry to the peaks. This asymmetric 
contribution shifts the apparent frequency of a phonon. Fortunately, 
MARADUDIN and AMBEGAOKAR [15] have shown by numerical calculation 
that this asymmetric term is far too small to be measurable at present, and

-ish

< PA (q j, t) A * (q j f, 0) > exp (ifit)dt. (1)
0
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we shall neglect the in terference with the multiphonon background in the 
rem ainder of this paper.

The intensity of a neutron group at frequency fi is then given in terms 
of the .Green's functions as,proportional to

E h (j)h (j ') ^ 0+-i/3h[G(3jj', n + ie ) - G (3 j j ' ,  « - « ) ] .  (3)

where the reduced structure factors are given by

h(j) = E e (k , qj) bk exp [ - i (Q -q )  -R (kk ')]. (4)
к .

e(k, q j ) is  the eigenvector of the ion к in the normal mode (q j), bk its scat
tering length, and <3 the w ave-vector transfer to the crysta l. (GJ-q) is a 
reciprocal lattice vector and ñ(kk') the distance between the ions of types к 
and k' in one unit cell. The factors which have been ignored in this expres
sion are the Debye-Waller factors, the population factors and several other 
numerical factors.

3. THE MODEL AND THE CALCULATIONS

The anharmonic contribution to the self-energies of the long-wavelength 
optic modes in strontium titanate have been calculated to lowest order in 
perturbation theory. The contributions are shown by the diagrams given 
in F ig . 1 and the detailed expressions are given by various authors [6-12],

D(q j j ',  f2 + ie ) = r  E Va8 
n aB

18
■ft*

L E V  
qj, 42J,

U«e

~q qi
3 3l

V ) v
32 /

-q2

32
n(qi.il)+n(q2j 2 ) + l 

.w(q13i)+u(q232)+f2+ie

n (q iji )+ n (q 9.j2) + l n(q2.Í2 ) -n (q i j i )
u(qi j^  + u(q2 j 2) -  П -  ie j x ) -  u(q2j2 ) + fi + ie

^n (q2j2 ) - n (q 1 j i )  
u(q2j 2) - u (q 1j 1)+ f i  + ie

12
E v Cf 7 117 1)  (2n{* ii)+1)-.■ \  3 3 3i 31 /

?lJl (5)

The firs t term  arises from  the therm al expansion of the crystal, and U<& 
is the thermal strain. The other two terms arise from  the interaction with 
the other phonons at constant volume. The various coeffic ients V ( ) de
scribe the strength of the interaction between the phonons, and are calculated 
from the interatomic forces.

The model used fo r the eigenvectors and frequencies of strontium 
titanate was obtained from  measurements of the dispersion curves, elastic 
and d ielectric constants and has been described elsewhere [16]. The model 
chosen from  those described before was Model IV at 300°K.
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—

Fig.l

The anharmonic contributions to the self-energy of a phonon.
Diagram (a) arises from the thermal expansion of the crystal and is due to the change 

in the interatomic forces which occurs when the volume alters.
The other two diagrams arise from the anharmonic self-energies at constant volume.

The anharmonic interactions were introduced into the model in as simple 
a way as possible in order to facilitate the calculations. The effects of the 
e lectron ic dipoles on the ions w ere neglected in treating the anharmonic 
effects. The electrostatic ,forces behave like l /гЗ so that they were neg
lected in comparison with the short range forces which vary more strongly 
with distance. In the harmonic models the short range forces between the 
titanium and oxygen ions are an order of magnitude greater than the others. 
The whole of the anharmonicity was therefore taken to arise  from  axially 
sym m etric forces between the titanium and the oxygen ions. Two para- 
m etérs, the third and fourth derivatives, w ere then needed to specify the 
anharmonic forces.

The third derivative of the potential function was obtained by comparing 
with the thermal expansion measurements of LYT LE  [17]. Agreement with 
the measurements was obtained with the third derivative -840 (in units of 
e2/vr). A check on this value can be obtained by calculating the third deriv
ative from  the pressure dependence of the Curie tem perature [18]. The 
result is -916, in quite reasonable agreement with the result obtained from 
the thermal expansion.

The fourth derivative was obtained from  the temperature dependence 
of the lowest frequency transverse optic mode [16], as 16900 (in units of 
e2/vr2). The non-linear d ielectric constants [19] can also be used to give 
the fourth derivative. Although the results for the different directions do 
not agree well, due presumably to the inadequacy of the model, they suggest 
a value for the fourth derivative sim ilar to that obtained from the transverse 
optic mode.

The calculations o f the se lf-energy  as a function of temperature and 
frequency (Г2) were then performed by eyaluating E q .(5 ). The frequencies 
and eigenvectors were evaluated at ten independent points within the unique 
volume of the Brillouin zone, and the expressions evaluated numerically by
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using the Edsac II computer. The lim it fo r e-»0 in E q .(3 ) was calculated 
by choosing e to be 0.2 ( lO*2 c/s). A larger choice of e would have smoothed 
the results unnecessarily, while there were insufficient points taken within 
the Brillouin zone to allow a sm aller e to be used. Calculations have been 
performed of the self-energies of the three transverse optic modes, which 
are infrared active, for a number of temperatures and ranges of frequency.

4. RESULTS

The resu lts o f the calculation of the anharmonic contributions to the 
se lf-en erg ies  are shown in F igs . 2, 3, 4 and in Table I. The firs t term  in 
Eq. (5) was evaluated using the calculated thermal expansion and the results

TEM PERATURE C K )

Fig. 2(a)

The temperature dependence of the self-energies of the phonons arising from diagram (b) of Fig. 1;
diagonal contributions .

are tabulated fo r  the diagonal components in Table I. The numbers are 
tabulated in term s of the d ifferences from  300°K. The contribution of the 
third term  in Eq. (5) is independent of the applied frequency £2 and its tem
perature dependence is shown in Fig. 2.

The contribution from  the second term  in Eq. (5) is m ore complicated 
and has both frequency-dependent real and imaginary parts. The temperature 
dependence of the term  for the diagonal contribution to the*lowest frequency 
transverse optic mode is shown in F ig . 3, while in F ig . 4 the frequency de
pendence of a ll the contributions is shown at 300°K.
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TEM PER ATU R E (“ К)

Fig. 2(b)

The temperature dependence of the self-energies of the phonons arising from diagram (b) of Fig. 1;
off-diagonal contributions

Since the harmonic model was fitted to the measurements of the d is
persion curves at 300°K, the harmonic frequencies already include a large 
part o f the anharmonicity. The s tric tly  harmonic frequencies u(q j )  w ere 
therefore chosen so that the calculated frequencies for the neutron groups 
agreed with the measurements, and furtherm ore so that the normal modes 
at 300°K and fo r Í2 = 0 were the same as those of the model.

As discussed in section 2, the normal modes are no longer independent 
of one another when the anharmonicity is included. However, i f  the anti- 
Hermitian parts of the self-energy matrix are neglected, the re suiting matrix 
may be diagonalized to find a best set of normal modes for each frequency U 
and fo r  each tem perature. The eigenvectors and frequencies obtained in 
this way are shown in Table II, as a function of frequency. The results for 
the lowest transverse optic mode are particu larly striking in that its fr e 
quency varies between 1. 65 and 8. 06 (1012 c/s). The temperature dependence 
of the eigenvectors of the normal modes, with Г2 equal to the frequency of 
the centres of the neutron groups, is shown in Table III.

The one-phonon inelastic scattering cross-section  has been evaluated 
using Eqs. (3) and (4) and the se lf-energies  deduced above. Figure 5 shows 
the results of the calculations fo r two of the transverse optic modes. The 
dotted lines show the effect o f neglecting the off-d iagonal anti-Herm itian 
components. The structure in the peaks arises from  the frequency dependence 
of the rea l and imaginary parts of the se lf-energ ies . The shift in the fr e -
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Fig. 3 .

The temperature dependence of the diagonal part of the contribution of diagram (c) of Fig. 1 
to the self-energy of the lowest frequency transverse optic mode.

------------ 400°К
------------ 300-K
............... 200°K
------------ 100е К

quencies when the off-diagonal parts are included arises because these parts 
give rise to an asymmetric contribution to the peak intensity.

In F ig . 6 the temperature dependence and the dependence upon the po
sition in reciprocal space of the cross-section of the TO II mode are shown. 
The effect o f the off-diagonal term s is again quite pronounced. When the 
diagrams showing the dependence on the position in rec ip roca l space are 
studied carefully, the centre of the peak is seen to vary from one reciprocal 
lattice vector to another. The reduced structure factors for the different 
modes vary, and so the magnitude of the interference term s varies .

The widths o f the peaks are listed in Table IV, where they are com 
pared with the measurements o f SP ITZE R , M ILLE R , K LE IN M AN  and 
HOWARTH [20] by in frared spectroscopy. Unfortunately, it is not pos
sible to compare the widths with experimental neutron groups because of 
uncertainties in the instrumental resolution.
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Fig. 4(a)

The frequency dependence of the diagonal contribution from diagram (c) of Fig. 1 
to the self-energy of the transverse modes at 300°K

. ------------  TO I
•••;........  TO II
--------- -- TO III

5. CONCLUSIONS

The model described in the previous sections can hardly be considered 
satisfactory. Many of the assumptions made to sim plify  the anharmonic 
effects may be unjustified, while the frequencies given by the harmonic 
m odel are quite uncertain fo r  those modes which w ere not measured ex -

20
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FREQUENCY Q (10* c/s )

. Fig. 4(b)

The frequency dependence of the off-diagonal contribution from diagram (c) of Fig. 1 
to the self-energy of the transverse modes at 300°K .

------------  II -  III
................. I - II
------------ I - III

perimentally. Furthermore, the calculations used only ten independent 
points within the Brillouin zone and more would certainly be needed to per
form  them accurately. However, even i f  the results cannot be trusted in 
detail, they can almost certainly be believed qualitatively. The model gives 
reasonable agreement with the thermal expansion, pressure dependence of 
the Curie temperature, non-linear dielectric constants, infrared reflectivity 
and lifetim es of the transverse optic modes [21].



ANHARMONIC EFFECTS 307

TABLE I

THE T E M P E R A T U R E  D EPE ND ENCE OF THE S E LF-E N E R G IE S  
ARIS ING  FRO M  THE TH E R M A L  EXPAN SIO N  OF THE C R Y S T A L

Temperature
(°K)

Transverse optic mode

I II III

100 . 0.39 0.20 3.25

200 0. 18 0.11 1.61

300 0 0 0

' 400 -0.20 -0.13 -1.70

Note: The units are 1024 s~2 and the magnitudes are expressed as differences 
from the values at 300°K.

The calculations have shown a number o f features which are rather 
disturbing fo r neutron scattering experim ents:

(a) The dependence upon the applied frequency of the lifetimes and fr e 
quencies can g ive  r is e  to v e ry  anomalous shapes to the neutron peaks.

(b) The interaction between the different modes gives rise to an asym
m etric  contribution to the peak intensity. The magnitude o f this con tri
bution and hence the measured phonon frequency may va ry  from  place to 
place in rec ip roca l space. .

(c) The frequency dependence o f the life tim es and frequencies may 
alter the intensities of the peaks, even though the total one-phonon scattering 
must obey the longitudinal f-sum rule [8, 14].

(d) The asymmetric contribution to the peak intensity alters its intensi
ty. Both of these last two effects would make the experimental determination 
of the eigenvectors, as suggested by BROCKHOUSE, ВЕСКА, RAO and 
WOODS [22], m ore uncertain.

(e) The best set of eigenvectors are frequency dependent, so that the 
best eigenvectors describing two different phonons with the same wave vec
tor may not necessarily be orthogonal.

Very s im ilar difficulties arise from the interference between the one- 
phonon peaks and the multiphonon background [9, 14, 15]. The intensities of 
the peaks are altered and their centres may be shifted by asymmetric terms. 
Fortunately, in some ways, at present most o f these effects are sm aller 
than can be resolved with inelastic neutron scattering techniques. However, 
with slightly improved techniques these effects may w ell be detectable, and 
make the interpretation of the results that much more complicated.
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FREQUENCY DEPENDENCE OF THE 
EIGENVECTORS OF THE TRANSVERSE  

OPTIC MODES AT 300°K

. TABLE II

Applied frequency 

( f i )

Transverse optic mode I

Frequency 
(ш х  (? j))

Eigenvector

I II I I I

0 1 0 0 2.83
2.7 0.9999 -0.0117 0.0020 2.94

5.5 0.9864 -0.1631 0. 0210 3. 73
10.25 0.9971 0. 0742 -0.0143 1.65
13.75 0. 7951 0.5976 0.1035 6.92
16.5 0.9003 -0.4341 0. 0322 4.40
20.5 0. 8571 0.4948 0.1437 8.06
44 0.6898 0.7219 0.0540 6.25

Transverse optic mode II

0 0 1 0 5.18
2 .7 0.0117 0.9999 0.0009 5.31

5.5 0.1628 0. 9865 0. 0153 5.45
10.25 .-0,0743 0. 9972 -0.0043 5.34
13.75 -0.5984 0.8007 -0.0259 4.89

16.5 0.4330 0.9006 0.0374 5.72
20.5 -0.4958 0.8672 -0.0182 4. 96

44 -0.7220 0.6915 -0.0229 4.75

Transverse optic mode II I

0 0 0 1 16.4
’ 2 .7 - 0.0020 -0.0008 1.0000 16.1

5.5 -0.0232 -0.0117 0. 9997 16.25
10.25 0.0139 0. 0054 0.9999 16.0

13.75 -0.0984 -0.0414 0.9943 16.9

16.5 -0. 0452 -0.0197 0.9988 16.5
20.5 +0.1336 -0. 0558 0.9895 17.2

44 -0.0539 0. 0232 0.9983 16.6

Note: The results are expressed in terms o f the eigenvectors for £5 = 0. The frequency is the
frequency obtained by diagonalizing the self-energy m atrix.
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TABLE I I I  .

THE TE M P E R A T U R E  D EPEND ENCE OF THE EIGENVECTORS 
AND FREQUENCIES OF THE TRANSVERSE O PT IC  MODES

Temperature
(°K)

Transverse optic mode I

Frequency

(a> r(o j))
Eigenvector

I I I I I I

100 . 0. 9925 0.1153 -0.0394 1.05

200 0.9962 0.0841 -0.0219 2 .10
300 0. 9999 -0.0117 , 0.0020 2.94

400 0.9988 -0.0473 0.0091 3.09

Transverse optic mode I I

100 -0.0968 0.9951 -0.0190 5.23

200 -0.0258 0.9996 -0.0068 5.21

300 0.1628 0.9865 0.0153 5.45

400 0.4516 0.S908 0.0497 5.74

Transverse optic mode 1П

100 0;0247 0.0206 0.9995 15.8

200 -0.0104 0.0025 0.9999 16.1

300 -0.0452 -0.0197 0.9988 16.5

400 -0.0849 -0.0396 0.9956 16.9

Note : The frequency Я for each mode is chosen to be equal to  the frequency o f the centre o f the 
neutron group ш т (о  j).
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TRANSVERSE OPTIC I  TRANSVERSE OPTIC Ш

Fig- 5 -

The temperature dependence of the shapes of the inelastically scattered neutron groups 
of the highest and lowest frequency transverse optic modes.

Fig. 6

The shapes of the inelastically scattered neutron groups of the TO II mode, 
as a function of temperature and as a function of the reciprocal lattice vector at 300“K. 
The intensity is shown for a mode polarized along the X -direction and with no account 

taken of the angle between the scattering vector and the polarization vectors.
The scattering at any reciprocal lattice vector is then a linear combination of the shapes

shown in the figure.
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TABLE IV

THE WIDTHS OF THE NEUTRON GROUPS 
AT  VARIOUS TEM PERATURES

Transverse optic mode

Temperature I II III
(“K)

Calc. Exptl. Calc. Exptl. Calc. Exptl.

100 0.3 0.04 0.06

200 0.3 0.13 0.10

300 0.5 0.41 0.21 0.10 0.17 0.39
0.67

400 0.8 0.30 0.21

Note: The experimental values are taken from SPITZER et al. [20]
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D IS C U S S IO N

R. SUBRAMANIAN: Kascheev and Krivoglaz have also applied thermo
dynamic Green functions to neutron scattering by anharmonic crystals. How 
do the results of Cowley compare with theirs?

G. DO LLING : W hile there is considerable common ground between 
the Kascheev and K rivoglaz theories and those o f Cowley, this paper r e 
presents a significant advance in two respects: (i) numerical computations 
have been made here on the basis o f a reasonable model o f a rea l crysta l; 
and (ii )  certain  effects arising from  the "m ix ing " o f norm al modes in the 
anharmonic crystal have been allowed for -  effects which have not previously 
been taken into account.

P. EGELSTAFF: To obtain the simplest line shape (i.e . the shape which 
can be most eas ily  in terpreted ) what path in rec ip roca l space should one 
follow? Do you recommend constant-^, constant-и, o r some other path?

G. DOLLING: It may be possible to adjust the observed line shape in a 
particular manner by alteration o f the path through reciprocal space. How
ever, I fe e l that the sim plest interpretation o f the line shapes is achieved 
when the method o f constant-^ is utilized. The complications are already 
severe even when the phonon wave vector remains the same.

S. Y IP : Perhaps this is a case where the theoreticians can settle the 
matter among themselves, and so I wonder whether Dr. Cowley can use his 
theory to c la rify  the situation to which the conflicting theories discussed by 
P ro fessor Akcasu have given rise.

G. DOLLING : F rom  m y b r ie f acquaintance with Akcasu 's theory, it 
seems to me that there is a basic discrepancy between the two formulations, 
which manifests its e lf fo r  example in the population factor signs in the ex
pression fo r the line width. Perhaps this arises from  a rea l d ifference in 
the physical bases o f the theories, rather than from  an "a lgebra ic" e r ro r  
in one o f them.



THÉORIE MICROSCOPIQUE DES TRANSITIONS 
S'ACCOMPAGNANT D'UNE MODIFICATION 

DE LA STRUCTURE CRISTALLINE

N. BOCCARA ET G. SARMA 
CENTRE D’ÉTUDES NUCLÉAIRES DE SACLAY, FRANCE

Abstract — Résumé — Аннотация — Resumen

MICROSCOPIC THEORY OF TRANSITIONS ACCOMPANIED BY MODIFICATION OF CRYSTALLINE STRUC
TURE. A self-consistent microscopic theory is proposed for certain transitions where the determining factor 
is the influence of thermal agitation. The method is particularly applicable to displacive ferroelectric sub
stances. A discussion of the equations derived leads to a number of general conclusions near the point of 
transition. The properties found in this manner are in agreement with the experimental results.

THÉORIE MICROSCOPIQUE DES TRANSITIONS S*ACCOMPAGNANT D*UNE MODIFICATION DE LA 
STRUCTURE CRISTALLINE. Une théorie microscopique self-consistante est proposée pour certaines transitions 
oü l'influence de l'agitation thermique est déterminante. La méthode est en particulier applicable aux ferro- 
électriques de type displacif. Une discussion des équations obtenues permet d'aboutir à un certain nombre de 
conclusions générales au voisinage du point de transition. Les propriétés ainsi trouvées sont conformes aux 
résultats expérimentaux.

МИКРОСКОПИЧЕСКАЯ ТЕОРИЯ ПЕРЕХОДОВ, СОПРОВОЖДАЮЩИХСЯ ИЗМЕНЕНИЕМ 
В КРИСТАЛЛИЧЕСКОЙ СТРУКТУРЕ. Для некоторых переходов, где воздействие тепло
вого движения является определяющим, предлагается независимая микроскопическая теория. 
Метод применим, в частности, к ферроэлектрическим веществам смещенного типа. Об
суждение полученных уравнений позволяет придти к некоторым общим заключениям вблизи 
точки перехода. Найденные таким образом новые свойства соответствуют эксперименталь
ным результатам.

TEORÍA MICROSCÓPICA DE LAS TRANSICIONES ASOCIADAS A UNA MODIFICACIÓN DE LA ESTRUC
TURA CRISTALINA. Se propone una teorfa microscópica autoconsistente para explicar ciertas transiciones 
en las que la influencia de la agitación térmica es decisiva. El método es aplicable en particular a los mate
riales ferroeléctricos de desplazamiento. Discutiendo las ecuaciones obtenidas, se llega a un cierto número de 
conclusiones generales en las proximidades del punto de transición. Las propiedades halladas de esta manera 
concuerdan satisfactoriamente con los resultados experimentales.

1. “INTRODUCTION

De nombreux changements de phase dans les  so lides s ' accompagnent 
d'une modification de la structure cristalline. La présente théorie ne traite 
que de ceux où l'in flu en ce  de l'a g ita tion  therm ique est prépondérante. 
L ' existence de transitions de ce type est due à certaines particu larités de 
l'in teraction  interatomique qui invalident tout traitement de perturbation*. 
L 'expérien ce montre qu'au voisinage de la transition, i l  existe des phonons 
dont la  durée de v ie  est grande, et que leurs courbes de d ispersion  p ré 
sentent de fortes variations avec la température [1-4]. Ces faits nous ont

* Nous nous placerons dans les conditions de validité de l'approximation adiabatique et nous sup
poserons les atomes ponctuels.
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conduits à adopter une méthode self-consistante qui, partant d ’ un potentiel 
fortem ent anharmonique, lui substitue un potentiel harmonique e ffec tif qui 
tient compte im plicitement de l'agita tion  thermique.

La  structure cr is ta llin e  est ca rac tér isée  par des param ètres rjj qui 
varieait avec la tem pérature. Un exemple sim ple est celu i où il  n 'ex is te  
qu'un seul param ètre représentant un déplacement re la t if de deux sous- 
réseaux. Ce type de modification de la structure cristalline est fondamental 
pour une certaine classe de ferroé lectriqu es . Dans ce cas particu lier les 
notions évoquées plus haut se traduisent de la façon suivante. Supposons 
un crista l où les atomes A et les atomes B occupent les noeuds de deux r é 
seaux de B rava is identiques. Pour qu' à basse tem pérature la  structure 
n 'a it  pas de centre de sym étrie, il suffit que le potentiel exercé par l 'e n 
semble des atomes A sur un atome B soit un potentiel à plusieurs puits 
(fig. 1). A  température finie, 1' agitation thermique crée un potentiel moyen 
qui, compte tenu du déplacement re la t if des deux sous-réseaux, est d is 
symétrique (fig. 2). Nous montrerons comment la connaissance de ce po
tentiel moyen suffit à déterminer la position moyenne des atomes et la dyna
mique du réseau.

Figure 1 

Potentiel & plusieurs puits.

Rm Ro< Rn

Figure 2 

Potentiel dissymétrique.
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2. LES ÉQUATIONS GENERALES ET LEUR INTERPRETATION

Nous écr irons  les  équations généra les en supposant pour s im p lifie r  
qu1 il n' existe qu'un seul paramètre ri, la généralisation au cas de plusieurs 
paramètres étant immédiate. Nous décrirons le système par un hamiltonien 
effectif de la forme

«Г=«Гь+ Eo.

& Ъ =^ +  I  Y, C y V i- x / iX i- X j ) " ,  
ij

Ео=<у>- ^ сМГ-
ij
UV

¿Test l 'é n e rg ie  cinétique, x f est le déplacement du ième atome à partir de 
sa position moyenne à la  température considérée, position déterminée par 
rj(T ) (fig . 2), < V > es t la  moyenne therm ique du potentiel calcu lée avec 
la  m atrice densité correspondant à l ' hamiltonien e ffe c t if g?. Enfin 
crfju= <̂ (xt - X j^ iX j - Xj)y >. L 'h a m ilto n ie n ^ , étant supposé bien d éc r ire  la  
dynamique du système, 1' addition de E 0 assure que 1' énergie a la  va leur 
correcte.

Nous obtiendrons les équations de self-consistance en minimisant 
1' énergie lib re  F  du système par rapport aux param ètres variationnels qui 
sont ic i r], Cÿjw et o+jy . Notons que le  nombre de param ètres indépendants 
Cÿj" (ou crW) est réduit par l'in varian ce par translation. L 1 énergie lib re  F 
est donnée par

F = Fh +E0,

où Fh est l 'én e rg ie  lib re  correspondant à l ' hamiltonien
Les seuls paramètres variationnels qui interviennent dans l'expression  

de Fh sont les C ff car Fh n' est fonction que des fréquences du système har
monique décrit par.gi'j,.

L es  coordonnées de déplacement des atomes étant rep érées  à partir  
de leurs positions moyennes, <(V)>est fonction de rj. A insi dans l'exem p le  
du déplacement re la t if  de deux sous-réseaux, <̂ Vmĉ o ù  m et a désignent 
deux atomes^ d 'e sp èces  d ifféren tes, s 'é c r i t

K. V (Itm- r\ + xm - x¿) y

(vo ir fig. 2). Les seuls autres paramètres qui interviennent dans l'e x p re s 
sion de (v y  sont les crW'; ceci est une propriété des systèmes d'oscillateurs 
harmoniques valable pour un potentiel de paires, qui sera  démontrée plus 
loin. .
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La minimisation de F par rapport aux param ètres variationnels donne 
les équations suivantes:

9F _Э Р ь  N (л, n 
d c ff dCfiv '  2 " *

3F _ 3<V> _N_______________ с ?у = o
ЭоЩ' Baft 2 u-

(2)

(3)

N est le  nombre de m ailles élém entaires.
Ce système contient autant d'équations que d'inconnues. L'équation (1) 

exprim e que la  position moyenne d 'un atome, déterm inée par rj(T ), est 
à un minimum du potentiel moyen (fig. 2). L 'équation  (2) traduit une pro
p riété générale des systèmes d 'osc illa teu rs harmoniques. L 'équation  (3) 
permet d 'in terp réter le sens physique des paramètres self-consistants Cff. 
Supposons pour s im p lifie r que le  potentiel d 'in teraction  entre deux atomes 
Vÿ soit une intégrale de Fourier, bien que les propriétés qui vont être 
établies n 'ex igen t nullement cette restriction*

V„ (П, Xj - Xj j = J d3q exp iq. (x¡ - XjJVjj (q, rj).

I l  est bien connu que pour un système d 'oscilla teurs harmoniques

< e x p  iq. (x i -  x s) > =  exp - X f à .  (* i - х ^)]2> =  exp  - \

■ \IV

ce qui démontre déjà comme nous l'a v io n s  annoncé plus haut, qu‘ à l ' e x 
ception de r), les af" sont les seuls param ètres qui apparaissent dans l 'e x 
pression de <(V}. Pa r ailleurs

-¡f j í l ' *  = < - i  / f q q V  exP iq- (x¡ - x p v y fà , n)>,
u ij °

* En effet ces propriétés peuvent aussi s’établir comme conséquence du fait que la densité de pro
babilité d*un système d'oscillateurs harmoniques est gaussienne. La moyenne <V¿j> peut s'écrire

<vij>=^ 3 7 2  J ' & u V y t n . t )  exp -¿uMu

où M est 1* inverse de la matrice des о ^ У .ij
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L'équation  (3) montre ainsi que le coefficient Cÿf est la moyenne ther
mique d'une dérivée seconde du potentiel; dans l'approxim ation  classique 
d'un potentiel harmonique, ce même coeffic ient se réduit à une constante 
indépendante de la  température.

3. ANALYSE Q UALITATIVE DES PROPRIETES PHYSIQUES AU VOISINAGE 
DE LA  TRANSITION

Les équations générales que nous venons d 'é tab lir permettent d'étudier 
d ivers types de transition. Illustrons ces équations et les conséquences les 
plus sim ples qu 'on  peut en t ir e r  sur l 'e x em p le  du déplacement re la t if de 
deux sous-réseaux. Le potentiel V comprend les interactions A  A, В B et 
A  B qui sont de la form e

+  x m " x n^' Vgg ( ï ^  -  î?g + " Xg), VAg (S m - ï? a -  Г) + Xm- 3 ^ ) .

Les indices m, n désignent les atomes A et les indices a, 3 les atomes B. 
Les R repèrent les noeuds des deux sous-réseaux en l'absence du déplace
ment re la tif (fig. 2). L 'équation (1) s 'é c r it  ic i

Ces équations ne font in terven ir que les  dérivées  p rem ières  et secondes 
des potentiels moyens du type <(Vmct >.

La connaissance de Pj, exige celle des fréquences de phonons de l'ham il- 
tonien^fh dont les carrés sont les valeurs propres de la m atrice dynamique 
correspondante.

L 'équation  aux fréquences s 'é c r it :

(4)

et on a

(5)

det M = 0,

où

r 22(q) + m 2u2I '
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r 1:l(q), r 22(q) et C12(q) sont des matrices 3X3 dont les éléments sont définis 
par

r/Ttq) = q7 (q ) - q7 (0 ) - C^(0), 

r 22u(4 )= c 22<4) - c ^ ( 0 ) - е д а ;

où

ClT(q) = Y, C“"exp ̂  (Йт~ Йп).
n

Сгг(ч)= ^  cae exP iq- ^e)<
e ■

C12(q) ■ Y CmaeXP < V Й„).
a

I est la m atrice unité 3X3.

3. 1. Anom alies de com portem ent des fréquences optiques

a) Pour q = 0 la m atrice M prend la form e suivante:

m]W2I -  C i2(0) С1й(0)
C ^O ) m2u2I - C12(0)

П est facile d 'en  déduire que les carrés des fréquences optiques à q = 0 sont 
les valeurs propres de la matrice

c  (Q). 
m im2 12' '

D ’ après l ’ expression (5) des coefficients C ^on  voit que les carrés des 
fréquences optiques pour q = 0 sont proportionnels aux valeurs propres du 
hessien de <̂ VAB> considéré comme fonction de rj.

Si la transition est du deuxième ordre, rf (T ) tend vers zéro continûment. 
Supposons pour s im p lifier que rf(T) soit d irigé suivant un axe de sym étrie. 
Le potentiel moyen <( VAB > considéré comme fonction du param ètre rf a, 
suivant cette direction, l 'a l lu re  représentée sur la figure 2, mais sa d is 
sym étrie disparaît quand rj(T ) s ' annule. On voit donc, rf(T) étant toujours 
à un minimum de ce potentiel, que les tro is  extrem a de ce dernier doivent 
se confondre à la  transition (fig . 3). La  condition pour que l'équ ation  (4) 
ait une racine double (qui sera  automatiquement tr ip le ) s 'é c r i t

¿ K V A B >  = 0 (6)



THÉORIE MICROSCOPIQUE DES TRANSITIONS 319

Figure 3

Potentiel dont les trois extrema sont confondus.

( il s 'a g it  de la dérivée seconde suivant la direction de rj(T )). Comme rf(T). 
est d irigé suivant un axe de symétrie, l'équation (6) entrame que le hessien 
de <̂ VAB> a une valeur propre nulle. Nous venons de démontrer qu' à la 
transition, au moins une fréquence optique pour q = 0 doit s ' annuler. L ' an
nulation d'une va leur propre d 'un hessien est d 'a illeu rs  un c r itè re  bien 
connu de lim ite  de stab ilité [5-8].

b) La dépendance en | q | pour q petit de la branche optique singulière 
tend vers  une dépendence linéa ire au voisinage de la transition. A la tem 
pérature de transition e lle  est rigoureusem ent lin éa ire  (fig . 4). En e ffe t 
les carrés des fréquences, qui sont les valeurs propres de la m atrice dy
namique, ont pour q petit un développement en puissances paires de 5, de la 
form e

u2 = uo+ X  D«flq«4e+- ' ■
afi

q
Figure 4

Branche optique singulière pour de petites valeurs de'ïf.

Д s 'ensu it que quand toe s'annule, u dépend linéairem ent de |q| dans 
une direction  donnée.

Une pente nulle pour la  branche optique singu lière est donc exclue à 
la  température de transition. Cette conclusion est conforme aux résultats 
expérimentaux [4]. Les  calculs effectués par COCHRAN [8] donnent une 
pente nulle pour la branche optique singulière, à la température de transi
tion. Ce résultat insatisfaisant est peut-être dû au caractère  non se lf-  
consistant des conditions q u 'i l  impose à la m atrice dynamique.
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Notons que la  dépendance lin éa ire  en | q | de la  branche optique s in 
gulière à la transition ne modifie pas son caractère de vibration d'un sous- 
réseau à 1 'autre.

3. 2. Anom alies de com portem ent des fréquences acoustiques

Un fa it essentiel à souligner est que 1' annulation d'une fréquence op
tique s 'accom pagne d'une fo rte  décro issance de la  pente d 'une branche 
acoustique (anom alies de constantes élastiques).

Prenons le  vecteur q d ir igé  suivant 1' axe de sym étrie  qui porte rî(T), 
que nous choisirons comme axe Ox de coordonnées. Dans ce cas la  m a
tr ic e  dynamique admet un vecteur propre de composantes

(UjO 0u20 0)

qui correspond à une vibration longitudinale. Pour une te lle  vibration  on 
trouve deux fréquences, l'une acoustique, l'au tre  optique, qui sont les va 
leurs propres de la  m atrice 2X2 suivante:

¿ { C “ (°)-C ll(q )+  C“ (0)j _   ̂ f i l  /q\
(m^sji 12

(mjn^Ji C12 ® ~  j c ^ ( 0 ) -c^tà)+ cî2(0) }

En l'ab sen ce  d 'in teraction  entre les sous-réseaux A  et B, on obtiendrait 
les deux fréquences acoustiques des deux sous-réseaux considérés comme 
étant seuls, données par

Qi = ̂ { Cîî(0)- ^ i ® } '  

^  = ¿ { C 22< ° ) - C2 2 t í ) }  •

En présence de l'in teraction , l'équation  aux fréquences s 'é c r it

( j -  .  .  С12Ш Л  L l  _ ç f  _ Ç I^O A  = CÎ](q)Ci2*(q)
\ m i J \ 2 m 2 J m !m 2

On a vu qu' à la transition Ci2(0) = 0; les deux fréquences sont donc données 
par

' ^  Г- -1 i  -v~ . f  ~ ~ ~ „ A ,, O
(7)(n ï "  Q2)2 + ci|(q)Ci|*(q)

E lles  s ' annulent bien toutes les deux pour ф = 0.
Dans le cas extrême d'une interaction AB lim itée aux prem iers voisins, 

et à la transition, C}ï;(q) est proportionnel à C}£(0) lorsque q est d irigé sui
vant 1' axe de sym étrie. Les deux fréquences données par (7) se réduisent
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donc dans ce cas à et fij. Dans les conditions particu lières envisagées, 
et pour cette direction  de q, les  deux sous-réseaux A  et B se comportent 
comme s 'i l s  étaient parfaitem ent découplés.

En généra l C ^ (q ) n 'e s t  pas proportionnel à C^ÎO); donc d 'a p rè s  (7) 
l'u n e  des fréquences W iest supérieure à et l 'a u tre  u2 in férieu re  à Г22 

(en appelant la plus grande des deux fréquences iîi et fi2) (fig. 5). Lorsque 
C||(0) tend ve rs  zéro , on vo it par continuité que Uj représente la  branche 
optique singulière et u2 la branche acoustique. On a montré que ug s fî2; or 
f i2 est une fréquence anormalement basse car e lle  ne fait intervenir que des 
interactions du type AA  ou BB qui «on t des interactions de seconds voisins; 
la  pente de la  branche acoustique W2 est donc anorm alement basse. La  
théorie perm et donc de rendre compte des anomalies de constantes é la s 
tiques constatées expérimentalement [9-10, 4]. E lles ne sont pas acciden
te lles  comme le  suggère COW LEY 14 J.

3. 3 G énéralisation des résu lta ts  précédents

Les conclusions de l'analyse précédente sont indépendantes de l 'e x 
em ple particu lier qui nous a se rv i d 'illu stration . Dans le  cas général la 
position moyenne de 1 ' atome i est repérée par + r^. L ' équation ( 1 ) est 
rem placée par les équations

эп? эn i

Au voisinage d 'une transition du deuxième o rd re les  17̂  tendent vers  
zéro  et<JV>peut être développé en puissance de ces param ètres. L e  dé
veloppement lim ité  au deuxième ordre s 'é c r it

< V  >=< V>0+ I  (r )i.  4 jy, (J?1. ^

L 'in d ic e  0 correspond à tous les  rif nuls c 'e s t -à -d ir e  à la  transition. 
Or d 'ap rès  ce que nous avons démontré plus haut

f _______э2< V ->_____ 1  =CMV( T )
18( 4! - r S j l V -

Etant donné la form e de 1 ' hamiltonien , les équations du mouvement 
s ' écrivent

^ ( х ; - х / (9)

jv

tandis que les équations ( 8 ) s 'é c r iven t

= 0. (10)

)V
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q

Figure 5

Courbes w,, ш2, f i , ,  f i  j  en fonction de

On voit donc que le systèm e d ' équations (10) est form ellem ent identique 
aux équations du mouvement (9) oü la  fréquence se ra it nulle. Cette cons
tatation entraîne deux résu ltats :

1° Les déplacements r)¡ lo rs d'une transition du deuxième ordre c o r 
respondent obligatoirem ent à un mode de vibration possible.

2° La fréquence correspondant à ce mode doit ê tre  nulle.
L es modes acoustiques à q = 0 correspondent à une translation  d 'e n 

semble du réseau. Si on veut que le réseau subisse à la transition une dé
form ation non triv ia le , il faut donc qu'une fréquence non nulle tende v e rs  
zéro  à la  transition .

П pourrait a r r iv e r  que p lusieurs fréquences tendent v e rs  zéro  à la 
transition. Dans ce cas, les déplacements n¡ peuvent être une superposition 
des modes correspondants.

Dans 1' exemple simple que nous avons tra ité  plus haut le déplacement 
re la tif  r/ correspondait à un mode optique à q = 0  et ce c i  entraînait que la  
fréquence correspondante s'an n u lait. Dans le ca s  p articu lier où in te r
viennent des interactions coulombiennes et lorsque le cris ta l dans la phase 
paraélectrique a une sym étrie cubique, 1 ' équation div P =  0  entraîne div n = 0 . 
Le mode optique dont la fréquence s'annule est donc transversal dans ce cas.

Dans l'exem ple des deux sous-réseaux, on peut imaginer que lorsqu'on  
vient de la phase paraélectrique, une fréquence en bout de zone tende vers  
zéro . Dans ce ca s  on obtient un exem ple sim ple de stru ctu re  an tiferro -  
électrique où un des so u s-réseau x  est fixe et où deux atom es consécutifs, 
dans une direction donnée, de l 'a u tre  so u s-réseau  se déplacent l'u n  de r) 
et l 'a u tre  de -ff (cette déformation correspond bien à un mode de vibration  
en bout de zone d'un réseau  biatomique).

Si la fréquence qui tend vers zéro correspond à un vecteur q quelconque, 
on peut obtenir des stru ctu res où la déformation est d'un type sinusoidal. 
Une telle  phase a été récem m ent m ise en évidence dans NaNOz [11].

Nous poursuivons l'é tu d e de notre méthode en vue de son application  
à une description plus détaillée de cas con crets .
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D IS C U S S IO N

K. P . SINHA: In your formulation the Hamiltonian contains only second 
o rd er te rm s in nuclear displacem ents. F o r  certa in  phase transitions the 
o ccu rren ce  of lin ear and anharmonic term s as a result of electron  lattice  
interaction near the transition tem perature may seem essential. F o r ferro 
electric transition in ВаТЮз such effects involving electron-vibration coupling 
have been invoked*.

N. BOCCARA: The essential hypothesis of the theory is that the only 
elem entary excitations are  phonons whose lifetime may be regarded as in
finitely long. In this case there can be no term other than the quadratic one.

K. S. SINGWI: Have you tried  to establish correspondence between 
various te rm s of your free -en erg y  expression  F  and those given by the 
phenomenological theory of Landau?

N. BOCCARA: Y es. The two theories become identical except that our 
theory is m icroscop ic while that of Landau is phenomenological. In other 
words we use our theory to interpret the different term s' of Landau's pheno
menological theory.

*  SINHA. K.P. and SINHA. A. P .B ., Ind. J. pure appl. Phys. 2 3 (1964) 91.
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STRAIN DEPENDENCE OF THE FREQUENCIES AND THE THERMAL EXPANSION OF THE HEXAGONAL 

CLOSE-PACKED LATTICE. The anisotropic thermal expansion of some hexagonal metals have been measured 

recently. To work out the theory of anisotropic thermal expansion of hexagonal close-packed (hep) lattices, 
it is necessary to investigate the strain dependence of the frequencies of the hep lattice. The hep lattice 

with nearest-neighbour central interaction of the form 0 = -a/ym + b/yn has been considered. The strains 

employed are (1 ) a longitudinal expansion £ along the z-axis; and (2) a uniform areal expansione* in the 

basal plane. These are the relevant strains in the theory of thermal expansion and they have the advantage 

that they do not involve interlattice displacements. The -Grüneisen parameters y \ = -dlogUj/dé' and y'¡' = -ôlogw/ôç 
have been worked out for wave-vectors lying along certain symmetry directions. These parameters for the 

acoustic branches are found to be strongly direction-dependent and to exhibit a wide variation.
One of the transverse acoustic branches in the basal plane has a negative value of y*’, whatever the 

values of m and n are. The dependence of the moments Мг. M4 and Me on the above strains has been worked 

out. The high and low temperature limits of the equivalent Grtineisen parameters'^* and "ÿ" have been worked 

out for three pairs of values of m and n. It is found that’ÿ' = "ÿ" and the high temperature limit "y  ̂is greater 

than the low temperature limit "y’o by about 0.3. The magnitude of this difference appears to be independent 

of the values of m and n. Taking farther-neighbour interaction into account, one may expect to reduce this 

difference. These theoretical results are compared with the experimental results in magnesium.

VARIATIONS, EN FONCTION DE LA DÉFORMATION. DES FRÉQUENCES ET DE LA DILATATION THER

MIQUE DU RÉSEAU Â STRUCTURE HEXAGONALE COMPACTE. Les auteurs ont mesuré récemment la dilata
tion thermique anisotrope de certains métaux à structure hexagonale. Pour établir la théorie de la dilatation 

thermique anisotrope des réseaux à structure hexagonale compacte (hc), il faut étudier les variations, en 

fonction de la déformation, des fréquences des réseaux hc. Les auteurs ont étudié le cas du réseau hc à inter
action centrale avec le plus proche voisin de forme 0 =  - a ^ m + b/y11. Les déformations suivantes ont été 

utilisées: 1. une dilatation linéaire ç le  long de Taxe z; 2. une dilatation surfacique uniforme e ' dans le plan 

principal. Ces déformations sont celles qui s'appliquent à la théorie de la dilatation thermique et elles ont 
l'avantage de ne pas entraîner de déplacements à l'intérieur du réseau. Les auteurs ont établi les paramètres 

de Grüneisen y j’ = -ôloguj/ôe’ et y f  = -dlog(jf/ôg pour les vecteurs d'ondes situés le  long de certaines direc
tions de symétrie. On constate que les paramètres ainsi obtenus pour les branches acoustiques dépendent forte
ment de la direction et présentent des variations très étendues.

Une des branches acoustiques transversales dans le plan principal accuse une valeur négative pour y " , 

quelles que soient les valeurs de m et n. Les auteurs ont étudié les variations des moments Цг» Д4 et Дб en 

fonction des déformations indiquées plus haut. Ils ont déterminé pour trois paires de valeurs de m et n, les 

limites de température supérieure et inférieure des paramètres de Grüneisen équivalents^' et "ÿ". Ils ont 

constaté que y’ est égal à*ÿ" et que la limite de température supérieure y *  dépasse de 0,3 environ la limite de 

température inférieure *ÿ’o« H semble que la grandeur de cette différence soit indépendante des valeurs de m 

et n. En tenant compte d'une interaction avec des voisins plus éloignés, on peut s'attendre £ une réduction 

de cette différence. Les auteurs comparent ces résultats théoriques aux résultats expérimentaux obtenus avec 

le magnésium.

ЗАВИ С И М О С ТЬ  Ч А С Т О Т  И Т Е П Л О В О ГО  РАСШ И РЕН ИЯ  ГЕК С АГО Н А ЛЬН О Й  РЕШ ЕТКИ  
С П ЛО ТН О Й  УП АК О ВК О Й  О Т  Н А П РЯ Ж Е Н И Я . Недавно было измерено анизотропное тепло
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вое расширение некоторых гексагональны х металлов. Для разработки теории анизотропного 
теплового расширения гексагональной решетки с плотной упаковкой необходимо исследовать 
зависимость частот гексагональной решетки с плотной упаковкой от напряжения. Рассматри
валась гексагональная решетка с плотной упаковкой с центральным взаимодействием с бли-

а b
жайшим соседним атом ом  в виде 0 =  - “ т + ~ п • Используем ы м и напряжениями являю тся

1 ) продольное расширение € ' вдоль оси z ; и 2 ) равномерное воздушное расширение Ç вдоль 
основной плоскости. Они являются соответствующими напряжениями в теории теплового  
расширения,и их преимуществом является то, что они не вызывают смещений между решетка

ми. Были разработаны параметры Грюнайзена у! -  -  7Î’ ~  ~  ̂ ^  ̂  Для волновых векто-
J 6 € '  * 6Ç

ров, идущих вдоль определенных симметричных направлений. Бы ло установлено, что эти парамет
ры для акустических ветвей сильно зависят от направления и сильно колеблю тся. Одна из попе
речных акустических ветвей в основной плоскости имеет отрицательное значение 7 " для любых зна
чений ш и п .  Бы ла определена зависимость моментов * Va и А*б от вышеуказанных напря
жений. Бы ли установлены верхние и нижние температурные пределы эквивалентных пара
метров Грю найзена "7Г и 7 " для трех пар значений т и п .  Установлено, что 7 ' =  7 " и что 
верхний температурный предел 7¿ больше нижнего температурного предела 7 ' примерно в 
0,3 ра за . Величина этой разницы, оказы вается, не зависит от значений т и п .  Учитывая 
взаимодействие со следующим соседним членом, можно ожидать уменьшения этой разницы. 
Эти теоретические результаты  сопоставляются с результатам и экспериментов с м агнием .

VARIACIÓN DE LAS FRECUENCIAS Y DE LA DILATACIÓN TERMICA DE LA RED HEXAGONAL COMPACTA 

EN FUNCIÓN DE LA DEFORMACION. Recientemente se ha medido la dilatación térmica anisótropa de algunos 

metales de estructura hexagonal. Para desarrollar la teorfa de la dilatación térmica anisótropa de las redes 

hexagonales compactas, es necesario estudiar la influencia de las deformaciones sobre las frecuencias de 

esas redes. Los autores han elegido una red hexagonal compacta con interacción central de los átomos más 

próximos de la forma ф- -а/упг + ь/уп. LaS deformaciones aplicadas son: 1 ) una dilatación £ a lo largo 

del eje z, y 2) una dilatación uniforme bidimensional e* a lo largo del plano basal. Estas deformaciones 

son las que intervienen en la teoría de la dilatación térmica, y ofrecen la ventaja de que no entrañan des
plazamientos interreticulares. Los autores determinan los parámetros de Grüneisen yj = -dloga»j/ô€* y 

-dlogwj/dç para vectores de onda que siguen determinadas direcciones de simetría, comprobando que 

para las ramas acústicas estos parámetros cambian considerablemente con la dirección y ofrecen un amplio 

margen de variación. Una de las ramas acústicas transversales del plano basal tiene un valor negativo de 

y9 sean cuales fueren los valores de m y n. Se ha establecido la relación de dependencia existente entre 

los momentos Мг» y Me y las deformaciones antes mencionadas. Se han determinado los limites superiores 

e inferiores de temperatura de los parámetros de Grüneisen equivalentes^* y 7 * Para tres pares de valores de 

m y n. Se ha comprobado que "y* = ~ÿ9 y que el limite superior de temperatura 7 »  ^  mayor en 0,3, aproximada
mente, que el límite inferior de temperatura"^. Esta diferencia cuya magnitud parece ser independiente 

de los valores de m y n, disminuirá probablemente al tener en cuenta la interacción de átomos vecinos más 

alejados. Los datos teóricos se comparan con los resultados experimentales obtenidos en el caso del magnesio.

1. INTRODUCTION

The lattice  theory of therm al expansion has been applied with su ccess  
to calculate the tem perature dependence of therm al expansion of cubic 
c r y s ta ls . R ecently  the th erm al expansion of som e hexagonal m etals has 
been m easured by WHITE LI]. As a f irs t step in working out the theory of 
anisotropic th erm al expansion in non-cubic c ry s ta ls , we have developed 
in this paper the lattice  theory of therm al expansion of a hexagonal c lo se -  
packed (hep) lattice  with nearest-neighbour cen tral interaction.
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2. THEORY OF THERMAL EXPANSION OF A HEXAGONAL CRYSTAL

Assuming that the frequencies of the lattice depend on the strain  p ara
m eters x x . . . .  zZl the therm al expansion coefficients of a hexagonal lattice  
are  given by

« . =  (Sn +  B ü jí^ ^ E tf iU j /f c T l+ B u ^ tT j^ E llS U j/f c T )

3 j

. (1) 
« x = 2s13 ^ ( 7 j ) x xE№uj/k T )+ s 33 ^ ( 7 j)ZzE (« « j/kT ) .

Here a„ and a± represent the linear therm al expansion coefficients, parallel 
and perpendicular to the unique axis, respectively. E(fiUj/kT) is the con
tribution to the specific heat due to the frequency u¡ at tem perature T(°K ). 
(7 .) and (7 .) a re  generalized G rüneisen p a ra m e te rs  pertaining to the

frequency Uj. They a re  defined by

x = ~8  l o g a  . . . = - S l o g uj .
l7 i'xx 9 x x ( y i ’ z z 3 z z '  }

x x and zz a re  the components of the stra in  ten so r and Sjj a re  the e la s tic  
moduli. In the lattice theory of therm al expansion the param eters (y¡)„ and

J X ](

(7 .) are  to be evaluated.J zz .

\
3. DYNAMICS OF THE HCP LATTICE

R eferred  to a C artesian  system  of axes, the base v e cto rs  of the hep 
la ttice  are

f i =D( í ’ i °

a 2 = D (0, 1, 0) . (3)

/2 'a 3 = D ^ 0 , 0 , 2 ^ 3 J,

where D is the nearest-neighbour distance. The volume of the prim itive  
unit cell is

V z = sÍ2D3. . (4)

Two non-equivalent atom s are  situated in the unit cell at у ц (ц = 1, 2)
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ri = 0; r 2 = D ±  i
2>j3’ 2 ’  \ ¡ 3 /

The atom at the origin has six equivalent neighbours situated at

R i  = a j  ; Й  2 — “  a  ̂

R 3 a 2 ' R 4 = - a 2

R s = (a i _ a 2); R 6 = (a 2 - a ii

and six non-equivalent nearest neighbours situated at

^ ■7  = з ' ^ 1 +  a 2  ̂+  '2 а з ; R io  = з ^ а 1 +  a 2  ̂~~2 a 3

- » _ 1 -» 2 -» 1 -* g  2  -* 1 -» R g- g a 2 +  2^a3; R n  - —a 3

-*■ 2  1 -*■ 1 -> -*
R 9 = ~ ‘ч  a i  + ï ï a 2 + ~ôa 3- R i

2 -. , 1 ^  1 ^
— о o n â n  •3 “ 1 1 3 “ 2 ' 2 “ 3 ’ 12 3 1 3 2  2 3

The base vectors of the recip ro cal lattice are

V i  ( 4 .  °< 0D W T

1  (  - J L  
D V S ’b2 = £  l - i = .  1 . 0

We assume a nearest-neighbour central interaction of the type

J L  + ÍL
j »  Ш

The equilibrium condition yields

1_ / ” rnma = nb/D .

(5)

(6 )

(7)

(8 )

(9)

( 1 0 )

The lattice frequencies are  obtained by solving the determinant

°* /
P v 

Lx yj ( 1 1 )

where X = w2 and the coupling coefficients
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ц v 
Lx yJ

exp(-i25rK • R n) + — (ф0 )xy 0 ^  óxy, ( 1 2 )

where the summation is over nearest neighbours n; (ф0)xx are the components 
of the se lf-fo rce . M is the m ass of the atom s. If ju = v the summation is 
to be carried  out over the six equivalent neighbours; if n f v  the summation 
is to be taken over the six non-equivalent neighbours. R is the wave vector  
of the lattice wave given by

Й = qit>1 + q2'52 + Яз̂ з»

where

~ \ 2 •

(ф0 )xx are  obtained from  the condition

" l l ‘ " 1 2 "
=  0+

X X X X
K  =  0 K  =  0

»  v ) = Q xnyn

w here, at equilibrium, 

Q = 1 j l  Л  эф' 
_r Эг \ r  Эг

_ n (n - m)b _ 2qM 
“ D n + 4 ” D2

(13)

(14)

(15)

(16)

(17)

and n= [n (n -m )] /2 D n + 2M . x n and yn a re  the components of R n. 
The coupling coefficients a re  given below;

-  r)£8  -  3 co s 2 îrq1 -  3 cos 2v(q1 -  q2)]

-  r) [ 8  -  cos 2nq1 -  4 cos 27rq2 -  cos 27r(q1 -  q2 )]

"11  " "2 2 "
_xx_ xx_

' l l ' 2 2 "
-УУ. УУ-

"li" 22

z z . _zz_

' u ‘ "22"
.У2. yz

" l l ‘ 2 2

JZX. zx

1.1" 2 2 "
ХУ. xy.

(18)

+ г)*/з [cos 2 щ 1 -  cos 27r(q1 -  q 2)]
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. 2ïï
= a  [1 + e i2̂  +  4 e i2*qi ] cos ffq3 e " ‘ 3 1 + " 2

1 2

№ .
= r) [ 1  + e l2lrqî ] cos 7rq3e

. 2tt
- i j ( q , + 4 2)

= ■§ >7 [1 +  е 1йгч2 + e l2,r4i ] c o s 7rq3e 3 1 2O
(18) 

(cont. )

1 2

Lyz-
i r j J = [ l - е 1ЙгЧг ]s in ^ q 3e

2ir

. 2jr
- i v  W,+ q,)

= - i n ^ [ l + e i2,rq2 - 2 e i2,r<1, ]s in 7rq3e ‘ 3 ' - 1 ’ 2

1 2

Lxy.

. 2n
T] . . .  i 2 i r q „  1  3  ( Ч 1  +  V

- jz  ( 1  -  e 2) cos îrq3e

and
1 2 1 2 2 1

xy yx Х.У

The e lastic  constants are given by

C _ -  = C - - + Ô C ____xx,yy xx,yy xx,yy

Here

Cxx.yÿ = ^ ^ ф ( хпу) 5 пуп. (19)

The sum is to be taken over all twelve neighbours of the atom at the origin.

ÔC xx,yy
Cxzx С  УгУ 

С12zz
(2 0 )

С ^  = - ± У Ф( \ ) г п,
x z x v  Z_j \X X/

(2 1 )

where the summation is over all neighbours,

сИ ^ © ( 2 2 )

The values of the e lastic  constants a re
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С = С = 5 8  r}Ml\2s¡2 D
xx,xx УУ-УУ

C z z .z z  = 64  T ¡M I12JSD

C xx.yy = 22  n M / 1 2 ^ D

=. 16 rjM /124/2D (23)

^ z y .z y  = C yz,zy  = C x z .x z  = 1 6  r)M/12^/2 D

c
xx,zz

^ x y . x y  2 ^  XX, XX ^ X X , y y  ]  ^ - ' y x . x y '

By solving the determ inant for various wave v ecto rs in the Brillouin zone 
the frequencies can be obtained. The moments of the frequency distribution 
function are

й2 = 8 i)

= 80 n2 (24)

= 912 rj3.

STRAIN DEPENDENCE OF 1Л v 

,ХУ.

To determ ine (7 ,) and ( y- )  , we have to find the ra te  of change of
J x x  J z z

^  with the strain  p aram eters. Let a m acroscopic strain  be imposed on

the la ttice . This causes a change in the position v ecto rs of the p a rtic le s . 
In addition to the displacement due to the m acroscopic elastic strain, there 
will a lso  be an in terla ttice  displacem ent. A ccording to L E IB F R IE D  [2 ] ,  
extensions in the x -  o r y -d irectio n s cause a relative  displacem ent of the 
two sub-lattices while an extension along z does not cause such a relative  
displacem ent. An extension x x cau ses a relative  displacem ent along the 
у-a x is  and an extension yy causes a displacement in the opposite direction. 
Hexagonal sym m etry demands that (Yj)Xx = (7j)y f ° r  every  frequency and

so the com plications due to in terla ttice  displacem ents can be avoided by 
imposing a uniform are a l strain  e ' = 2xx = 2yy in the basal plane. There is 
no interlattice displacement now as the effect of xx is cancelled by yy . Then

, = -Q iog(jj _ -a io g tjj s 
7j Эе' 3xx i V

(7 j) 2 is  evaluated by giving a uniform extension Ç along the z -ax is . F o r  

the sake of uniformity we shall write

-  (Т,)ч  -  7J. (26)
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Then

h  •й" ) + <27> L JJ n ХУ

2 > Йп will be a m ere number and is unaffected by the strain.

х пУп- ( 2 8 )Эе

1 Э ф

х у
дтф(  ^ ) = | 7 , б ху + 9Q , Q ,„_л _ г .

дТ» 2  xz yz*

Неге P  = г  Эг * equilibrium position this is zero; but ЭР/Эе' exists.

Sim ilarly

dt
Гм V 
Lxy. ¿ Й * ( М,/) 0фН2,г,Йп)+М « (*о)*у6Л *  <29)

«  x yn J

H ere

ï ë V V = ( f )  ôxy +Nx y '

F o r  the six equivalent neighbours

8 Q
9Ç

+ Q(6 xz + óyz) ХпУп- (3 0 )

Эе'
ЭР / ЭР\ /  B R , ... 
—  = U 7  ÏÏ7.J = " М

(31)
ЭР
э?

= о

S S -=  0 .
э?

F o r  the six non-equivalent neighbours
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The expressions for —  
d€'

p stands for (n +m ).

¡Л V ,  эand — Ц V

_Х У. 9Ç Х У .
are  given below. In the following

Э
Эе'

1 1

xx = ï j - j^ -y p + 4 ^  -  +  4^ [cos 2 щ г +  cos 2 7r(qx -  q 2)]+2 cos 2 jrq2

Э
Эе'

1 1

.УУ.
= П " 1 (4 -р + 4 )  -  ^  [cos 27rqx + c o s  2 ^ ^  -  q2)] + (2 p + 6 ) cos 2 îrqJ

Э
Эе'

1 1

zz = r) -j ^-p+ 2 [cos 2irq1 + cos 27rq2 + cos 27r(q1 -  q2)]

Э
Эе'

1 1

zx = 0

Э
Эе'

Э
Эе'

1 1

.У2.

11

x y j

= 0

n/3= -  rj(p+ 4) у  [cos27rq1 -cos27T(q1- q 2)]
(33)

Э
Эе'

1 2
xx | - 2 j  ( l  + e m qt) + ( l p - 2 )  e i2lrqi cos îrq„e

. 2tt- ‘y (4 i +q2)

Э
Эе'

1 2

ЬУУ-
Ц-2 )  (1 + e i2lr42 ) - 2 e i2*q‘ cos 7rq«e

.271-

Э
Эе' = - ^  Г ^ Р *  s') (1 +  e *2,r41 + e l2,r42 )cos 7rq3e

. 2ir
•‘T (4|+4i)

Э
Эе'

Э
Эе'

1 2

Ly2.

1 2

zx

• 2,r , 4
ir> 2 / J.OW1 i2lr4z \ • 1 3  1+42j j ^ ( p + 3 ) ( l - e  42 )s in 7rq3e

. 2tt
= f y ( p + 3 ) ( l  + e i2*q2 - 2 e iarqi)sin7rq3e‘ ‘ 3 (4‘ +V

1 2

Э е'Lxy.

2тт

( 3 4 )
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_Э_
э?

u
zz

_3_ 
Э Ç

1 1

Lyz.

_9_
3Ç

1 1

zx = 0

л Г 11
s^Lxy.

= 0

_9_
Э?

1 2

XX
| p - 4) ( l  + e i2* V ( f p + 8 ) e i2ïïq‘ cos 7rq3e

. 2ir- l y  (Ч]+Ч2)

_9_
3?

1 2

Lyy.
[(2p+ 4)(1 + e i2,rq2 ) -  8 ei2,r4i ] cos Trq̂ e

2ïï->Y (4 i +42) (34) 
(cont. )

_9_
3?

1 2

zz
16 p + 8  ) (1  +  e i2,r4i+  e i2ïï42 ) cos 7rq3e

. 2ît

_3
3S

1 2

Lxy.

'— I 1
J = ( p + 6 ) ( l - e l2,rq2 ) c o s 7rq3e 3 1 2

_3
3?

1 2

Lyz.

■— r + )
y ^ ( 4 p + 1 8 ) ( l - e l2,r42)sin7rq3e 3 1 2

_3_
3?

1 2
ZX

(4p +  18)(1 +  e i2lrq> - 2ei2ïïqi ) sin nq e
J ü O

. 2ïï
i y ( q , + q 2)

5. GRÜNEISEN PARAM ETERS y> AND 7 J1 FO R CERTAIN WAVE 
VECTORS

F o r  wave v ecto rs of the type (0, 0, q 3) and (q ^  0, 0) the frequencies 
and the Grüneisen p aram eters yj  and yf  have been calculated and given in 
Table I. These calculations have been made for the case  m = 6  and n= 12. 
We see from  Table I that there is a wide range of variation in the y'~ and 
7 n-values for different directions. In particu lar the 7 " -v a lu es  for the 
aco u stic branches change rapidly as the w av e-v ecto r d irection  is turned  
through 90° from  the hexagonal axis . This is m ore exp ressly  seen in 
Table II. However the 7 1 and 7 " values do not vary  so pronouncedly with 
magnitude of the wave vecto r.
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TABLE I

FREQUENCIES OF VIBRATION AND GRÜNEISEN PARAMETERS 
y 1 AND 7 " FO R WAVE VECTORS OF THE T Y PE (0, 0, q3) AND 

(q j, 0, 0) IN A HEXAGONAL CLOSE-PACKED LATTICE  
FO R THE CASE m = 6  AND n= 12

Wave vector type 

(0 ,0 , q3) q3 = 0.1 0.2 0.3 0.4 0.5

Acoustic branch 0.391 1.528 3. 298 5. 528 8. 000
1.88 1.88 1.88 1. 88 1. 88
6. 50 6. 50 6. 50 6. 50 6. 50

Acoustic branch 

(Doubly degenerate) 0. 098 0.382 0. 824 1. 382 2.000
1. 00 1. 00, 1.00 1. 00 1. 00
6. 00 6. 00 6. 00 6. 00 6. 00

Optical branch . 15. 608 14.472 12. 702 10.472 8. 000
1.88 1.88 1.88 1.88 1.88
6. 50 6. 50 6. 50 6. 50 6. 50

Optical branch 

(Doubly degenerate) 3.902 3.618 3.176 2.618 2. 000
1. 00 1.00 1.00 1. 00 1. 00
6. 00 6. 00 6. 00 6. 00 6. 00

Wave vector type

(q, .0 ,0 ) = 0.1 0.2 0.3 0.4 0. 5

Acoustic branch 1.233 4. 481 8.561 11.969 13. 314
4.86 4. 83 4. 80 4. 74 4.70
0. 35 0. 37 0. 39 0.41 0. 40

Acoustic branch 0. 382 1. 382 2.618 3. 618 4. 000
4. 33 4. 33 4. 33 4.33 4. 33

-0. 67 -0.67 -0. 67 -0. 67 -0. 67

Acoustic branch 0. 346 1.338 -  2.826 4. 538 5. 336
0.78 0.85 0.95 1. 01 1.12
6. 53 6. 52 ' 6. 50 6.27 . 6.-50

Optical branch 15.654 14. 662 13.142 11.462 10. 666

1.85 1. 76 1. 67 1.59 1. 50
6.50 6. 50 6.53 6. 59 6. 50

Optical branch 5. 059 7.811 11.147 13.74 14. 67
1.95 3. 22 3. 76 4.32 4. 45
4.66 2.86 1.85 1. 39 1.27

Optical branch 4. 382 5. 382 6. 618 7. 618 8. 000
1. 32 1.95 . 2.45 2. 74 2. 83

5.54 4.63 3. 89 3.47 3. 33
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6 . TEM PER A TU R E VARIATION OF THE E F F E C T IV E  GRÜNEISEN 
PARAM ETERS 7 ' AND 7 "

The effective Grüneisen p aram eters a re  defined by

7 1 and 7 " are  tem perature dependent. Following BARRON [3 ], we can de
fine a set of p aram eters

ju 2 is the 1-th moment of the frequency distribution function. In te rm s  of 
these p aram eters , the h igh-tem perature lim its of 7 1 and 7 " a re

Vj ( j - 1 ,  2, 3) rep resent the acoustic wave velocities and the integration is  
ca rrie d  out over all directions in space.

7. CALCULATION OF THE HIGH-TEMPERATURE LIMITS OF 7 ' AND .7 "

The high-tem perature lim its 7 J and ÿ” can be found by the method of 
BARRON [3] . The param eters y' (2),  7 !(4 ) and 7 Ч6 ); 7 n(2 ), 7 n(4 ), and 7 n(6 ) 
can be obtained from  the expressions for Ur>, M4 and jug. They are

(35)

(36)

У'к = 7 ' (0 )
(37)

7" -  7 " ( 0 ) .

The low-tempe rature lim its of these p aram eters are

7  ̂= 7 '( -  3) =I I  
j j

V.3

(38)

7 ” = 7 n(_ 3) = f  I  7”dn/Vj3/ / I dn/ 
1 ' i

V 3
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y ' ( 2 ) = y ”( 2 ) = |  + ¿

. 7 .(4) = y . (4) = E + ^  (39)

7 ' ( 6 ) = 7 - ( 6 )  = f  + j ^ ,

In the next section we shall see how y'(+ 3) and y " ( -  3) could be evaluated. 
If a plot is made of y(p) versus p, the intercept on the axis where p = 0 gives 
the high-tem perature lim its of y' and y11.

8 . CALCULATION OF THE LOW -TEM PERA TURE LIMITS OF y '  AND ÿ”

The wave velocities of the acoustic waves are  given by solving the 
Christ off el determinant

|ру 2 бх у -д ху1= °* (4°)

where

^ x y - ^  С xxt yy Sj Sy : (41)

x.ÿ ’

here SX) Sy, Sz are  the direction cosines of the wave vector Й and CXXiyy 
are  the elastic constants. When the crystal is not strained

xx, y ÿ  ~ Cyÿ xx -  C xx yÿ. (42)

When the cry sta l is strained

С xx, yy -  ^уУ, XX Ф С ХХ(уу . (43)

То calculate yf and yj* we need the derivatives (3 /3 e ')C xx,yÿ and ( 9 /3Ç)CXX,yÿ • 
They have been calculated from the expressions (1 9 )- (2 2 )  and ( 2 9 -3 2 ) .  The 
expressions are  given below:

d e t С X X , X X

г
Э е ! ХХ>УУ

— -  г  ■
g e i z z ,  z z

83
3

29

р + 6 6  

р + 38

т р + 1 1 2

П М 
12\f2D

ПМ 
12чГ2D

Г) М 
12\Г2D

(44)
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á 12v2D
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t }M

9 e t C xy,xy = - (9p -  6 ) r?M

g^7 C xy, yx = -  (9p+ 34)

12*/"2D 

ПМ
12 - Í2D

_ T _  П 
3 ç! ^XZ.XZ

8 rjM 
3P 12/20

С̂ZX.ZX -  f  (P -  9)
3 12/2D

-  n
q € I  x z , z x

—  с
0Ç xx, yy

f p + 5 0

rp+46

r?M
12/2D

r) M 

12\T2D

g ç  С  Z Z ,  Z Z
128 t]M 
3 P 12/2D

3Ç
f p  + 48

rjM
12\T2D

_a_
Э?

= +

A C :
9Ç xy.yx

—  с0 Ç ^xz.xz

—  p  
0 Ç  ^ Z X ,  ZX

— cg ç  '- 'x z .z x

6r)M
12/2D

10r)M
12sT2D

Г32
h - p - i e

f » * 32

32
T P + 48

nM 
12\T2D

■nM 

12\/~2D

nM 

12\T2D

(44) 
(cont. )

(45)

These relations can be checked as follows. If the stress imposed on the 
lattice is given by the components Sxy, then
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®XX_ [Cyx.yx Cxy yx ] , (46)

Cxx.yy being the elastic constants in the strained lattice (BORN and HUANG 
[4] ). So the coefficients in Eq. (44) should satisfy  the following relations

a _ э _ _ 40rjM
Эе' v' zx-zx Эе' v' xz-zx 1 2 /2 D

Г- - J L r  -  40r)M 
Эе' СхУ-хУ " Эе' СхУ'Ух " 12^2П

Э „  Э _ _ 16г?М

(47)

Эе' ^ xz-xz Эе' " 2X' XZ 1 2 / 2 d  ‘

The coefficients in Eq. (45) should satisfy the following relations.

- 5 - С9Ç Э? Cx
_ 16t?M 

12\T2D

8  r. -  -A- r  -  16r)M 
9Ç СхУ -*У  9Ç Cxy' yx_ 1 2 / 2 D

(48)

д _  _  _Э_ _ 64r)M
9 Ç ^xz.xz 9 Ç zx’xz " 12 /2D  *

In a hexagonal lattice the velocities depend only on the angle 0 between
the z -ax is  and the direction of wave propagation. The velocities vx, v 2 and 
v 3 w ere calculated fo r the following angles 6 = 5, 15, 25, 35, 45, 55, 65, 75,
and 85° and ф= 0. The determinant then facto rizes out to give

X - A yy = 0 X = pv£ (49)

X2 ~ P X + Q  = 0 

P = ^XX +  Azz

—  AXX ZZ X2*

X= pvli:

(50)

Equation (49) gives the velocity  v2 of one tra n sv e rse  aco u stic branch and 
Eq. (50) gives the velocities of the longitudinal acou stic branch and the 
other tran sv erse  acoustic branch v3 . The Grüneisen p aram eters are  given 
by

, 1 9vj 1 . 2o
7  ---------— + — sin в' i  Vj Эе' 2

n 1 9Xi 2 a y . ~  ~— + cos о .

(51)

v. 9Ç
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TABLE II

GRÜNEISEN PARAMETERS FOR THE DIFFERENT  
ELASTIC WAVES TRAVELLING AT VARIOUS ANGLES в 

WITH THE HEXAGONAL AXIS IN A HEXAGONAL 
CLOSE-PACKED LATTICE WITH NEAREST-NEIGHBOUR 

CENTRAL INTERACTION FOR m= 6 , n= 12

Angle

(deg.) v ! y[ у: 1'г v2
3

5 63.80 1.87 6. 50 16.02 1.03 5. 94 16.16 1.10 5. 83

15 62.26 1.86 6. 50 16.13 1.25 5. 51 17.34 1.78 4.65

25 59.59 1.87 6.45 16. 36 1.65 4.71 19. 34 2.75 2.98

35 56.64 2. 00 6.14 16.66 2.17 3.66 21.38 3. 53 1.65

45 54.57 2.43 5. 24 17. 00 2. 75 2.50 22.43 3. 72 1. 36

55 54.25 3.19 3. 69 17.34 3.31 1.38 21.72 3.21 2.31 ■

65 55. 38 3. 98 2.09 17. 64 3.79 0.43 19.70 2.31 3. 90

75 56.89 4. 55 0. 96 17.87 4.13 -0. 26 17.52 1. 45 5.42

85 57.87 4. 84 0.41 17.98 4.31 -0.62 - 16.18 0. 83 6. 37

Note: v| are expressed in units of t)D 724V 5 .

yj and yi1 are  calculated using relations (41)-(51). The values of y> and у,? 
calculated thus for different values of в a re  given in Table II. The calcu
lations have been made for the case m = 6  arid n= 1 2 .

Table II illustrates clearly the rapid variation of y' and yn with a change 
in the direction of the wave propagation. In contrast, the change in the 
values of the velocities with direction is  quite sm all. The range of v a r i
ation of y" is much m ore than the range of variation of y '. The tran sv erse  
aco u stic branch 2 has a negative Grüneisen p aram eter y n when the wave 
vector lies in the basal plane. This means that the frequencies of the above 
branch in crease  with an elongation along the z -a x is . The value of y" fo r  
this branch is  independent of the values of m and n. ' This is  th erefo re  a 
peculiar feature characterizing a hep lattice with nearest-neighbour central 
interaction. The values of y '( -  3) and y "(-  3) can be obtained from  Table II 
by num erical integration.

9. RESULTS AND DISCUSSION

The values of y '(2), y '(4), y '(6 ) and y '( -  3) are  given in Table III 
for three differént values of m and n. The values of y '(0) found by in ter
polation are also given. F o r  all values of m and n, y'(l) = y"(l). This should 
be expected because the hep la ttice  rep resen ts one of the ways of c lo se -  
packing spheres. From  Table III it is seen that for a hep lattice with nearest-
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TABLE III

y '(l)  FOR A HEXAGONAL CLOSE-PACKED LATTICE

m n Г ’( 2) Г ' (  4 ) r'(S) 7 '(-3 ) ' У '(0 )

6 12 3.17 3 .23 3 .28 2. 7S 3. 07

4 8 2 .17 2 .2 3 2 .2 8 1 .78 2. 07

1 5 1.17 1 .23 1.28 0 .78 1.07

neighbour cen tral interaction , the Grüneisen constant 7  = j3V/XCv = 7 ' = 7 " 
should d ecrease  as the tem perature is reduced and the difference between 
the high and low tem perature lim its should be 0. 3 irrespective of the values 
of m and n. This result is sim ilar to the resu lts of BARRON [3 ], fo r the 
analogous case  of a face-cen tred  cubic lattice . B arron  finds that the dif
ference 7 „ -  7 0 is reduced when interaction with farther neighbours is taken 
into account. A sim ilar behaviour is to be expected in the hep lattice.

Magnesium is a hexagonal m etal having a c / a  value alm ost equal to the 
theoretical value for a hep lattice . COLLINS [5] has determined the phonon 
dispersion relatio ns in m agnesium  using in elastic scatterin g  of neutrons 
from  a single cry sta l of the m etal. To account for the dispersion relations 
he finds that interactions up to fourth neighbours have to be taken into 
account. The interaction between the first twelve neighbours is predom i
nantly central. The elastic constants of magnesium have been reported in 
HUNTINGTON'S artic le  [6 ] and a re  quoted as follows in units of 10H dyn/cm 2 : 
С ii = 5 .9 7 , C12 = 2 . 62, C33 = 6 . 17, C44 = 1. 64 and Ci3  = 2 . 17. These values 
of the elastic constants are  almost in the same ratio as the theoretical values 
in Eq. (23). This indicates that the conclusions of the present work may not 
be com pletely irrelevan t to the case  of magnesium . Since the fo rce s  a re  
found by Collins to extend up to fourth neighbours, we should expect 7 Л -  y0 
to be less than 0. 3. WHITE [1J has reported m easurem ents of the therm al 
expansion coefficients of m agnesium  from  283 to 6 °K . He finds that the 
effective Grüneisen p aram eter 7  d ecreases as the tem perature is reduced  
and the difference - ÿ Q is  approxim ately 0. 1. These resu lts  a re  con
sistent with our expectations. On the present model, 7 ' =  7 "  fo r very  high 
and very low tem peratures and so the expansion coefficients a„ and must 
be in the ratio

« il _ (52)
S U + S 12+ S 13 ■

F ro m  the m easured values of the elastic constants we should expect a,,/a L 
for magnesium to be in the ratio 0. 9 7 /0 . 91 from  Eq. (52). The values of on 
and aL at 283°K  a re  26. 8  and 25. 1X 10~ 6/°K , respectively . These values 
are  in exactly the same ratio  as is expected. However at low tem peratures 
this relation is not satisfied, aL being more than au.
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To extend the theory to cases where the с /a  ratio  differs from  that for 
a hep lattice, a cylindrically sym m etric potential may be assumed and the 
departure from  spherical sym m etry may be related to the с /a  ratio . Such 
theoretical calculations may have relevance to the thermal expansion of other 
hexagonal metals like zinc. Such work is in progress.
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T H E R M A L  V IB R A T IO N S  O F  B E T A -B R A S S  
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Abstract —  Résumé —  Аннотация —  Resumen

THERMAL VIBRATIONS OF BETA-BRASS AND THE ORDER-DISORDER TRANSITION. Observations of 
normal modes of vibration of thé ordered alloy of copper and zinc, 6-brass, at 296*K have been made by 
means of the coherent one-phonon scattering of slow neutrons from single crystal specimens. The triple-axis 

crystal spectrometer at the NRU reactor has been used to measure the frequencies of modes propagating along 

the high-symmetry directions [00ç ], [£Ç0], [£££] and The dispersion curves resemble those of a
simple body-centred cubic crystal such as Na, except that certain degeneracies are lifted, mainly by reason 

of the difference between the second nearest neighbour Cu-Cu and Zn -Zn  forces. For example, we find two 

distinct modes of wave vector (0.5, 0.5, 0.5) (in reciprocal lattice units), whose frequencies are (4.21 ±0.06) 
and (4.93 ± 0.10) x 1012 c/s respectively. Interatomic force models which provide a satisfactory description 

of the 296*K results are briefly mentioned. Several normal modes have been studied at elevated temperatures, 
particularly in the vicinity of the order-disorder phase transition at about 727®K. There are no striking changes 
in the overall structure of the dispersion curves as a result of the vanishing of the long range order at this tem

perature, although the various "splittings" observed at 296*K are blurred out into more or less continuous 

"bands” of frequencies. As the temperature rises, the frequencies generally decrease, and the energy widths 

increase. These changes take place in a smooth manner, except for two longitudinal optic modes, observed 

at positions (1.27, 1.27, 0) and (1.2, 1.2, 0.2) in reciprocal space, which display sharp increases in energy 

width at the transition temperature. No reasonable explanation of these effects has yet been found.

VIBRATIONS THERMIQUES DANS LE LAITON BETA ET TRANSFORMATION ORDRE-DES ORDRE. On a 

observé les modes normaux de vibration du laiton bêta, alliage ordonné de cuivre et de zinc, à une tempéra
ture de 296e K au moyen de la diffusion cohérente de neutrons lents â un phonon par des monocristaux. Le 

spectromètre triaxial à cristal du réacteur NRU a été utilisé pour mesurer les fréquences de modes se propageant 
le long de directions de haute symétrie [00Ç], [ççO], [Ç£Ç] et [££{;]. Les courbes de dispersion ressemblent 
à celles d*un cristal à réseau cubique centré simple, comme Na, à l'exception près que certaines dégénéres
cences disparaissent, principalement du fait des différences entre les forces Cu-Cu et Zn -Zn  entre un atome 

et le deuxième atome le plus proche. C'est ainsi que les auteurs ont trouvé deux modes de vecteurs d’onde 

distincts (0,5, 0,5, 0,5) (en unités de réseau réciproque), dont les fréquences sont égales respectivement à 

(4,21 ± 0,06) et (4,93 ± 0,10)» 1012 c/s. Les auteurs mentionnent brièvement des modèles de force interatomique 

qui donnent une description satisfaisante des résultats obtenus à la température de 296*K. Ils ont étudié plu
sieurs modes normaux à des températures élevées, en particulier au voisinage de la transformation ordre- 
désordre à environ 727* K. On n’observe pas de différence très nette dans la structure générale des courbes 

de dispersion du fait de la disparition de l ’ordre à grande distance à cette température bien que les diverses 

«ram ification s» («sp litt ings») observées à 296“ K se confondent en «b a n d e s »  de fréquences plus ou moins 

continues. L'élévation de la terfipérature s’accompagne de façon générale d'une diminution des fréquences 

et d’une augmentation de la largeur des énergies. Ces variations se produisent progressivement, à l ’exception 

de deux modes optiques longitudinaux, observés aux positions (1,27, 1,27, 0) et (1,2, 1,2, 0,2) dans un espace 

réciproque, qui accusent une augmentation brusque de la largeur des énergies à la température de transforma
tion. Jusqu'à présent, aucune explication logique de ces effets n’a été donnée.

Т Е П Л О В Ы Е  К О Л Е Б А Н И Я  Б Е Т А  -Л А Т У Н И  И П Е Р Е Х О Д  ИЗ У П О Р Я Д О Ч Е Н Н О Г О  С О 
СТО Я Н И Я  В  Р А З У П О Р Я Д О Ч Е Н Н О Е . Наблюдения за обычными формами колебания упорядо
ченного сплава меди и цинка (0 -латунь ) при 296°К проводились с помощью когерентного одно

*  National Research Council Post doctoral Fellow, now at Oak Ridge National Laboratory, Oak Ridge, 
Tennessee, United States of America.
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фононного рассеяния медленных нейтронов на монокристаллических образцах. Для изм ере
ния частот колебаний, распространяющихся вдоль высокосимметричных направлений [0 0 Ç ], 
[ ÇÇO] ,  [ÇÇÇJ и [ 1 1 ? ]  использовался трехосный кристаллический спектрометр на реакторе  
N R U . Кривые дисперсии напоминают кривые дисперсии простого объемно-центрированного 
кубического кристалла, например N a , за  исключением того, что появляются некоторые вы
рождения, в основном ввиду различия между вторым ближайшим соседом  С и — Си и силами  
Z n —Z n . Например, мы находим две различные формы волнового вектора (0 .5 ,0 .5 ,0 .5 ) (в об 
ратных единицах реш етки), частоты которых соответственно составляю т (4,21 ±0 ,0 6 ) и 
(4,93 1 10) • 1012 гер ц . Кратко упоминаются модели межатомных сил, которые представляют 
удовлетворительное описание результатов, полученных при 296 °К . Некоторые нормальные 

формы колебаний изучены при повышенных тем пературах, особенно в области перехода из 
упорядоченного состояния в неупорядоченное при температуре приблизительно 727°К. В  об 
щей структуре кривых дисперсий не отмечается значительных изменений в результате ис
чезновения порядка дальнего расстояния при этой температуре, хотя различные "расщ епле
ния", наблюдаемые при 296°К , расплываются в более или менее постоянные "полосы" частот. 
При повышении температуры частоты в целом уменьшаются, а энергетические ширины увели
чиваются. Эти изменения происходят плавно, за исключением двух продольных оптических 
форм, наблюдаемых в положениях (1 ,27; 1,27; 0) и (1 ,2 ; 1,2; 0,2 ) в обратном пространстве, 
в которых проявляются резкие увеличения энергетических ширин при температуре перехода. 
Никакого разумного объяснения для этих эффектов еще не найдено.

VIBRACIONES TERMICAS DEL LATON BETA Y TRANSICION ORDEN-DES ORDEN. Los autores han estudia
do los modos normales de vibración de la aleación ordenada de cobre y cinc (latón 6) a 296*K por dispersión 

monofonónica coherente de neutrones lentos en muestras monocristalinas. Utilizan el espectrómetro triaxial 
de cristal del reactor NRU para medir las frecuencias de los modos que se propagan a lo largo de las direcciones 

de simetrfa elevada [00£ ]# [ÇÇO], [ÇÇÇ] y [£ iC ]. Las curvas de dispersión se asemejan a las de un cristal 
cúbico simple centrado en el cuerpo, tal como el Na, con la salvedad de que se eliminan ciertas degenera

ciones, principalmente en razón de la diferencia existente entre las fuerzas que actúan entre los segundos 

átomos vecinos Cu-Cu y Zn-Zn. Por ejemplo, se observan dos modos distintos de vectores de onda (0,5, 0,5, 

0,5) (en unidades reticulares recíprocas), cuyas frecuencias son (4 ,21±0,06)y(4,93±0,l0)« l012c/s, respectiva
mente. Se exponen brevemente modelos de fuerzas interatómicas que explican satisfactoriamente los resul
tados obtenidos a 296*K. Se han estudiado varios modos normales a temperaturas elevadas, sobre todo en las 

proximidades de la transición de fase orden-desorden, a unos 727* K. No se observan cambios acusados en la 

estructura general de las curvas de dispersión como resultado de la desaparición del orden de largo alcance a 

esta temperatura, aunque los diferentes «desdoblamientos»observados a 296#K se unen confusamente en 

«b a n d a s »  de frecuencia más o menos continuas. Las frecuencias suelen disminuir al elevarse la temperatura, 
en tanto que las anchuras energéticas aumentan. Estas alteraciones tienen lugar gradualmente, excepto en 

el caso de dos modos ópticos longitudinales, observados en las posiciones (1,27, 1,27, 0) y (1,2, 1,2, 0,2) en 

el espacio recíproco, que presentan acusados aumentos de la anchura energética a la temperatura de transición. 

Estos efectos no se han podido explicar aún de manera lógica.

1. INTRODUCTION

The binary alloy 0 -b ra ss , which consists of copper and zinc in approxi
m ately  equal proportions, displays sev era l featu res of in terest from  the 
point of view of lattice  dynam ics. At room  tem p eratu re , /3-b ra s s  has ал 
ordered CsCl stru ctu re , that is to say, it consists of two interpenetrating  
simple cubic la ttices , with the Cu and Zn ions occupying positions (0 ,0 ,  0) 
and ( 2 *^*^) a , respectively  (a is the lattice  constant). Owing to the sim i
larity  between Cu and Zn, however, the system  of therm al vibrations r e 
sem bles that which would be appropriate to a sim ple body-centred cubic 
(bcc) crystal such as Na. Indeed, as the temperature is increased, an'order- 
disorder transition of the second (or higher) degree to a simple bcc structure 
o ccu rs . The transition  tem perature Tc is com position-dependent, being
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about 727°K for the specimen employed in the high tem perature experiments 
described below. Although there is no long range ordering of the Cu and 
Zn ions at tem p eratu res g re a te r than Tc , a considerable degree of short 
range o rd er is known [1 ] to p ersis t in the "d iso rd ered " phase.

The present paper d escrib es an investigation of the frequency-w ave  
vector relation i/(q) for the norm al modes of vibration of /З- b r a s s  at 296°K, 
and the behaviour of certain  features of v(q)  as a function of tem perature, 
particularly near the transition tem perature Tc . Prelim inary reports [2, 3] 
of some of this work have already appeared. The measurements have been 
made on s in g le -cry sta l specim ens by means of well-known techniques of 
slow neutron scatterin g  [4, 5] . Under suitable conditions, it is  possible  
to observe coherent neutron scatterin g  p ro cesses  in which one phonon of 
the therm al vibrations of the cry sta l is created o r annihilated, with conse
quent changes in the energy and momentum of the scattered  neutrons. If 
the incident (scattered) neutrons have energy E 0 (E ') and wave vector Ко (S') 
then the conditions of conservation of energy and "cry sta l momentum" may 
be written

. E 0 -E '  = ± hVj (1)

k>0- ? l = ^  = 2  ir~r + q, (2 )

where v¡ is the frequency of the mode of polarization index j, <5 is the 
momentum tran sfer vector, cf the reduced wave vector of the normal mode, 
t* a vector of the reciprocal lattice, and h Planck's constant. Since coherent 
one-phonon scattering can take place only when v and cf satisfy the dispersion 
relation Vj(q) as well as E q s .( l )  and (2), an observation of the sca ttered  
neutron energy distribution will reveal one o r m ore "peaks" from  whose 
location the frequency and wave v ecto r of the phonons concerned m ay be 
inferred .

E a r l ie r  experim ental work on j3-brass has been perform ed by COLE  
and WARREN [6 ] ,  who determined certain  norm al mode frequencies from  
X -ra y  diffuse scattering m easurem ents. Their results are in poor agree
ment with the present work, the frequencies being generally too low, by 
a factor of 2 in the worst case . Of the many possible types of spectrom eter 
with which inelastic neutron scattering m easurem ents m ay be perform ed, 
one of the most convenient is the trip le-axis crystal spectrom eter [5 ]. All 
the experim ents described in this paper w ere perform ed on a tr ip le -a x is  
sp ectrom eter installed at the NRU re a c to r , Chalk R iver.

2. EXPERIM ENTS AT 296°K

Most of the m easurem en ts, including all those made at elevated  
tem p eratu res (see section 4), w ere made with a cylindrical specim en (I) 
having the following ch a ra c te ris tics : composition 47 at.% .Z n, length 2 in, 
diam eter 3 /4  in, [lT l] axis parallel to the cylinder axis. Specimen I was 
oriented so that a (lTO)-type m irro r plane of the crystal was parallel to the 
incident and scattered  neutron beams of the trip le -ax is  spectrom eter. A
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second cylindrical specim en (II) was employed in a sm all number of ad
ditional experiments at 296°K: composition 48 at.%  Zn, length 2 in, diam eter 
3 /4  in, [001] axis parallel to the cylinder axis . Specimen II was oriented 
so that a (OOl)-type m irro r plane of the crystal was parallel to the incident 
and Scattered neutron beam s. The m osaic spread of both specim ens was 
approxim ately 0 .5 ° .

The experim ents w ere carried  out under conditions of either (a) con
stant momentum tra n sfe r of the neutron ("co n sta n t-^ "  method [5] ) o r (b) 
constant energy transfer of the neutrons [5]. In all measurements, only neutron 
energy loss processes were employed. The complete results for specimen I 
at 296°K a re  given in Table I, and those for specim en II in Table II. 
C onstant-^ (constant energy) measurements are tabulated with erro rs quoted 
for the phonon frequencies (wave vectors). A sim ilar system of e rro r  indi
cation has been used in plotting the dispersion curves in Fig . 1.

Certain norm al modes, e .g .  all those propagating along the [00Ç] di
rection , and the longitudinal (L) modes propagating along [ÇÇ0 ] could be 
observed in the experim ents on both specim ens and provide a te s t  of the 
effect of sm all changes in com position. Within the experim ental e r r o r s  
( 1  to 2 %), no significant discrepancies between the two cry sta ls  w ere ob
served, and hence no distinction according to specim en has been made in 
plotting the results in F ig . 1. Other norm al modes w ere observable only 
on one o r other of the specim ens. F o r  exam ple, the Tj[ÇÇ0] modes ( i .e .  
with polarization vectors parallel to [0 0 1 ] and all modes along [ jf  Ç ] were 
measured using specimen I, while the T2 [ÇÇ0] modes (i .e . with polarization 
v ecto rs p arallel to [110 ] ) w ere observed using specimen II. The limiting 
slopes at zero wave vector of the acoustic mode dispersion curves c o rre s 
pond to the appropriate sound velo cities, which m ay be calculated from  
the 296°K elastic constants determined by McMANUS [7 ] . The elastic  
constants display a significant composition dependence, but over the range 
45 to 48 a t .% Zn, the maximum variation is only about 2%. It is therefore  
not surprising that no significant differences in phonon frequencies w ere  
detected in our experim ents with the two specim ens.

The overall shapes of the dispersion curves in Fig . 1 are rather sim ilar 
to those which would be expected for a simple bcc m aterial such as sodium, 
except that certain  degeneracies are removed, by reason of the differences 
between copper and zinc. Only two of the theoretically expected "splittings" 
are  large enough to be observable in the present experim ents, namely, at 
aq72jt = (0 . 5, 0 .5 ,  0 .5 )  and for the L modes at a q /2 it = (0, 0, 0 .5 ) .  Figure 2 
shows two p airs of w ell-resolved  neutron groups observed in constant- 5  
m easurem ents carried  out near аС?/2я-= (1. 5, 1 .5 , 0 .5 ) ,  i .e .  near the zone 
boundary inthe A -direction. The magnitude of this splitting depends mainly on 
the difference between the second nearest neighbour copper-copper and zinc- 
zinc interatom ic fo rces (see section 3). The tem p eratu re dependence of 
this splitting is described in section 4.

3. THEO RETICAL MODELS '

In this section, we describe the application of the Born-von Kármán 
theory to the perfectly  ordered Д-b ra ss  stru ctu re , and also a calculation
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TABLE I

FREQ U EN CIES (UNITS 1012 c / s )  OF NORMAL MODES OBSERVED AT 
296°K IN (3-BRASS (SPECIM EN  I, (110) ORIENTATION)

£ = aq/2ir V £ = (l/V2)(aq/2ir) V £ = (l/V3)(aq/2ir) V

LA[00C] LA UCO ] LA [£Et]

0. 076 ±0 .020 0.99 0.066 ±0.002 1.50 0.030 ±0.002 0.99

0.104 ±0.006 1.50 0. 088 ±0.001 2.00 0.048 ±0.002 1.50

0.145 ±0.008 2.02 0.10 2. 26 ±0 .08 0.066 ±0.002 2.02

0 .193*0 .012 2.49 0.110 ±0 . 002 2.50 0.083 ±0.002 2. 51

0.20 2. 59 ±0 .06 0.125 2. 51 ±0 .10 0.103 ±0 .002 3.00

0. 234 ±0.005 3.00 0.135 ±0.002 3.00 0.125 3.51 ±0 .10
0. 25 3 .1 4 ± 0 . 05 0.15 3.20 ±0 .10 0.128 ±0 , 003 3.50

0.30 3.66 ±0 .0 7 0.162 ±0 . 002 3.50 0.13 3.67 ±0 .05

0.35 3.98 ±0 .06 0.18 3.82 ±0 .04 0 .155±0 .0 Í0 4. 02

0.38 4.14 ±0 .0 6 0.189 ±0 . 004 4.00 0 .18b 4. 43 ±0 . 09

0.40 4.30 ± 0.08 0.20 4.16 ±0 .13 0.20 4.30 ± 0.12

0.43 4. 56 ±0 . 08 0 .23b 4. 43 ± 0.10 0. 25 3. 55 ±0 .10

0.45 4 .5 7 ±  0.08. 0.25 4. 23 ±0 .12 0. 26 3 .4 0 ±0 . 07

0.47 4. 57 ± 0. 08 0.27 3.86 ±0 .07 0.30 2. 76 ±0 .09

0.49 4.69 ±0 .1 1 0.30 3. 39± 0.04 0.32 2. 65 ±0 .06

0. 50 4.63 ± 0.10 0.32 3. 25 ±0 .08 0.35 2. 70 ±0 . 09

0.34 2. 69 ±0 .04 0.375 2. 84 ±0 .09

0.35 2. 63 ±0 .06 0.38 2. 72 ±0 .06

0. 00a 5. 82 ±0 .07 0.375 2.37 ±0 .06 0.40 3. 07 ±0 .10

0. 05b 5.84 ±0 .12 0.42 2. 02 ±0 .05 0.42 ' 3.21 ±0 .07

0 . 10 b 5. 66 ±0 .11 0.45 1. 69 ±0 . 04 0.43 3 .4 5 ± 0 .10

0. 1 5 b 5. 73 ± 0.11 0. 50 1.49 ±0 .04 0.45b 3 .7 5 ± 0 .11

0 .20b 5.67 ±0 .09 0 .46b 3. 79 ±0 .09
0.22b 5.62 ±0 .10

lAJLbbUJ
0.47b 3.91 ±0 .09

0.25b 5.60 ±0 .08 0.00a 5.82 ±0 .07 0.48b 4.09 ±0 .07

0.30 S .6 5 ± 0 ,10 0.05b 5. 84 ±0 .20 0.49b 4.16 ±0 .07

0.35 5 .4 2±0 . 09 0 .10b 5. 57 ±0 .13 0. 50a 4.21 ±0 .06

0.38 5.37 ±0 .09 0 .125b 5. 51 ±0 .15 LO [£££]
0.40 5.40 ±0 .09 0 .15b 5.33 ± 0.13

0.43 5.42 ±0 .09 0 .18b 5.28 ±0 .15 0.00a 5. 82 ±0 .07

0.45 5.37 ±0 . 09 0. 20b 4. 88 ±0 .12 0.05b 5. 83 ±0 .20

0.47 5.27 ±0 .08 0.224 ± 0 .004?3 4.51 0.125 5 .1 9 ± 0 .12

0.48 5.25 ±0 .08 0.25 4. 86 ±0 .10 0.15 4. 8 4 ± 0 .15

0.50 4.90 ±0 .11 0.27 5.20 ±0 .05 0.172 ± 0 .020b 4.54

TArf i f i f i 0.30 5. 53 ± 0.13 0.20 4. 99 ± 0.05
0.32 5.69 ±0 .10 0.24 5.42 ± 0.06

0.145 ±0 .007 1.50 0.33 5. 70 ±0 .09 0. 25 5.61 ±0 .12
0.192 ±0 .005 2.00 0.35 5, 85± 0.10 0.27 5.64 ±0 .11

0.22 2.10 ± 0.05 0.37 6.12 ±0 .10 0.30 5. 84 ±0 . 07

0.25 2.48 ±0 . 05 0.375 6.16 ±0 .16 0.32 5. 93 ±0 .08

0.262 ±0 .015 2.51 0.40 6.22 ±0 .16 0.33 5. 97 ±0 .08

0.311 ±0 .005 3.00 0.42 6.41 ±0 .15 0.35 5. 80 ±0 .11
0.32 3.06 ±0 .03 0.43 6.34 ±0 .10 0.36 5. 90 ±0 .11
0.37 3.44 ±0 .0 4 0.45 6.49 ±0 .15 0.375 5. 94 ±0 ,12

0.38 3.40 ±0 . 05 0.47 6.58 ±0 .11 0.40 5. 74 ±0 .11
0.40 3. 56 ±0 .07 0.48 6.56 ±0 .13 0.42 5. 6 4 ± 0 .16

0.44 3. 79 ±0 .05 0. 50 6,55 ± 0.12 0.43 5. 50 ±0 .08
0.45 3.88 ±0 . 07 0.45 5.33 ±0 .15
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TABLE I (cont.)

C = aq/2ir V C = (l//2)(aq/2ír) V C=(l/V3)(aq/2ir) V

0.47 4. 09 ±0.06 T, A[££0] 0.46b 5. 25 ±0.09

0.48 4.24  ±0.06 0.10 1.43 ±0.05 ' 0 .48b 4. 94 ± 0. 08

0.49 4.14  ±0.07 0.103 ±0.002 1.50 0.49b 4. 93 ±0.11

0.50 4.23 ±0.07 0.125 1. 84± 0.07 0. 50a 4. 93 ±0.10

TO[OOS]

0.00a 5.82 ±0.07

0.138 ±0.004 

0.15 

0.20

2.02

2 .1 5 *0 .0 7

2.85± 0.09
Т А [£ Ш

0 .05b 5.76 ± 0.11 0.218 ±0.003 3.00 0.067 ±0.006 0.99

0.10b 5. 62 ±0.11 0.25 3.23 ±0.11 0.125 1.53 ±0.05

0.15b 5.62 ± 0.11 0. 28 3.61 ±0.08 0.15 1. 53 ± 0. 05

0.17b 5.61 ±0.10 0.30 3.88 ±0.11 0.25 2.43±0. 08

0.20b 5.48 ±0.11 0.33 3.98 ±0.08 0.35 3.25 ±0.10

0.22b 5.53 ±0.10 0.35 4. 22 ±0.11 0.375 3. 49 ±0. 11

0.25b 5.49 ±0.10 0.37 4. 23 ± 0.04 0.40 3.77 ±0.08

0.27b 5.45 ±0.10 0.375 4 .2 4 Í 0 .10 0.42 3. 90 ±0.18

0.30 5.27 ±0.10 0.40 4.45 ±0.10 0.43 3.93 ±0.10

0.40 4. 75 ±0.09 • 0.42 4.42 ±0.03 0 .45b 4. 04 ± 0.16

0.44 4. 51 ±0. 08 0.44 4. 51 ±0.06 0 .46b 4.12 ±0.07

0.45 4.46 ±0.09 0.45 4.47 ±0. 06 0 . 47b 4.18 ±0.10

0.47 4.43 ±0. 07 0.46 4. 56 ±0.05 0.48b 4. 20 ±0.08

0.48 4.48 ±0.07 0.47 4. 62 ±0.08 0.49b 4.29± 0. 09

0.49 4.37 ±0.07 0.48 4. 58 ±0.07 0. 50a 4. 21 ±0.06

'Л [М C]
0.49

0.50

4. 60 ±0.08 

4. 60 ±0.07
Т О [£ Ш

0.00a 4. 60 ±0.07
TjOCCCO]

0.00a 5. 82 ±0.07

0.10 4. 51 ±0.06 0. 02b 5. 74 ± 0. 09

0.20 4.22 ±0.08 0 .00a 5.82 ±0.07 0.06b 5 .8 1 ± 0.11 .

0.30 4.27 ±0.12 0 .10b 5. 66 ±0.15 0.12 5. 76 ±0.09

0.40 4.21 ±0.10 0. 20b 5 .24± 0 .14 0.125 5. 72 ± 0.14

0.50a 4.21 ±0.06 0.30 4. 84 ±0.12 0.20 5. 82 ±0.12

я О [Ш ]
0.40 4. 64 ± 0.12 0.25 5. 70 ±0.14

0.45 4. 58 ± 0.12 0.27 5. 75 ±0.12 .

0 .00a 6.55 ±0.12 0.30 5. 55 ±0.10

0.10 6.34± 0.25 0.37 5 .39± 0 .11

0.15 6.42 ±0.20 0.375 5.37 ± 0.12

0.20 6.19 ±0.15 0.40 5.34 ± 0.12

0.25 6.09 ±0. 07 0.42 5.10 ±0.10

0.30 5.88± 0.06 0.45 4. 98 ±0.16

0.35 5.64 ±0.08 0 .46b 5.16 ±0.07

0.40 5.37 ±0.10 0.47b 5. 00 ±0.07/ ",

0.50a 4.93 ±0. 10 0.48b 4. 94 ±0.11*'- "

ifALiiC]
0.49b 

0. 50a

4. 92 ±0.08 

4. 93 ± 0 .10

0.00a 1.49 ±0. 04

0.30 2.77 ±0.06

0.35 3.14  ±0.08

0.40 3.60± 0.10

0.50a 4.21 ±0.06

a Frequency listed elsewhere in the table. 

b Polarization undetermined, but probably as shown.
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TABLE II

FREQ U EN CIES (UNITS 1012 c / s ) 0 F  NORMAL MODES 
O BSERVED AT 296°К IN 0 - BRASS 

(SPECIM EN  II, (001) ORIENTATION)

C = aq/2ir V C = (l//2)(aq/2jr) V

LA [00Ç] L A [ « 0 ]

0.25 3.13 ±0 .1 0 0.15 3.32 ± 0.05

0. 23b 4.42 ±0 .07
L0 [006 ]

0.24 4. 25 ±0 .05

0.00a 5.84 ±0 .12 0.30 3.39 ±0 .04

0.25 , 5. 5 2±0 ,25 0.40 2.16 ±0 .05

0.30 5.45 ±0 .2 5 0. 50a 1.44 ±0 .03

Т А  [00 С] • L 0 [ « 0 ]

0.32 3.08 ±0 .03 0.00a 5. 84 ±0 .12

0.40 3.66 ±0 .05 0 .10b 5. 57 ±0 .10

0.45 3.98 ±0 .04 0 .18b 5. 04 ±0 .10

0.20 4. 86 ±0 .07
T0 [00£ ]

0. 21b 4. 68 ±0 .08

0.00a 5. 84 ±0 .12 0.27 5. 21 ±0 .07

0.30 5.26 ±0 .08 0.35 6. 07* 0. 09

0.35 5.05 ± 0.09 0. 50a 6. 55 ±0 .15

0.40 4. 78 ±0 .06
T2A[££0]

0.20 0. 96 ±0 .02

0.30 1.23 ±0 .02
0.40 1.40 ± 0. 03

0. 50a 1 .4 4±0 . 03

T2o [e c o ]

0. 00a 5 .8 4 ± 0 .12 .
0.10 5. 94 ±0 .08
0.20 6. 06 ±0 .15
0.30 6. 22 ±0 .10
0.40 6. 53 ±0 .10
0. 50a 6. 55± 0.15

a Frequency listed elsewhere in the table. 

b Polarization undetermined, but probably as shown.

of the frequency distribution function g(v)  for the norm al modes. An a lte r
native description of the long range part of the effective interatomic potential 
in 0 -b r a s s  is also d iscussed . A m ore com prehensive and detailed expo
sition of these m atters will be given elsew here [8 ] .
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F ig .l

Dispersion curves of 8-brass 296°К for four high-symmetry directions.
Triangular points denote L and Л modes and circles indicate T and ir modes.

Solid points denote uncertain polarization. The dashed curve is the best fit to the 

results on the basis o f a Born-von Karman model involving 

general first and second nearest-neighbour interatomic forces.
The solid curve represents the Born-von Karman fourth nearest-neighbour model (4E) best fit.

1 5 0

z 1003
о

5 0

( a )  ( 1 . 4 8 , 1 . 4 8 ,  0 . 4 8 )
2 7 Г

200
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2 - 0  3 0  4 - 0  5 - 0  6 0

F R E Q U E N C Y  (  I 0 12 c / s  )

Fig. 2

Neutron groups for В-brass at constant-Q associated with modes
(a ) L[£££] and (b) T [ 5CC], near the Brillouin zone boundary.

A splitting into optic and acoustic branches is observed in both cases.
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Since there are two atoms in the primitive unit cell of perfectly ordered 
3 -b ra s s  (of stoichiom etric com position), and since equilibrium positions 
of both atoms are at centres of inversion sym m etry, the therm al vibrations 
may be expressed by means of a real, sym m etric (6 X 6 ) m atrix whose 
eigenvalues are proportional to the squares of the normal mode frequencies. 
F o r normal modes propagating along certain special directions in the crystal, 
namely [0 0 Ç], [ÇÇO], [ÇÇÇ] a n d [| iç ] , the dynamical m atrix factorizes into 
(2 X 2 ) m atrices; this fact greatly facilitates the interpretation and analysis 
of experim ental results for these d irection s. In the [iè ç ]  direction, one 
of the (2 X 2 ) m a trice s  facto rizes furth er into two lin ear exp ression s for  
the squared frequencies of normal modes (denoted by Л0 , A j) which involve 
the vibration of the two types of atom independently; thus the A 0 modes in
volve the vibration only of atoms of type 0 . The 1st, 4th, 7th . . . .  nearest 
neighbours of an origin atom of type 0  are  of type 1 , whereas the remaining 
neighbours (2nd, 3rd, 5th, 6 th . . . .)  a re  of the sam e type 0 . Thus force  
constants representing interactions between identical atoms are of two kinds, 
Cu-Cu and Z n-Zn. Extension of the Born-von Kármán theory to distant 
neighbours therefore involves a substantial number of disposable parameters. 
F o r  exam ple, a lst-through-5th  nearest-neighbour model (general forces) 
for perfectly ordered 3 -b ra s s  involves 20 force constants (cf. 13 constants 
for the simple bcc stru ctu re). Prelim inary attempts to fit the experimental 
dispersion curves with such general force models (by means of a non-linear 
least squares fitting programme) showed (i) that forces only out to 3rd or 4th 
nearest neighbours w ere important and (ii) that "tangential" o r "shearing- 
type" force constants were always sm all o r zero except for the 1 st nearest 
neighbour. A simple F o u rier analysis may also be performed on the sums 
of the squared frequencies of various p airs  of branches of the dispersion  
relation, e .g . the LA[ÇÇ0] and LO[ÇÇO] branches. The Fourier coefficients 
are  linear combinations of interatom ic force constants, and the number of 
such coefficients required to obtain a fit to the observed sums of squared  
frequencies gives an indication of the range of the interatom ic fo rces. Ana
ly sis of the resu lts for 3 -b ra s s  in this way shows that significant fo rces  
exist at least out to 5th, and very probably at least out to 7th, nearest 
neighbours. The 5th-through-7th neighbour force constants a re , however, 
relatively sm all, as indicated by the above-mentioned Born-von Kármán  
analysis.

To facilitate the description of Born-von Kármán force models, we de
fine a force constant m atrix

«lo 030 0 S2o

/П о a 2o 0 Slo

/П о 0 ío «За

where s refers  to the order of the neighbour (e .g . first nearest neighbours 
are  denoted by s = 1 ) and a to the two kinds of atom (<r = 0 , 1 ) which m ay be 
involved when s = 2, 3, 5, 6 , e tc. The number of independent force constants 
for any neighbour s may be reduced by sym m etry considerations. Thus, 
for s = 2, a\a = 0'зо and 3 ïa = 3lo = 03o = 0 . The most general model involving
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TABLE III

B E S T -F IT  VALUES OF INTERATOMIC FO R C E CONSTANTS 
INCLUDING FOURTH N EAREST NEIGHBOURS (MODEL 4E) 

(Only n on -zero  coefficien ts a re  listed)

Neighbour
Force constants 

(dyn/cm)

1 a} =8420 0} =11340

2 a io= 7110 а гп =  730

3 а®,)'3 1070 a?!= 1190

4 of = 280 flj = 370

fo rces  extending to 1 st and 2 nd n earest neighbours only is not capable of 
providing a satisfactory  fit to the experimental results, as is shown by the 
dashed cu rves in F i g . l .  A good fit can be obtained, how ever, by means 
of a restricted  4th-neighboyr model (denoted by 4E) having eight disposable 
param eters, as listed (with their best-fit values) in Table III. All tangential 
type force constants except for 1 st nearest neighbours have been arbitrarily  
set to zero in this model, which is represented by the solid lines in F i g .l .  
A general feature of all the Born-von Kármán models used to fit the results 
was that alm ost identical fits could be achieved for any model m erely  by 
interchanging the m asses Mq and M i, or alternatively, by labelling all the 
Cu-Cu force constants as Zn-Zn type, and vice versa. Reference to Table III 
shows that, for example, a io »o i i ;  however, it is impossible to determine 
unambiguously from  these b est-fit computations which constant re fe rs  to 
Cu and which to Zn. Although it is probable that this question may be settled 
only by means of a theoretical calculation of these force constants from first 
principles, some experim ental indication of the co rre c t labelling is given 
by the neutron group intensities observed for the A [|iç] modes which c o r 
respond to independent vibrations of Cu and Zn atom s. In experiments de
signed to study these modes, scattered  neutron energy distributions at ap
propriate values of Cj should in principle consist of two peaks, associated  
with independent vibrations of the Cu and Zn sub-lattices respectively. The 
fo rm er peak should be m ore intense, and its identification would perm it 
the co rre c t assignment of the 0 -0  and 1-1 type force constants. The f r e 
quencies of the two modes are , however, very sim ilar for all Ç (see F ig .l ) ,  
and no w ell-resolved neutron groups were obtained in experiments designed 
to observe them . The shapes of the peaks observed did suggest that the 
lower frequency mode is probably associated with the copper atom vibrations, 
i .e .  that the copper-copper second-neighbour constant is = 730dyn/cm , 
substantially le ss  than the analogous zin c-zin c constant. H owever, this 
conclusion is largely  tentative at the present tim e.

Although model 4E is of course purely phenomenological and involves 
sev eral a rb itrary  assumptions, it is probably adequate as an interpolation 
form ula for computing frequencies of norm al modes not observed exp eri
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mentally, and hence for computing the frequency distribution function g(v) .  
This computation may easily  and accu rately  be perform ed by means of an 
extrapolation method developed by the present authors [9 ]* .  Full details 
of this computation will be given elsewhere [8 ] ,  together with calculations 
of thermodynamic functions of /З-b rass based on it. Here we merely present 
the result of the calculation (Fig . 3) in the form of a histogram . (The indi
vidual points and their fluctuations are  too sm all to be plotted separately. )

F R E Q U E N C Y  V  ( IO 12 c /s  )

Fig.3

The frequency distribution function for 8-brass at 296°K obtained from 

model 4E by means of an extrapolation method [9 ].
In this histogram the frequencies of 96, 018, 048 normal vibrations 

are sorted into over 300 channels o f width Av =0 . 0 2 x l0 :2 c/s.

The long-range ch a ra c te r of the effective interatom ic potential in 
0 -b r a s s , as shown by the F o u rie r analysis mentioned e a rlie r , has so far  
been described by ra th er a rb itra ry  Born-von Kárm án fo rce  constants of 
little physical significance. This long range potential may be regarded as 
the sum of two parts (i) the Coulomb potential Vc between the bare ions and 
(ii) a potential VE arising from the interaction through the conduction e lec
tron s, including the electron -electron  interaction. The latter contribution 
m ay under certain  assum ptions (see , for example referen ces [1 0 - 1 2 ])  be 
expressed in term s of a "form factor" and "dielectric function" for the metal. 
At long range (say, for 3rd nearest neighbours and beyond) Vc  and VE tend 
to cancel each other. There rem ains, however, an interaction of long range 
oscillatory form arising from the mild singularity in the dielectric function 
at the F e rm i level. In the case  of a simple m etal such as Na, it seem s

*  The g(v) for 8-brass mentioned in [9] is based on an earlier force model, fitted toa smaller 
number of experimental results than are utilized in the present calculations.

23
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plausible that the effective interatom ic potential (beyond 2 nd n e a re st-  
neighbour atoms) may be described to a first approximation by such an o s
cillatory term :

Ур(гу) = (A /r ¡?  ) cos (2КрГц+ф), (3)

where r¡j is the distance between ions i, j and KF is the F erm i radius (the 
F erm i surface is assumed to be spherical). The coefficient A and phase factor 
ф might possibly be calculated from  basic principles but this has not yet 
been su ccessfully  ca rrie d  out.

An oscillatory term  of the same form may also be derived from a treat
ment of the scatterin g  of free  electron s (described by plane waves) from  
a charged impurity ion embedded in a host m etal crystal [13-15]. A model 
containing such an oscillatory  potential function has been proposed [16 ,17]  
to calculate the o rd e r-d iso rd e r energy in 0 -b r a s s , and this kind of te rm  
has also been obtained [18] from a study of the scattering of free electrons 
(in the Born approximation) by a dipole (or plane of dipoles) in a m etal 
cry stal, the dipole being produced when the m etal is perturbed by a normal 
mode of vibration.

The term  VP is complicated in the case of j3-brass by the existence of 
two different ions in the unit cell. It may no longer be adequate to treat the 
conduction electrons in term s of the single plane wave approximation utilized 
in the derivation of E q .(3 ) , and the d ielectric function may well have ap
preciable off-diagonal elements [19 ]. We have attempted to fit the observed 
dispersion cu rves for 0 -b ra s s  by means of a model in which the 1 st and 
2nd nearest-neighbour forces are  described by em pirical Born-von Kármán  
fo rce  constants, and in which the 3rd and m ore distant neighbour in te r 
actions are calculated from the potential Vp (E q .(3 )). The quality of fit ob
tained was rath er poor, scarce ly  better than that obtained when Vp was 
neglected. A v ery  good fit (slightly b etter than model 4E) h as, however, 
been obtained with a sem i-em p irica l expression  of the form

VP( r u ) = (A ± В )(1/ r  у3 ) cos (2Kp r  + ф), (4)

where В depends (presumably) on the off-diagonal components of the di
e lectric  function and the +(-) sign refers  to Cu-Cu or Zn-Zn (Cu-Zn) inter
actions respectively . In spite of the successful description of the exp eri
m ental results given by this modified potential, it cannot be regarded as 
satisfactory in the absence of a rigorous derivation from a basic formalism  
such as is described in [19] .

4 . MEASUREMENTS AT HIGH TEMPERATURES

Two se rie s  of m easurem ents have been made, in which the energies  
and energy widths of selected normal modes of vibration have been measured 
at sev era l tem p eratu res ,, both above and below the o rd e r-d iso rd e r tra n 
sition tem perature Tc . A general result of these measurements is that the
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norm al mode energies d ecrease  arid the widths in crease  as the tem p era 
ture T r is e s . It is of particular interest to compare and co rrelate  the be
haviour of various norm al modes and to attempt to detect any anomalous 
tem perature effects as T passes through Tc . An account of the first series  
of measurements has already been given [3], in which no definite conclusions 
w ere drawn concerning eith er co rrelatio n s between modes o r  anomalous 
energy shifts o r widths near Tc . F o r  certain longitudinal modes, however, 
there were indications of possible anomalous in creases in width-of the ob
served scattered  neutron groups, and a second series of m ore precise  
m easurem ents was carried  out to investigate these possibilities in further 
detail. An apparently significant co rrelatio n  was then observed between 
the ch aracter of certain  norm al modes and the behaviour, as a function of 
tem p eratu re, • of the energy width of the associated  neutron "groups. The 
results of both sets of m easurem ents are mutually consistent and are  d is
cussed together below.

The energies and ¿nergy widths of seven norm al modes specially s e 
lected for the sharpness and high intensity of the associated  scattered  
neutron groups, w ere m easured at sev eral tem p eratu res both above and 
below the transition tem perature Tc , and the results are listed in Table IV. 
The system  for labelling the norm al modes in Table IV differs from  that 
used in the earlier account [3] where the modes were assigned labels "optic" 
(O) or "acou stic" (A) according to the kind of atomic motions involved ( i .e .  
according to the eigenvectors). This convention is experimentally convenient 
but leads to ambiguities in the regions of "splitting" between longitudinal 
(L) modes near а^/2тг = (0 . 22, 0 . 22, 0) and (0 .1 7 , 0 .1 7 ,  0 .1 7 ) .  F o r  future 
discussion, we refer to these wave vectors as cfSI and cfs2 . We now define 
the optic mode in each case  to be that with the higher frequency and d is
regard the change in ch aracter ( i .e .  the phase relation between the Cu and 
Zn atoms) of the L  modes which occurs near the wave vectors cjsl and cfs2  .

F o r  most norm al modes studied, the energy and energy width vary  
smoothly with tem perature even through the transition  point. All the 
energies'decrease and widths increase with increasing tem perature. Thus, 
although the scattered  neutron groups associated with the mode L A £ (1 . 30, 
1. 30, 1 .0 ) are at each tem perature much wider than those of LAE (1.18, 1.18,
0 .0 ) ,  a smooth variation of width is observed in both cases. The behaviour 
of the mode L O £(1 .27 , 1. 27, 0 .0 )  is , on the other hand, significantly dif
ferent; a sharp increase in width is observed when the temperature is raised 
through Tc . The observed neutron groups for two of these modes at two 
tem p eratu res a re  illustrated  in F ig . 4 . A sim ilar effect is observed for  
the mode LO A (1.20, 1 .2 0 , 0 .2 0 ). Only these two normal modes, of all those 
studied, display other than smooth monotonie behaviour as a function of 
tem perature. In both cases, the wave vector is somewhat greater than that 
of the closest approach of the LO and LA branches (q^ and cfs2 b The ob
served frequency widths for these modes are illustrated in F ig . 5, together 
with sketches of the relevant parts of reciprocal space and the wave vector 
valu es. A typical tra n sv e rse  acoustic mode is included for com parison. 
It shows no anomalous behayiour n ear Tc . The norm al mode frequencies 
in all cases show a smooth decrease with tem perature, within the accuracy  
of the present m easurem ents. In this connection, it is interesting to note
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TABLE IV

T EM PE R A T U R E  D EPEN D EN CE OF FR EQ U EN C Y AND LINE-W IDTH  
FO R  SEV EN  NORMAL MODES IN |3-BRASS

Wave vector 

(a<3/2ir) 

mode

Temperature

("К)

Frequency 

(1012 c/s)

Line-width2 

(10‘2 c/s)

(1.30, 1.30, 1.0) 296 . 3 .39  ±0.04 0.50

499 3. 27 ±0.05 0.44

LA Z 693 3.23 ±0.05 0.70

714 3. 22 ±0.06 0.80

725 3. 21 ±0.08 0.80

739 3.22 ±0.10 0.85

751 3.17 ±0.09 0.70

774 3.12  ±0.15 1.00

(1 .0 , 1 .0 , 0.37) 296 3.44± 0.04 0.25

693 3.16 ±0.04 0.40

ТА Д 714 ’ 3.15 ±0.05 0.50

739 3.11 ±0.05 0. 50

774 3. 07 ±0.55 0.55

(1 .0 , 1.0, 0.32) 296 3.06±0.03 0.20

499 2.96 ±0.04 0.30

ТА Д 693 2. 81 ±0.03 0.38

714 2. 77 ±0.03 0.40

739 2. 76 ±0.04 0.40

751 2. 73 ±0.04 0. 50

774 2. 71 ±0.04 0.45

(1.20, 1.20, 0.20) 296 4.99 ±0.05 0.24

499 4.90 ±0.07 0.42

LO Л 693 4. 80 ±0.06 0.65

714 4. 73 ±0.05 0.55

739 4. 73 ±0.08 0.90

751 4.68 ±0.10 0.90

774 4. 71 ±0.07 0.90

a Errors are in most cases of the order of 20%.
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W ave vector 

(aQ/2ir) 
mode

Temperature

(°K )

Frequency 

(1012 c/s)
Line-width3 

(1012 c/s)

(1 .1 8 , 1 .18, 0 .0 ) 296 3 .8 2 *0 .0 4 0.24

693 3. 65 ±0 .04 0.40

LA Z 714 3.63 ±0 .04 0.45

739 3.62 ±0 .04 0.40

774 3.59 ±0 .05 0.40

(1 .27 , 1.27, 0 .0 ) 296 5. 20 ±0 .05 0.35

499 5. 09 ±0 .07 0.50

LO £ 693 5. 00 ±0 .06 0.55

714 5.01 ±0 .06 0.55

739 4. 90 ±0 .08 0.85

751 4. 91 ±0 .12 0.80

774 4. 94 ±0 .06 0.90

(1 .13 , 1.13, 0.13) 360 3. 65 ±0 .04 0.30

714 3.42 ±0 .04 0.45

LA A 739 3.41 ±0 .05 0.55

Errors are in most cases of the order of 204o.

the anomalous tem perature dependence [7] of the elastic constant C4 4 inthe  
vicinity of Tc .

It would perhaps be too daring to draw any definite conclusions con
cerning the anomalous behaviour of L-m odes on the basis of these two ex 
amples. It would be highly desirable to obtain more experimental data before 
such conclusions can be drawn. However, the experimental conditions under 
which such observations may be made at all are quite restrictive, and so we 
cannot readily produce further independent examples of sim ilar anom alies. 
Assuming, nevertheless, that these energy width anomalies are indeed real, 
it seem s plausible that they a re  closely  associated  with the type of mode 
involved, and perhaps also with its wave v e c to r an d /o r frequency. It is 
interesting to point out (though this m ay be purely coincidental) that the 
magnitudes of 2 тг/с?81 and 2 tt/c^ 2 a re  sim ilar, and are  of the o rd er of the 
extent of the short range order ( ~ 1 0  Â) which is known [1] to exist in/3-brass 
at tem peratures just above.T0 . We also notice that the anomalous modes 
have sim ilar frequencies (about 5 X 101 2 c /s )  which are somewhat higher than 
those of all the other modes listed in Table IV. As yet, however, no reason-
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Fig. 4

Observed neutron groups associated with two different modes of the same polarization L [£ £ 0 ], 
each at two different temperatures (below  and above T c).

The frequency shifts as well as the changes in width are clearly shown.
The change in the width is noticeably larger for the £=0 .27  mode.

о 296°K 

X 774°K

able framework has been established within which these anomalies may be 
completely understood.

It is perhaps of in terest to mention the behaviour of the "splitting" of 
the norm al modes for wave v ecto rs n ear ( 0 .5 ,  0 .5 ,  0 . 5) as a function of 
tem perature. The two neutron groups are fairly well resolved at 296°K (see 
F ig . 2), but considerable blurring together has occurred even for T = 499°K. 
Above this tem perature, it was no longer possible to resolve the two peaks. 
One would expect to observe such a single wide peak fo r T >  Tc ; its  
appearance for T <  Tc may well be due to the poor instrum ent-focussing  
conditions obtaining in these p articu lar experim ents.

A few rem ark s should be made about the intensities of the observed  
neutron groups as a function of tem p eratu re . No attempt has been made 
to compare in detail the intensities at different tem peratures. Such an ana
ly sis  would be v ery  inaccu rate , p articu larly  at the higher tem p eratu res, 
owing to the large increase in "background" intensity and to the relatively  
poor statistics in the wings of the distributions. These facts also contribute 
to the e r ro r  in the m easurem ent of the widths of the neutron groups. The 
precision of the width m easurem ents (about 2 0 % in most cases) is however 
substantially better than that of the intensities. In any event, no significant 
changes in the intensity of any of the neutron groups were pbserved in the 
vicinity of T0 .
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3 0 0  5 0 0  7 0 0

T E M P E R A T U R E  (°K )

Fig. 5

The observed frequency width as a function o f temperature is plotted for several phonons.

The location o f these phonons on the dispersion curves is schematically shown.
For the ТА m ode, £ = 0 .32. The variation o f line width in the vicinity o f T c 

fox the LO mode (triangles) differs qualitatively from that of the other modes studied.
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D IS C U S S IO N

I. W A LLER : In connection with your investigations of a d isordered  
alloy I should like to rem ark  that it would be of great in terest to study the 
in elastic neutron scatterin g  from  a d isordered  alloy fo r a wide range of 
com positions. •

G. DOLLING: As a m atter of fact Dr. Woods is shortly going to study a 
series of molybdenum-niobium alloys.

M. G. ZEMLYANOV: In the disordered state of b eta-brass the tran sla
tional sym m etry is not maintained. In view of this, how are  the dispersion  
curves interpreted?

G. DOLLING: This is  a rath er interesting point. In general, phonons 
appear to be much m ore resilient excitations than one might expect. How
ever, in b eta-b rass, Cu and Zn are  really quite sim ilar and so the disordered 
m ateria l is not very  different from  a monatomic bcc m etal. The situation  
would be less favourable for an alloy of very  d issim ilar m etals. F u rth er
m ore, we know that a considerable amount of short range order, extending 
fo r 10 A o r  so, ex ists  in the "d iso rd ered " phase just above Tc, which is  
perhaps sufficient for the establishm ent of the phonon spectrum . Thus we 
see that the conditions in b eta-b rass a re  quite favourable for the continued 
existence of well-defined phonons over most of the zone, even at tem pera
tures above Tc.
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Abstract — Résumé — Аннотация — Resumen

DISPERSION CURVES FOR PHONONS IN DIAMOND. A three-axis neutron diffraction spectrometer at 
the Los Alamos Omega West Reactor has been used to measure the dispersion curves for phonons propagating in 

the [100] and [111] directions in diamond. A ll measurements were made at room temperature. The sample 

was a type Ha brown industrial diamond weighing 242.8 carats (48.56 g). A neutron diffraction study showed 

it to consist of a large single crystal with a mosaic spread of -  1° full width at half maximum, plus two small 

regions misoriented by 3 and 5®. The spectrometer was programmed for "constant-Q" operation. In all cases, 

the energy of the incident neutrons was fixed and the scattered neutrons lost energy. Sufficient intensity at 

an incident energy high enough to excite the optical modes of diamond was obtained by the use of the (1122) 
reflection of a beryllium monochromator. Uncertainties iii the measured frequencies are estimated to be 

of the order of 2-3^0.

The most striking result of these measurements is the verification of the predictions, based on infrared 

absorption and specific heat data, that diamond is not homologous to silicon and germanium. The lack of 
homology is manifested principally in the behaviour of the transverse branches. The transverse acoustic branches 

are relatively much higher in diamond than in silicon and germanium. The transverse optical branches are 

relatively lower, so that in diamond the highest branch is the longitudinal optical rather than the transverse 

optical. Frequencies at the zone boundaries are in reasonable agreement with those predicted from infrared 

absorption data, although the identification of the polarizations is different.

COURBES DE DISPERSION DES PHONONS DANS LE DIAMANT. Les auteurs ont utilisé un spectromètre 

triaxial pour la diffraction des neutrons produits par le réacteur Omega West de Los Alamos en vue de dé 
terminer plusieurs courbes de dispersion des phonons se déplaçant dans des directions de symétrie à l'intérieur 

du, diamant. Toutes les mesures ont été effectuées à la température ambiante. Il s'agissait d'un diamant in
dustriel brun du type Ha, de 242,8 carats (48.56 grammes). D'après une étude par diffraction des neutrons, cet 
échantillon était constitué par un grand monocristal à dispersion mosaïque atteignant une largeur maximum 
d'environ I e à mi-hauteur du pic, plus deux petites régions déviées de 3 à 5*. Le programme du spectromètre 

était établi pour constant». Dans tous les cas, l'énergie des neutrons incidents était fixe et les neutrons 

diffusés ont perdu de l'énergie. Pour une énergie des neutrons incidents assez élevée pour exciter les modes 

optiques du diamant, on a obtenu une intensité suffisante grace à la réflexion (1122) d'un système mono- 
chromateur de béryllium. Parmi les 'difficultés soulevées par l'expérience, indépendamment de celles qui 
résultent des fréquences très élevées des phonons dans le diamant, il faut citer l'existence de pics anormaux 

qui a rendu difficile l'identification des polarisations. On estime que l'imprécision des mesures des fréquences 

est de Tordre de 2 à Z% .
Le résultat le plus frappant de ces mesures a été la confirmation des prévisions, fondées sur les données 

relatives â l'absorption daos l'infrarouge et à la chaleur spécifique, que le diamant n'est pas homologue du 

silicium et du germanium. Ce manque d*homologie se manifeste principalement dans le comportement des 

branches acoustiques transversales, dont la fréquence exprimée en unités convenablement réduites est près 

de deux fois plus élevée dans le diamant que dans le silicium ou le germanium. Les autres courbes de dis* 

persion pour le diamant sont assez semblables à celles que l'on observe pour le silicium et le germanium. 
Ces résultats indiquent peut-être que les effets de la «po larisabilité»atom ique, qui ont une grande impor

tance dans le cas du silicium et du germanium, en ont moins dans le cas du diamant.

*  Work performed under the auspices of the United States Atomic Energy Commission.
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К РИ ВЫ Е  Д И СП Е РСИ И  ДЛЯ ФОНОНОВ В  А Л М А З Е . Трехосный дифракционный спектро
метр нейтронов на Лосаламосском  реакторе "Ом ега В ест " использовался для измерения некото
рых кривых дисперсии для распространения фононов в направлениях 1100 J и [111J в алм азе . Все из 

мерения проводились при комнатной температуре. Образец представлял собой коричневый про

мышленный алмаз типа Н а  весом 242,8 карат (48,56 грам м ов). Изучение явлений дифракции 

нейтронов показало, что алм аз состоит из большого единичного кристалла с мозаичным р а з 
бросом в размере М °  полной ширины при полумаксимуме, плюс двумя небольшими областями, 
разориентированными на 3 — 5 ° . Спектрометр программировался для операции "постоянная0 " .  
Во всех случаях энергия падающих нейтронов была постоянной, и рассеянные нейтроны т е 
ряли энергию. Достаточная интенсивность при энергии бомбардировки, достаточно большой 

для возбуждения оптических форм алм аза, была достигнута в результате использования от
ражения (1122) бериллиевого монохроматора. К трудностям проведения экспериментов, по
мимо трудностей, возникающих в связи с наличием очень высоких частот фононов в алм азе, 
относится возникновение аномальных пиков, что затрудняет распознавание точек поляриза
ции. Считается, что неопределенности в измеренных частотах составляют величину порядка 
2—3 процентов.

Наиболее разительным результатом этих измерений является подтверждение предполо
жений, основанных на данных относительно поглощения инфракрасной области спектра и от
носительно удельного тепла, что алм аз не является гомологом с кремнием и германием. О т 
сутствие соответствия проявляется в основном в поведении поперечных акустических ветвей, 
которые в случаях выражения их в соответствующих приведенных единицах по своей частоте 
почти в два раза выше в алм азе , чем в кремнии и германии. Остальные наблюдаемые кри
вые дисперсии для алм аза  довольно похожи на кривые дисперсии для кремния и герм ания . 
Эти результаты, по-видимому, свидетельствуют о том, что эффекты атомной поляризуемости, 
которые имеют довольно большое значение для кремния и германия, являются менее важными 
для алм аза. .

CURVAS DE DISPERSIÓN DE LOS FONONES EN EL DIAMANTE. Los autores han utilizado un espectró
metro triaxial de difracción neutrónica en el reactor Omega West de Los Alamos para medir varias curvas 

de dispersión de los fonones que se propagan en el diamante siguiendo direcciones de simetría. Todas las 

mediciones se realizaron a la temperatura ambiente. La muestra consistió en un diamante industrial pardo 

del tipo lia, de 242,8 quilates (48,56 g). Su estudio por difracción neutrónica reveló que estaba constituido 

por un monocristal de gran tamaño con una dispersión mosaica de un ancho total a la semialtura de ~1*, más 

dos pequeñas zonas desviadas en 3 -5*. La utilización del espectrómetro se programó para el método d e « Q  

constante». En todos los casos se fijó la energía de los neutrones incidentes y los neutrones dispersos per

dieron energía. Por empleo de la reflexión (1122) de un monocromador de berilio se obtuvo una intensidad 

suficiente a una energía incidente bastante elevada como para excitar los modos ópticos del diamante. Entre 

las dificultades experimentales, además de las debidas a las frecuencias muy altas de los fonones en el dia
mante, figuró la aparición de picos anómalos, lo que obstaculizó la identificación de las polarizaciones. Se 

calculó que el margen de error en la medición de las frecuencias era del orden de 2-3%.
El resultado más notable de estas mediciones lo constituye la confirmación de las previsiones, basadas 

en la absorción infrarroja y en datos acerca del calor especfFico, de que el diamante no es un homólogo del 
silicio ni del germanio. Esa falta de homología se manifiesta principalmente en el comportamiento de las 

ramas acústicas transversales, las cuales, cuando se expresan en unidades debidamente reducidas, presentan una 

frecuencia que es casi doble en el diamante que en el silicio o el germanio. El resto de las curvas de dispersión 

observadas para el diamante se asemeja bastante a las del silicio y germanio. Estos resultados parecen indicar 
que los efectos de la polarizabilidad atómica, que tanta importancia revisten en los dos elementos recién 

mencionados, la tienen menos en el caso del diamante.

I. INTRODUCTION

Recently, attem pts have been made to deduce the phonon dispersion  
curves in diamond, following two basically different approaches. In one, 
phonon frequencies at critica l points have been obtained from  an analysis 
of the two-phonon infrared lattice absorption spectrum of diamond. These 
have been combined with information obtained from measurements of elastic
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constants, Raman frequency, and specific heat to construct a set of d is
persion curves [1]. A measurement of the high end of the phonon frequency 
distribution spectrum  has been made by studying the inelastic scatterin g  
of neutrons from  a diamond powder sam ple. The results were consistent 
with the critica l point frequencies obtained from  the infrared absorption  
experim ents [2 ].

In the other approach, use is made of the fact that dispersion curves  
have been measured by neutron spectroscopy for silicon [3] and germanium  
[4]. The results for these two substances, which both have the diamond 
stru ctu re, are  very  sim ilar when an appropriate scaling factor is applied. 
M oreover, the dispersion cu rves for both silicon and germ anium  can be 
fitted by a theory which takes into account the polarization of the atoms which 
o ccu rs during their vibrations [5, 6 ]. It has been suggested that the d is
persion curves for diamond might be obtained by properly scaling those 
measured in silicon and germanium [7]. It turned out that these two approaches 
predicted rather different dispersion curves for diamond. This experiment' 
was undertaken in an effort to establish the dispersion curves in diamond 
by a d ire ct m easu rem en t, using the m ethods of neutron sp e ctro sco p y .

Prelim inary results, including data for the transverse acoustic branches 
only, have been given in a previous report [8 ]. ,

II. THE DIAMOND SAMPLE

Since lattice vibrations are relatively insensitive to the degree of p er
fection of the cry s ta l, it was felt that an industrial grade diamond might 
prove to be an adequate sam ple. Such a stone was obtained on loan from  
Industrial D istributors (Sales) Lim ited. It was light brown in colour and 
weighed 242.80 ca ra ts  (48.56 g). (See F i g .l ) .

Diamonds have been classified as type I and type II on the basis of their 
absorption of ultraviolet and infrared radiation [9] . Type II diamonds 
absorb strongly in the ultraviolet below about 2270 Â, and have infrared  
lattice absorption bands between 2.5 and 6 /jm. Type I diamonds show strong 
absorption below about 3000 A, and possess an infrared absorption band 
in the neighbourhood of 8  ц т , in addition to those bands seen in type II. The 
additional absorption in type I has been attributed to nitrogen present as a 
substitutional impurity [10].- Some type II diamonds are  sem iconductors; 
these have been designated type II b, and the non-conducting variety are  
called type II a [11]. In ord er to classify  the diamond sam ple and to de
term ine its crystallographic quality, the following m easurem ents were 
made.
1. Infrared absorption. The absorption spectrum  was m easured in the 
range from  2.5 to 16 цш with a Perkin E lm e r Model 421 Grating S pectro-. 
m eter. The spectrum  was ch aracteristic  of a type II diamond, with negli
gible absorption in the neighbourhood of 8  цт.
2. U ltraviolet absorption. The absorption spectrum  in the range from  
6000 to 2330 Â was measured with a Cary Spectrom eter Model 14. The ab
sorption increased monotonically with decreasing wavelength. It increased  
sharply at 2350 A, and by 2320 A had exceeded the range of the instrument.
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Fig. l 

The diamond sample

3. E le c tric a l resis tan ce . The resistan ce  of the diamond was m easured  
acro ss the shortest dimension (about 5 /8  in) between electrodes formed of 
conducting paint, using a K eithley Model 415 m icro m icro am m eter and a 
45-V  im pressed  potential. The re s is tiv ity  was calculated  to be g re a te r  
than 1 0 12 Í2 cm.
4. Birefringence. The diamond exhibited birefringence when placed be
tween crossed  polaroids.
5. Mosaic structure. The crystal was placed in a neutron diffractom eter 
and a scan made over the surface of a reciprocal space sphere corresponding 
to (111) reflections. This scan revealed that there were actually three dis
tinct mosaic groups. The most intense reflections, which may be considered 
as due to the main body of the crystal, were approximately 40 times as strong 
as the next most intense, and 60 tim es as strong as the least intense. The 
cen tres of these la tte r  groups w ere displaced by five and th ree  d eg rees , 
respectively, from  the centre of the main group. Reciprocal lattice points 
due to the misoriented regions were about two degrees below the ( 1 1 0 ) plane 
in the quadrant in which the phonon dispersion curves were measured, which 
reduced their effect on the m easurem ents. The m osaic spread of the main 
body of the crystal was approxim ately Gaussian in shape, with a full width 
at half maximum of ~  I o.
6 . L attice  space. The cry stal was aligned with a ( ITO) plane horizontal, 
and an intensity contour map of the recip ro cal lattice  sites (008), (444), 
(660), (444), (008), (444), (660) and (444) was made. The contours were 
roughly elliptical in shape, with m ajor axes directed approxim ately along 
radial lines through (000). The centroids of the half-height contours were 
used to calculate the lattice  space of the cry s ta l . Values computed from  
individual recip ro cal lattice  points ranged from  3.5577 to 3.57 50 A. The
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average value obtained from the eight sym m etrically placed reciprocal lattice  
points was 3 .5680  ± 0 .0037  Á, which is in good agreem ent with the value 
3.5672 Â given in [12]. The spread in values obtained from individual re c i
procal lattice points is felt to be real and indicative of the presence of in
ternal strain  in the cry s ta l. This is consistent with the observed bi
refringence of the cry sta l.

The above measurements indicate that the diamond sample was type II a, 
had a relatively large mosaic distribution, and was subject to internal strain. 
To investigate whether these properties of the sam ple affected the lattice  
vibrations, a m easurem ent of the first order Raman line was made using 
a C ary  Model 81 Raman S pectrom eter. A value of 1331 ±1  cm 'i was ob
tained for the frequency shift. This is in close agreement with the published 
value of 1332 cm " 1 .

III. EXPERIM ENTAL DETAILS

Phonon dispersion curves in the diamond sample were m easured with 
a th re e -a x is  neutron diffraction sp ectro m eter located at the L os Alam os 
Omega W est R eacto r. A schem atic diagram  of the apparatus is shown in 
F ig . 2 . Neutrons from  the re a c to r  co re  passed through 3 in of beryllium  
and entered a beam tube, 3 in in diameter at the inner end tapering to a 2-in  
square cross-section . At the reactor operating power of 5 MW, the thermal 
neutron flux was 2 .5 XIO1 3 /cm 2 s at the inner end of the beam tube and 
1 .2 XIO9/cm 2 s at the monochromator position. The monochromator Bragg 
angle в was fixed at 18.9°. The incident neutron collimator employed Soller 
slits and had an angular divergence of 0.60° full width at half maximum.
The (220) planes of an aluminium cry sta l and the (1122) planes of a beryllium  
crystal were used as m onochrom ators. Both monochromator crystals had 
a m osaic stru ctu re  approxim ately 0.4° full width at half m axim um . The 
aluminium monochromator gave a neutron wavelength of 0.925 Â (0.096 eV) 
and the beryllium 0.627 Â (0.208 eV). The use of these rather high incident 
neutron energies was necessitated by the phonon energy spectrum in diamond, 
which extends up to 0.165 eV. The m onochromatic flux incident on the 
sample, as measured by a fission counter containing 3 mg of U235 , was 
6 .4 XIO5 /cm 2 s at 0.925 Â and 6 .7 X 1 0 4 /c m 2 s at 0.625 A.

The diamond was aligned in place by neutron diffraction. All m easure
ments were made in the (lTO) plane of the sample at room tem perature. 
Scattered neutron collim ators having angular divergences of 0.67° and 0.90° 
full width at half maximum were used at various tim es. These collim ators 
were also of Soller slit construction. The (111) planes of an aluminium 
cry s ta l w ere used to analyse the wavelength distribution of the scattered  
neutrons. A ceram ic end window B 10Fb proportional counter, Reuter-Stokes 
Model RSN -108S, was used as the neutron detector. Extensive shielding 
surrounded the m onochrom ator, analyser and d etector. The d etector 
counting ra te , with the reacto r on and the beam tube open and with the sample 
removed, was less than 1 cpm and was essentially independent of the sca t
tering angle and analyser setting. No filters or other special devices were 
used to reduce the fast neutron background.
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Fig. 2

Schematic diagram of the three-axis spectrometer.

The an aly ser B ragg angle A, the scatterin g  angle В and the cry s ta l  
orientation angle С were automatically set to values which were read from  
a punched paper tape. Angle A could be set to the nearest 0.001°, and angles 
В and С to the nearest 0.01°. Data were recorded on an electric typewriter, 
and could be punched on paper tape if desired. The constant-tj method of 
operation [13], with neutron energy loss, was used exclusively. Programme 
tapes were prepared directly on the Los Alamos MANIAC II digital computer. 
Scans of a single-phonon peak required from 3 .5 -  to 32-h running time. B e
cause of the long running times involved and the known constancy of the back
ground, no background counts were taken during the scans.

Care was taken to avoid satisfying the conditions for Bragg scattering  
of the incident neutrons when the analyser was set to re flect neutrons of 
twice or three tim es the incident wavelength. Under these conditions, 
elastically  scattered  neutrons could reach  the detector via second or third 
order reflection at the analyser and interfere with the observation of true  
one-phonon neutron groups.
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TABLE I

FR EQ U EN C Y и (IN UNITS O F 1 0 ^  ra d /s ) v ersu s REDUCED  
WAVE V ECTO R q/qmax (DIMENSIONLESS) FO R PHONONS 

PROPAGATING IN TH E [100] DIRECTION IN DIAMOND

l/ lm a x “ TA a>ro “ LA “ LO

0.30 0.645 2.42

0.35 0.743

0.40 0.858 2.37

0.45 0.946

0.50 , 1.025 2.29 1.39

0.55 1.091

0.60 1.156 2.25 1.68

0.65 1.215

0.70 1.274 2.18 1.87

0.75 1.322

0.80 1.370 2.12 2.00 2.42

0.85 1.418

0.90 . 1.459 2.07 2.14

0.95 1.492

1.00 1.513 2.03 2.25 2.25

Note: Errors are estimated to be in the range 2-3^o.

Polarizations w ere identified by selecting regions in the re c ip ro ca l  
lattice where the desired phonon was the only one which would be expected 
to have appreciable intensity.

IV. RESULTS

The experim ental data are  given in Tables I and II. Some of the data 
are  averages of frequencies obtained from  two o r m ore individual scan s. 
In general, the tran sv erse  phonons w ere m ore intense and better focused  
than the longitudinal ones, and are therefore considered to be the more 
accu rate . E r r o r s  in the individual frequencies are  estim ated to be of the 
order of 2-3% .

In F ig . 3 we show the experimental dispersion curves together with the 
critical point frequencies deduced from infrared absorption by HARDY and 
SMITH [1]. The agreem ent may be seen to be reasonably good. One dis
crepancy exists, however. Hardy and Smith assumed that the highest fre^
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TABLE II

FR EQ U EN C Y  u (IN UNITS O F 1 0 ^  rad /s ) v ersu s REDUCED  
WAVE VECTOR q /q max (DIMENSIONLESS) FO R PHONONS 

PROPAGATING IN THE [111] DIRECTION IN DIAMOND

Ч/Чгпах ШТА ШТ 0 “ LA “ LO

0.30 0.531

0.35 0.606

0.40 0.671 1.06

0.45 0.734

0.50 0.791 2.37 1.25

0.55 0.839

0.60 0.877 2.29 2.40

0.65 0.921

0.70 0.948 2.27 1.63

0.75 0.981

0.80 1.008 2.26 1.83 •2.38

0.85 1.014

0.90 1.028 2.26 1.87

0.95 1.036

1.00 1.040 2.28 1.95 2.34

Note: Errors are estimated to be In the range 2-Ъ%

quency at each critical point is the transverse optical, whereas we find that 
the longitudinal optical branch has the highest frequency.

In ord er to make a com parison between silicon and diamond we have 
put the frequencies into dimensionless form by dividing by the corresponding 
Raman frequency. This is not the only way to make a dimensionless com
parison but should at least be independent of any theoretical model. The 
com parison is given in F ig . 4 .

It is im m ediately evident that the two substances are  not homologous. 
In diamond the LO branch is highest and in silicon the TO branch is highest. 
The ТА branches are much flatter in silicon than they are in diamond. The 
longitudinal branches are  in general somewhat higher in diamond than in 
silicon. The m ost striking differences may be expressed  by saying that 
the splitting of the ТА and TO branches at the zone boundaries is much 
la rg er in silicon than it is for diamond.

F o r  phonons which propagate in sym m etry directions, the atom ic 
motions correspond to whole planes of atoms moving in phase. The equations 
of motion are form ally equivalent to those for a linear chain and can be
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CRITICAL — q/q_„JIII) CRITICAL q/qmax(IOO) —  CRITICAL
POINT POINT . POINT

L Г X
Fig.3

Experimental dispersion curves for diamond.
The point indicated by the square symbol is the Raman frequency 

determined from optical measurements.
The solid lines through the origin indicate initial slopes 

calculated from the elastic constants of McSKIMIN and BOND [14].
The dashed lines suggest the trend of the curves but have no theoretical significance.

The points with error bars plotted at the sides of the figure are the 

critical point frequencies obtained from infrared absorption measurements by HARDY and SMITH [1 ]. 
They are to be compared with the zone boundary values 

of the observed dispeision curves.

solved exactly in term s of param eters which represent the force on a given 
atom due to the displacem ent of an entire plane of neighbours. As a f irs t  
step in the analysis of the dispersion curves, we have fitted the data with 
theoretical curves derived from  linear chain models to obtain interplanar 
force constants for each measured polarization and direction of propagation. 
We have not yet obtained atomic param eters from  the interplanar force  
constants. We have, however, obtained estim ates of the elastic constants 
by going to the long wavelength lim it of the linear chain models. Although 
this method of determining elastic constants is not particularly  accu rate , 
the values obtained were much clo ser to those of McSKIMIN and BOND [14] 
than they were to any of the other reported values [15, 16, 17].

V. SUMMARY

Dispersion curves for the [100] and [111] directions in diamond have 
been obtained with 2-3%  accu racy  by neutron spectroscopy. Frequencies

24
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q / q m ax—'" q / q max

Fig. 4

Comparison of the experimental dispersion curves of diamond and silicon.

The curves for silicon were plotted from the data of DOLLING [6 ].
Both sets of curves have been normalized by dividing by the Raman frequency.

at the zone boundary critica l points are in reasonable agreement with those 
deduced from  infrared lattice absorption m easurem ents, although the 
identification of the polarizations is different. Diamond is definitely not 
homologous to silicon and germanium. Of the various elastic constants 
which have been reported for diamond, those of McSkimin and Bond are the 
most compatible with the neutron data.
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D I S C U S S I O N

G. DOLLING: You mention that you tried a F o u rier analysis, in term s 
of "in terplanar" force constants, for the ТА and TO modes along the 1111] 
direction. Did you try  a simple Fou rier analysis of the L [100] modes, which 
a re  continuous in the extended zone schem e and, if so, how many F o u rier  
coefficients (and hence interatom ic fo rces) w ere required?

J .  WARREN: The data required only three interplanar force constants 
in the L  [100] direction. This implies only three atomic neighbours. How
ev er, the data fo r the tra n sv e rse  branches in the [ 1 1 1 ] d irection , which 
is m ore accu rate , indicate that five o r perhaps even six atomic neighbours 
will be n ecessary  as in the case  of germanium.
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Abstract — Résumé — Аннотация — Resumen

THE CRYSTAL DYNAMICS OF URANIUM DIOXIDE. The normal modes of vibration of uranium dioxide 

have been studied by means of coherent one-phonon scattering of slow neutrons from a single crystal specimen 

of stoichiometric composition. The measurements, which were performed at room temperature, were made 

using the triple-axis crystal spectrometer at the NRU reactor at Chalk River, mainly by means of the "constant* 
(3" technique. Since the crystal structure of uranium dioxide is of the calcium fluoride type, it is possible 

to measure six distinct branches of the dispersion relation propagating along the highly symmetric directions 

[ 00ç ], [ÇÇ0]  and [£CC], with the crystal oriented in the ( 1 10 ) mirror plane. (£ is a wave vector co-ordinate 

expressed in reciprocal lattice units). There are three frequencies for the long wavelength optic modes of 
the calcium fluoride structure. In uranium dioxide the triply-degenerate mode has a frequency of 13.42 ±0.16 

(units 1012 c/s), the transverse optic mode a frequency of 8.52± 0.11, and the longitudinal mode a frequency 

of 16.7±0.6. These results may be used together with the measured refractive index, and the relation con* 

necting the frequencies of the optic modes and the dielectric constants derived by Lyddane, Sachs and Teller, 
to predict a static dielectric constant of 20.411.6. The frequencies of the acoustic modes with wave vector 

(0, 0 ,1 ) are for the transverse branch 3.27 ± 0.08, and for the longitudinal branch, 5.27 ± 0.08. For the wave 

vector (0.5, 0.5, 0.5), the corresponding frequencies are 2.75±0.04 and 5.24±0.10. The slopes of the acoustic 

dispersion curves at long wavelengths enable the elastic constants to be predicted as follows: Cxi, 4 .2±0.2; 
C i2, 1.3±0.2; С 44, 0.75±0.06 (units 1012 dyn/cm2).

DYNAMIQUE DES CRISTAUX DE BIOXYDE D'URANIUM. Les auteurs ont étudié les modes normaux 

de vibration du bioxyde d'uranium au moyen de la diffusion cohérente, à un phonon, des neutrons lents 

provoquée par un monocristal de composition stoéchiométrique. Les mesures ont été effectuées, à la tem
pérature ambiante, au moyen du spectromètre à cristal triaxial du réacteur NRU, à Chalk River, en général 
à l'aide de la technique de <c§ constant». Etant donné que la structure cristalline du bioxyde d*uranium 

est du type fluorure de calcium, il est possible de mesurer les six branches distinctes de la relation de dispersion 

qui*se propagent dans les directions fortement symétriques [00g] et [CÇO] et [££{;], le cristal étant orienté 

dans le plan miroir (H O ). (£ est une coordonnée du vecteur d*onde exprimée en inverses d'unités du réseau.) 
Les modes optiques de grande longueur d'onde de la structure fluorure de calcium comportent trois fréquences. 

Dans le bioxyde d’uranium, le mode triplement dégénéré a une fréquence de 13,42± 0,16 (unités de 1012 c/s), 
le mode optique transversal, une fréquence de 8,52±0,11 et le mode longitudinal, une fréquence de 16,7±0,6. 
Ces résultats utilisés en conjonction avec la mesure de l'indice de réfraction et la relation entre fréquences 

des modes optiques et constantes diélectriques établie par Lyddane, Sachs et Teller, permettent de prévoir 

une constante diélectrique statique de 20,4 ±  1,5. Les fréquences des modes acoustiques à vecteur d'onde (0, 
0,1) sont, pour la branche transversale, 3,27 ± 0,08 et pour la branche longitudinale, 5,27±0,08. Pour le vecteur 
d'onde (0,5, 0,5, 0,5), les fréquences correspondantes sont 2,75±0,04 et 5,24±0,10. Les pentes des branches 

acoustiques de la courbe de dispersion pour les grandes longueurs d'onde permettent de prévoir les constantes 

d'élasticité suivantes*. Сц , 4 ,2±0,2 ; C 12 , 1,3±0,2; C 44, 0,75±0,06 (en unités de 1014dyn/cm2).

Д И Н АМ И К А К Р И С Т А Л Л А  Д ВУО К И СИ  У Р А Н А . Нормальные формы колебания двуокиси 
урана были изучены с помощью когенентного одиофононного рассеяния медленных нейтронов 
на монокристаллических образцах стехиометрической структуры. Измерения, которые осу 
ществлялись при комнатной температуре с помощью трехосного кристаллического спектро
метра на реакторе N R U  в Ч ок -Ривер , проводились главным образом с применением методики 
"постоянного 3 " .  Поскольку кристаллическая структура двуокиси урана подобна структуре 
фторида кальция, можно измерить шесть отдельных ветвей связей дисперсии, распространяю
щихся вдоль высокосимметричных направлений [ 00Ç] ,  IÇÇ0J и IÇÇÇJ, если кристалл ориенти
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рован в плоскости зеркала (110 ). (Ç —координат волнового вектора, выраженный в обратных 
единицах реш етки). Имеются три частоты для длинноволновых оптических колебаний струк
туры фторида кальция. В  двуокиси урана трижды вырожденное колебание имеет частоту  
13,42±0 ,16  (единиц 1012 герц ), поперечное оптическое колебание—частоту 8 , 5 2 ± 0 , П  и про
дольное колебание — 16,7 ± 0,6.  Эти результаты можно использовать вместе с измеренным  
показателем  преломления и соотношением, связывающим частоты оптических колебаний и 
диэлектрические постоянные, выведенным Лидданом, Захсом  и Т еллером  для определения  
статической диэлектрической постоянной порядка 20,4 ±1 , 5 .  Частоты акустических коле 
баний с волновым вектором (0 ,0 ,1 ) составляют для поперечной ветви 3 , 27±0, 08 ,  а для про
дольной—5,27± 0,08. При волновом векторе (0 ,5,0,5,0,5) соответствующие частоты составля
ют 2 ,7 5±0 ,04  и 5 , 24±0 , 10 .  Наклоны кривых акустической дисперсии при больших длинах  

волн позволяют предсказать следующие размеры постоянных упругости: С ц , 4 , 2 ± 0 , 2 ;  

С ¡2 , 1,3± 0,2; С 44 » 0,75 ±0 , 06  (единиц 1012 дин/см2) .

-DINAMICA DE LA RED CRISTALINA DEL DIOXIDO DE URANIO. Los autores han estudiado los modos 

normales de vibración del dióxido de uranio por dispersión coherente monofonónica de neutrones lentos en 

un monocristal de composición estequiométrica. Efectuaron las mediciones a temperatura ambiente con el 
espectrómetro de cristal triaxial instalado en el reactor NRU de Chalk River, aplicando principalmente la 

técnica de « O  constante». Dado que la estructura cristalina del dióxido de uranio es del mismo tipo que 

la del fluoruro cálcico, las seis ramas separadas de la relación de dispersión que se propagan en las direcciones 

de elevado grado de simetría [OOç], [ç£0] y [£££] pueden medirse con el cristal orientado según el plano 

especular (110). (ç es una coordenada del vector de ondas, expresada en unidades del reticulado recíproco. ) 
Los modos ópticos de onda larga de la estructura del fluoruro cálcico presentan tres frecuencias. En el dióxido 

de uranio, la frecuencia del modo de degeneración triple es 13,42±0,16 (unidad: 1012 c/s), la del modo 

óptico transversal 8,52*0,11, y la del longitudinal 16,7± 0,6. Estos resultados se pueden emplear en combi
nación con e l índice de refracción medido y con la fórmula de Lyddane, Sachs y Teller, que vincula las 

frecuencias de los modos ópticos con las constantes dieléctricas, para predecir una constante dieléctrica está
tica de 20,4 ± 1,5. Las frecuencias de los modos acústicos con un vector ondulatorio (0, 0 ,1 ) ascienden a 

3,27 ±0,08 para la rama transversal y a 5,27 ±0,08 para la longitudinal. Las frecuencias correspondientes 

al vector de ondas (0,5, 0,5, 0,5) son 2,75 ± 0,04 y 5,24 ± 0,10. La pendiente de las curvas de dispersión acús
tica para grandes longitudes de onda permite evaluar las constantes de elasticidad siguientes: C 11 -4 ,2  ±0,2; 

Ci2 = 1,3± 0,2; C44 = 0,75± 0,06. (unidad: 1012 dinas/cm2).

1. INTRODUCTION

The physical properties of uranium dioxide (UO^) have been the subject 
of considerable study, particularly  those p roperties of the bulk m aterial 
which are required for engineering applications [1,2] .  In spite of this, in
formation concerning the crystal dynamics (including m easurem ents of the 
elastic  and d ielectric constants) is v ery  sp arse , and while it is known to 
become antiferrom agnetic [3,4]  at about 28°K, the details of the magnetic 
structure are  still uncertain.

Accordingly, a series of experiments utilizing inelastic neutron scattering 
from  a single cry s ta l specim en has been initiated to study the dynamical 
properties of UO2 ; this paper reports m easurem ents of the frequency-wave 
vector (v(q)) dispersion relation for the norm al modes of vibration propa
gating in the [0 0 Ç], [ÇÇ0 ], and [£££] directions.

Previous experim ents [5] using a powdered specim en have m easured  
the energy distribution of neutrons at several angles of scattering. Features 
of this distribution can be correlated  with the m easurem ents of v(cj) des
cribed below.

Uranium dioxide has the calcium  fluoride stru ctu re, i . e .  three in ter
penetrating face-cen tred  cubic la ttices, a uranium ion being at the origin
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and oxygen ions at ( i ,  i ,  i )a  and ( - j ,  - 5 , -| )a , where a is the cubic unit cell 
side. Measurements of i/(q) for calcium fluoride have been carried out using 
X -ra y  [6 ] and inelastic neutron scattering [7] techniques.

2. EXPERIMENT

The measurements were made at a temperature of 296°K using a single
crystal specimen about 1 cm in diam eter and 3 cm in length. The specimen 
was oriented with its ( 1 1 0 ) plane parallel to the plane containing the incident 
and scattered  neutron beam s. The experiments were carried  out using the 
trip le-axis crystal spectrom eter at Chalk River, generally in its constant- 
<5 mode of operation [8 ]. Neutron energy loss processes were observed and 
the energy of the incident neutrons was varied. Analyser angles c o r r e s 
ponding to scattered  neutron energies of 0. 0217 and 0.0320 eV w ere used 
for the m ajority of the m easurem ents. Measurements were made along the 
[0 0 Ç], [ÇÇ0] and [£?£] sym m etry  directions, and stru ctu re  facto r ca lcu 
lations, based on a rigid ion model for UO2 , w ere used as a guide in de
termining the most suitable points in recip rocal space at which to conduct 
the experim ents.

The determination of the dispersion curves yielded to straightforward  
techniques quite readily in m ost ca se s . The longitudinal acoustic (Aj(A)) 
branch in the [0 0 Ç] direction near £ * 0 . 7 ,  proved difficult to observe and 
no position in recip ro cal space could be found which simultaneously had a 
favourable structure factor and a good focussing arrangement. The highest 
frequency optic branches, A i(0), Ei(01) and Л (01), w ere also difficult to 
determ ine but this was mainly due to the high frequencies involved.

3. RESULTS AND DISCUSSION

Figure 1 shows the measured dispersion curves for the [00Ç], [f£0]and  
[ÇÇÇ] directions and Table I lis ts the frequencies of some selected modes. 
The e rro rs  are  generally 2 to 3% in frequency but are  considerably la rg er  
for the branches of highest frequency.

These curves show sev eral unexpected featu res. The longitudinal 
acoustic and tran sverse optic branches are accidentally degenerate, within 
the lim its of the experim ent, at the point (0, 0, 1). The ratio  of the m ass of 
uranium to that of oxygen is very large, 14.9,  and it might be expected that 
there would be a considerable gap in the frequency distribution function be
tween the optic and acoustic branches. The curves show quite clearly  that 
there is no band gap between the optic and acoustic branches. For example, 
the Д2 branch in the [0 0 Ç] direction falls steeply from  â frequency of 
13. 42X1012 c / s  at q = 0 to a frequency of 5 . 27X1012 c / s  at the zone boundary.

Table II lis ts some of the properties of UO2 compared with values de
rived from  the experim ental resu lts . Agreement with lim ited data on the 
elastic constants is reasonably good. The high frequency dielectric constant 
is known, but a lite ra tu re  search  failed to d isclose a value for the sta tic
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TABLE I

FREQUENCIES OF SELECTED  NORMAL MODES OF VIBRATION 
IN URANIUM DIOXIDE AT 296°K

Wave vector co-ordinates 

(Ci. Cl. Cs)
Mode

Frequency 

(units 10“  c/s)

(0. 0. 0) (Longitudinal) 16.7 ±  0.6

r¿ 13.42 ±0.16

(Transverse) 8.52*0.11

(0, 0.1.0) Mi 18.6 ±1.0

M'5 13.68 ±0.21

Ms 6.98 ±0.12

M's
5.27 ± 0.08

M*5 3.27 ± 0.08

(0.6, 0.6, 0) Ei(01) 16.8 ±0.7

£i(02) 14.0 ±0.5

2,(01) 9.85 ±0.20

E3(02) 6.49 ±0.11

£i(A ) 4.64 ±0.07

Ej(A ) 4.25 ±0.06

(0.5.0.5.0.5) L'> (17.5 ±1.3)

Li 12.6 ±0.4.

L's 12.2 ±0.4

L 3 10.57 ±0.25

L’l 5.24 ±0.10

L'3 2.75±0.04

Note; No space group symbol is shown for the lis modes at q = 0 which are split by the macro
scopic electric field.

d ielectric constant. This may be calculated from  the LYDDANE, SACHS 
and T E L L E R  relation [91, namely

(l/L o /l/T2o)q=o = eo / e~-

In this equation (i/lo)q = о and (^то)д = о are the frequencies of the non-degenerate 
longitudinal and tran sv erse  optic modes at q = 0 , and e0 and the static
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[00 C]—  —  [CÍO] [К С ]-

R E D U C E D  W A V E  V E C T O R  C O - O R D I N A T E  Ç 

F ig .  1

The dispersion curves of uranium dioxide at 296* К 

Open circles and triangles indicate the polarization index assigned to each mode.
Solid points denote uncertain polarization.

No space group symbol is shown for the Г » modes at q=0  

which are split by the macroscopic electric field.
The solid lines represent the best least-squares fit to the results on the basis of a rigid ion model.

TABLE II

SOME PRO PERTIES OF URANIUM DIOXIDE AT 296°K

Property
Values

This paper Other references

Lattice constant (Â ) 5.469 [1]

Elastic constants: Си 4.2 ±0.2

(1011 dyn/cm) C12 1.3 ±0.2

c« 0.75 ±0.06

(0.61 Cu + 0.39 C 12 + 0.78 C „  ) 3.65 ±0.2 3.4 ±0.2 [2]

Dielectric constants: tw - 5.3. [1]

eo 20.4 ±1.5
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and high frequency d ielectric constants; the resulting e0 is included in 
Table II.

The solid curves shown in Fig. 1 were calculated on the basis of a rigid 
ion model for the interionic fo rces in uranium  dioxide. Six p aram eters  
w ere employed to describe axially sym m etric short range forces between 
the uranium and the oxygen ions, between nearest-neighbour oxygen ions, 
and between neighbouring uranium ions. The ionic charge was described  
by a seventh p aram eter. B est-fit values for the seven p aram eters w ere 
obtained from, a least-sq u ares analysis of the experim ental results along 
the [00Ç] and [ÇÇÇ] directions. The agreem ent obtained with experim ent 
is not good, but could presumably be improved by taking account of the 
polarizability of the ions by means of a shell model. We hope to complete 
an analysis of this kind in the near future.
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D I S C U S S I O N

W. GLASER: Have you tried  to calculate a frequency distribution from  
the force constants of your fit and, if so, how does this com pare with the 
d irectly  m easured distribution of Thorson and Haywood?

G. DOLLING: No, we have not done this, sin ce we a re  not yet fully 
satisfied with the dipole approximation models we have recently constructed. 
However, there a re  a few kinks in the scatterin g  distribution observed by 
Thorson and Haywood, and these corresp on d  quite w ell with ce rta in  flat 
regions (dv/dq= 0 ) of our m easured  dispersion  cu rv e s .
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INTERFERENCE EFFECTS IN SLOW NEUTRON INELASTIC SCATTERING FROM POLYCRYSTALLINE 

SOLIDS. Slow neutron inelastic scattering measurements have been made at the MTR on polycrystalline 

samples of beryllium and aluminium, both coherent scatterers. The inelastic scattering for both samples 

displays considerable structure which is directly related to the interference conditions for coherent scattering. 
Energy transfers observed in both experiments extend beyond the range for single-phonon scattering, and the 

observed wave-vector changes span the region where interference effects are important. Details in the ob
served structure are correlated with (1) the periodic nature of the reciprocal lattice, (2) the polarization factor 
(X *T )2, (3) the so-called "dynamic structure factor" g? (3), and (4) the frequency distribution of the lattice 

vibrations. An attempt was made to obtain the frequency distribution from the data by applying the incoherent 
approximation, and it is concluded that this approximation can be relied on only to give the approximate lo
cations of strong maxima and the approximate cut-off frequency of the distribution.

EFFETS D’INTERFÉRENCE DANS LA DIFFUSION INÉLASTIQUE DES NEUTRONS LENTS PAR DES SOLIDES 

POLYCRISTALL1NS. Au réacteur d’essai de matériaux exploité par la Phillips Petroleum Company à Idaho 

Falls (Idaho, Etats-Unis), les auteurs ont procédé à des mesures de la diffusion inélastique des neutrons lents 

par des polycristaux de béryllium et d'aluminium, agents de diffusion cohérente l'un et l ’autre. La diffusion 

inélastique par ces deux polycristaux présente une structure dont une grande partie est en relation directe 

avec les conditions d’interférence pour la diffusion cohérente. Les transferts d’énergie observés dans l’une 

et l ’autre expérience ont une portée plus grande que pour la diffusion à un phonon, et les variations du vecteur 
d’onde observées couvrent la région où les effets d’ interférence sont importants. Des'aspects particuliers de 

la structure observée sont en corrélation avec les caractéristiques suivantes: 1. le caractère périodique du 

réseau réciproque; 2.1e facteur de polarisation (K * fV ; 3 .1e«facteur de structure dynamique» g^ (q ); 4. la 

distribution de fréquence des vibrations du réseau. A partir des données établies, les auteurs se sont efforcés 

de déterminer la distribution de fréquence en appliquant l ’approximation d’incohérence, et ils sont parvenus 

à la conclusion que cette approximation permet seulement de déterminer d ’une manière approximative les 

emplacements des maxima élevés et la fréquence de coupure de la distribution.

ЭФ ФЕ К Т Ы И Н Т Е Р Ф Е Р Е Н Ц И И  П Р И  Н Е У П Р У Г О М  Р А С С Е Я Н И И  М Е Д Л Е Н Н Ы Х  Н Е Й 
Т Р О Н О В  НА П О Л И К Р И С Т А Л Л И Ч Е С К И Х  Т В Е Р Д Ы Х  Т Е Л А Х . Измерения неупругого р ас 
сеяния медленных нейтронов проведены на реакторе M T R  в поликристаллических образцах  
бериллия и алюминия, об а—когерентные рассеятели. При неупругом рассеянии у обоих об 
разцов обнаруживается сложная структура, которая непосредственно связана с условиями  
интерференции при когерентном рассеянии. Передача энергии, наблю даемая в обоих экс
периментах, выходит за  рамки диапазона рассеяния единичного фонона, и наблюдаемые из
менения волнового вектора охватывают область, в которой эффекты интерференции играют 
важное значение. Подробности в наблюдаемой структуре уточняются с учетом 1) периодич
ности обратной решетки, 2) коэффициента поляризации (к . | )2 , 3 ) так назы ваем ого "коэф 
фициента динамической структуры" g?(q) и 4) частотного распределения колебаний решетки. 
Бы ла предпринята попытка вывести частотное распределение из данных путем применения 
некогерентного приближения. Делается вывод, что такое приближение может служить осно
ванием только при определении приблизительных местоположений основных максимумов и 
приблизительной пороговой частоты распределения.

*  Work performed under the auspices of the United States Atomic Energy Commission.
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EFECTOS DE INTERFERENCIA EN LA DISPERSION INELASTICA DE NEUTRONES LENTOS EN SOLIDOS 

POLICRISTALINOS. Los autores han efectuado en el reactor MTR mediciones de la dispersión ¡nelástica de 

neutrones lentos en muestras policristalinas de los dispersores coherentes berilio y aluminio. La dispersión 

inelástica en estos elementos presenta una estructuración considerable, que guarda una relación directa con 

las condiciones de interferencia para la dispersión coherente. Las transferencias de energfa observadas en 

los dos experimentos abarcan un intervalo más extenso que el que corresponde a la dispersión monofonónica, 
y los cambios del vector de onda observados llegan hasta la región en que los efectos de interferencia adquieren 

importancia. Se establece una correlación entre los detalles estructurales observados y 1) el carácter periódico 

del reticulado reciproco, 2) el factor de polarización (ií-lT)2, 3) el denominado «facto r dinámico de 

estructura »  gf(3), y 4) la distribución de las frecuencias de las vibraciones reticulares. Los autores procuran 

establecer la distribución de las frecuencias a partir de los datos obtenidos, utilizando la aproximación in

coherente, y llegaron a la conclusión de que sólo es válida para determinar la localización aproximada de los 

máximos acusados y hallar la frecuencia aproximada de corte de la distribución.

1. INTRODUCTION

Inelastic scattering studies of polycrystalline solids have been focused 
prim arily on incoherent o r partially incoherent sca tte rers  [1 ] for which one 
can ex tract the phonon frequency distribution from the scattering data. By 
way of contrast, in this paper we are concerned with scattering from poly
crystalline m aterials which are  purely coherent sca tte re rs . Previous work 
in this area  includes measurements on graphite [2] and beryllium [3] .B ery l
lium powder was studied at the M aterials Testing R eacto r (MTR) 14] as a 
supplement to the previous m easurem ents of the dispersion relations for 
sin gle-crystal beryllium [5] ,  and because of the stru ctu re observed in the 
beryllium powder data, m easurem ents on aluminium w ere undertaken.

The choice of aluminium was made because of its sim pler crystal structure, 
face-cen tred  cubic, com pared to the hexagonal close-packed stru ctu re  of 
beryllium. Aluminium has one atom per primitive ynit cell compared to two 
for beryllium and, hence, three branches to its dispersion relation compared 
to six  for beryllium . The phonon dispersion relatio ns [5, 6 ] have been 
m easured for both m ateria ls and their frequency distributions [7, 8 ] have 
been calculated. Both m aterials are cohereTrt'Scatterers with low absorption 
cro ss-sectio n s.

In the neutron scattering process the energy and momentum transfer are 
given by ftu and Ьк respectively where ic = k0 - k and hu = E - E 0 . The energy 
and wave v e c to r of the neutron before and after scatterin g  a re  given  
respectively  by E 0 , k0 and E , k. F o r  the ca se  of coherent scatterin g by a 
solid, the wave vector equation is modified to к = k0 - k  = 2 ffT-q, where т is  
a translation vector of the recip ro cal lattice , q is the phonon wave vector, 
and the phonon dispersion  relation  is given by u = u (q). The differential 
c ro s s -s e c tio n  for coherent single-phonon scatterin g  by a solid has been 
worked out by others [9, 10] and will be re fe rre d  to in the analysis of the 
aluminium and beryllium data. In addition, EG ELSTAFF [11] has discussed 
the interpretation of data for coherent scattering from polycrystalline solids.

Slow neutron scatterin g  m easurem ents w ere made on polycrystalline  
sam ples of aluminium and beryllium using the MTR phased-chopper velocity  
se lecto r [1 2 ] ,  and the results are  presented in the form of reduced partial 
differential cro ss-se c tio n s  S(k, hu). Structure is observed in the data for 
both sam ples and is due in part to the modified form of the wave vector
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equation which applies here. The shift in the structure on the к-sc a le  for 
aluminium as the energy tra n sfe r in cre a se s  is related  to the polarization  
facto r (к • f ) 2 where f  is a unit vector in the direction of the phonon p olari
zation. The effect of the polarization factor appears to be obscured in the 
beryllium  data; however, a shift of the stru ctu re  for energy tra n sfe rs  in 
the range of the optical frequencies is observed and is attributed to the 
stru ctu re  fa cto r g?(q).

An attempt was made to obtain a frequency distribution from the alumi
nium data by assuming the sample to be an incoherent scatterer. The results 
of this calculation  indicate that the approxim ation, at b est, can  give only 
an approxim ate description of the frequency distribution.

2. EXPER IM EN T A L DETAILS

2.1. Apparatus

The scattering data of these experim ents were obtained using the MTR 
phased-chopper velocity  s e le c to r  1.12] . A plan view of the experim ent is 
shown in F ig . 1. The ro to r  system  as it now exists  co n sists  of a p a ir  of 
F e rm i-ty p e  choppers, designated A and D, and two rotating co llim ato rs , 
designated В and C, the latter of which are 12 in in diam eter. Rotor speeds 
of 1 2  0 0 0  rpm and 6000 rpm are  now used for choppers and collim ators, r e 
spectively. At the time that measurements on beryllium powder were started, 
all ro to rs w ere spun at 6000 rpm . Subsequent data w ere obtained with all 
ro to rs at 7500 rpm and finally with the choppers at 12 000 rpm. All alumi
nium data were obtained with the highest chopper speed. A factor of two has 
been gained in the time resolution of the neutron burst in going from 6000 rpm 
to 12  0 0 0  rpm.

The angular resolution of the experiment has also been improved, particu
larly  at forward scattering angles, by using a sm aller number of BF3 detec
to rs to define each scattering angle. The angle subtended in the horizontal 
plane by each detector bank increased from 3.64° at the most forward angle 
of 16° to 7.28° at a scatterin g  angle of 144° .  A total of fifteen scatterin g  
angles w ere used in these experim ents.

The mode of operation in these experim ents has followed the pattern  
established in other MTR experim ents 113] . The sam ple and an identical 
empty sample holder were cycled into the beam alternately for 1 0 - min inter
vals, the data for each scattering angle being stored in a 2 56-channel segment 
of the tim e-of-flight analyser. Ten m icrosecond channels were used in ob
taining all data. Incident energies between 0.04 and 0. 10 eV w ere used in 
the beryllium experim ent and between 0.02 and 0.06 eV for the aluminium.

2.2. Samples

The beryllium sample consisted of a layer of powder held between 10-mil  
aluminium sheets, being clamped around the edges. Principal contaminant 
in the beryllium sample was oxygen which, because of its sm all amount and 
scattering properties, had a negligible effect on the results.
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Fig. 1
Plan view of the MTR slow-neutron velocity selector

The aluminium sam ple was composed of a set of blocks, each  2 in X 
0.25 in X 0.46 in. These blocks were made by pressing aluminium powder 
and then heating each to 500° С in a vacuum to remove the uniwax lubricant 
which was used in pressing. To assess the effects of multiple neutron sca t
tering in the sam ple, data were obtained in the aluminium experiment with 
and without the aluminium blocks separated  by a lay er of cadm ium .

Both sam ples had a tran sm issio n  of 0.87 with the sam ple oriented at 
45° to the incident beam .

3. RESULTS

The data from both experim ents were converted to partial differential 
c ro s s -s e c tio n s  d2a / de df 2 and reduced p artial differential c ro s s -s e c tio n s  
S(k,íiu), the la tter being presented here in the form S versus к for constant 
hw. Reference to the energy transfer is in term s of the dimensionless v ari
able e =hu/kBT. With data having been obtained at fifteen different scattering 
angles and a number of incident energies the data are  overdetermined, and 
for this reason the data have been averaged [4]. A comparison of the averaged 
data and the unaveraged data is made in Fig. 2 for beryllium data at an energy 
tra n sfe r e = fiu/kBT = 1.75.  Through the averaging p ro cess the number of 
data points in this figure is reduced from  183 to 2 0. E r r o r s  have been 
evaluated for the averaged points by two methods, first from counting statis-
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Reduced partial differential cross-section data for beryllium comparing 

the averaged (open points) and unaveraged (solid points) data

t i c s  and se c o n d  fr o m  the s ta n d a rd  d e v ia t io n  o f the d a ta  p o in ts  fro m  the a v e r a g e  
v a lu e  S , and th e l a r g e r  e r r o r  i s  d is p la y e d  in  the f ig u r e .  In F i g . 3 a  c o m p o s ite  
o f  the re d u c e d  p a r t ia l  d i f fe r e n t ia l  c r o s s - s e c t io n s  fo r  b e r y ll iu m  i s  show n and 
F i g .  4 d is p la y s  the c o r re s p o n d in g  d a ta  fo r  a lu m in iu m .

In th e se  m e a s u re m e n ts  the e la s t ic  p o rtio n  o f the s c a t t e r in g  in  the c r o s s 
s e c t io n  p r o f i l e s  i s  e a s i l y  d is t in g u is h a b le  fr o m  th e  in e la s t i c  s c a t t e r in g  b e 
c a u s e  o f  i t s  m a g n itu d e  and  th e  fa c t  th at it  m a tc h e s  c lo s e ly  the re s o lu t io n  o f 
th e  in c id e n t  n e u tro n  b u r s t .  F o r  th e s e  r e a s o n s  it  h a s  b ee n  p o s s ib le  to s e p a 
ra t e  out the re d u c e d  p a r t ia l  d i f fe r e n t ia l  c r o s s - s e c t io n s  fo r  e la s t ic  s c a t te r in g  
w h ich  a r e  d is p la y e d  fo r  b e r y l l iu m  and a lu m in iu m  in  F i g s . 5 and 6 , r e s p e c t iv e ly .  
F o r  the a lu m in iu m  d a ta  o f  F i g .  6, a  c o m p a r is o n  is  m ad e  o f  the d a ta  obtained  
w ith  and w ith ou t ca d m iu m  s p a c e r s  in  the s a m p le .

4 . D ISC U SSIO N

T h e  e l a s t i c  s c a t t e r i n g  d a ta  o f  F i g s .  5 an d  6 d i s p l a y  v e r y  p r o m in e n t  
s t r u c t u r e s  w h ich  a r e  due to B r a g g  s c a t t e r in g . S c a t t e r in g  fro m  a  g iv e n  s e t  o f 
c r y s t a l l in e  p la n e s  (hkl) i s  r e s t r ic t e d  su c h  th at |KBragg | = 27r/ dhkl w h ich  m a k e s  
i t  e a s y  to  id e n t i fy  c o n t r ib u t io n s  fr o m  d i f fe r e n t  p la n e s .  A t  к - v a l u e s  b e lo w  
th e m in im u m  a llo w e d  fo r  s in g le  B r a g g  s c a t t e r in g  the d a ta  a r e  due p r im a r i ly  
to  m u lt ip le  e l a s t i c  s c a t t e r i n g .  T h e  e f f e c t  o f  th e  c a d m iu m  s p a c e r s  in  th e  
a lu m in iu m  s a m p le  i s  sh ow n  in  F i g .  6 . T h e s e  s p a c e r s  re d u c e d  the am ount o f 
m u lt ip le  s c a t t e r in g  w h ich  w a s  a r e s u l t  o f  p r im a r y  s c a t t e r in g  in  the v e r t ic a l  
d ir e c t io n , i . e .  in  a  d ir e c t io n  n o r m a l to  the ca d m iu m  s p a c e r s  and  th e s c a t 
t e r in g  p la n e  o f  th e e x p e r im e n t . M u lt ip le  s c a t t e r in g  w a s  a ls o  e v id e n t  in  the 
in e la s t ic  s c a t t e r in g  d a ta  but n e e d  not be c o n s id e re d  in  d is c u s s in g  the s t r u c 
tu r e  in  the d a ta .

In  d i s c u s s in g  th e  in e la s t i c  s c a t t e r in g  d a ta  o f  F i g s .  3 an d  4 , r e f e r e n c e  
to  a  g iv e n  r e c i p r o c a l  la t t i c e  p o in t sh o u ld  b e  in t e r p r e t e d  a s  r e f e r e n c e  to  a

i

e = 1 .7 5

•
Í *  -i_A • ?  *

h

*

r \

•

■

V

•
4  •

T O• •

* • 1
- v *

Ы р
x •

8



384 R.E. SCHMUNK et al.

Fig.3

A composite of the reduced partial differential cross-sections for 

inelastic scattering from polycrystalline beryllium at a temperature of 25*C

dtydildE = e"£/SSt|'ïc|.tw), where

e = ftu/kgT and |"k | = |"k -  i£|



INTERFERENCE EFFECTS 385

Fig. 4

A  composite of the reduced partial differential cross-sections for 

inelastic scattering from polycrysialline aluminium 

The curves were hand-drawn through the data to illustrate the structure.

d?o/dQdE = (E/Ej) 5 e " ei^S(|K|,bu).

where e = tiu/D. 0254 eV and T = 22'C
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Fig. 5

Reduced partial differential cross-sections for 

elastic scattering from polycrystalline beryllium 

Slash marks have been added to the к-scale at values for which the various 

crystallographic planes contribute Bragg scattering.

dtydfUE = (EÆ„) i  e ' £Æ S(fÜ|. Ьш),

where с = Ьи/О, 02567 eV and T = 25*C and E0 has the following values:

A  = 0. 040 •  = 0. 0547
A  = 0.0419 О = 0. 0578
■  = 0. 0427 ♦  = 0. 07
□  = 0. 0525 О  = 0.10

s e t  o f  p o in ts  w h ich  a r e  e q u iv a le n t  b y  s y m m e t r y . F u r t h e r ,  c o n s id e r  f r e 
q u e n c y  c o n to u r s  m a p p e d  ab o u t e a c h  la t t ic e  p o in t f o r  th e d i f fe r e n t  b r a n c h e s  
o f  th e  d i s p e r s io n  r e la t io n  f o r  e i t h e r  a lu m in iu m  o r  b e r y l l i u m .  A  c u t ta k e n  
th ro u g h  th e  d a ta  o f  F i g .  3 o r  4 i s  e q u iv a le n t  to  c i r c u m s c r i b i n g  a  s p h e r e  o f  
r a d iu s  к a b o u t  th e  o r ig in  in  w a v e - v e c t o r  s p a c e ,  a n d  a t  p o in ts  w h e r e  t h is  
s p h e r e  i n t e r s e c t s  th e  f r e q u e n c y  c o n t o u r s ,  c o n t r ib u t io n s  to  th e  i n e l a s t i c  
s c a t t e r i n g  w ith  a  g iv e n  e n e r g y  t r a n s f e r  h u  a r e  r e c o r d e d .  B e c a u s e  o f  th e  
n a t u r e  o f  th e  d i s p e r s i o n  r e l a t i o n s  f o r  th e  a c o u s t i c a l  v i b r a t io n s ,  lo w  f r e 
q u e n c ie s  n e c e s s a r i l y  c o r r e s p o n d  to fre q u e n c y  c o n to u rs  w h ich  a r e  r e s t r ic t e d  
to  a  s m a l l  r e g io n  s u r ro u n d in g  e a c h  la t t ic e  p o in t. T h is  i s  e q u iv a le n t  to  s a y in g  
th a t f o r  lo w  e n e r g y  t r a n s f e r s  к i s  r e s t r i c t e d  to к =KBragB s 2 Tr/dhkl, and th at 
in  th e l im it  o f  th e lo w e s t  f r e q u e n c ie s  th e s t r u c t u r e  sh o u ld  a p p ro a c h  th at o b 
s e r v e d  in  th e  e l a s t i c  s c a t t e r in g  d a ta . T h is  i s  c o n fir m e d  b y  c o m p a r in g  th e 
d a ta  o f  F i g s . 3 and  5 o r  4 and  6 .
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Reduced partial differential cross-sections for elastic scattering from 

polycrystalline aluminium

d2o/dOdE = (E/Eg) 5 e”£^  S(K.tiitf) where

e = ftu/t). 0254 eV and T = 22eC

•  with Cd spacers
О  without Cd spacers

Idealized Brillouin zones and vector diagrams depicting two different scattering events 

where the polarization factor (к  •"!)* favours interaction with transverse vibrations (kJ) 

and longitudinal vibrations (k})
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T o  d is c u s s  th e in t e r p r e t a t io n  o f the d a ta  fu r t h e r  w e c o n s id e r  a lu m in iu m  
and  th en  b e r y l l iu m  s e p a r a t e ly .  F r o m  th e m e a s u r e d  d is p e r s io n  r e la t io n s  fo r  
a lu m in iu m  it  i s  know n th at m o s t  o f  th e  t r a n s v e r s e  v ib r a t io n s  a r e  r e s t r ic t e d  
to  fr e q u e n c ie s  w h e re  e = hu/kBT  < 0 .9  and the h ig h e r  fr e q u e n c ie s  in  the d i s t r i 
b u tio n  a r e  a c c o u n te d  f o r  p r i m a r i l y  b y  th e lo n g itu d in a l v ib r a t io n s .  A n o th e r  
im p o r ta n t  c o n s id e r a t io n  in  th e fo llo w in g  d is c u s s io n  i s  th e  p o in t th at the o n e- 
p h o n o n  d i f f e r e n t ia l  c r o s s - s e c t i o n  i s  p r o p o r t io n a l  to  a  p o la r iz a t io n  f a c t o r  
( ¡Г .Г )?  w h e r e  f  i s  a  u n it  v e c t o r  in  th e  d i r e c t io n  o f  th e  p h o n o n  p o la r iz a t io n
[ 14 ]  . In  F i g .  7 a r e  d e p ic te d  w a v e  v e c t o r  p lo ts  w h ich  d e m o n s tra te  the e f fe c t  
o f  th e p o la r iz a t io n  f a c t o r .  T h e  v e c t o r  к = 2 ят c o n n e c ts  the o r ig in  w ith  so m e  
s p e c i f ic  la t t ic e  p o in t (-hkl), and th e la r g e  c i r c l e s  w h ich  a r e  d ra w n  about both 
th e  o r ig in  an d  th e  p o in t  (h k l) p o r t r a y  B r i l lo u i n  z o n e  b o u n d a r ie s ,  w h ile  th e  
s m a l l  c i r c l e  ab ou t th e la t t ic e  p o in t (hkl) w e  c o n s id e r  to b e  a  p a r t i c u la r  f r e 
q u e n cy  c o n to u r . F o r  the s c a t t e r in g  p r o c e s s  c o r re s p o n d in g  to Kj in  the fig u re  
th e  in t e r a c t io n  w o u ld  b e  fa v o u r a b le  f o r  a  v ib r a t io n  w ith  t r a n s v e r s e  p o l a r i 
z a t io n  s in c e  ?T i s  n e a r ly  p a r a l l e l  to  ~k.i  and  w ith  q  p e r p e n d ic u la r  to  k Xj w e  
h a v e  k x s  к Bragg . I f  on  th e  o t h e r  hand к i s  n e a r ly  p a r a l l e l  to  KBraRg a s  d e 
p ic t e d  b y  k 2, th en  th e  p o la r iz a t io n  fa c t o r  f a v o u r s  n e u tro n  in t e r a c t io n s  w ith  
th e  lo n g itu d in a l v ib r a t io n s  an d  к =s 2 ят ±  q .

B e c a u s e  o f  th e  e f f e c t  o f  th e  p o la r iz a t io n  f a c t o r  an d  th e  r e s t r i c t i o n  o f  
th e t r a n s v e r s e  v ib r a t io n s  to e < 0.9 one w ould  e x p e c t  the s t r u c tu r e  to a p p e a r  
a t  a p p r o x im a t e ly  th e  s a m e  к - v a lu e s  a s  f o r  B r a g g  s c a t t e r in g  f o r  lo w  e n e r g y  
t r a n s f e r s .  S l a s h  m a r k s  h a v e  b e e n  a d d e d  to  th e  к - s c a l e  o f  F i g .  4 a t v a lu e s  
c o r r e s p o n d in g  to  2тгт f o r  th e v a r io u s  la t t ic e  p o in ts  and th e p e a k s  in  the d a ta  
fo r  e <  0 .9  a g r e e  w ith  the p o s it io n  o f th e se  m a r k s .  F o r  the h ig h e r  fre q u e n c ie s  
(e >  0 .9) w h ic h  a r e  p r i m a r i ly  lo n g itu d in a l the c r o s s - s e c t io n  d o e s  not p e a k  at 
к = 2 ят  b u t i s  s h i f t e d  to  к - v a l u e s  w h ic h  a p p r o x im a t e  m o r e  n e a r l y  v e c t o r s  
d ra w n  to  th e  B r i l lo u i n  zo n e  b o u n d a r ie s  Kmin = 2?rT-q and ктах_ = 2ггт + q due 
to  th e e f fe c t  o f  th e  p o la r iz a t io n  fa c t o r .  T h is  s h ift  in  the s t r u c t u r e  i s  r e a d i ly  
a p p a re n t  fo r  e = 1 . 3  and 1 .4  w h ich  c o r re s p o n d  to a  m ax im u m  in  th e fre q u e n c y  
d is t r ib u t io n  o f  a lu m in iu m .

In  th e  c a s e  o f  s c a t t e r i n g  f r o m  b e r y l l i u m  i t  i s  n e c e s s a r y  to  c o n s i d e r ,  
in  a d d it io n , th e  d y n a m ic a l  s t r u c t u r e  f a c t o r  g'^(q) [ 1 0 ] b e c a u s e  o f  th e  m o r e  
c o m p le x  c r y s t a l  s t r u c t u r e .  T h is  f a c t o r  in d ic a t e s  th a t  th e  c r o s s - s e c t i o n  
f o r  in t e r a c t io n  w ith  a  g iv e n  phonon p o la r iz a t io n  i s  not a  c o n sta n t  th ro u gh o u t 
w a v e - v e c t o r  s p a c e  but v a r ie s  fro m  one B r i l lo u in  zo n e  to a n o th e r . In a  g iv e n  
z o n e  gj2 (q) g e n e r a l ly  te n d s  to  fa v o u r  e it h e r  a c o u s t ic a l  o r  o p t ic a l  t r a n s i t io n s , 
and  t h e r e f o r e  fu n c tio n s  a s  a  s e le c t io n  r u le .  A t lo w  fr e q u e n c ie s  (e <  1 .7 5 )  a l l  
in t e r a c t io n s  a r e  w ith  a c o u s t ic a l  v ib r a t io n s  f o r  th o se  B r i l lo u in  z o n e s  w h ich  
a r e  fa v o u r e d  b y  th e  s t r u c t u r e  f a c t o r  [5] . A t  h ig h  f r e q u e n c ie s  ( e ~ 3 . 0 )  th e  
v ib r a t io n s  a r e  a l l  o p t ic a l , and the c r o s s - s e c t io n  i s  h igh  in  d iffe r e n t  B r i l lo u in  
z o n e s .  S la s h  m a r k s  h a v e  b e e n  ad d ed  to  th e к - s c a l e  o f  F i g .  3 a b o v e  th e d a ta  
p o in ts  f o r  e = 1 . 2 5  an d  e = 3 .0  a t  v a lu e s  g iv e n  b y  к = 2irr a c c o r d in g  to  w h e th e r  
in t e r a c t io n s  w ith  a c o u s t i c a l  o r  o p t ic a l  v ib r a t io n s  w e r e  f a v o u r e d .  E f f e c t s  
d u e  to  th e  p o la r iz a t io n  f a c t o r  a r e  n o t s o  o b v io u s  in  th e  b e r y l l i u m  d a ta  b e 
c a u s e  o f  th e  o v e r la p p in g  o f  th e  a c o u s t i c a l  a n d  o p t ic a l  f r e q u e n c ie s  in  th e  
f r e q u e n c y  d is t r ib u t io n .  .

T h e  fr e q u e n c y  d is t r ib u t io n  in  th e in c o h e re n t  a p p ro x im a tio n  [ 15 ]  i s  g iv e n
b y

g(e) = [ (h 2/2 M k T ) e ' 2W] _1 (2e / к 2) s in h (e  / 2 )S (k ,e )  -  (m ultiphonon c o r r e c t io n s )
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Fig. 8 .

The frequency distribution of aluminium obtained from the data at several values o f к 

compared with the calculation of the distribution by PHILLIPS [8]

« (A - 1)

•  = 2. 88
О  = 3. 85
■  = 4. 82
□  = 5. 75

PHILLIPS [8]

w h ic h  h a s  b e e n  a p p lie d  to  th e S (k , e ) d a ta  f o r  a lu m in iu m . T h is  r e la t io n  h a s  
b e e n  te s te d  a t s e v e r à l  v a lu e s  o f  к u s in g  P H I L L I P S ' 18] fr e q u e n c y  d is tr ib u t io n  
to  o b ta in  a  tw o -p h o n o n  c o r r e c t i o n ,  an d  th e  r e s u l t s  a r e  d is p la y e d  in  F i g .  8 . 
N o  p a r t i c u l a r  v a l u e  o f  к a p p e a r s  to  g iv e  a n y  b e t t e r  d i s t r ib u t io n  th a n  th e  
o t h e r s ,  and  non e o f  th e  d is t r ib u t io n s  a g r e e s  w ith  th e t h e o r e t ic a l  d is t r ib u t io n  
o f  P h i l l i p s .  T h e  r e s u l t s  o f  t h e s e  c a lc u la t io n s  s h o w  th a t th e  u s e  o f  th e  in 
c o h e re n t  a p p ro x im a t io n  i s  not v a l id  in  the c a s e  o f  a  s t ro n g  c o h e re n t  s c a t t e r e r .  
A t  b e s t ,  th e  a p p r o x im a t io n  c a n  b e  e x p e c te d  to  g iv e  th e  lo c a t io n s  o f  s t r o n g  
m a x im a  in  th e  f r e q u e n c y  d is t r ib u t io n .

5 .  S U M M A R Y

T h is  p a p e r  d e s c r i b e s  s o m e  o f  th e  w o rk  b e in g  done a t  th e M T R  on p o ly 
c r y s t a l l in e  s o l id s ,  s o m e  o f  the in t e r e s t in g  s t r u c t u r e  e f fe c t s  w h ich  h a v e  b een  
o b s e r v e d  and  how  t h e s e  s t r u c t u r e  e f f e c t s  a r e  r e la t e d  to  th e v a r io u s  f a c t o r s  
w h ic h  a r e  im p o r ta n t  in  c o h e r e n t  s c a t t e r in g .
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W . W H IT T E M O R E : C a n  y o u  e x p la in  w h y  y o u r  F i g .  2 g i v e s  v a l u e s  o f  
S( [ic I ,fuo) v e r s u s  к w h ich  v a r y  b y  fa c t o r s  o f  tw o fo r  n e a r ly  e v e r y  v a lu e  o f  к ?

R . E .  SC H M U N K : T h is  v a r ia t io n  i s  p r i m a r i ly  th e s t a t i s t ic a l  flu c tu a tio n  
in  th e  d a ta . M e a s u r e m e n t s  w e r e  m à d e  a t  s e v e r a l  d i f fe r e n t  e n e r g y  and 
a n g u la r  r e s o lu t io n s ,  a n d  no c l e a r  t r e n d  d u e  to  r e s o lu t io n  e f f e c t s  w as  o b 
s e r v e d  in  th e  d a ta .



В Л И Я Н И Е  А Н Г А Р М О Н И З М А  Н А  С П Е К Т Р  Ф О Н О Н О В  

В Б Л И З И  Т О Ч К И  В Ы Р О Ж Д Е Н И Я

Ю. К А ГА Н  и А .П . Ж ЕРН О В 
И Н С Т И Т У Т  АТОМНОЙ Э Н Е РГИ И  им . И .В .  К У Р Ч А Т О В А , М О С К ВА  

С С С Р  

( Д о к л а д  п р е д с т а в л е н  Ф . Л .  Ш а п и р о м )

Abstract — Résumé — Аннотация — Resumen

EFFECT OF ANHARMONICITY ON THE PHONON SPECTRUM NEAR ITS DISCONTINUITY. The method 

based on Green's function is used in investigating the effect of anharmonicity on the phonon spectrum near 
its discontinuity. In contrast to the usual case, the effect that phonon branches, which are independent in the 

harmonic approximation, have on one another requires the solution of the Dyson system of equations.
The authors consider cases of significant and irregular discontinuity and show that for irregular discontinuity 

the excitations which arise can have a widely varying lifetime and frequency renormalization with respect 
to both value and temperature dependence. In particular, the one-phonon coherent neutron scattering cross
section near the spectrum discontinuity is analysed.-

INFLUENCE DE L’ANHARMONICITÉ SUR LE SPECTRE DES PHONONS AU  VOISINAGE DU POINT DE* * ,
DEGENERESCENCE. La méthode fondée sur les fonctions de Green est employée pour étudier l'influence  

de l*anharmonicité sur le spectre des phonons au voisinage du point de dégénérescence. Contrairement au 

cas habituel, l ’effet que les branches de phonons indépendantes dans l'approximation harmonique exercent les 

unes sur les autres conduit à la nécessité de résoudre le système d'équations de Dyson.

Dans le mémoire, on examine des cas de dégénérescence essentielle et fortuite. On montre que, lors 

d'une dégénérescence fortuite, l'excitation qui en résulte peut varier sensiblement quant à la durée et 3 la 

renormalisation de la fréquence, tant du point de vue de la grandeur que de la dépendance thermique. On 

étudie plus spécialement la section efficace de diffusion cohérente monophononique des neutrons au voisinage 

du point de dégénérescence.

В Л И Я Н И Е  А Н Г А Р М О Н И З М А  НА С П Е К Т Р  ФОНОНОВ ВБЛИЗИ ТО ЧК И  ВЫ РО Ж Д ЕН ИЯ . 
Метод функции Грина используется для анализа вопроса о влиянии энгармонизма на спектр 
фононов вблизи точки вы рож дения. Влияние независимы х в гармоническом  приближении  
фононных ветвей друг на друга, в отличие от обычного случая , приводит к необходимости  
решения системы уравнений Д айсона.

Рассматриваю тся случаи существенного и случайного вырождения. Показано, что при 
случайном вырождении возникающие возбуждения могут иметь сильно различающееся время 
жизни и перенормировку частоты как по величине, так и по температурной зависимости. Спе
циально анализируется сечение однофононного когерентного рассеяния нейтронов вблизи  
точки вырождения.

INFLUENCIA DE LA ANARMONICIDAD SOBRE EL ESPECTRO FONÓNICO EN LA PROXIMIDAD DEL PUNTO 

DE DEGENERACION. Se utiliza el método basado en las funciones de Green para analizar el problema de la 

influencia de la anarmonicidad sobre el espectro fon6nico en la proximidad del punto de degeneración. A 

diferencia del caso habitual, la influencia que las ramas de fonones independientes en la aproximación armónica 

ejercen unas sobre otras obliga a resolver el sistema de ecuaciones de Dyson.

En la memoria se estudia la degeneración esencial y la fortuita. Se demuestra que en este último caso 

la excitación resultante puede variar sensiblemente en cuanto a duración y a renormalización de la frecuencia 

(magnitud e influencia de la temperatura). Se estudia en particular la sección eficaz de dispersión mono- 
fonónica coherente de los neutrones cerca del punto de degeneración.

1 .  В  п о с л е д н е е  в р е м я  в ц ел о м  р я д е  р а б о т  [ 1 ] ,  [ 2 ] , [3] и с с л е д о в а л о с ь  
вли ян и е а н г а р м о н и з м а  на с п е к т р  ф онон ов и о д н о в р ем е н н о  на се ч е н и е  к о -  

%
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г е р е н т н о г о  р а с с е я н и я  м е д л е н н ы х  н е й т р о н о в . При э т о м  м о л ч а л и в о  п р е д 
п о л а г а л о с ь , ч т о  в с е  ф о н о н н ы е в е т в и  с т р о г о  и зо л и р о в а н ы  д р у г  о т  д р у г а .  
К а к  с л е д с т в и е , э н га р м о н и з м  приводил к н е за в и с и м о й  п е р е н о р м и р о в к е  ч а 
с т о т ы  и п оявлени ю  з а т у х а н и я  для к а ж д о г о  о т д е л ь н о г о  ф о н о н а . С  д р у го й  
с т о р о н ы , ширина п и ка к о г е р е н т н о го  р а с с е я н и я , о т в е ч а ю щ е го  ф и к си р о ва н 
ной п ер ед ач е  и м п у л ь са  к и энергии Д Е , о к а з ы в а л а с ь  однозначно оп р ед ел ен 
ной ч е р е з  вел и чи н у з а т у х а н и я  (м ним ую  ч а с т ь  с о о т в е т с т в у ю щ е г о  п о л я р и за
ционного о п ер ато р а) ф онона о тдел ьн ой  в е т в и  (с к в а зи и м п у л ь со м  f = K  и ч а 
ст о т о й  u fjCt =  Д Е ) .

О днако  з а д а ч а  с у щ е с т в е н н о  м е н я е т с я , е сл и  в е т в и  ф о н он н о го  с п е к т р а  
п е р е с е к а ю т с я  или п р о ст о  п о д хо д я т  д р у г  к д р у г у . В  э т о м  с л у ч а е  э н г а р м о 
н и зм  п р и вод и т  к см е ш е н и ю  н е з а в и с и м ы х  в  г а р м о н и ч е с к о м  п ри бли ж ени и  
в е т в е й , и для ан ал и за  возн и каю щ его  зак о н а  дисперсии и затухан и я  фононов, 
а  т а к ж е  х а р э к т е р а  р а с с е я н и я  н е й т р о н о в , н е о б х о д и м о  эти  ф онон ны е в е т в и  
у ч и т ы в э т ь  о д н о в р ем е н н о . Ф ор м ал ьн о  э т о  с о о т в е т с т в у е т  т о м у , ч то  т еп е р ь  
в м е с т о  одного ур авн ен и я  Д ай со н а п о я вл я е тся  с и с т е м а  ур авн ен и й . Реш ен и е 
этой  зад ачи  и р а с с м а т р и в а е т с я  в н асто я щ ем  д о к л а д е .

2 .  Д л я  н а х о ж д е н и я  с п е к т р а  ф о н о н о в  б у д е м  и с к а т ь  з а п а з д ы в а ю щ у ю  
(о п ер еж аю щ ую ) гр и н о в ск у ю  функцию  Gxx' (и), п о л ю са а н а л и т и ч е с к о г о  п р о 
долж ени я ко тор о й  о п р е д е л я ю т  зак о н  д и сп ер си и  и з а т у х а н и я .

П о оп р ед елен и ю  Gx\' (и) ~  ф у р ь е -к о м п о н е н т а  функции

G XX- (t -  f )  =  - i 6»(t -  t ')  < l A x ( t ) ,A _ v ( t ' ) J > .  ( 1 )

З д е сь  Ay  =  a x + a _x, a буквой X о б озн ачен а со во куп н о сть  индексов f ,  а ( -Х =  - F , or), 
г д е  f  -  квази и м п ул ьс  и а -  ном ер  в е т в и . И ндексы  X и А.' в ( 1 ) .им ею т одно и 
то  же зн ачени е F  и о тли ч аю тся  только  ном ерам и  в е т в е й .

Д л я  функции Г р и н а  Gxx' ( 1 )  м ож но з а п и с а т ь  ур авн ен и я  Д а й со н а  в с л е 
дую щ ей  ф о р м е :

G xx' (<*>) -  G \ x (u ) ô xx’ + G x x (u )P x x "  (u )G x "X '(“ ) ,

= <2> 

B  (2) п оляри зац и он ны й  о п е р а т о р  о п р е д е л я е т с я  в ы р а ж е н и е м :

p  / , ,4  =  J _ Y r  R *  ( l + n x ,  + n x ,  1 + n x t + n x ,  n x .- n x ,  \  

w  ( '  2-fk2 z_, - ^ 2  -х’ >чхг U +  Uxj +U X 2 U +  UXi - U x ¿

X-iX.2

■ ¿ J B ‘ xx'x‘ ' x‘ ( n x l + l ) ’
1̂

г д е  в с е  об о зн ач ен и я  об щ еп р и н яты е.
П оляри зац и он н ы й  о п е р э т о р  при с э м о м  об щ ем  ви д е а н г а р м о н и ч е с к о г о  

в з а и м о д е й с т в и я  д и а г о н а л е н  п о  и н д е к с у  f .  П о э т о м у  в о б щ е м  с л у ч а е  (2) 

п р е д с т а в л я е т  соб о й  с и с т е м у  3q  а л г е б р а и ч е с к и х  у р а в н е н и й , г д е  q -  чи сло  
а т о м о в  в э л е м е н т а р н о й  я ч е й к е . О бы чно а н а л и з и р у е т с я  одно у р а в н е н и е  с



ВЛИЯНИЕ АНГАРМОНИЗМА НА СПЕКТР ФОНОНОВ 393

X =  X' (и Х " = Х ) .  О д н а к о , р а с с м а т р и в а я  з а д а ч у  вб л и зи  то ч ки  п е р е с е ч е н и я  
в е т в е й  ф ононного с п е к т р а , мы должны р а с с м а т р и в а т ь  с и ст е м у  ур авн ен и й (2 ).

О гр ан и ч и м ся  для п р о ст о ты  с л у ч а е м  о д н о ато м н о й  р еш етк и  (обобщ ение 
на б о л е е  общий с л у ч а й  — т р и в и а л ь н о ). Т о г д а  р еш ен и е с и с т е м ы  (2) м о ж е т  
б ы ть  за п и с а н о  в в и д е :

(3 )

Д(ы) =

G Ï Ï H  ( 

■ P 2 l (u )

■ P  31 ( u )

- Р ц ( и ) - P l 2 И - P l 3 ( u )

<J‘22 (W ) - Р 22 (и ) -Р 2 3 (Ш )

- Р 3 2 М G%h l  И ■ P 33 ( и ) (4 )

-  со о т ве т ств у ю щ и й  м инор, и ндекс f для п р о стоты  оп ущ ен). З а м е т и м , 
что  в той о б ласти  и , г д е  определены  функции Goa', определи тель си стем ы  (2 ) 
нигде в нуль не о б р а щ а е т с я . П о это м у  однородная с и с т е м а  уравнений и м еет  
тол ько  три ви альн ое р еш ен и е.

Н ай дем  т еп е р ь  полю са ан а л и ти ч ес к о го  продолж ения функций (3 ) , о п р е 
д еляя  с о о т в е т с т в е н н о  реш ени е ур авн ен и я

Д(и) = 0  . (5)

П у с т ь  при н ек о то р о м  значении f п е р е с к а ю т с я  д ве  ф ононны е в е т в и , т а к  
ч т о  Uf х 2 =  и 0 и п у с т ь  |u f ,3 — lO o l»  P 2 3• Т о г д а ,  в в е д я  о б о з н а ч е н и я  
Z  =  и'2 -  u'j , 6 -  u>2 — U j , n ^ f u )  =  2 ч/и„иа. P a a 'íu ) , зап и ш ем  приближ енное р е 
ш ение (5) вбли зи  точки  вы р о ж д ен и я , как

Z  =  2 (П п  (и 0) + П22(u)q ) + 6) ±

± s/ ¿(П и  (и 0) + П 22(Ц) ) + Ô)Z ~  (П 11 (u 0 )n 22(Uo) ”  П !2 (ио)П 2 1 (ио) ' 5) • ( 6)

И з а н а л и з а  э т о г о  вы р а ж е н и я  н е п о с р е д с т в е н н о  с л е д у е т ,  ч т о  в  о б щ е м  
с л у ч а е  и п ер ен о м и р о вка  и з а т у х а н и е  обоих возбуж ден и й  з а в и с я т  как  о м ни
м ы х , т а к  и д е й с т в и т е л ь н ы х  ч а с т о т  п о л я р и зац и о н н ы х о п е р а т о р о в , о т н о с я 
щ и хся  к о б еи м  в е т в я м  и с о о т в е т с т в у ю щ и х  ф и к си р о ва н н о м у  f  .

Р а с с м о т р и м  с н а ч а л а  к а р т и н у  в с а м о й  т о ч к е  вы р о ж д е н и я , т . е .  к о г д а  
6 =  0 . При сущ ествен н о м  вырож дении (обусловленны м  сим м етрией ) П ц  =  П22 
и , кр ом е т о г о , П 12 = 0 .  П оследний р е з у л ь т а т  я в л я е т с я  п рям ы м  сл е д с т в и е м  
т о г о , ч то  е с т ь  гр уп п овой  э л е м е н т  си м м етр и и , совм ещ аю щ ий век то р  поляри
зации о д н о го  ф онона с в ек то р о м  поляризации д р у г о г о . При эт о м  вы р о ж д е
ние не с н и м а е т с я , х о т я  наличие эн га р м о н и зм а  приводит к ак  к с д в и г у , т а к  
и за т у х а н и ю

и '2 = и "2 = и2 + Пп (7)
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Г о р азд о  интереснее, когда имеет м есто случайное вырождение. (З а 
м ети м , что этот случай вст р е ч ае т ся  в е с ь м а  ч а с т о . С м . , например, н е
давнюю работу по анализу фононного спектра ниобия [4 ]) .  При этом П12 ^ 0  
й, вообще говор я, одного порядка с П п , П22 . Как с л е д ст в и е , ангармони
ческое взаимодействие снимает вырождение. Предполагая, что близко 
по величине к Пи  , П22 , приближенно имеем:

Т аки м  обр азо м , при снятии вырождения оба возбуж дения ведут себя  
совершенно по-разном у. Может о к азаться , что одно из возбуждений имеет 
слабую  переномировку с температурой и слабое затухан и е, тогда как дру
го е возбуж дение, наоборот, будет иметь большую перенормировку и за м е т 
ное зат ух ан и е.

Интересно проанализировать влияние третьей фононной ветви на полу*- 
ченный р е зу л ь т а т . Р ассм а тр и вая  для простоты часты й случ ай , со о т ве т 
ствующий ( 8 1 ) , из уравнения (5 ) ,  находим:

Отсюда видно, что на аномальный второй корень рассматриваемое влия
ние оказы вается в общем случае резко ослабленным.

Вблизи точки вырождения (б # 0 )  конкретный анализ (5 ) или (6 ) стан о 
вится гром оздким , однако качественная картина целиком диктуется харак
тером поведения в точке вырождения.

Р ассм о тр и м  теперь случай, когда две ветви , хотя и не п ересекаю тся, 
но сравнительно близко подходят друг к д р у гу . И з (5 ) , (6 ) имеем при этом

и ' 2 — и о + П ц  + П22 — П 11П22 ~  П12 П21

П ц  +  П 22

(8 )

Е с л и  д о п у с т и т ь ,  ч т о  П п  =  П2 2 , т о  и з  ( 6 )  п о л у ч а е м  п р о с т о

( 8 1)

и "2 = и § + П и -  П 12 .

(8*)

u " 2 =  u ¡ + n 22 +
П 1 2 П 21

б
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И з э т и х  вы р аж ен и й  с л е д у е т , что  п о д хо д я щ ая  б ли зко  в е т в ь  м о ж е т  з а 
м ет н о  и зм ен и ть п ер ен о р м и р о вку и за т у х а н и е  ф онон а, п р и н адл еж ащ его  д р у 
г о й  в е т в и , и , г л а в н о е , и зм е н и т ь  т е м п е р а т у р н у ю  з а в и с и м о с т ь . Д е й с т в и 
т е л ь н о , есл и  зн а ч е н и е  ]Пх2 | ср а вн и м о  по вели чи не с б (х о т я  и м е н ь ш е ), то  
в  к л а с с и ч е с к о й  т е м п е р а т у р н о й  о б л а с т и  с д в и г  и з а т у х а н и е  б у д у т  н а р я д у  с 
о б ы ч н ы м  л и н ей н ы м  по Т  чле;ном  с о д е р ж а т ь  и з а м е т н ы й  к в а д р а т и ч н ы й  
ч л е н . .

3 .  О п р ед ел и м  с е ч е н и е  к о г е р е н т н о го  р а с с е я н и я  м ед л е н н ы х  н ей тр о н о в  
при значении п ер едан н ого  и м п у л ь са  f  =  i?, б ли зко м у к к в а зи и м п у л ь с у  ф он о
нов в точ ке  вы р о ж д ен и я . В  обы чном  приближении

d 2r(A E ,i? )  т 2 к2 к ' 1 о ___ I____  Tm G _  ГДЕ) Í9)
d E d f t  ' 8# k 0 M A  6 L  И / е . а И г . в 1)]* e ‘ SAE - 1 oef

CL, Ct

G a a .(A E ) =  G a .a(A E )

З д е с ь  в с е  об о зн ач ен и я  о б щ еп р и н я ты е . (Ф ункции Г р и н а  С а а • с о д е р ж а т  ин
д е к с  к , котор ы й  м ы  для уп рощ ени я зап и си  с н о в а  о п у с к а е м ) .

В  с о о т в е т с т в и и  с (3) при п ер есечен и и  д в у х  в е т в е й , к о гд а  т р е т ь я  в е т в ь  
р а с п о л о ж ен а  д о с т а т о ч н о  д а л е к о , и м е е м :

2U) [ (А Е )2 -  ц | ~  П22 1
Г / Л Т ^ 2 _ м | 2 1 Г /Л Т ^2 _| ,,и21

G i 2 -

[( ДЕ)2 — и,2][ ( ДЕ)2

__________ 2\Ti0l Ц2 Г112__________

[(ДЕ)2 -Ш'2][(ДЕ)2 -и "2]

(1 0 )

В  т о ч к е  с у щ е с т в е н н о г о  вы р о ж д ен и я  G 12 = 0 ,  и с е ч е н и е  к о г е р е н т н о г о  
р а с с е я н и я , е сл и  п р и н ять во  вн и м ан и е ( 10 )  и (7 ) , б у д е т  и м е т ь  то ч н о  та к о й  
ж е п и к, к а к  и в с л у ч а е  и зо л и р ован н о й  ф ононной в е т в и .

В б л и зи  то чки  сл у ч а й н о го  вы р о ж д ен и я  с е ч е н и е  б у д е т  и м е т ь  а н о м а л ь 
ный в и д . Д е й с т в и т е л ь н о , т е п е р ь  при су м м и р о в а н и и  в (9) по а ,а ' н е о б х о 
ди м о п р и н и м ать во  вн и м ан и е и н е д и а го н а л ь н ы е  эл е м е н т ы  G i2 = G 2i", к о т о 
р ы е  в общ ем  с л у ч а е  о д н ого  п о р ядк а с д и а го н а л ь н ы м и . Е с л и  м ни м ая ч а с т ь  
э л е м е н т о в  поляризационной м атр и ц ы  Па а - б у д е т  м а л а  по сравн ени ю  с  д е й 
с т в и т е л ь н о й  ч а с т ь ю , то  се ч е н и е  б у д е т  и м ет ь  д в а  бли зки х пика р азн о й  ин
т ен си в н о сти  и, г л а в н о е , р азн о й  ш ирины. Е с л и  же 1 т П а а - ~ И е П а а . , то  п о 
я в и т с я  один н ер а зр е ш ен н ы й  пик с р е зк о й  а с и м м е т р и е й , п р и чем  э т а  а с и м 
м е т р и я  б у д е т  з а м е т н о  м е н я т ь с я  с  т е м п е р а т у р о й . (З а м е т и м , ч т о  при м а 
лой к о н ст а н т е  а н га р м о н и зм а  в с е  д р уги е  причины аси м м етр и и  о к а з ы в а ю т с я  
сл аб ы м и  [1 ], [3 ]) .

Э ти  р е з у л ь т а т ы  осо б ен н о  н агл я д н о  м ож н о п р о сл ед и ть  на ч а ст н о м  с л у 
ч а е , к о т о р о м у  с о о т в е т с т в у е т  П п  =  П 22 - И с п о л ь з у я  (8 1 ), л е г к о  н ай ти  с о 
о т в е т с т в у ю щ и е  вы р аж ен и я  для ф ункций ( 1 0 ) в т о ч к е  вы р о ж д ен и я

г -  / Л Т Г \ ___________________ ^ _______________ -I- _____________________ _________________________ ,

^ н (  ) ( Д Е )2 - и 2 - П ц  -  П 12 ( Д Е ) 2 —и 2 — П и  + П 12
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f 4 / Л  ТТЛ _ _ ^0
22( '  ( А Е ) 2 - и 2 - П п - П 12 ( Д Е )2 - Ш2 _ п п  + П 1 2 ‘

П о д с т а в л я я  эти  вы р аж ен и я  в (9), мы н е п о с р е д ст в е н н о  п о л у ч а е м  п р и ве д е н 
ную вы ш е к а р т и н у .

D I S C U S S I O N

Н . H A H N : I f  y o u  c a lc u la t e  th e a n h a r m o n ic ity  e f f e c t s  on th e d is p e r s io n  
c u r v e s  b y  a  P a u li- W e is s k o p f  ty p e  o f s im p le  p e r tu rb a t io n  a p p ro a c h , you  w ould , 
in  th e  c a s e  o f  th e  d e g e n e r a t e  p o in t, h a v e  to  u s e  th e  p e r tu r b a t io n  t h e o r y  f o r  
d e g e n e r a te  s t a t e s .  T h is  c o r r e s p o n d s  to K a g a n 's  u s e  o f  tw o D y so n  eq u a tio n s  
in  th e  G r e e n 's  fu n c tio n  a p p ro a c h .

G . C A G L IO T I : In  o u r  [0 0 1 ]  lo n g itu d in a l b r a n c h e s  o f  w h ite  t in  w e  fin d  
th a t  th e  tw o  b r a n c h e s  a r e  v e r y  n e a r ly  a lo n g  th e  w a v e  v e c t o r  t r a n s f e r s  f o r  
Q , th e  p h o n o n  w a v e  v e c t o r ,  l e s s  th a n  0 .3  in  t e r m s  o f  Q max. • I t  w a s  m u c h  
m o r e  d i f f ic u lt  to  fin d  th o s e  b r a n c h e s  in  w h ite  t in  th a n  i t  w a s , f o r  in s ta n c e , 
in  z in c . In th e c a s e  o f  th e  la t t e r  m e ta l it  w a s  v e r y  e a s y  to m a k e  th e m e a s u r e 
m e n ts  b e c a u s e  th e  f r e q u e n c ie s  w e r e  m u c h  h ig h e r .  T h e r e  i s  a n o th e r  p o in t; 
w h e n  o n e  c a n  m e a s u r e  a n  a c o u s t i c  b r a n c h ,  o n e  c a n n o t  m e a s u r e  a n  o p t ic  
b r a n c h  in  th e  s a m e  r a n g e  b e c a u s e  o f  th e  s t r u c t u r e  f a c t o r .  I  do  n o t k n o w  
w h e th e r  th e d i f f ic u lt y  o f  m e a s u r in g  th e s e  b r a n c h e s  i s  an  in t r in s ic  d i f f ic u lt y  
o r  i s  c o n n e c te d  w ith  th e n e u tro n  m eth o d .
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Abstract — Résumé — Аннотация — Resumen

DYNAMICS OF MAGNETIC SYSTEMS INVESTIGATED BY MOSSBAUER AND NEUTRON SCATTERING  

EXPERIMENTS. A general discussion is given of Lamb-Mossbauer and neutron scattering experiments which 

can be used to investigate magnetic systems. It is shown that only in very special circumstances can the 

Mossbauer effect be used to examine directly the fluctuations of the magnetic spins with time. Therefore 
the Môssbauer effect is usually used to measure time-averaged quantities. It follows that MSssbauer experi
ments are closely related, in principle, to strictly elastic neutron scattering experiments. Both techniques 

and also the nuclear magnetic resonance technique are useful in studies of ferromagnetic alloys. Recent 
studies of this kind are reviewed and the difficulties of interpreting the experiments are described.

DYNAMIQUE DES SYSTÈMES MAGNETIQUES ETUDIES AU MOYEN DE L’EFFET MÔSSBAUER ET DE 

LA DIFFUSION DES NEUTRONS. L’auteur procède à une discussion générale des expériences que l'on peut 
faire pour étudier les systèriïes magnétiques au moyen de l'effet Lamb-Mossbauer et de la diffusion des neutrons. 
Il montre que l ’effet Môssbauer ne permet d'étudier directement les fluctuations des spins magnétiques en 

fonction du temps que dans des cas très particuliers. C'est pourquoi on l'utilise généralement pour mesurer 
les moyennes dans le temps de diverses grandeurs. Il s’ensuit que les expériences fondées sur cet effet sont 
en principe étroitement liées aux expériences au moyen de la diffusion strictement élastique des neutrons. 
Ces deux méthodes ainsi que celle de la résonance magnétique nucléaire donnent de bons résultats dans des 

études sur les alliages ferromagnétiques. L’auteur fait un examen critique des études de ce genre et décrit 

les difficultés auxquelles donne lieu Г interprétation des expériences.

Д И Н А М И К А  М А ГН И Т Н Ы Х  С И С Т Е М , И С С Л Е Д О В А Н Н А Я  ПО М Е Т О Д У  М Е С С Б А У Э Р А  
И С  ПОМОЩ ЬЮ  Э К С П Е Р И М Е Н Т О В  П О  Р А С С Е Я Н И Ю  Н Е Й Т Р О Н О В . Рассм атриваю тся  в 
общих чертах эксперименты Л э м б а -М ес с б а у э р а  и эксперименты по рассеянию нейтронов, 
которые могут быть использованы для исследования магнитных систем. Показано, что эф 
фект М ессбауэра может применяться для непосредственного изучения флуктуаций магнитных 
спинов во времени только в сугубо определенных условиях. Следовательно, эксперименты  
М ессбауэра , в принципе, тесно связаны с экспериментами по действительно упругому р ас 
сеянию нейтронов. Оба эти метода, а также метод ядерного магнитного резонанса могут  
применяться для исследования ферромагнитных сплавов. Рассм атриваю тся последние ис
следования этого вида, описываются трудности интерпретации результатов экспериментов.

ESTUDIO DE LA DINÁMICA DE SISTEMAS MAGNETICOS MEDIANTE EXPERIMENTOS DE MOSSBAUER 

Y DE DISPERSIÓN NEUTRÓNICA. Se examinan en términos generales los experimentos de Lamb-Müssbauer 

y de dispersión neutrónica que pueden utilizarse para estudiar la estructura de los sistemas magnéticos. Se 

demuestra que sólo en circunstancias muy particulares puede recurrirse al efecto Mossbauer para examinar 

directamente las fluctuaciones temporales de los. spins magnéticos. En consecuencia, el efecto Mossbauer 

se suele utilizar para medir cantidades ponderadas con respecto al tiempo. Los experimentos de Môssbauer 
están por tanto estrechamente relaciónados, en principio, con los experimentos de dispersión estrictamente 

elástica de neutrones. Estas dos técnicas y la de resonancia magnética nuclear son útiles para el estudio de 

las aleaciones ferromagnéticas. En la memoria se examinan los recientes estudios de esta índole y se exponen 

las dificultades que entraña la interpretación de los resultados experimentales.
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1. INTRODUCTION

T h is  p a p e r  r e v ie w s  th e  d y n a m ic s  o f m a g n e t ic  s p in  s y s t e m s  a s  r e 
v e a le d  b y  M S s s b a u e r  e x p e r im e n t s  and  b y  n e u tro n  s c a t t e r in g  te c h n iq u e s . 
T h e su b je c t  i s  too  w id e to  c o v e r  c o m p le te ly  but fo rtu n a te ly  th e re  i s  no n e c e s 
s i t y  to  do  s o  b e c a u s e  m o s t  n e u t r o n - s c a t t e r in g  te c h n iq u e s  a r e  n ow  w id e ly  
k n o w n  and  a  r e c e n t  r e v ie w  a r t i c l e  [ 1 ] h a s  s u m m a r iz e d  th e  u s e  o f th e  
M ô s s b a u e r  e f f e c t s .  T h e r e fo r e  I m en tio n  on ly  a fe w  p o in ts  o f s p e c ia l  in te re s t  
s o  a s  to  h ig h ligh t the d e v e lo p in g  p a r t s  o f th e  su b je c t .

In  s e c t io n  2 w e  w r i t e  d ow n  th e  n e u tro n  s c a t t e r i n g  c r o s s - s e c t i o n  in  
t e r m s  of the sp in  c o r r e la t io n  fu n c tio n s  and in  s e c t io n  3 w e d e r iv e  a s im i l a r  
fo r m u la  f o r  th e  M ô s s b a u e r  a b s o r p t io n  c r o s s - s e c t i o n .  T h is  l a t t e r  fo r m u la  
i s  d is c u s s e d  in  g e n e r a l  t e r m s  in  s e c t io n  4 and it  i s  show n that in  one su b je c t, 
th a t  o f  f e r r o m a g n e t ic  a l l o y s ,  t h e r e  i s  a  p o t e n t ia l  in f lu e n c e  o f n e u tro n  an d  
M S s s b a u e r  e x p e r im e n t s  upon one a n o th e r . S e c t io n  5 s u m m a r iz e s  th e c o n 
c lu s io n s  of t h is  r e v ie w .

2 . N E U T R O N  S C A T T E R I N G  C R O S S -S E C T IO N S

F o l lo w in g  V a n  H o v e 's  w o r k  [2 , 3] th e  r e la t io n  c o n n e c t in g  th e  n e u tro n  
c r o s s - s e c t i o n s  to  c o r r e l a t i o n  fu n c t io n s  h a s  b e c o m e  w e l l  k n o w n . F o r  th e  
s a k e  o f c o m p le t e n e s s  it  i s  w o rth  w r i t in g  dow n th e  fu l l  e x p r e s s io n  a llo w in g  
f o r  p o la r iz a t io n  o f the n e u tro n  b e a m . T h e  c o h e re n t  s c a t t e r in g  i s  th en  g iv e n  
b y :

d2 <j
d f t 'd E '  2тгЪк

w h e re

'— J d te x p (- iu t)  £  < e x p ( - iK - R '( 0 ) ) e x p ( iK - R ( t ) ) > r f ,f (t), ( 2 . 1 )

г та Bl ■ *r G ü ? )  £  - <5 • é>â •! <% > 4  fi  + <s5> Suty*»*1

4 w ) V î lE>%fî ? * 14.. -  W  4  l0)sl m>

+ G è )  gï ' ï (K,8ï 'fï f® lp*

x  I « « .  -  v Â k , » « « k Â K s : ( ° > s | i o >  .

( 2 . 2 )

In  t h is  e x p r e s s io n  th e  n e u tro n  i s  s c a t t e r e d  f r o m  к to  к ' w ith  Й = Й - С ',

K =  К /  |к | and  ftu =  E  - Е ' .  a ¡ f  i s  th e  c o h e r e n t  n u c le a r  s c a t t e r in g  a m p litu d e

. o f  th e  n u c le u s  a t Ë ,  g-£ i s  th e  g - v a lu e ,  f ^ ( S )  the fo r m  fa c t o r  and p the 
p o la r iz a t io n .
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F p r  z e r o  p o la r iz a t io n  and  p u r e ly  m a g n e t ic  s c a t t e r i n g ,  o n ly  th e  t h ir d  
t e r m  o f E q . (2 . 2) s u r v i v e s .  S p e c ia l iz in g  to  th e  c a s e  o f s t r i c t l y  e la s t ic  
s c a t t e r in g  w e  fin d

l ^  = ( w ) 2 [ 1 - é ' ] e ' 2WI  е х р ( 1 К - ( п - т ) ) < р й ^ > ^ ( К ) ^ К ) ,  ( 2 .3 )

n,m '

w h e re  n and m  r e f e r  to  la t t ic e  p o in ts  and  w e h a v e  in tro d u c e d  th e t im e -
a v e r a g e d  m a g n e t ic  m o m e n ts  цЦ = gn*\ Sn? -  T h is  s t r i c t l y  e l a s t i c  m a g n e t ic
s c a t t e r in g  i s  m o s t  u s e fu l  in  th e s tu d y  o f fe r r o m a g n e t ic  a l lo y s  w h e re  th e 
m o m e n ts  /л-* a n d  /ид a r e  c o r r e l a t e d  in  s p a c e .  In  m a n y  c a s e s  it  i s  s a t i s 
f a c t o r y  to  a s s u m e  th e  s a m e  f o r m  f a c t o r  f o r  a l l  a t o m s  a n d  to  s u b t r a c t  o f f  
th e  B r a g g  s c a t t e r i n g  f r o m  E q .  (2 . 3) to  g iv e  th e  d i f fu s e  s c a t t e r i n g  a s :

d^'Diffuse = (  2 ¡ S )  t1 - К 11 e ' 2Wlf (К )  e x p ( i K . (n  - m ) ) l < » ^  > -  <  ц  >2].

n.m ( 2 .4 )

W e s h a l l  r e t u r n  to  E q .  ( 2 .4 )  in  s e c t io n  4 .

3 .  M Ô S S B A U E R  A B S O R P T IO N  C R O S S -S E C T IO N

S u p p o s e  th a t a  p h o ton  o f f r e q u e n c y  и and  p o la r iz a t io n  p (p =  1 ,  0 o r  - 1  
r e l a t i v e  to  th e  q u a n t iz a t io n  a x i s )  i s  in c id e n t  on  a n  a b s o r b e r  c o n t a in in g  a  
s u i t a b le  M o s s b a u e r  n u c le u s .  W e s u p p o s e  th a t  th e  H a m ilto n ia n  o f th e  a b 
s o r b e r ,  e x c lu d in g  th e in te ra c t io n  w ith  the M o s sb a u e r  n u c le u s , i s  ^ 0, s o  that 
w ith  th e  n u c le u s  in  th e  g ro u n d  s ta te  w ith  n u c le a r  sp in  I, th e  fu l l  H a m ilto n ia n  
i s :

£ T  = & ’o +  A S - î + l “ QaBI B , ( 3 . 1 )

w h e r e  th e  s e c o n d  t e r m  r e p r e s e n t s  th e  h y p e r f in e  in t e r a c t io n  b e tw e e n  th e  
n u c le a r  s p in  t  and  th e e le c t r o n  s p in  S  on th at a to m . T h e  th ir d  t e r m  w r it te n  
in  g e n e r a l  fo r m  r e p r e s e n t s  th e  q u a d ru p o le  in t e r a c t io n , i f  a n y , b e tw e e n  th e
n u c le u s  a n d  i t s  s u r r o u n d in g s .  In  th e  e x c i t e d  s t a t e  th e  n u c le u s  h a s  s p in  3
an d  th e  t o t a l  H a m ilto n ia n  b e c o m e s

& ’ = & ’0+  A ' S - Î +  J ^ Q ' ^ J 8 , ( 3 .2 )

w h e r e ,  to  a n  e x c e l le n t  a p p r o x im a t io n , th e  r a t i o  b e tw e e n  A '  a n d  A  i s  th a t  
o f th e  n u c le a r  m a g n e t ic  m o m e n t s .

T h e  t r a n s i t io n  a m p litu d e  o f th e  7 - r a y  c o n v e r t in g  th e n u c le u s  f r o m  Im  
to  J M  in v o lv e s  a  W ig n e r  c o e f f ic ie n t .  T h e r e f o r e  it  i s  c o n v e n ie n t  to  d e f in e  
an  o p e r a t o r  U  a c t in g  s o l e l y  on th e  n u c le u s  w ith  n o n - z e r o  m a t r i x  e le m e n t s  
g iv e n  b y :

26
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( J M | u | l m ) =  J  ¿ ) .  ( 3 . 3 )

w h e r e  w e h a v e  c h o s e n  to  u s e  th e 3 j s y m b o ls .  W e now  d e fin e  s t a t e s  |q) a s  
e ig e n s t a t e s  of and  in  t e r m s  o f th e m  th e  p r o b a b il i t y  o f a b s o r p t io n  o f 
a  p h o to n  o f f r e q u e n c y  и i s

P(u) ~ ^ W q̂ (q|u lqM (q '|u lq )(Eq _ + Г 2/4 • ^
Q q' 3

In  t h is  fo r m u la  w e h a v e  put R = 1 ,  Г а i s  th e  w id th  o f th e  e x c ite d  s t a t e s  in  th e 
a b s o r b e r ,  a l l  f i n a l  s t a t e s  q ' h a v e  b e e n  su m m e d  o v e r  and  th e  in i t i a l  s t a t e s  
q  h a v e  b e e n  a v e r a g e d  w ith  th e  B o ltz m a n n  p r o b a b i l i t y  Wq .

W e now  n o t ic e  th at

<j2+ Г.2/4

eo

= J  dt e x p ^ -iu t  -  Г а 11 1 / 2 ^ ( 3 .5 )

and  w e s u b s t itu te  th is  e x p r e s s io n  in to  E q .  ( 3 .4 )  to  g iv e :

oo __  __

.P(u) = ¿  j^dtexp(-iut-ra|t|/2)^Wq^  (q| u|q')(q' I U | q)exp(it(Eq,-Eq)) 
-»  q q*

eo

= J d t  e x p ^ -iu t  -  Г а 1 1 1  / 2j  ^  Wq^  (q I U(0) | q ') ( q ' | U(t) | q)
- « j  q  q -

eo

= ^ J d t e x p ( - i u t - r J t | / 2 )  < U ( 0 ) U ( t ) > , ( 3 .6 )
-oo

w h e r e  w e  h a v e  in t ro d u c e d  th e  H e is e n b e r g  r e p r e s e n t a t io n  a n d  in  th e  u s u a l  
w a y  th e  s y m b o l  ^ 0 ^  d e n o te s  th e  t h e r m a l  e x p e c t a t io n  v a lu e  o f 0 .

In p r a c t ic e  th e  r e s u l t  sh o w n  in  E q . (3 . 6 ) i s  not e x a c t ly  w h at i s  r e q u ir e d
b e c a u s e  th e in c id en t y - r a y  fr e q u e n c y  i s  not p r e c i s e ly  d e fin ed . I f  the in cid en t
s p e c t r u m  h a s  c e n t r a l  f r e q u e n c y  ш an d  w id th  Г 5 , w h e re  io i s  d e t e r m in e d  b y  
th e  n a tu re  o f th e  s o u r c e  and th e  D o p p le r  s h ift  g iv e n  to  it  b y  th e M b s s b a u e r  
a p p a r a t u s , th e n  th e  q u a n tity  a c t u a l ly  o b s e r v e d  i s :

00

Р | Ц ' '

J it' /d u 'exp ^- it 'lu  - u ')  - r s |t' I / 2 ^ P ( u ' )

= ¿  J d t  e x p ( - iu t  -  11 1 (Г 5 +  Г а) / г ) <  U(0) U(t) > . ( 3 .7 )
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T h e la s t  fo r m u la , (E q . (3 .7 )) , s u ita b ly  m u lt ip lie d  b y  the D e b y e -W a lle r  fa c t o r  and 
o th e r  t e r m s ,  r e p r e s e n t s  th e a c t u a l  a b s o r p t io n  s p e c t r u m  f r o m  a th in  a b s o r b e r .

W e n o tic e  th e  s im i l a r i t y  b e tw e e n  E q s .  (3 . 7) and (2 . 1 ) ;  both  in v o lv e  t im e  
in t e g r a ls  o v e r  c o r r e la t io n  fu n c t io n s ; but b eyon d  th at sta te m e n t the s im i la r i t y  
e n d s . In  th e  a p p ro x im a t io n  w h e re  th e  f lu c tu a t io n s  in  th e e le c t r o n ic  s y s t e m  
a r e  ig n o r e d ,  i .  e . ?  r e p la c e d  b y  and  b y  th e n  w e  h a v e :

< U ( 0 ) U ( t ) >  = <  U (0 )e x p ( itA ' < S > -  J )  U ( 0 ) e x p ( - it A  < S > - I ) > .  ( 3 .8 )

( F o r  s im p l i c i t y  w e  a l s o  ig n o r e  q u a d ru p o le  e f f e c t s . )  A s s u m in g  a  q u a n tiz a t io n  
a x i s  a lo n g  z , t h is  i s :

<  U(0) U(t) >  = £  P m U mM U Mm e x p ( it <  S z > ( A < M -  A m )) . (3 . 9)

m ,M

A t a l l  e x c e p t  v e r y  lo w  t e m p e r a t u r e s  ( T «  1 ° K ) ,  P m i s  in d e p e n d e n t o f m  and  
t h is  b e c o m e s

< U (0 )U (t)>  = ( 2 I + l ) - l ^  |u mM |2 e x p ( i t < S z > ( A 'M - A m ) ) .  ( 3 . 1 0 )

m ,M

S u b s t itu t in g  th e a b o v e  e x p r e s s io n  in to  E q . (3 . 7) one o b ta in s

A (u ) = Z  2 f f ( 2 I + l )  Г 2/4  +  [ u  - <  S Z> ( A 'M  -  A m )]2 ’ ( 3 ‘ П )
m ,M  .

w h e re
r = r s + r a . ( 3 . 1 2 )

T h e  r e s u l t ,  E q . (3 . 1 2 ) ,  f o r F e 57 d e s c r ib e s  th e  f a m i l i a r  " s i x - f i n g e r  s p e c t r u m " . 
T h is  c o n s i s t s  o f a  s u p e rp o s it io n  o f s ix  L o r e n tz ia n  l in e s  c o r re s p o n d in g  to  the 
s ix  n o n - z e r o  v a lu e s  o f UmM (n a m e ly  U | | ,  U ^ ,  U ^.i , U .^ .| , U .^  ),

e a c h  l in e  w ith  c e n t r e  a t a  f r e q u e n c y  d is p la c e d  b y  an  am ou n t p r o p o r t io n a l  to 
<, S z ,> . It i s  s t r a ig h t fo r w a r d  to  add  the q u a d ru p o le  t e r m s  to  th is  d is c u s s io n .

So m e g e n e r a l r e m a r k s  about E q s . (3 . 7) and (3. 1 1 )  can  be m ad e.
(a) E q u a tio n  ( 3 .7 )  sh o w s  th at a  f r e q u e n c y , s a y  Q, com p on en t o f <,,U(0) U (t)^ 
d i s p la c e s  th e a b so r p t io n  s p e c tru m  b y  Í2. It fo llo w s  th at th e h igh  f r e q u e n c ie s , 
£ 2 » A < S z /i c a n  b e  ig n o r e d  b e c a u s e  th e y  p ro d u c e  d ista n t p a r t s  o f th e a b so rp t io n  
s p e c t r u m , s o  f a r  in  th e  w in g s  o f th e  m a in  a b s o r p t io n  l i n e s  a s  t o  b e  u n d e 
t e c t a b le .  N o w  th e  f r e q u e n c y  A  <(SZ >̂ i s  th a t  f o r  p r e c e s s i o n  o f  th e  n u c le a r  
s p in  an d  c o r r e s p o n d s  in  e n e r g y  u n its  to  th e  e n e r g y  re q u ir e d  to  o r ie n t  n u c le i. 
In  m o s t  c a s e s  o f in t e r e s t  t h is  fr e q u e n c y  an d  e n e r g y  a r e  v e r y  lo w  c o m p a r e d  
to  t y p ic a l  f r e q u e n c ie s  and  e n e r g ie s  o f the e le c t r o n ic  s y s t e m . H en ce in  m o st 
c a s e s  E q ,  ( 3 . 1 1 ) ,  w ith  th e  a d d it io n  o f q u a d ru p o le  t e r m s ,  i s  th e  a p p r o p r ia t e  
one to  u s e .
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(b) N o tw ith sta n d in g  th e fa c t  th at A < ,SZ,> i s  a  lo w  fr e q u e n c y , both  E q s .  (3 . 7) 
and  ( 3 . 1 1 )  sh o w  th a t u s e fu l  in fo r m a t io n  c a n  b e  o b ta in e d  o n ly  i f  Г  < A  <,SZ )>. 
O th e r w is e  th e  n a t u r a l  w id th  o f th e  L o r e n t z ia n  p e a k s  i s  s o  g r e a t  th at no d e 
t a i l s  due to  m a g n e t ic  e f f e c t s  c a n  b e  d e te c te d . F o r t u n a t e ly  in  a  n u m b e r  o f 
c a s e s ,  in  p a r t i c u l a r  F e 5? , th e  n u c le a r  s t a t e  i s  s u f f i c ie n t ly  .long l i v e d  f o r  
t h is  c o n d it io n  to  b e  w e l l  s a t i s f i e d .

B e c a u s e  in  m o s t  c a s e s  E q .  ( 3 . 1 1 )  i s  th e  a p p r o p r ia t e  fo r m u la  to  u s e , w e 
s e e  th a t  th e  M o s s b a u e r  e f f e c t  g i v e s  u s  in fo r m a t io n  on < .S Z > ,  i .  e . on  th e  
t im e - a v e r a g e d  s p in  v a lu e s .  H e n ce  th e M o s s b a u e r  e f fe c t  g iv e s  u s  a  s im i l a r  
k ind  o f in fo rm a t io n  to  th at d e r iv e d  f r o m  th e s t r i c t ly  e la s t ic  m a g n e tic  s c a t t e r 
in g  o f n e u tro n s  ( s e e  E q .  ( 2 .4 ) ) .  In  s e c t io n  4 w e  s h a l l  d i s c u s s  how  su c h  
n e u tro n  and  M ô s s b a u e r  e x p e r im e n t s  c a n  s u p p le m e n t one a n o th e r  but b e fo r e  
le a v in g  th e  g e n e r a l  d i s c u s s i o n  it  i s  w o r t h w h ile  to  g iv e  a  b r i e f  a c c o u n t  o f 
th e  s i t u a t io n s  w h e r e  E q .  (3 . 1 1 )  i s  not v a l id .

W e h a v e  a l r e a d y  c o m m e n te d  th a t  th e  M ô s s b a u e r  e f f e c t  c a n  b e  u s e d  to  
s tu d y  th e  t im e  d e v e lo p m e n t  o f th e  e le c t r o n ic  s y s t e m  o n ly  i f  t h is  t im e  d e 
v e lo p m e n t t a k e s  p la c e  s lo w ly , c o r r e s p o n d in g  to  f r e q u e n c ie s  o f th e  o r d e r  o f 
A S . I t  fo l lo w s  im m e d ia t e ly  th a t  f o r  s u c h  c a s e s  th e  s y s t e m  m u s t  b e  
m a g n e t ic a l ly  d ilu te  b e c a u s e  e v e n  th e  w e a k  d ip o le -d ip o le  f o r c e s  b e tw e e n  
m a g n e t  m o m e n ts , a t r e a s o n a b le  c o n c e n t r a t io n s ,  c a u s e  f l u c t u a t io n s ,r a p id  
c o m p a r e d  to  A S . (T h u s , f  o r  a  p a ra m a g n e t  f o r  n o r m a l c o n c e n tra t io n  E q . ( 3 . 1 1 )  
r e m a in s  v a l id  w ith  ^,SZ^  z e r o  f o r  z e r o  a p p lie d  f i e ld .  ) T h e r e f o r e  a s  a  f i r s t  
n e c e s s it y  w e s h a ll  su p p o se  the m a t e r ia l  h a s  co n c e n tra tio n  1 % o r  l e s s  of m a g 
n e t ic  a to m s , i .  e . s u f f ic ie n t ly  d ilu te  th at d ip o le -d ip o le  f o r c e s  ca n  be ig n o re d .

N ext w e .n o te  th at in  a  d ilu te  s y s t e m  th e t im e  f lu c tu a tio n s  in  the e le c tro n  
sp in  s y s t e m  w il l  b e  p ro v id e d  b y  the s p in - la t t ic e  re la x a t io n . A t h igh te m p e ra 
t u r e s  th e  s p in - la t t i c e  r e la x a t i o n  t im e  T j w i l l  b e  s h o r t ;  th e  f lu c t u a t io n s  in  
th e  e le c t r o n  s p in  o r ie n t a t io n  w i l l  b e  r a p id  c o m p a r e d  to  th e  n u c le a r  p r e 
c e s s io n  and  E q . ( 3 . 1 1 )  r e m a in s  v a l id .  A t  lo w  t e m p e r a t u r e s  T j  i s  lo n g ; the 
f lu c t u a t io n s  in  th e  e le c t r o n  s p in  o r ie n t a t io n  a r e  s lo w  a n d  E q .  ( 3 . 1 1 )  f a i l s :  
in s t e a d  th e  M ô s s b a u e r  s p e c t r u m  b e c o m e s  th a t  a p p r o p r ia t e  to  a n  i s o la t e d  
io n . T h e  ch a n g e  f r o m  one ty p e  o f s p e c t r u m  to  a n o th e r  t a k e s  p la c e  a t a 
t e m p e r a t u r e  d ep en d en t on th e n a tu re  o f th e  e le c t r o n ic  s ta te  in v o lv e d . T h u s  
f o r  e x a m p le  F e +++ in  A 1 20 3 h a s  a  6S  s p e c t r o s c o p i c  s t a t e  w ith  v e r y  w e a k  
c o u p lin g  b e tw e e n  th e e le c t r o n  sp in  and th e la t t ic e  v ib r a t io n s . A s  a r e s u l t  T  ̂
i s  lo n g  e v e n  at ro o m  t e m p e r a t u r e  and th e i s o la t e d  io n  M o s s b a u e r  s p e c t ru m  
i s  s e e n  o v e r  a  w id e  t e m p e r a t u r e  r a n g e  14] . In c o n t r a s t  F e +++ in  a  c y a n id e  
c o m p le x  h a s  s p in  S  = ^ and  th e  s p in  la t t i c e  r e la x a t io n  t im e  c a n  b e  r a p id  a t 
h ig h  T .  A c c o r d in g  to  D A V ID S  a n d  W A G N E R  [5] F e +++ in  K 3 C r ( C N ) 6 h a s ,  
f o r  M =  0 ,

- 1 / T X = 4 . 3 X 1 0 - 3 T 9  s - i .  ( 3 . 1 3 )

I f  w e  a s s u m e  a  h y p e r f in e  in t e r a c t io n , A S  e q u iv a le n t  to  s a y  200  k G , th en  the 
n u c le a r  m o m e n t o f 0. 09 /uN p r e d ic t s  a  p r e c e s s io n  t im e  T p ~  10 -9  s . H en ce  
f o r  t e m p e r a t u r e s  b e lo w  about 2 0 ° K  w e e x p e c t  T i  »  T p and f o r  te m p e r a t u r e s  
a b o v e  ab ou t 2 0 ° K  w e e x p e c t  T j  «  T p. T h e  t r a n s i t io n  f r o m  " i s o la t e d  io n  
s p e c t r u m "  a t  lo w  t e m p e r a t u r e s  to  " r a p i d ly  r e la x e d  s p e c t r u m "  a t h ig h  
t e m p e r a t u r e s  h a s  b e e n  o b s e r v e d  b y  L A N G  16] in  h a e m o g lo b in  c y a n id e  
w h e r e  it  i s  k n o w n  th a t  th e  F e +++ io n  h a s  S =  i  and  th e  s y s t e m  i s  v e r y  d ilu te
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in d eed  in  m a g n e tic  io n s . T h e  lo w  te m p e ra tu r e  s p e c tru m  i s  h a rd  to  in te rp r e t  
b e c a u s e  in  t h is  c a s e  th e  h y p e r f in e  in t e r a c t io n  i s  o f a n  a s y m m e t r i c  t e n s o r  
t y p e  w ith  t h r e e  p r in c ip a l  v a l u e s  A xx , А уу and  A zz. T h e  h ig h  t e m p e r a t u r e  
s p e c t r u m  s h o w s  ju s t  th e  q u a d r u p o le  s p l i t t in g .

W hen e it h e r  th e  t e m p e r a t u r e  i s  su ch  th at T i  i s  o f o r d e r  Tp o r  th e  c o n 
c e n t r a t io n  i s  s u c h  th a t  th e  d ip o la r  f lu c t u a t io n  t im e  T 2 i s  o f o r d e r  T p , th e  
M o s s b a u e r  s p e c t r u m  p o s e s  an  in t e r e s t in g  t h e o r e t i c a l  p r o b le m  w h ic h  m u st  
b e  a p p r o a c h e d  b y  a p p ly in g  th e  t h e o r y  o f c u m u la n ts  to  E q .  (3 . 7 ) . T h is  p r o b le m  
i s  not d i s c u s s e d  h e r e .

S i m i l a r  r e m a r k s  a p p ly  to  M o s s b a u e r  io n s  d is t r ib u te d  d ilu te ly  in  m e t a ls  
o r  s e m ic o n d u c to r s . F o r  e x a m p le  i f  F e 5 f  i s  added d ilu te ly  to  a n o n -m a g n e tic  
m e t a l ,  s a y  C u , th e n  a t s u f f ic ie n t  d ilu t io n  th e  m a in  r e la x a t i o n  p r o c e s s  f o r  
th e e le c t r o n  s p in  i s  c a u s e d  b y  m u tu a l sp in  f l ip  w ith  th e co n d u ctio n  e le c t r o n s . 
K O R R IN G A  [7] h a s  c a lc u la te d

_ L '_  7TG2 
T , ~  ft

Z (E )
N

2
k T , (3 . 14 )

w h e re  G i s  th e s - d  e x c h a n g e  in te r a c t io n  and Z (E )  th e  d e n s ity  o f s t a t e s .  U sin g  
G  ~  0. 5 e V  and E f ~ 7 e V  w e c a lc u la t e  Tx ~ 1 0 - 9 / T  s  f o r  F e  in  C u . A s s u m in g  
Tp ~  1 0~9 s  w e  c o n c lu d e  th a t a  s p lit  M o s s b a u e r  s p e c t r u m  w o u ld  b e  s e e n  o n ly  
a t  T  «  1 ° K .  F o r  F e  in  a  s e m ic o n d u c t o r  th e  d e n s it y  o f  s t a t e s  w o u ld  b e  s o  
m u c h  s m a l l e r  th a t  a  s p l i t  s p e c t r u m  c o u ld  p r o b a b ly  b e  s e e n  a t  h e l iu m  
t e m p e r a t u r e s .  Su ch  a  M b s s b a u e r  e x p e r im e n t  h a s  not b een  p e r fo rm e d  a s  f a r  
a s  th e a u th o r i s  a w a r e .

W e c o n c lu d e  f r o m  t h is  d i s c u s s io n  th at s itu a t io n s  w h e re  th e M o s s b a u e r  
e f f e c t  i s  u s e d  d i r e c t l y  to  s tu d y  th e  d y n a m ic s  o f e le c t r o n  s p in , f lu c t u a t io n s  
a r e  o f s u c h  a  s p e c ia l  c h a r a c t e r  th a t th e y  h a v e  no c lo s e  c o n n e c tio n  w ith  
n e u tro n  s c a t t e r i n g  r e s u l t s .  H o w e v e r  M o s s b a u e r  e x p e r im e n t s  u s u a l ly  
m e a s u r e  th e  t im e - a v e r a g e d  s p in  o r ie n t a t io n s  an d  in  s u c h  c a s e s  t h e r e  i s  a 
d ir e c t  c o n n e ctio n  w ith  th e  s t r i c t l y  e la s t ic  m a g n e tic  n e u tro n  s c a t t e r in g  w h ich  
i s  d is c u s s e d  in  th e n e x t s e c t io n .

4 . E X P E R I M E N T S  O N F E R R O M A G N E T IC  A L L O Y S

In  s t u d ie s  on  f e r r o m a g n e t i c  a l l o y s  th e  u s e  o f  n e u t r o n  s c a t t e r i n g ,  
M o s s b a u e r  and  n u c le a r  m a g n e t ic  r e s o n a n c e  (N M R ) e x p e r im e n t s  a r e  c lo s e ly  
r e la t e d  in  p r in c ip le ,  a lth o u g h  a t th e  p r e s e n t  d a y  th e  p r o p e r  in t e r p r e t a t io n  
o f M o s s b a u e r  an d  N M R  e x p e r im e n t s  i s  o n ly  b e g in n in g  to  b e  c la r i f ie d .  S u p 
p o s e  th e  b in a r y  a l l o y s  h a v e  c o m p o s it io n  A 1 . CB C a n d  s u p p o s e  i n i t i a l l y  th a t  
th e  c o n c e n tra t io n  с  i s  s m a l l .  T h en  e a c h  В  a to m  i s  w e l l  s e p a r a t e d  f r o m  a l l  
o t h e r  В  a to m s  and  e f f e c t s  due to  one В  a to m  do not in t e r e f e r e  w ith  th o se  o f 
a n o th e r . E a c h  В  a to m  h a s  a  f in a l  m o m en t and  in  a d d it io n  e a c h  В  a to m  
a f f e c t s  i t s  im m e d ia te  e n v iro n m e n t so  that A  a to m s  n e a r  to  it  h a ve  m o m e n ts  
d i f fe r e n t  f r o m  A  a t o m s  w h ic h  h a p p en  to  b e  w e l l  is o la t e d  f r o m  a l l  В  a t o m s . 
I f  e a c h  В  a to m  a f f e c t s  th e  m o m e n t  o f  a n  A  a to m  d is t a n c e  Й  a w a y ,  b y  a n  
a m o u n t g ( S )  th e n  a  f o r m a l  s t a t e m e n t  o f  th e  m o m e n t  on a  s i t e  Я  i s
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М;Г= Mh +  (M¡ -  P h)Pn +  ^ g ( n - R ) p ^ ,  ( 4 . 1 )

w h e re

p ^ =  1  i f  a  B  a to m  i s  on s it e  n
_  ( 4 .2 )

p ^ =  0 i f  an  A  a to m  i s  on s i t e  n .

In  E q .  (4 . 1 ) ,  /uh s t a n d s  f o r  th e  m o m e n t on  u n d is tu r b e d  h o s t  (A ) a t o m s  a n d  
juj f o r  th e  m o m e n t on im p u r i t y  (B )  a t o m s .

B e c a u s e  th e  m e a n  v a lu e  o f p-¡* i s  с  w e  h a v e  im m e d ia t e ly

^ > = M h +  (A*i -  P h )c + c G ( 0 ) ,  ( 4 .3 )

w h e re  w e h a v e  d e fin e d  F o u r i e r  t r a n s f o r m s  b y

G (K ) = ^ e x p ( i K - R ) g ( R ) .  ( 4 .4 )
—>
R

F r o m  E q . (4 . 3) w e  n ote  th at

^ < M >  = i i i - M h + G ( 0 ) .  ( 4 .5 )

T h e r e s u l t  in  E q . (4 . 1 )  i s  e a s i l y  s u b st itu te d  in to  E q . ( 2 .4 )  to  g iv e  f o r  d i f fu s e  
e la s t ic  s c a t t e r in g  '

( 2Í &)2 [1  _  e_2Wl f ( K )  |2 n c ( 1  -  + G ( K ) ] 2 .  ( 4 .6 )

T h is  fo r m u la  h a s  b e e n  u s e d  e x t e n s iv e ly  b y  LO W  an d  C O L L IN S  [ 8, 9] to  d e 
t e r m in e  í and  G (i£) f o r  a  w id e  v a r ie t y  o f f e r r o m a g n e t ic  a l l o y s .

T h e  t h e o r y  c a n  b e  e x te n d e d  to  m o r e  c o n c e n t r a t e d  a l l o y s  w h e r e  th e  В  
a t o m s  b e g in  to  a f f e c t  one a n o th e r . In  t h is  c a s e  w e m u s t  r e p l a c e  E q .  (4 . 1 )  
b y  th e  e q u a t io n s

= < P A>  + ^ g ( n - R ) [ p ^ - c ]  f o r  a n  A  a to m  on  n 

t

( 4 .7 )

/Lf¡̂ = <(/jb У  +  ^T h (n  -  R )[p ^  -  c] f o r  a В  a to m  on n.

T h e se  e q u a tio n s  d e s c r ib e  a s u p e rp o s it io n  a p p ro x im a tio n : the e f fe c t s  o f a to m s
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on one a n o th e r  a s s u m e d  to  b e  in d ep en d en t w ith in  th e s t a t i s t i c a l  f lu c tu a t io n s  
a llo w e d  b y  th e  m e a n  a l lo y  c o n c e n tra t io n . U sin g  t h is  e q u a tio n  it  i s  p o s s ib le  
to  d e r iv e  th e fo r m u la  [ 1 0 ]

Х {[< Й В> - < P A > +  G (K ) + c J ( K ) ] 2 + c ( l - c ) [ Q ( 0 ) + Q ( K ) ] } ,  ( 4 .8 )

w h e re

j(R )  = h (R ) -  g (R ) (4 . 9)

«■* 4  —*
G (K ) , H (K) and  J ( K )  a r e  F o u r i e r  t r a n s f o r m s  d e fin e d  b y  a n a lo g y  to  E q .  (4. 4)
and

Q (K ) = ^ e x p ( i K - R ) [ j ( R ) ] 2 . (4 . 1 0 )

R

In  p r in c ip le  E q .  (4 . 8 ) e x te n d s  th e v a lu e  of n e u tro n  e x p e r im e n t s  in to  h ig h e r  
c o n c e n t r a t io n  r e g io n s  ( a lw a y s  p r o v id e d  t h e r e  i s  no c h e m ic a l  s h o r t - r a n g e  
o r d e r  p r e s e n t)  but i t s  v a l id i t y  h a s  not y e t  b e e n  t e s te d  e x p e r im e n t a l ly .  T h e  
v a r io u s  p a r a m e t e r s  a p p e a r in g  in  E q s .  (4 . 7) and  ( 4 .8 )  a r e  lin k e d  b y  th e  
e q u a t io n s

<A*a > = G (0) ( 4 . 1 1 )

d <A*B> = H ( ° ) =  G ( ° ) +  J ( ° )  (4 . 1 2 )d c

d
<A* >  = < й в>  -  <(UA> +  G (0) +  c j ( 0 )  . ( 4 . 1 3 )

dc

toIn  p r in c ip le  th e  M o s s b a u e r  e f fe c t  and N M R  e x p e r im e n t s  c a n  b e  u se d  
s u p p le m e n t  a n d  c o n f i r m  th e  n e u tro n  r e s u l t s  b e c a u s e  th e  h y p e r f in e  f i e l d s  
a c t in g  on an y  p a r t ic u la r  n u c le u s  m u st, in  the m ain , ob ey  an  eq u atio n  e x a c t ly  
s im i la r  to  E q . (4 . 7), n a m e ly

H ^ = + ^ g ' ( n - R ) ( p ^ - c )  f o r  an A  a to m  on n

H ^= + ^ h '( n - R ) ( p ^ -  c) f o r  a В  a to m  on n.

(4 . 14 )

H e n ce , fo r  e x a m p le , the M o s s b a u e r  s p e c tru m  of th e h o st a to m s  sh ou ld  show
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a  s u p e r p o s i t io n  o f m a n y  " s i x - f i n g e r  s p e c t r a "  c o r r e s p o n d in g t o t h e  d is t r ib u t io n  
d e fin e d  b y  E q . (4 . 7 ) . B o th  the M ô s sb a u e r  and N M R  e x p e r im e n ts  m e a s u re  the 
fu l l  d is t r ib u t io n  fu n c t io n  o f th e  h y p e r f in e  f ie ld  and  th is  ca n  b e  d ed u ced  f r o m  
E q . (4 . 7) a s  fo l lo w s .

F o r  a to m s  o f ty p e  A  (the d is c u s s io n  f o r  В  a to m s  i s  id e n tic a l)  the d i s t r i 
b u tio n  fu n ctio n  d e fin e d  b y  E q .  (4 . 7) i s

P(H) = < >̂ H -  <H A>  +  cG '(O ) -  £ g ' ( R ) P *  . (4 . 1 5 )

w h e re  the a v e r a g in g  h a s  to  b e  a p p lie d  to  th e  p o s it io n s  of th e  В  and A  a to m s . 
T h e  F o u r i e r  t r a n s f o r m  o f p(H) i s

q(t) = dH exp (itH )p(H ) ( 4 . 1 6 )

= e x p ( i t [< H A>  -  cG '(O )]) < ^ e x p ( t t ^ g '( R ) p ^ ) ^ > .  ( 4 . 1 7 )

T h e  a v e r a g in g  in  E q . (4 . 1 7 )  w o u ld  b e  e a s y  i f  a l l  s i t e s  R  co u ld  b e  t r e a t e d  in 
d e p e n d e n tly  but w e  m u s t  r e c a l l  th e  r e s t r ic t i o n  th at

X pr  N c -
( 4 . 1 8 )

In  th e  u s u a l  w a y  w e  t h e r e fo r e  u s e  a  g ra n d  c a n o n ic a l e n s e m b le  n e g le c t in g  the 
r e s t r i c t i o n  but w e ig h t in g  E q .  (4 . 1 7 )  p r o p e r l y .  It i s  e a s y  to  s h o w  th a t  E q .  
(4 . 1 7 )  th e n  b e c o m e s

q (t)=  e x p ( i t [ < H A > - c G '( 0 ) ] )  <^exp ( i t ^ g ' ( R ) p ^  \ ( l - c ) N,

\  r ' Ave- ( 4 . 1 9 )

w h e re  th e a v e r a g e  i s  now  p e r fo r m e d  w ith o u t r e s t r i c t i o n  to  g iv e  

q(t) = e x p  ( i t [ < H A>  -  c G '(0 ) ] ) n  j l  +  с e x p ( i t g '( R ) )  -  1 ( 4 .2 0 )

i .  e .

ln q ( t )=  it [< H A > - c G ' ( 0 ) ] +  ^ l n - j l  + c  e x p ^ i t g '( R ) ) -  1  j-. ( 4 .2 1 )

H en ce
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P(H ) = ^  J d t  e x p ( - i t [ H -  < H A> +  cG '(O )] ) e x p ^ l n - j l  +  с  e x p ( i t g '( R )  ) -  1

- -  R ( 4 .2 2 )

w h ic h , th o u g h  c o m p lic a t e d , r e l a t e s  th e  o b s e r v a b le  p(H ) to  th e  q u a n t ity  o f  
i n t e r e s t ,  g '(S .) . F o r  e x a m p le  one r e s u l t  f r o m  E q . (4 . 2 2 ) , o r  d i r e c t ly  f r o m  
E q .  (4 . 1 4 ) ,  i s

< H 2 > =  J d  H H 2p(H) = < H A >2 + c ( l - c ) ^ [ g ' ( R ) ] 2 . ( 4 .2 3 )

00

U n fo r tu n a te ly  th is  id e a  o f r e la t in g  M ô s s b a u e r  o r  N M R  e x p e r im e n t s  to  
n e u tro n  e x p e r im e n t s  i s  n e ith e r  s o  s im p le  n o r  s o  v a lu a b le  a s  one m ig h t e x 
p e c t  and  w e  s h a l l  now  l i s t  th e  r e a s o n s  f o r  t h is .
(a) T h e  m o s t  s e r i o u s  d i f f i c u l t y  i s  th a t  th e  r e la t io n  b e tw e e n  m a g n e t ic  m o 
m e n ts  and h y p e r f in e  f i e ld s  i s  c o m p le x  and t h e r e  i s  o n ly  a ro u g h  p ro p o r t io n 
a l i t y  b e tw e e n  th e m . T h e r e f o r e ,  e v e n  i f  w e  k n e w  th e  h y p e r f in e  f ie ld  v a lu e s  
e x a c t ly ,  t h e r e  w ould  r e m a in  u n c e r ta in ty  ab o ut t h e ir  in t e r p r e t a t io n  in  t e r m s  
o f m a g n e t ic  m o m e n ts . T h e  s im p le s t  w a y  to  t e s t  th is  p oin t i s  to  u se  the 
M ô s s b a u e r  e f fe c t  to  m e a s u r e  th e  m e a n  h o st  f i e ld .  In  a  w id e  s e r i e s  o f 
m e a s u r e m e n t s  C R A N SH A W , JO H N SO N  and R ID O U T  Ll 1 J  ( s e e  a ls o  M A R S H A L L  
an d  JO H N S O N  1 1 2 ]  ) h a v e  sh o w n  t h e r e  i s  o n ly  a  ro u g h  c o r r e la t i o n  b e tw e e n  
< H A >  an d  < /uA> -
(b) . T h e  s e c o n d  d i f f i c u l t y  i s  th a t e v e n  in  a c r y s t a l  w ith  o v e r a l l  c u b ic  s y m 
m e t r y  th e M ô s s b a u e r  s p e c t r u m  i s  p e r tu rb e d  b y  d ip o la r - h y p e r f in e  f ie ld s  and 
q u a d r u p o le  f i e l d s .  W hen a n  a to m  В  i s  in t r o d u c e d  in to  th e  h o s t  th e  c h a r g e  
c lo u d  a ro u n d  th o s e  A  a to m s  w h ic h  h a p p e n  to  b e  n e a r  В  a to m s  i s  p e r t u r b e d ,
i .  e . th e  В  a to m  h a s  d is tu rb e d  the c u b ic  s y m m e t r y  in  i t s  im m e d ia te  e n v ir o n 
m en t. T h is  in tro d u c e s  both an  e le c t r i c  f ie ld  g ra d ie n t  and a d ip o la r  m a g n e tic  
f ie ld  a t  th e  A  n u c le i .  B o th  e f f e c t s  h a v e  a  p r in c ip a l  a x i s  a lo n g  th e v e c t o r  Й. 
jo in in g  th e  В  a to m  to  the A  a to m  in  q u e s t io n . T h u s  in  E q . (4 . 14 )  it  i s  n e c e s 
s a r y  to  ad d  to  g '( S )  and  h '(H ) an  a d d it io n a l t e r m  d ep en d in g  upon th e r e la t i v e  
o r ie n ta t io n  o f R  and  th e m a g n e t iz a t io n . H en ce  in  p la c e  o f E q . ( 4 . 1 4 )  w e 
h a v e

H - =  < H A>  + ^ ( P ? + r c) j g ' ( R ) +  Х (Й )[3 (Й -Й )2 - 1 ] J - .  ( 4 .2 4 )

T h e  a d d it io n a l t e r m  m a k e s  th e a t o m s  in  a s h e l l  o f n e ig h b o u r s  in e q u iv a le n t  
to  one a n o th e r . In  a d d it io n  to  t h is  c o m p lic a t io n , a  f u r t h e r  s p l it t in g  o f th e  
M ô s s b a u e r  s p e c t r u m  t a k e s  p la c e  th ro u g h  th e  q u a d r u p o le  e f f e c t  w h ic h  a c 
c o m p a n ie s  th e  c h a r g e  d i s t o r t io n s .  B o th  th e  d ip o la r  and  q u a d ru p o le  t e r m s  
h a v e  b e e n  o b s e r v e d  in  F e S i  a l lo y s  b y  C R A N S H A W , JO H N SO N  and R ID O U T  
[ 1 3 ]  but t h e i r  p r e c i s e  v a l u e s  h a v e  not y e t  b e e n  d e t e r m in e d .

(c) T h e  N M R  e x p e r im e n t s  s u f fe r  f r o m  both  the d i f f ic u lt ie s  (a) and (b) l i s t e d  
a b o v e  but in  p r in c ip le  a r e  c a p a b le  o f h ig h e r  p r e c i s io n  th an  e it h e r  th e n eu tro n
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o r  M o s s b a u e r  e x p e r im e n ts . U n fo rtu n a te ly  th ey  a ls o  h ave  a d iffic u lty  of th e ir  
o w n . In  an  N M R  e x p e r im e n t  th e  s ig n a l  i s  c o m p le t e ly  d o m in a te d  b y  n u c le i  
w h ic h  h a p p e n  to  b e  in  th e  d o m a in  w a l l s .  T h is  w o u ld  b e  o f no im p o r t a n c e  
i f  tKe d ip o la r  and  q u a d r u p o la r  e f f e c t s  m e n tio n e d  a b o v e  w e r e  a b s e n t : but in  
the p re s e n c e  o f th e se  e f f e c t s  the re so n a n t  fre q u e n c y  v a r ie s  w ith  the m a g n e ti
z a t io n  d ir e c t io n  an d  t h e r e f o r e  v a r i e s  th ro u g h  th e  w id th  of th e  d o m a in  w a l l .  
It i s  t h e r e f o r e  im p o r ta n t  to  d e te r m in e  w h ic h  p a r t  o f  th e  d o m a in  w a l l  g iv e s  
th e  s t r o n g e s t  s ig n a ls .  A  n ew  th e o ry  b y  M U R R A Y  and M A R S H A L L  [ 14 ]  m a y  
h e lp  to  in t e r p r e t  fu tu r e  N M R  e x p e r im e n t s  but to  d a te  it  h a s  not p ro v e d  p o s 
s ib le  to  c o r r e la t e  an y  N M R  e x p e r im e n t  on a fe r r o m a g n e t ic  a llo y  w ith  neu tro n  
o r  M o s s b a u e r  r e s u l t s .

In  v ie w  o f t h e s e  r e m a r k s  a  s tu d y  o f th e  d ip o la r  f i e l d  a n d  q u a d r u p o le  
e f f e c t s  i s  in d ic a t e d . S o m e  b e g in n in g  on t h is  h a s  b e e n  m a d e  u s in g  th e  
M o s s b a u e r  e f f e c t  [ 1 3 ,  1 5 ]  but it  i s  w o rth w h ile  d e s c r ib in g  one o th e r  r e s u l t ,  
f o r  a  r a t h e r  d i f fe r e n t  s itu a t io n .

T h e  m a g n e t ic  m o m e n t d e n s it y  in  h é x a g o n a l c o b a lt  h a s  b e e n  m e a s u r e d  
v e r y  a c c u r a t e ly  b y  M O O N  [ 16 ]  u s in g  th e  B r a g g  s c a t t e r in g  o f p o la r iz e d  
n e u tro n s . T h e  e x p e r im e n ts  a r e  a b le  to  d e te c t  the a s y m m e t r y  in  the m om en t 
d e n s ity  and M oon c o n c lu d e s  that

ц ( г ) =  0 .3 9 4  p ( E 2g) + 0 . 4 1 6 p ( E lg ) + 0 . 1 9 0 p ( A l g ), ( 4 .2 5 )

w h e r e  p ( E 2g) e t c .  a r e  th e  d e n s i t i e s  w ith  a p p r o p r ia t e  a n g u la r  d e p e n d e n c e . 
In  t e r m s  of p o l a r  c o - o r d in a t e s

P (E 2g )  = f  s i n 4 0 P ( r )

p ( E lg ) = I  s in 2 e c o s 2 e p ( r )  (4 .2 6 )

p (A lg ) = | ( 3 c o s 2 e - l )2 p ( r ) .

F r o m  t h is  w e  g e t a  m e a s u r e  o f a s y m m e t r y  f r o m  th e  r e s u l t

y d r / u ( r ) ( 3 c o s 2 0 - l )  = | [ -  0. 39 4  +  0 .2 0 8  +  0. 1 9 0 ] ^  0. 0 0 2 . ( 4 .2 7 )

T h is  v e r y  s m a l l  a s y m m e t r y  i s  to  b e, c o n t r a s t e d  w ith  th e  a s y m m e t r y  p a r a 
m e t e r  o f 4 / 7  = 0 . 5 7 1  w h ic h  w o u ld  b e  g iv e n  b y  a  s in g le  3d  e le c t r o n .

T h is  a s y m m e t r y  g i v e s  r i s e  to  a  d ip o la r  h y p e r f in e  f i e l d

H diP = М с о У ^ А ^ г ' ^ З  c o s 2 в -  i )  = 0 . 002  < г - 3 > м Со .

“ 1 . 1  k G , ( 4 .2 8 )

w h e r e  w e h a v e  u s e d  1 .  7 f o r  th e  c o b a lt  m o m e n t a n d  5 . 1  a ^3 f o r  <( г "3 У  .



DYNAMICS OF MAGNETIC SYSTEMS 411

T h is  d ip o la r  f ie ld  i s  d i f f ic u lt  to  o b s e r v e  d i r e c t ly  (b e c a u s e  upon ro ta t in g  th e 
m a g n e t iz a t io n  th e  g '- v a l u e ,  and  h e n ce  th e  h y p e r f in e  f i e ld  due to  th e  o r b i t a l  
c u r r e n t ,  a ls o  ch a n g e s)  but the c o r re s p o n d in g  q u a d ru p o le  f ie ld  a c t in g  on F e 57 
in  h e x a g o n a l  c o b a lt  h a s  b e e n  m e a s u r e d  in  a v e r y  c a r e f u l  e x p e r im e n t  b y  
P E R L O W  et a l . [ 1 7 ]  . H e f in d s  th e  r e s u l t

0 .4  M c / s .  ( 4 .2 9 )

N ow  th e  e l e c t r i c  f i e ld  g r a d ie n t  i s

-  ^  ■(r"3 (3 c o s 2 в -  1 )  У

electrons

^  • \ г ‘ 3(3 c o s 2 0 -  1 ))>

. holes

— ") < r - 3 > < ^ ( 3 c o s 2 6 i - l ) > .  ( 4 .3 0 )

T h e  m o m e n t on F e  in  C o  i s  k n o w n  to  b e  2 . 8 д в . U s in g  th e  s a m e  v a lu e  f o r
r  "3^> an d  ta k in g  Q to  b e  0. 1 2  b w e  d e d u c e

<  (3  c o s 2 в -  1 ) >  ^  0. 0 0 2 . ( 4 . 3 1 )

T h e  a g r e e m e n t  b e tw e e n  E q s .  (4 . 27) and  (4 . 3 1 )  i s  g r a t i f y in g .

5 . C O N C L U S IO N S

T h e  r e l a t i o n  b e t w e e n  n e u t r o n  s c a t t e r i n g ,  M ô s s b a u e r  a b s o r p t io n  an d  
N M R  e x p e r im e n t s  h a s  b e e n  r e v ie w e d . W e h a v e  a r g u e d  th a t  th e  s it u a t io n s  
w h e r e  th e  M ô s s b a u e r  e f f e c t  d i r e c t l y  m e a s u r e s  th e  t im e  f lu c t u a t io n s  in  th e  
e le c t r o n ic  s y s t e m  a r e  s p e c i a l  an d  t h e r e f o r e  th e  c o n n e c t io n  b e tw e e n  t h e s e  
v a r io u s  te c h n iq u e s  i s  c lo s e  o n ly  w h en  th e y  s tu d y  t im e - a v e r a g e d  q u a n t it ie s . 
I t  fo l lo w s  th a t a n  im p o r ta n t  a r e a  w h e r e  a l l  te c h n iq u e s  a r e  a p p l ic a b le  i s  th e 
s tu d y  o f  f e r r o m a g n e t i c  a l l o y s .  T h e  n e u tro n  d i f fu s e ,  m a g n e t ic  s c a t t e r i n g  
w h ic h  i s  s t r i c t l y  e l a s t i c  i s  o f p a r t i c u l a r  v a lu e  in  t h is  f i e ld  a s  th e  in t e r p r e 
t a t io n  o f M ô s s b a u e r  a n d  N M R  e x p e r im e n t s  i s  c o m p lic a t e d  b y  d ip o la r  an d  
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D I S C U S S I O N

K . P .  S IN H A : 1  w o u ld  l ik e  to  a s k  D r .  E l l i o t t  a b o u t th e  f e a s i b i l i t y  o f  a  
n e w  t y p e  o f  e x p e r im e n t  w h ic h  c o m b in e s  th e  M ô s s b a u e r  e f f e c t  a n d  o p t ic a l  
a b s o r p t io n  in  a  s y s t e m  c o n ta in in g  a  p a r a m a g n e t ic  io n  ( e . g .  F e 3+) in  p e r fe c t  
o c t a h e d r a l  s u r r o u n d in g .  I f  b y  o p t ic a l  i r r a d ia t io n  w e  g o  to  an  o r b i t a l  s t a t e  
w h ic h  i s  o r b i t a l ly  d e g e n e r a t e ,  w e  e x p e c t  s p l it t in g  o f  th e e x c ite d  s t a t e  ow in g  
to  e le c t r o n  v ib r a t io n  c o u p l in g . A  M ô s s b a u e r  m e a s u r e m e n t  a t  t h i s  s t a g e  
m ig h t g iv e  u s  s o m e  in fo r m a t io n  about th e n a tu re  o f  lo c a l  d is t o r t io n  in d u c ed  
b y  e le c t r o n - v ib r a t io n  c o u p lin g  in  th e  e x c i t e d  s t a t e .  O f c o u r s e ,  w e  a r e  a s 
s u m in g  th a t  w e  h a v e  a  s y s t e m  w h e r e  th e  l i f e t im e  o f  th e  e x c i t e d  s t a t e  i s  
f a i r l y  lo n g .

R .  J .  E L L I O T T :  I th in k  s u c h  a n  e x p e r im e n t  w o u ld  b e  in t e r e s t in g ,  but 
one w o u ld  h a v e  to  fin d  an  e x c it e d  s ta te  o f  lo n g  l i fe t im e , s a y ,  1 0 ' 8 s .  A s  you  
kn ow , it  w a s  q u ite  a  p ro b le m  to  do p a ra m a g n e t ic  r e s o n a n c e  in  su c h  a  s y s te m  
and u n d e r  su c h  c o n d it io n s .
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DIFFUSE SCATTERING FROM ALLOYS AND DISORDERED SYSTEMS: EXPERIMENTAL TECHNIQUES AND  

POTENTIALITIES. The purpose of this paper is to review, both with regard to principles and practice, the 

types of information that may be obtained by studying the elastic diffuse scattering of neutrons. Attention 

will be concentrated on systems where there is a random arrangement of defects each of which may be assumed 

to be unaffected by the presence of its fellows, either because of dilution or because of an intrinsic lack of 
dependence on environment. In these circumstances the pattern of scattered intensity is proportional to the 

square of the modulus of a Fourier transform over the disturbance in scattering amplitude associated with a 
defect. Thus, information on the spatial distribution of defect scattering amplitude can be obtained by carrying 

out the relevant neutron scattering measurements and performing a Fourier inversion. In practice, because 

of the large number of processes contributing to the diffuse scattering background, measurements have so far 
been possible only in a limited number of fields. In particular considerable progress has been made in con
nection with magnetic defects in ferromagnets where the magnetic cross-section may be controlled by changing 

the direction of magnetization relative to the neutron scattering vector. In this way the scattering of interest can be iso

lated from the non-magnetic effects as a difference between two intensity measurements. A process contributing to the 

diffuse scattering background which is partly magnetic in character and therefore not eliminated by the above tech
nique is multiple Bragg scattering in a magnetic polycrystal. This may be avoided by the use of a single -crystal speci
men or by employing long wavelength neutrons such that no Bragg processes are possible. An instrument based 

on the latter principle has been developed at Harwell and used in connection with a wide range of measurements 

on dilute ferromagnetic alloys. These observations are discussed along with a number of other likely future 

developments in the field. Included among the latter are measurements of the diffuse magnetic scattering 

from paramagnetic salts. Observations of such scattering are of great interest since they contain direct in
formation on the amount of spin transferred» as a result of covalency, from a magnetic ion on to the ligands 

which surround it.

DIFFUSION DANS LES ALLIAGES ET LES SYSTÈMES DÉSORDONNÉS; MÉTHODES EXPÉRIMENTALES 

ET POSSIBILITÉS D’APPLICATION. Le mémoire a pour objet d ’examiner, du point de vue des principes 

et de la pratique, les divers renseignements que l’on peut obtenir en étudiant la diffusion élastique des neutrons. 

L’auteur traite surtout des systèmes comportant une disposition stochastique des défauts, au sujet desquels on 

peut supposer qu’aucun n’est affecté par la présence des autres, soit en raison de la dilution, soit en raison 

d’une indépendance intrinsèque 1 l’égard de l'environnement. Dans ces conditions, l ’intensité diffusée est 
proportionnelle au carré du module d’une transformée de Fourier sur la perturbation de l ’amplitude de diffusion 

associée à un défaut. On peut ainsi obtenir des renseignements sur la distribution spatiale de cette amplitude 

de diffusion en procédant aux mesures appropriées de diffusion des neutrons et en opérant une inversion de 

Fourier. En pratique, vu le grand nombre de phénomènes qui contribuent au bruit de fond de diffusion, on 

n’a pu jusqu’à présent faire des mesures que pour un petit nombre de champs. On a notamment réalisé des 

progrès considérables en ce qui concerne les défauts magnétiques dans les ferro-aimants où l'on peut faire 

varier la section efficace magnétique en modifiant la direction de magnétisation par rapport au vecteur de 

diffusion des neutrons. Cto parvient ainsi à séparer la diffusion considérée des effets non magnétiques sous 
la forme d’une différence entre les deux mesures d’intensité. Un phénomène qui contribue au bruit de fond 

de diffusion et qui possède un caractère partiellement magnétique et par conséquent n'est pas éliminé par 
la technique susmentionnée, est la diffusion multiple de Bragg dans un polycristal magnétique. On parvient 
à l ’éviter en utilisant un échantillon monocristal ou en employant des neutrons ayant une longueur d ’onde 

suffisante pour qu’aucun phénomène de Bragg ne puisse se produire. Un appareil fondé sur ce dernier principe
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a été mis au point à Harwell et utilisé pour une gamme étendue de mesures portant sur des alliages ferromagné
tiques dilués. L'auteur discute ces travaux ainsi que plusieurs autres qui pourraient être entrepris dans ce 

domaine. Parmi ces derniers figurent des mesures de la diffusion magnétique par les sels paramagnétiques. 
L'observation de cette diffusion revêt un grand intérêt car elle fournit des renseignements directs sur la fraction 

de spin transférée, par suite de la covalence, d'un ion magnétique aux coordinats qui l'entourent.

ДИФФУЗНОЕ Р А С С Е Я Н И Е  НА С П Л А В А Х  И РАЗУП О РЯ Д О Ч Е Н Н Ы Х  С И С Т Е М А Х . Э К С 
П Е Р И М Е Н Т А Л Ь Н Ы Е  М Е ТО Д Ы  И П О ТЕ Н Ц И АЛ ЬН Ы Е ВО ЗМ О Ж Н О С ТИ . Задачей настоящей 
работы является рассмотрение как в принципе, так и с практической точки зрения тех видов 
данных, которые можно получить в результате изучения неупругого диффузного рассеяния  

нейтронов. Внимание сконцентрировано на тех системах, в которых имеется разупорядочен- 
ное расположение дефектов, каждый из которых можно условно считать не подверженным  

влиянию других имеющихся дефектов либо в результате разбавления, либо в результате от 
сутствия зависимости от окружения. При этих условиях интенсивность рассеяния пропорцио
нальна квадрату модуля разложения Фурье по возмущению в амплитуде рассеяния, вызванному 

дефектом. Таким образом, данные об амплитуде пространственного распределения рассея 
ния дефектов могут быть получены в результате выполнения соответствующих измерений 
рассеяния нейтронов и произведения преобразования Фурье. На практике, в связи с тем, что 
большое количество процессов играет роль в создании фона диффузного рассеяния, изм ере
ния удалось пока произвести в ограниченном числе областей . В  частности, значительные 
успехи достигнуты в области магнитных дефектов в ферромагнитных телах, в которых магнит
ные сечения могут контролироваться путем изменения направления намагничивания в отно
шении вектора рассеяния нейтронов. Таким образом , интересующее рассеяние может быть 
отделено от немагнитных эффектов путем определения разницы между результатам и двух  
измерений интенсивности. Процессом, играющим роль в создании фона диффузного рассея - 
нйя, который является отчасти магнитным по своем у характеру и не может быть поэтому  

исключен с помощью вышеуказанного метода, является брэгговское рассеяние на магнитном 
поликристалле. Этот процесс можно устранить путем использования монокристаллических 
образцов или таких длинноволновых нейтронов, при которых невозможен брэгговский процесс. 
Прибор, основанный на этом принципе, был разработан в Х аруэлле и использовался для ши
рокого круга измерений, связанных с разбавленными ферромагнитными сплавами. Эти во
просы рассматриваются вместе с некоторыми другими вопросами, касающимися возможных 
будущих разработок в этой области. В  число этих последних входят измерения диффузного 
магнитного рассеяния на парамагнитных солях. Наблюдение такого рассеяния представляет 
большой интерес, поскольку позволяет получить непосредственные данные о величине спина, 
переданной в результате ковалентности от магнитного иона к окружающим его  лигандам .

DISPERSION DIFUSA EN ALEACIONES Y SISTEMAS DESORDENADOS; TÉCNICAS EXPERIMENTALES Y  

POSIBILIDADES. La finalidad de la memoria es analizar, desde el punto de vista de la teoría y de la práctica, 
las informaciones que pueden obtenerse estudiando la dispersión elástica difusa de neutrones. Se presta 
particular atención a los sistemas con distribución aleatoria de defectos, cada uno de los cuales puede consi* 
derarse aislado de los demás, bien por efecto de la dilución o bien por ser intrínsecamente independiente del 
medio. En estas condiciones, la intensidad dispersa es proporcional al cuadrado del módulo de una transformada 

de Fourier respecto de la perturbación de la amplitud de dispersión asociada al defecto. De este modo pueden 

obtenerse datos sobre la distribución espacial de la amplitud de dispersión por defectos realizando las mediciones 

pertinentes por dispersión neutrónica y efectuando una inversión de Fourier. En la práctica, dada la gran 

cantidad de procesos que contribuyen a la actividad de fondo debida a la dispersión difusa, sólo se han podido 

realizar determinados tipos de mediciones. En particular, se han logrado progresos considerables en lo que 

respecta a los defectos magnéticos de las sustancias ferromagnéticas en las que la sección eficaz magnética 

puede controlarse cambiando la dirección de magnetización con respecto al vector de dispersión neutrónica. 
De este modo, la dispersión de interés puede distinguirse de los efectos no magnéticos como diferencia entre 

dos intensidades medidas. Un proceso que contribuye al fondo de dispersión difusa, en parte de carácter mag
nético y que, por tanto, la mencionada ¡técnica no elimina, es la dispersión miíltiple de Bragg en un poli- 
cristal magnético. Puede prevenirse utilizando una muestra monocristalina o empleando neutrones de gran 

longitud de onda, de forma que impidan los procesos de Bragg. En Harwell se ha construido un instrumento 

basado en este principio, que se utiliza para una amplia serie de mediciones en aleaciones ferromagnéticas 

diluidas. Se examinan estos experimentos y otras novedades que cabe anticipar en la materia, entre ellas 

la medición de la dispersión magnética difusa en sales paramagnéticas. El estudio de esta dispersión reviste
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enorme interés, pues proporciona información dilecta sobre la cantidad de spin transmitida por un ion magnético 

a los ligandos que le rodean como resultado de la covalencia.

1 .  IN T R O D U C T IO N  .

T h e  te c h n iq u e  o f  c r y s t a l  s t r u c t u r e  in v e s t ig a t io n  b y  m e a n s  o f  n e u tro n  
d i f f r a c t io n  h a s  b e e n  w e l l  e s t a b l i s h e d  f o r  m a n y  y e a r s :  m o r e  r e c e n t l y  th e  
stu d y  o f q u a s i - p a r t ic le s  su ch  a s  phonons and m agn o n s b y  n eu tro n  s c a t t e r in g  
h a s  a l s o  r e c e iv e d  a  c o n s id e r a b le  am oun t o f a tte n tio n . B o th  t h e s e  t y p e s  o f 
e x p e r im e n t  in v o lv e  e x a m in a t io n  o f  n e u tro n s  c o h e r e n t ly  s c a t t e r e d  f r o m  the 
w h o le  o f  a  s p e c im e n  and  th e  d a ta  c o l le c t e d  c o n ta in  in fo r m a t io n  ab o u t th e  
a v e r a g e  p r o p e r t i e s  o f  th e  c r y s t a l  c o n c e r n e d , e . g . th e  a v e r a g e  le n g th  o f  
a la t t ic e  p a r a m e t e r  o r  th e  a v e r a g e  o f th e  s c a t t e r in g  a m p litu d e  d is t r ib u t io n s  
in  the unit c e l l s .  T h e  w id th s o f the c o h e re n tly  s c a t te re d  p e a k s  in the neutron 
sp e c tru m  m a y  in d eed  g iv e  so m e  in d ic a tio n  o f th e  e x ten t o f d e v ia tio n s  aro und  
t h is  a v e r a g e .  H o w e v e r ,  m u c h  m o r e  e x p l ic i t  in fo r m a t io n  c o n c e r n in g  d e 
p a r t u r e s  f r o m  th e  m e a n  i s  to  b e  fo u n d  in  th e  d i f fu s e ly  s c a t t e r e d  in t e n s it y .

T h e  s tu d y  o f  th e  la t t e r ,  w h e re  s o l id s  a r e  c o n c e rn e d , h a s  on th e  w h o le  
r e c e iv e d  m u c h  l e s s  a tte n tio n  th an  th e  c o h e re n t  d i f fr a c t io n . T h is  i s  m a in ly  
b e c a u s e  o f  e x p e r im e n t a l  d i f f i c u l t i e s .  A s  it  i s  c o n fin e d  to  s m a l l  v o lu m e s  
in  r e c ip r o c a l  s p a c e , a c o h e r e n t ly  s c a t t e r e d  s p e c t r u m  h a s  h ig h  p e a k  in te n 
s i t i e s  le a d in g  to  an e a s in g  o f th e  e x p e r im e n t a l  p ro b le m . N e v e r t h e le s s  
e x a m in a t io n  o f  th e  d i f fu s e ly  s c a t t e r e d  n e u tro n s , a lth o u g h  r e q u ir in g  r a t h e r  
m o r e  p r e c i s e  m e a s u r e m e n t s  o f  in te n s ity , i s  w e l l  w o rth  c a r r y in g  out on a c 
cou n t o f  th e  r a n g e  o f  n e w  in fo r m a t io n  o b ta in a b le  b y  t h is  m e a n s . It i s  th e  
p u rp o se  o f th is  a r t ic le  to  d is c u s s  so m e  o f th e  p o s s ib i l i t ie s  in  th is  con nection , 
but o n ly  th o s e  c o n c e rn e d  w ith  e l a s t i c  d i f fu s e  s c a t t e r in g  f r o m  a  c r y s t a l l in e  
s o l id .

F r o m  the point o f v ie w  o f s o lid  s ta te  p h y s ic s  th e re  a p p e a r  at the m om ent 
to  be tw o g e n e r a l  f i e ld s  in  w h ich  m e a s u r e m e n ts  o f d i f fu s e  e la s t ic  s c a t t e r in g  
a r e  p a r t i c u l a r l y  u s e fu l .  F i r s t  t h e r e  i s  th e  e x a m in a t io n  o f  d e f e c t s ,  b o th  
m a g n e tic  and n o n -m a g n e t ic , th ro u g h  o b s e r v a t io n s  o f th e  a p p ro p r ia te  c r o s s 
s e c t io n s .  S e c o n d ly  f r o m  m e a s u r e m e n t s  o f  th e  s c a t t e r i n g  f r o m  u n c o u p le d  
e le c t r o n ic  s p in s ,  an e v a lu a t io n  o f  th e  r e le v a n t  fo r m  fa c t o r s  at s m a l l  v a lu e s  
o f  n e u tro n  s c a t t e r in g  v e c t o r  sh o u ld  b e  p o s s ib le .  In th e  c a s e  o f  n o n - m e t a ls  
th is  w ould  b e  o f c o n s id e ra b le  in t e r e s t  in v ie w  o f the c lo s e  co n n ectio n s lin k in g  
su c h  d a ta  w ith  c o v a le n c y  e f f e c t s  ( s e e  [ 1 ] ) .  ( S t r ic t ly  s p e a k in g  no s y s t e m  o f 
s p in s  c a n  e v e r  b e  c o m p le te ly  u n co u p led  and c o n se q u e n tly  p a r a m a g n e t ic  sp in  
s c a t t e r in g  m u st  a lw a y s  b e  in e la s t ic .  H o w e v e r, in  the l im it  w hen the e n e rg y  
t r a n s f e r s  a r e  n e g lig ib le  c o m p a r e d  w ith  th e e n e r g y  o f  th e  in c id e n t n e u tro n s , 
th e  s c a t t e r in g  m a y  b e  t r e a t e d  a s  e l a s t i c  fo r  a l l  p r a c t ic a l  p u r p o s e s .  )

In th e n ext s e c t io n  w e d is c u s s  th e  c r o s s - s e c t io n s  c o r re s p o n d in g  to  s c a t 
t e r in g  fr o m  both m a g n e tic  and n o n -m a g n e tic  d e fe c t s  and a ls o  fro m  uncoupled  
e le c t r o n ic  s p in s .  It i s  a s s u m e d  th a t  th e  m a g n e t ic  d e fe c t s  o c c u r  in  a  s p in  
a r r a y  w h ich  is  c o l l in e a r .  M o re  g e n e r a l  fo rm u la e  a p p lic a b le  to  n o n -c o llin e a r  
s p in s  a r e  g iv e n  in  th e  A p p e n d ix . A  d is c u s s io n  o f  s c a t t e r in g  f r o m  p a r t i a l ly  
a lig n e d  n u c le a r  s p in s  i s  a l s o  c o n ta in e d  in  the A p p e n d ix . In s e c t io n  3 so m e  
c o m m e n ts  a r e  m a d e  c o n c e r n in g  e x p e r im e n t a l  d i f f i c u l t ie s  in v o lv e d  in  m e a -
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s u r e m e n t s  o f  d i f fu s e  s c a t t e r in g .  R e c e n t  r e s u l t s  a r e  r e f e r r e d  to  and so m e  
o f  th e  p r o b le m s  a r i s i n g  in  c o n n e c t io n  w ith  t h e i r  a n a l y s i s  a r e  d i s c u s s e d .

2 . C R O S S - S E C T I O N S  F O R  D I F F U S E  E L A S T I C  S C A T T E R I N G  F R O M
C R Y S T A L S

2. 1. D e fe c t  s c a t te r in g

W e f i r s t  c o n s id e r  th e  s c a t t e r in g  o f  n e u tro n s  f r o m  d e fe c ts  in  an  o t h e r 
w is e  p e r fe c t ly  p e r io d ic  a r r a y  o f s c a t t e r in g  c e n t r e s .  It i s  a s su m e d  th at o n ly  
o n e  ty p e  o f d e fe c t  i s  p r e s e n t  and  th a t  e a c h  d e fe c t  i s  r a n d o m ly  s i t e d 1  and 
not a ffe c te d  b y  th e p r e s e n c e  o f  i t s  fe l lo w s .  T h is  la t t e r  a s su m p tio n  im p lie s  
e it h e r ,  a  s u f f ic ie n t ly  lo w  c o n c e n tr a t io n  to  e n s u r e  th a t  r e g io n s  o f  o v e r la p  
b e tw e e n  d e fe c t s  do not o c c u r  to  a n y  s ig n if ic a n t  e x te n t , o r ,  i f  o v e r la p p in g  
d o e s  ta k e  p la c e , th a t th e  e f f e c t s  o f th e  d e fe c t  c e n t r e s  c o n c e rn e d  s u p e r p o s e  
in  an  a d d it iv e  m a n n e r . W e d e a l  f i r s t  e x p l i c i t l y  w ith  m a g n e t ic  s c a t t e r i n g  
fo llo w in g  th e  d is c u s s io n  o f  R e fe r e n c e  [4] but in  fa c t  o u r  r e s u l t s  a r e  e q u a lly  
v a l id  fo r  n o n -m a g n e tic  d e fe c t s .

T h e  d i f fe r e n t ia l  c r o s s - s e c t io n  fo r  th e  e la s t ic  s c a t t e r in g  o f  u n p o la r iz e d  
n e u tro n s  in an a r r a y  o f  c o l l in e a r  s p in s  i s

н К з Й О 2 (D
v s

w h e re  th e in t e g r a l  i s  o v e r  the v o lu m e  o f  th e  s p e c im e n  Vs . T h e  v a lu e  o f the 
n u m e r ic a l  c o n sta n t  on th e  r ig h t  h an d  s id e  i s  0. 0 73  b . ~k i s  th e  s c a t t e r in g  
v e c t o r  o f th e  n e u tro n s  and  a  i s  th e  a n g le  b e tw e e n  к and th e d ir e c t io n  o f th e  
s p in s ,  p (r) r e p r e s e n t s  tfce m a g n e t ic  m o m e n t d e n s it y  in  th e  s p e c im e n  e x 
p r e s s e d  in  B o h r  m ag n eto n  u n its  (an a lg e b r a ic  s ig n  a p p ro p r ia te  to  th e s e n s e  
o f  th e  m a g n e t ic  m o m e n t m u s t  b e  in c lu d e d ) . F o r  a  s p in - o n ly  s y s t e m  th e  
e v a lu a t io n  o f  p (?) i s  c l e a r l y  s t r a ig h t fo r w a r d , but in  th e  p r e s e n c e  o f o r b ita l  
e f f e c t s  t h e re  i s  so m e  c o m p lic a t io n  in  th e s c a t t e r in g  ( s e e  e. g. [5]).

U n d e r th e  c o n d it io n s  d e fin e d  a t th e  b e g in n in g  o f  t h is  s e c t io n ,  E q .  ( 1 )  
m a y  b e  s e p a r a t e d  im m e d ia te ly  in to  th e su m  o f a B r a g g  and a  d i s o r d e r  s c a t 
t e r in g  c r o s s - s e c t io n .  T h u s , w e h a ve

m  ■ * I <*>
—* -> '
m m

w h e re  th e  m  d en o te  s i t e s  on a  b a s i s  la t t i c e  and

1 Scattering from a crystal in which it is appropriate to describe the departures from perfection in 

terms of a short range order parameter has been discussed elsewhere [2 ] and is not treated here.Itm ay  

also be noted that a discussion concerned specifically with the scattering from dislocations in magnetic 

materials has been given by KRONMÜLLER et a l. [3 ].
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¿ а ' / а г р Й е 13̂ - * ) ,  d=^ X di5'
V-» -*Ш m

th e in te g ra t io n  b e in g  o v e r  the v o lu m e  o f the un it c e l l  at m . T h e  se co n d  te rm  
c o r r e s p o n d s , o f  c o u r s e , to  th e  d i s o r d e r  s c a t t e r in g . U n d er th e  a ssu m p tio n  
m a d e  a b o v e  th a t  th e  d e fe c t s  do not in t e r a c t ,  t h is  p a r t  m a y  b e  r e w r it t e n  in  
th e  fo r m

—  = ( ¿ m e ?  )  s in 2(a) N c ( l  - c) | ^ d r  p1 (r) e 1̂ '^  |2, (3)

Vs

w h e r e  с i s  th e  f r a c t io n a l  c o n c e n tr a t io n  o f  d e fe c t  s i t e s  in  th e  b a s i s  l a t t i c e  
o f  N  p o in ts . p '(?) r e p r e s e n t s  th e  d is tu rb a n c e  in  m a g n e t ic  m o m e n t d e n s ity  
due to  th e  p r e s e n c e  in  th e  s p e c im e n  o f a  s in g le  d e fe c t . T h e  r e f e r e n c e  le v e l  
a g a in s t  w h ic h  th e  d is t u r b a n c e  i s  m e a s u r e d  i s  th e  m o m e n t d e n s it y  c o r r e s 
p o n d in g  to  th e  u n p e r tu r b e d  m a t r ix .

E q u a t io n  (3) m a y  a l s o  b e  w r it t e n  in  th e  fo r m

N c ( l  - с) I У  d r fP ''*  - У  < и е й ' й |2

Tî m

N c ( l  - c) У  d*»,Z_, m'
d_>e1K

m
d *  d ^ e  ' « ’■(n -

m, irf

-  ¿  ds .e i;r- ( S - " ) + d* d ^ e ^ " ' ™ ’ ] } ,  (4)

m, n

w h e re  th e  f i r s t  tw o  f a c t o r s  on th e  r ig h t  o f  E q . (3) h a v e  b e e n  o m itte d . T h e  
s u m s  o v e r  m , in ' and n, n 1 c o r r e s p o n d  to  s u m s  o v e r  th e b a s i s  la t t ic e  p o in ts  
in  an  u n p e r tu r b e d  c r y s t a l  and  a  s p e c im e n  c o n ta in in g  a  s in g le  d e fe c t ,  r e s 
p e c t iv e ly .  T h u s , in  m a n y  c a s e s ,  th e  s u m s  c a n  b e  l im it e d  to  s i t e s  in  th e  
n e ig h b o u rh o o d  o f  t h is  d e fe c t .

It i s  c l e a r  th a t e x a c t ly  th e  s a m e  d is c u s s io n  a s  d e s c r ib e d  a b o v e  c o u ld  
b e  c a r r i e d  th ro u g h  w ith  r e f e r e n c e  to  n u c le a r  s c a t t e r in g .  In f a c t  i f  d in  
E q . (4) i s  r e p la c e d  b y  ^ b^ ei*-"“T , w h e r e ^ b ^ i s  th e  m ean 2 n u c le a r  s c a t t e r in g

2 It is assumed that the nuclear incoherent scattering is treated separately from the defect scattering 
and given by a set of sums of the form N Z  с^ (<Ц >  -  <b^>*) where each sum corresponds to one particular 

site in the unit cells and с represents the fractional concentration of the various nuclear species at this 
site*

27



418 G. G. LOW

le n g th  and t i*  r e l a t e s  a  n u c le u s  to  i t s  b a s i s  la t t ic e  s i t e ,  w e  h a v e  th e  c r o s s 
s e c t io n  f o r  n u c le a r  d e fe c t  s c a t t e r in g  [6 ].

F o r  a  b e a m  o f  p o la r iz e d  in c id e n t  n e u t r o n s , a  c r o s s  t e r m  b e tw e e n  th e  
m a.gnetic and n u c le a r  s c a t t e r in g  a m p litu d e s  a r i s e s .  T h is  m a y  be re p re se n te d  
b y  re p la c in g  d £ d 7* in  E q . (4) b y  ( s e e  A ppendix) .

Ю 5 £ > е _1̂ 1 ^ т ^ к ) Р .  ¡ J Í +  c o m p le x  c o n ju g a te ] , (5)

T h e  v e c t o r  д-4 = k X (/ j¡X / ? )  i s  th e  p r o je c t io n  in  th e  p la n e  n o r m a l  to  к o f  , 
th e  m a g n e t ic  m o m e n t a s s o c ia t e d  w ith  th e  la t t i c e  s i t e  T. T h u s

Цт>= f d r P ( r )  (6 )

w ith  an  a c c o m p a n y in g  fo r m  fa c t o r  o f

. 1 v->
i

P  i s  a  v e c t o r  g iv in g  th e  d ir e c t io n  and  m a g n itu d e  o f  th e  p o la r iz a t io n  o f  th e  
n e u tro n s  in  th e  in c id e n t  b e a m  ( 0 < P < 1 ) .  T h e  a b s e n c e  o f  t h is  c r o s s  t e r m  
f r o m  an  u n p o la r iz e d  n e u tro n  m e a s u r e m e n t  i s  th u s  th e  r e s u l t  o f  an a v e r a g e  
o v e r  a l l  p o la r iz a t io n s  le a d in g  to  a  z e r o  e f fe c t .

I f  th e  a b o v e  fo r m u la e  a r e  a p p lie d  to  th e  s im p le  s itu a tio n  c o r re s p o n d in g  
to  a  b in a r y  d i s o r d e r e d  s y s t e m  o f  c o l l in e a r  m a g n e t ic  m o m e n ts  (ц х an d  /л2 ) 
lo c a t e d  a t th e  b a s i s  la t t ic e  s i t e s ,  th e  c r o s s - s e c t i o n  f o r  m a g n e t ic  d i s o r d e r  
s c a t t e r in g  i s  fo u n d  to  b e  [7]:

N c ^  ‘  ( г п н ^ )  s in 2(oí) I ^ (к )ц х -  f20c)M2 |2

+  N c ( l  - c )  2^ ^ { « b f  > -  < b | » [ f 1 (ic )M i-f2(K)fJ2 ]

+ [< b x>  - < Ь 2> ] [ Г * ( г Ц - ^ ( к ) 0 2 ] } Р - & А . ( 8)

2. 2, S ca tterin g  fr o m  uncoupled  sp in s

W hen u se d  in  co n n ectio n  w ith  the p re s e n t  d is c u s s io n , th e  te rm  uncoupled 
i s  ta k e n  to im p ly  th a t th e  e n e r g y  r e q u ir e d  to  r e v e r s e  a  sp in  in  th e p r e s e n c e  
o f n e ig h b o u r in g  s p in s  but in  th e  a b s e n c e  o f  a  m a g n e t ic  f ie ld  i s  s m a l l  c o m 
p a r e d  w ith  (a) th e  e n e r g y  o f  an  in c id e n t  n e u tro n  and (b) th e  t h e r m a l  e n e r g y  
k T . I f  (a) w e r e  a p p l ic a b le  b u t n ot (b), th e  s p in  c o u p lin g  p r e s e n t  c o u ld  b e  
d e s c r ib e d  b y  s u i t a b le  c o r r e l a t i o n  fu n c t io n s  an d  th e  s c a t t e r i n g  f r o m  s u c h
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a  s y s t e m  t r e a t e d  b y  m e th o d s  s i m i l a r  to  th o s e  d e s c r i b e d  in  R e f e r e n c e  [2 ]. 
T h e  in te n tio n  in  th e  p r e s e n t  p a p e r  i s  to  d is c u s s  s p in s  w h ich  a r e  c o m p le te ly  
u n c o u p le d  in  t e r m s  o f  th e  a b o v e  d e fin it io n . C o n s id e r a t io n  i s  g iv e n , h o w 
e v e r ,  to  the e f fe c t s  o f sp in  a lig n m e n t re s u lt in g  fr o m  the p re s e n c e  o f a s tro n g  
m a g n e t ic  f ie ld .  T h e  d is c u s s io n  i s  a lw a y s  c a r r i e d  out in  th e  q u a s i - e l a s t i c  
l im it ,  th o u g h ,s o  th a t , w ith  th e  f i e ld  a p p lie d , (a) a b o v e  m u s t  r e m a in  v a l id .

T h e  f u l l y  in c o h e r e n t  s c a t t e r i n g  o f  u n p o la r iz e d  n e u t r o n s  f r o m  an  u n 
co u p le d  e le c t r o n ic  s p in  in  th e  p r e s e n c e  o f a  m a g n e t ic  f ie ld  i s  g iv e n  b y  ( s e e  
E q . (A 15 )  in  th e  A p p e n d ix )

I  6 ^ 7  [ S ( S + l ) ( l  + c o s 2a) +  < ( S z)2> ( l - 3  c o s 2Q’) - 2 < S z>2 s in 2 a ]|f(K )|2 , (9) ¿i \ in  С /

w h e re  th e  z - a x i s  c o r r e s p o n d s  to  th e  d ire c t io n  o f  a p p lic a t io n  o f  th e f ie ld  and 

a  now  r e p r e s e n t s  the an g le  b e tw e e n  к and Й. N ote th at fo r  H = 0, <C Sz ]>= 0 and 
<( (sz)2>= Í S ( S +  1)  so  th at th e  ab o ve  e x p r e s s io n  r e d u c e s  to  th e  f a m i l ia r  fo rm

| G S ) 2 S ( S + l ) | f £ ) | 2 ( 10 )

3 . E X P E R I M E N T A L  M E T H O D S  A N D  A N A L Y S IS  O F  R E S U L T S

3. 1. E x p e r im en ta l p r in c ip le s  and apparatus

C le a r ly  th e  d i f f ic u lt ie s  a r i s in g  in  co n n ectio n  w ith  th e a c c u ra te  m e a s u r e 
m e n t o f  d i f fu s e l y  s c a t t e r e d  in t e n s i t ie s  r e s u l t  f r o m  th e  s m a l l  d i f f e r e n t ia l  
c r o s s - s e c t io n s  in v o lv e d  in  m a n y  in s ta n c e s  and th e in t r in s ic  b a c k g ro u n d  due 
to  c o m p e tin g  d i f fu s e  s c a t t e r in g  p r o c e s s e s .  W h e re  a  b a c k g ro u n d  o f n u c le a r  
in c o h e re n t  s c a t t e r in g  i s  p a r t i c u l a r l y  t r o u b le s o m e , it  m a y  b e  d e s i r a b l e  to  
p r e p a r e  s p e c im e n s  f r o m  s e p a r a t e d  is o t o p e s .  In a n y  c a s e  a  d i f fe r e n c e  
co u n tin g  te c h n iq u e  sh o u ld  b e  u se d  in  w h ich  a p a ir  o f m e a s u re m e n ts  i s  m a d e , 
one on a  s a m p le  c o n ta in in g  d e fe c t s  f o r  e x a m p le , and  one on a  d e f e c t - f r e e  
s p e c im e n . T h e  in t e n s i t y  o f  in t e r e s t  m a y  th e n , in  p r in c ip le ,  b e  fo u n d  b y  
s u b t r a c t io n . G r e a t  c a r e  m u s t  b e  e x e r c i s e d ,  h o w e v e r , in  o r d e r  to  e n s u r e  
th a t a l l  o th e r  c o n d it io n s , a p a r t  f r o m  th e  p r e s e n c e  o f  d e fe c t s ,  a r e  id e n t ic a l 
fo r  th e  tw o  m e a s u r e m e n t s .

T h e  p r in c ip le  ju s t  d e s c r i b e d  h a s  in  f a c t  b e e n  u s e d  b y  M A R T I N  an d  
H EN SO N  [8 ] in  an e x a m in a t io n  o f  th e  d e fe c t  s c a t t e r in g  fr o m  ir r a d ia t e d  g r a 
p h ite  ( s im i l a r  w o r k  on B e O  i s  in  p r o g r e s s ) 3 . T h e  s c a t t e r in g  f r o m  th e  i r 
r a d ia t e d  s a m p le  w a s  c o m p a r e d  w ith  th a t f r o m  a n  o t h e r w is e  s i m i l a r  u n 
i r r a d ia t e d  s p e c im e n . T h e  t e s t  s a m p le  w a s  l a t e r  a n n e a le d  and a g a in  c o m 
p a re d  w ith  th e c o n tro l s p e c im e n  a s  a  fu r t h e r  c h e c k . T h e  e x p e r im e n ts  w e r e  
c a r r i e d  out u s in g  a  l iq u id  h y d r o g e n  s o u r c e  in  th e  r e a c t o r  D IDO  at H a r w e l l  
[ 1 3 ,  14 ] .

3 Measurements of the total scattering from defects have been carried out by ANTAL et a l. [9 ],  
ANTAL and GOLAND [10 ], MITCHELL and WEDEPOHL [11] and SABINE et al. [12 ].
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It i s  a p p aren t th at, w h e re  s c a t t e r in g  fr o m  d e fe c ts  in  th e 'e le c tr o n ic  m a g 
n e t ic  s t r u c t u r e  a r e  c o n c e r n e d , s e v e r a l  p o s s ib le  m e th o d s  a r e  a v a i la b le  in  
w h ich  th e d i f fe r e n c e  co u n tin g  te ch n iq u e  m a y  b e  a p p lie d  to  a s in g le  s p e c im e n  
(by v a r y in g ,  fo r  e x a m p le , th e  c o n d it io n s  o f m a g n e tiz a t io n ) . S o m e o f t h e s e  
a r e  d e s c r ib e d  b e lo w . H o w e v e r , i t  i s  o f  in t e r e s t  to  n o te  th at a  s im i la r  a p 
p r o a c h  m a y , in  p r in c ip le ,  a l s o  b e  u s e d  in  c o n n e c t io n  w ith  n o n - m a g n e t ic  
d e fe c t s , p ro v id in g  n u c le a r  p o la r iz a t io n  ca n  b e  e f fe c te d  and lo n g -w a v e le n g th  
p o la r iz e d  n e u tro n s  a r e  a v a i la b le  (tw o a lm o s t  p r o h ib it iv e  re q u ir e m e n t s ) .  In 
t h e s e  c i r c u m s t a n c e s ,  i t  c a n  b e  s e e n  f r o m  E q . (A 9 ) in  th e  A p p e n d ix  th a t  a  
r e v e r s a l  o f th e  s ig n  o f  th e n eu tro n  p o la r iz a t io n  w il l  is o la t e  the c r o s s - s e c t io n  
p ro p o rt io n a l to  b f 'b !  P ZI Z . W ith a k n ow led g e  o f the v a r io u s  s c a t te r in g  a m p li
tu d e s  in v o lv e d , t h is  w o u ld  a l lo w  n u c le a r  d i s p la c e m e n t s  to  b e  e v a lu a t e d .

A s  m e n tio n e d  a b o v e  th e  d e fe c t  s c a t t e r in g  f r o m  e le c t r o n ic  m a g n e t ic  
s t r u c t u r e s  m a y  b e  c o n v e n ie n t ly  s tu d ie d  b y  d i f f e r e n c e  co u n tin g  te c h n iq u e s  
a p p lie d  to  a  s in g le  s a m p le . O b v io u s ly  one m eth o d  c o n s is t s  in  th e  u s e  o f  a  
p o la r iz e d  n eu tro n  b e a m  in  th e  s a m e  w a y  a s  d e s c r ib e d  ab o ve  but w ith  a  v ie w  
to  is o la t in g  th e  t e r m s  o f  th e  ty p e  g iv e n  in  E q . (5). E x p e r im e n t s  u s in g  th is  
p r i n c i p le  h a v e  b e e n  c a r r i e d  out b y  C O L L I N S  an d  F O R S Y T H  on a l l o y s  o f  
F e C o  an d  F e N i  [7 ].

T h e  d i f fe r e n c e  c o u n tin g  te c h n iq u e  m a y  a l s o  b e  a p p lie d  b y  v a r y i n g  th e  
co n d it io n s  o f  m a g n e t iz a t io n  o f  a  fe r r o m a g n e t ic  s a m p le . A s s u m in g  th at the 
m a g n e t ic  m o m e n t in  th e  s p e c im e n  i s  a l l  c o l l in e a r ,  r e f e r e n c e  m a y  b e  m a d e  
to  E q . (3). F o r  Д p a r a l l e l  to  к o r  p e r p e n d ic u la r  to  i? o r  ra n d o m ly  o r ie n te d , 
a s  in  th e  d e m a g n e t iz e d  s t a t e  o f  a  c u b ic  c r y s t a l ,  th e  v a l u e s  o f  s in 2a  a r e  0, 
1  and 2 / 3 ,  r e s p e c t iv e ly .  T h u s , th e  d i f fe r e n c e  b e tw e e n  tw o co u n ts  c o r r e s 
p on d in g to  an y  p a ir  o f t h e s e  co n d itio n s  m a y  b e  u s e d  to  is o la t e  th e s c a t t e r in g  
o f  in t e r e s t .

A s  p o in ted  out a b o v e , c a r e  m u s t  b e  ta k e n  to  e n s u r e  th at th e  o n ly  s c a t 
t e r in g  in t e n s it y  w h ic h  i s  c h a n g e d  d u r in g  a  d i f fe r e n c e  c o u n tin g  e x p e r im e n t  
i s  th at w h ich  c o r re s p o n d s  to  th e c r o s s - s e c t io n  o f in te r e s t . T h u s, in  con nec
tio n  w ith  m e a su re m e n ts  in  w h ich  th e  s ig n  o f n eu tro n  p o la r iz a t io n  o r  th e m a g 
n e t iz a t io n  o f th e  s p e c im e n  i s  ch an ged , d i f f ic u lt ie s  can  a r i s e  b e c a u s e  o f m u l
t ip le  B r a g g  s c a t t e r in g  in v o lv in g  m a g n e tic  in te ra c t io n s  o r  o f p h en o m en a l ik e  
th e s in g le  t r a n s m is s io n  e f fe c t . T h e s e  p ro b le m s  m a y  be a v o id e d  b y  th e  u s e  
o f s in g le - c r y s t a l  s p e c im e n s  o r  lo n g -w a v e le n g th  n e u tro n s  su ch  th at no B r a g g  
e f fe c t s  a r e  p o s s ib le .

A  p ie c e  o f  a p p a r a tu s  b a s e d  on th e  la t t e r  p r in c ip le  h a s  b e e n  d e v e lo p e d  
at H a r w e ll  [4]. A  d ia g r a m  sh o w in g  th e m a in  co m p o n en ts  i s  g iv e n  in  F ig .  1 .  
T h e  in c id en t n e u tro n  b e a m  p a s s e s  th ro u g h  a f i l t e r  c o n s is t in g  o f p o ly c r y s t a l 
lin e  b e r y l l iu m  and la r g e  s in g le  c r y s t a l s  o f b ism u th  co o le d  in  liq u id  n itro g e n . 
T h o se  n e u tro n s  w h o se  w a v e le n g th s  e x c e e d  th e B r a g g  c u t-o ff in  B e  a r e  t r a n s 
m itte d  and p a s s  on th ro u g h  a s im p le  c h o p p e r sp in n in g  w ith  a x i s  p a r a l l e l  to 
th e  b e a m . N e u tro n s  s c a t t e r e d  in  th e  s p e c im e n  a r e  r e c o r d e d  in  a c o u n te r  
b an k  a f t e r  t r a v e r s in g  a fl ig h t  p ath  o f a p p ro x im a te ly  1  m . T h e  c o u n te rs  a r e  
g a te d  in  s y n c h r o n is m  w ith  th e  c h o p p e r  w ith  a  d e la y  c o r r e s p o n d in g  to  th e  
t im e - o f - f l ig h t  o f n e u tro n s  o f about 5 - Â  w a ve le n g th . T h e  gatew id th  and ch op 
p e r  open t im e  d e fin e  a  w a v e le n g th  re s o lu t io n  o f about 25% (fu ll w idth  at h a lf 
h e ig h t) . T h e  a p p a r a t u s  h a s  b e e n  u s e d  to  e x a m in e  th e  im p u r i t y  s c a t t e r in g  
fr o m  d ilu te  a llo y s  o f N i [4], o f F e  [ 1 5 ]  and o f P d  [ 16 ]  u s in g  a d iffe re n c e  count
in g  tech n iq u e  in w h ich  the d ire c t io n  of m a g n e tiz a tio n  o f a sp e c im e n  is  v a r ie d .
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Fig. 1

Schematic diagram of the apparatus for measuring magnetic defect scattering 

with long-wavelength neutrons

So  f a r  m e a s u r e m e n t s  o f m a g n e t ic  d e fe c t  s c a t t e r in g  h a v e  b een  co n fin ed  
to  f e r r o m a g n e t ic  m e t a ls .  S i m i l a r  e x p e r im e n t s  on n o n - m e t a ls  c o n ta in in g  
m a g n e tic  d e fe c t s  a r e ,  o f  ç o u r s e , p o s s ib le .  I f  th e  d i f fe r e n c e  co u n tin g  t e c h 
n iq u e  in  w h ich  th e  d ir e c t io n  o f  m a g n e t iz a t io n  o f a  s a m p le  i s  c h a n g e d  w e r e

s a l t  o r  on an  a n t i fe r r o m a g n e t ic  c r y s t a l  w ith  lo w  a n is o t r o p y  s u c h  th a t  th e  
s p in s  c o u ld  b e  f o r c e d  a w a y  f r o m  th e  e a s y  d i r e c t io n s  in to  a  p la n e  n o r m a l  
to  an  a p p lie d  m a g n e t ic  f i e l d  o f  l a b o r a t o r y  s t r e n g t h .

T h e  se c o n d  ty p e  o f m e a s u re m e n t  o f in t e r e s t  in  s o lid  s ta te  p h y s ic s j m e n 
tio n ed  in se c t io n  1 , i s  th at o f th e d iffu se  s c a t te r in g  a s s o c ia te d  w ith  uncoupled 
e le c t r o n ic  s p in s . T h e  d a ta  c o n c e rn e d  a r e  d i r e c t ly  r e la t e d  to  th e fo r m  f a c 
t o r  f ( («) f o r  th e  u n p a ir e d  e le c t r o n s  in  th e  s c a t t e r i n g  c e n t r e s .  A s  a l r e a d y  
p oin ted  out, the e v a lu a tio n  o f f  (к) at s m a l l  к fo r  n o n -m e ta ls  i s  o f c o n s id e ra b le  
in t e r e s t  b e c a u s e  o f th e b e a r in g  it  h a s  on the d e g r e e  o f t r a n s f e r  o f sp in  fro m  
th e m a g n e tic  io n s  onto th e  s u r ro u n d in g  lig a n d s  and th e im p lic a t io n s  th is  h a s  
w ith  r e g a r d  to  th e  t h e o r y  o f  c o v a le n c y . M e a s u r e m e n ts  o f  th e  d i ffu s e  s c a t 
t e r in g  fro m  un coup led  sp in s  can  b e  c a r r ie d  out b y  a d iffe re n c e  counting te c h 
n iq u e  in  w h ic h  in t e n s it y  d e t e r m in a t io n s  a r e  m a d e  w ith  and  w ith o u t a  m a g 
n e t ic  f ie ld  a p p lie d  to  th e s a m p le . T h u s , i f  th e  f ie ld  w e r e  a p p lie d  a lo n g  the 
d ir e c t io n  o f к, th e  d i f fe r e n c e  cou n t w o u ld  b e  p r o p o r t io n a l  to  ( s e e  E q s .  (9) 
and ( 1 0 ))

T h e  a p p lic a t io n  o f th e  f ie ld  a lo n g  th e d ir e c t io n  o f It e n s u r e s  th at t h e r e  i s  no 
s c a t t e r in g  b y  s in g le  B r a g g  p r o c e s s e s  (th is  i s  p ro p o r t io n a l to  s in 2 a). Such  
s c a t t e r in g  w ou ld  a lm o s t  c e r t a in ly  b e  a t ro u b le s o m e  co n tam in an t in  th e p r e 
s e n t  ty p e  o f  m e a s u r e m e n t  a s  a  l a r g e  n u m b e r o f s m a l l - a n g le  p e a k s  a r e  
to  b e  e x p e c te d  f o r  a n y  la t t ic e  o f a  s u f f ic ie n t ly  l a r g e  s p a c in g  to  co n ta in  u n 
c o u p le d  s p in s  at lo w  t e m p e r a t u r e s .

u s e d , it  w o u ld  b e  n e c e s s a r y  to  w o r k  on a fe r r o m a g n e t ic  o r  f e r r im a g n e t ic

( 1 1 )
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T w o  g e n e r a l  fe a t u r e s  o f  d e fe c t  s c a t t e r in g  a r e  (a) th a t th e s c a t t e r in g  in 
th e  fo r w a r d  d ir e c t io n  i s  d e p e n d e n t o n ly  on th e  s q u a r e  o f th e  t o t a l  ch a n g e  
in  s c a t t e r in g  a m p litu d e  a s s o c ia t e d  w ith  e a c h  d e fe c t , and in d ep en d en t o f  th e  
s p a t ia l  d is t r ib u t io n  o f  th e  d e fe c t ,  and  (b) th a t  th e  s c a t t e r in g  f o r  v a l u e s  o f 
k » 1  / a , w h e re  a  i s  a  la t t i c e  p a r a m e t e r ,  u s u a l ly  a r i s e s  l a r g e l y  f r o m  th e  
neigh bou rh ood  o f the s it e  at th e c e n tre  o f the d e fe c t . T h e  f i r s t  o f th e se  poin ts 
c a n  b e  s e e n  b y  in s p e c t io n  o f  E q . ( 1 ) .  In th e  c a s e  o f  m a g n e t ic  d e fe c t s  in  a 
f e r r o m a g n e t  th e  s c a t t e r i n g  in  th e  fo r w a r d  d i r e c t io n  i s  p r o p o r t io n a l  to  
(dTi/dc)2 , w h e re  d jï/d c  i s  th e  ch an g e  o f  s a tu r a t io n  m a g n e tiz a tio n  p e r  d e fe c t . 
F o r  a  c o n tin u o u s  and  s lo w ly  v a r y i n g  d is t r ib u t io n  o f  s c a t t e r i n g  a m p litu d e  
d e n s it y ,  th e  s e c o n d  s ta te m e n t  fo l lo w s  f r o m  th e  fa c t  th a t , i f  к ^ - 1 / а ,  th en  
e 1Kr f lu c tu a te s  r a p id ly  in  s ig n  fo r  r ^ a ,  and a lm o s t  no net co n trib u tio n  to  th e 
s c a t t e r in g  r e s u l t s  fr o m  th is  ra n g e  o f r .  In a m o r e  r e a l i s t i c  s itu a tio n  w h e re  
th e s c a t t e r in g  a m p litu d e  i s  c o n c e n tra te d  in to s m a l l  r e g io n s  c e n tre d  on b a s i s  
la t t i c e  s i t e s ,  th e  p o in t (b) c a n  b e s t  b e  s e e n  b y  e x p a n s io n  o f E q . (4). T h u s , 
i f  5 d ^  r e p r e s e n t s  th e  d is t u r b a n c e  in  s c a t t e r i n g  a m p litu d e  a s s o c ia t e d  w ith  
l a t t ic e  s i t e  in , w e  m a y  w r i t e  th e  d e fe c t  s c a t t e r in g  a s  b e in g  p r o p o r t io n a l  to

3. 2. The analysis of defect scattering data

T h e  v a lu e  o f  th e  s e c o n d  s u m  i s  o s c i l l a t o r y  in  n a t u r e , te n d in g  to  z e r o  f o r  

l a r g e  v a lu e s  o f  к ,  s o  th a t  in  t h is  r a n g e  o n ly  th e  s c a t t e r i n g  c o r r e s p o n d in g  
to  th e  f i r s t  su m  i s  s ig n if ic a n t .  A s  5d f o r  th e  s i t e  a t th e  c e n tr e  o f  a  d e fe c t  
i s  u s u a l ly  c o n s id e r a b ly  g r e a t e r  th an  th e  o th e r  s c a t t e r in g  a m p litu d e  d i s t u r 
b a n c e s , th e  s ta te m e n t  (b) fo l lo w s .

In p r in c ip le ,  p r o v id e d  an  a s s u m p t io n  c a n  b e  m a d e  about th e  p h a s e  o f 
th e  s c a t t e r in g ,  th e  e n t i r e  s p a t ia l  d is t r ib u t io n  o f  a  d e fe c t  m a y  b e  fo u n d  b y  
F o u r ie r  in v e r s io n  o f s c a t t e r in g  d a ta  o b ta in e d  w ith  a  s in g le  c r y s t a l .  H o w 
e v e r ,  no one h a s  a s  y e t  a t te m p te d  s u c h  an  a m b it io u s  e x p e r im e n t . In fa c t  
tw o  a p p r o a c h e s  to  th e  a n a ly s i s  o f  d e fe c t  s c a t t e r i n g  d a ta  h a v e  s o  f a r  b e e n  
e m p lo y e d . T h e  f i r s t  o f  th e s e  c o n s i s t s  in  th e  t e s t in g  o f  v a r io u s  m o d e ls  fo r  
a d e fe c t  b y  c o m p a r is o n  o f a c a lc u la te d  s c a t t e r in g  p a tte rn  w ith the e x p e r im e n 
t a l  d a ta  [4, 8 ]. T h is  m eth od  i s  r e a l l y  o n ly  s a t i s fa c t o r y  i f ,  b e s id e s  th e  n e u 
t r o n  o b s e r v a t io n s ,  t h e r e  a r e  o th e r  r e s u l t s  w h ic h  p r o v id e  s o m e  g u id a n c e  
in  c o n n e c t io n  w ith  th e  c o n s t r u c t io n  o f  s u i t a b le  m o d e ls  f o r  t e s t in g .

A  s e c o n d  a p p r o a c h  to  th e  p r o b le m  o f d a ta  a n a ly s i s  i s  b a s e d  on an  a p 
p ro x im a t io n  in  w h ic h  it  i s  a s s u m e d  th a t th e  d e fe c t  h a s  s p h e r ic a l  s y m m e t r y . 
T h is  m ethod h a s  b ee n  u se d  in  con n ection  w ith  s c a t t e r in g  fro m  p o ly c r y s ta ll in e  
s a m p le s  o f c u b ic  m a t e r i a l s  ( s e e  [ 1 5 ]  and  [ 16 ] )  a n d  u n d e r  t h e s e  c o n d it io n s  
the u n d e r ly in g  a p p ro x im a tio n  i s  p ro b a b ly  q u ite  re a s o n a b le  e x c e p t p o s s ib ly  in 
th e  r e g io n  o f  th e  f i r s t  c o - o r d in a t io n  s h e l l  o f  n e ig h b o u r s .  On th e  b a s i s  o f  
an  a ssu m p tio n  o f s p h e r ic a l  s y m m e t r y  th e  s c a t t e r in g  can , o f c o u r s e ,  b e  
a n a ly s e d  b y  s t a n d a r d  o n e - d im e n s io n a l  F o u r i e r  m e th o d s  ( s e e , f o r  e x a m p le , 
[ 1 7 ] ) .  T h u s , w e  m a y  w r i t e

a y *

m m. m
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^ Г- = — ¡ й к А ( к ) к  s in ( K r ) ,  ' ( 1 2 )
Г 1Г J

0

w h e re  U (r) i s  th e  am ount o f d e fe c t  s c a t te r in g  am p litu d e  p e r  un it o f the r a d ia l  
d is ta n c e  r  and А  (к )  i s  th e  s q u a r e  ro o t  o f th e  s c a t t e r e d  in te n s ity  c o r re s p o n d 
in g  to  th e  s c a t t e r in g  v e c t o r  к . (A s  im p lie d  a b o v e , t h e r e  i s ,  o f  c o u r s e ,  a 
s ig n  a m b ig u ity  a s s o c ia t e d  w ith  A ( k ) but t h is  ca n  u s u a l ly  b e  r e s o lv e d  b y  the 
p h y s ic s  o f  th e  p ro b le m . )

In p r a c t ic e ,  to re d u c e  th e m ag n itu d e  o f s p u r io u s  d i f fr a c t io n  r in g  e ffe c t s  
( G ib b 's  o s c i l la t io n s )  in  th e t r a n s fo r m , it i s  a d v is a b le  to t r a n s fo r m  not A ( k ) 
but [ A ( f c ) - 6 d 0], w h e re  6 d0 r e p r e s e n t s  the s c a t t e r in g  a m p litu d e  d is tu rb a n c e  
on th e c e n tr a l s ite  in  the d e fe c t . T h is  i s  an a lo g o u s to  th e p r o c e s s  o f F o u r ie r  
d i f fe r e n c e  s y n t h e s is  u se d  in  c r y s t a l lo g r a p h ic  s t r u c t u r e  d e te rm in a t io n s . A c 
c o r d in g  to  th e  d i s c u s s io n  a t th e  b e g in n in g  o f t h is  s e c t io n , th e  v a lu e  o f 6 d 0 
c a n  u s u a l ly  b e  e s t im a t e d  f r o m  th e  s c a t t e r in g  in t e n s it y  f o r  l a r g e  к . T h is  
p ro c e d u r e  l a r g e ly  e l im in a t e s  th e  G ib b 's  o s c i l la t io n s  w h ich  w ould  o th e rw ise  
r e s u l t  f r o m  th e  a b s e n c e  o f  d a ta  in  th e  r e g io n  w h e r e  к e x c e e d s  K.maXj th e  
l a r g e s t  s c a t t e r i n g  v e c t o r  f o r  w h ic h  o b s e r v a t io n s  a r e  a v a i l a b le .  In  t h o s e  
c a s e s  w h e re  th e  s c a t t e r e d  in te n s ity  i s  v a r y in g  r a p id ly  at th e  u p p e r  l im it  o f 
th e  e x p e r im e n ta l к - r a n g e , G ib b 1 s  o s c i l la t io n s  w il l  p e r s is t ,  h o w e v e r. T h e se  
m a y  b e  s u p p r e s s e d  b y  m u lt ip ly in g  [ A ( / < ) - 5 d0], b e fo r e  t r a n s fo r m a t io n ,  b y  
G (k ) = s in  X / X , w h e re  X  = w n / к тах. T h is  c o r re s p o n d s  to  th e u se  o f an a r t i 
f i c i a l  t e m p e r a t u r e  f a c t o r  in  c r y s t a l lo g r a p h ic  w o rk . T h e  t r a n s f o r m e d  d a ta  
n o w  r e p r e s e n t  n o t U ( r ) / r  b u t th e  c o n v o lu t io n  o f  U ( r ) / r  w ith  th e  fu n c t io n

Kmax,

J '  d<  G (k ) c o s  (/cr) . ( 13 )

0

T h is  i s  a  fu n c tio n  w ith  a  l a r g e  c e n t r a l  p e a k  w h o s e  w id th  i s  ro u g h ly  ж/ ктах_. 

T h u s , d e ta il  in  U ( r ) / r  on a  s c a le  s m a l le r  than  th is  d im en sio n  is  not r e s o lv e d  
a s  i s  to b e  e x p e c te d  in  an  e x p e r im e n t  o f  r e s t r ic t e d  ra n g e  in к .

T h e  e r r o r s  on th e  t r a n s f o r m  1 2  a b o v e , o,T , a r e  r e la t e d  to  th e  e r r o r s  
on th e  e x p e r im e n t a l  r e s u l t s  crs b y  •

Kmax.

CTT ^ = 'P  I dlc 1(2 Sin2 ( i c r ) ^ ( i i ) .  ( 14 )

0

A C K N O W L E D G E M E N T S

T h e  a u th o r i s  g r a t e f u l  to  D r . W. M a r s h a l l  f o r  s t im u la t in g  h is  in t e r e s t  
in  th e  s u b je c t  o f  d i f fu s e  e l a s t i c  s c a t t e r in g  and  f o r  m a n y  d i s c u s s i o n s .  H e 
a l s o  w is h e s  to  th a n k  a  n u m b e r  o f  o th e r  c o l l e a g u e s ,  in  p a r t i c u l a r  D r . 
M . F .  C o l l in s ,  D r . A . R . C u r t i s  an d  D r . W . M . L o m e r ,  w h o  h a v e  g iv e n  
h e lp fu l  a d v ic e  an d  c o m m e n t s .

g (r )  = ;
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A P P E N D I X  ■

O u r p u rp o s e  h e r e  i s  to  e x a m in e  th e  v a r io u s  ty p e s  o f  t e r m  w h ich  e n te r  
in to  th e  c r o s s - s e c t io n  f o r  e la s t ic  o r  q u a s i - e l a s t i c  d i f fu s e  s c a t t e r in g .  T h e  
s t a r t in g  p o in t i s  th e  c r o s s - s e c t io n

(A l)
■

Ш if

w h e re  th e  m  r e p r e s e n t  th e N p o in ts  o f a  b a s i s  la t t ic e  and th e su m  v  e x te n d s  
o v e r  th e  v a r io u s  t y p e s  o f  s c a t t e r i n g  a m p litu d e  in v o lv e d  (w e s h a l l  in  f a c t  
c o n s id e r  e x p l ic i t ly  fo u r  d i f f e r e n t  t y p e s  b e lo w ) . T h e  a m p litu d e  d^+ i s  g iv e n  
b y  an  in t e g r a l  o v e r  th e  u n it  c e l l  a t  m , i .  e .

d^(i/) = J  d r  e  R ( r ,  i/), (A 2)

v i*

w h e re  R ( r , v )  r e p r e s e n t s  th e  s c a t t e r in g  a m p litu d e  d e n s ity  a t r  o f th e p r o c e s s  
la b e l le d  b y  v.  It i s  o f c o u r s e  c l e a r  th a t a  d e fe c t  c a n  g iv e  r i s e  to  s c a t t e r in g  
e it h e r  b e c a u s e  o f  c h a n g e s  in  th e  s c a t t e r i n g  a m p litu d e s  a t p a r t i c u l a r  s i t e s  
o r  b e c a u s e  o f  p h a s e  s h i f t s  a r i s i n g  f r o m  p o s i t io n a l  c h a n g e s  d u e  to  l a t t i c e  
d e fo r m a t io n . It w i l l  b e  n o te d  th a t  b o th  o f  t h e s e  e f f e c t s  a r e  in c lu d e d  in  th e 
d e f in it io n  o f  E q .  (A 2 ) . T h u s ,  f o r  a  n u c l e a r  d e fe c t  d  = b  e ® * "®  w h e r e  u  r e 
p r e s e n t s  th e  r e l a x a t i o n  o f  an  a to m  f r o m  i t s  b a s i s  l a t t i c e  p o s it io n .

T h e  B r a g g  s c a t t e r i n g  c o m p o n e n t  in  E q .  ( A l )  m a y  b e  w r i t t e n  a s

| £  d M | ! | p ' S |!  (A 3)

v Ш

le a v in g  a d iffu s e  co m p o n en t o f

I £ e * - S £ [ « y , / ) - d ( i O ] | 2, (A 4)

m . v

w h e r e  d(i/) = N " 1 E  cL*(i/). In  a d d it io n  to  th e  s c a t t e r in g  f r o m  d e fe c t s  su c h  a s  
-> rn
m

in t e r s t i t i a l s  o r  v a c a n c ie s  o r  im p u r i t y  a to m s  in  a  s a m p le , w e  h a v e  a l s o  to  
e n v is a g e  th e  p o s s i b i l i t y  o f  d i s o r d e r  s c a t t e r i n g  a r i s i n g  f r o m  th e  p r e s e n c e  
o f a  r a n g e  o f is o to p e s  o r  fr o m  ra n d o m ly  o r ie n te d  u n cou p led  s p in s . We s h a ll  
a s s u m e  th a t  d is t r ib u t io n  o f  i s o t o p e s  i s  u n c o r r e la t e d  w ith  th e  d is t r ib u t io n  
o f  d e fe c ts  o f th e  ty p e  n a m e d  a b o v e . L e t  u s  u s e  <(d ^ t o  in d ic a te  a  m e a n  v a lu e  
w ith  r e s p e c t  to  is o t o p e  d is t r ib u t io n  t o g e t h e r  w ith  a  t h e r m a l  a v e r a g e  o v e r  
th e  o r ie n ta t io n s  o f  an y  u n co u p led  s p in s  in  th e s y s t e m . W e m a y  now  r e p la c e  
E q . (A4) b y  tw o c r o s s - s e c t io n s .  One o f th e s e  c o r re s p o n d s  to the s c a t te r in g  
f r o m  d e fe c t s  s u c h  a s  i n t e r s t i t i a l s  e t c .  a n d  h e n c e  w i l l  b e  r e f e r r e d  to  a s  
th e  d e fe c t  c r o s s - s e c t i o n .  T h is  i s  g iv e n  b y



SCATTERING FROM ALLOYS AND DISORDERED SYSTEMS 425

(A 5)

T h e  s e c o n d  c r o s s - s e c t i o n ,  w h ic h  w e  s h a l l  r e f e r  to  a s  th e  fu l ly  in c o h e re n t  
c r o s s - s e c t i o n ,  i s  g iv e n  b y

L e t  u s  r e t u r n  to  E q . (A 5 ). On th e  a s su m p tio n  th a t th e  d e fe c t s  a r e  r a n 
d o m ly  d is t r ib u t e d  an d  n o n - in t e r a c t in g ,  w e  m a y  a f t e r  s o m e  m a n ip u la t io n  
r e w r i t e  th e  d e fe c t  c r o s s - s e c t i o n  in  th e  f o r m

w h e r e  с i s  th e  f r a c t io n a l  c o n c e n tr a t io n  o f  d e fe c t s .  T h e  s u m s  o v e r  m , m ' 

and n, n 1 c o r r e s p o n d  n ow  to  s u m s  o v e r  th e  b a s i s  la t t ic e  p o in ts  in  an  u n p e r 
tu rb e d  c r y s t a l  and a s p e c im e n  co n ta in in g  a s in g le  d e fe c t , r e s p e c t iv e ly .  Thus 
in  m a n y  c a s e s  th e  s u m s  ca n  b e  l im it e d  to  th e  im m e d ia t e  n e ig h b o u rh o o d  o f 
t h is  d e fe c t .

W e s h a l l  e x a m in e  th e  a b o v e  c r o s s - s e c t i o n s  w ith  r e g a r d  tb  fo u r  p a r t i 
c u la r  ty p e s  o f s c a t t e r in g  a m p litu d e . T h e s e  a r e  a s  fo llo w s : ( 1 )  A  s p in -
in d e p e n d e n t n u c le a r  s c a t t e r i n g  a m p litu d e  b  (the u s u a l  c o h e r e n t  s c a t t e r in g  
le n g th ) . (2) A  s p in -d e p e n d e n t  n u c le a r  s c a t t e r i n g  a m p litu d e  b 1 s u c h  th a t  
th e to ta l s c a t t e r in g  fo r  a  p a r t ic u la r  n u c le u s  o f sp in  I i s  g iv e n  b y  (b +  2b 1 5 n.T), 
w h e r e  3 n i s  th e  s p in  o f  th e  n e u tro n . T h e  p o s s i b i l i t y  th a t  th e  n u c le a r  s p in  
m a y  b e  p a r t i a l l y  p o la r iz e d  b y  a  m a g n e t ic  f i e l d  a p p lie d  in  th e  z - d i r e c t io n ,  
s o  th at j- 0, i s  ta k e n  in to  a cco u n t in  o u r d is c u s s io n s . (3) A n am p litu d e  
a r i s in g  f r o m  a n  e le c t r o n ic  m a g n e t ic  m o m e n t ц  r i g i d l y  a lig n e d  in  a  c r y s t a l  
la t t ic e  b y  e x c h a n g e  o r  a n is o tro p y  f o r c e s .  T h u s , w e  h a ve  d °c f(K )3n- ¡x1, w h e re  
th e  s y m b o l i .  in d ic a te s  th at th e  v e c t o r  c o n c e rn e d  h a s  b ee n  p r o je c te d  in to  the 
p la n e  n o r m a l to  к and f ( « )  i s  an  a p p r o p r ia t e  fo r m  fa c t o r  ( s e e  E q . (7)). 
(4) F in a l ly ,  an a m p litu d e  c o r r e s p o n d in g  to  an  u n c o u p le d  e le c t r o n ic  s p in  S 
w h ic h  m a y  b e  p a r t i a l l y  p o la r iz e d  in  th e  z - d ir e c t io n  b y  an  a p p lie d  e x t e r n a l  
m a g n e t ic  f ie ld .  In t h is  c a s e  w e  h a v e  th a t doc í(k  )¡?n- 5*".

T h e  a b o v e  fo u r  t y p e s  o f s c a t t e r in g  a m p litu d e  g iv e  r i s e  to  te n  d if fe r e n t  
f o r m s  o f  t e r m  in  th e  d e fe c t  s c a t t e r i n g  c r o s s - s e c t i o n .  W e s h a l l
d e ta il  t h e s e  b e lo w  and a ls o  th e fu l ly  in c o h e re n t  c r o s s - s e c t io n s  a r i s in g  fr o m  
n u c le a r  and  e le c t r o n ic  s p in s .  A s  p o in te d  out a b o v e  a  d e fe c t  c a n  g iv e  r i s e  
to  s c a t t e r in g  e ith e r  b e c a u s e  o f  ch a n g e s  in th e s c a t t e r in g  a m p litu d e s  at p a r t i 
c u la r  s i t e s  o r  b e c a u s e  o f  p h a s e  s h i f t s  a r i s i n g  f r o m  p o s it io n a l  c h a n g e s  due

(A 6 )

~ Y } < d |  M X d J v ^ e ^ - " )  + < d | ( M)> < ( ^ ( ^ > 6 (A 7)

m, h
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to  la t t ic e  d e fo r m a t io n . In  w r i t in g  dow n th e  fo r m  o f th e  t e r m s  in  
b e lo w  w e s h a l l ,  h o w e v e r ,  o m it  a n y  d i f f e r e n c e s  in  p h a s e  th a t  m ig h t  b e
p re s e n t . Of th e ten  ty p e s  o f t e r m  m entioned  ab o ve , th re e  a r e  p u re ly  n u c le a r
p ro d u c ts , i .  e . w e h ave

< b * > < h * >  (A 8)
i 1

<|bJ)>Pz<^b_J,I^.^+ c o m p le x  c o n ju g a te  (A9)
j i i

and

4 ( 3 " .< b j * O )  ( 3 n- < b i * t > »  
j j 1 i

= < b i *  £ » >  • < b i X >  +  i f  . « b i » *  Г _ >  X <  b i t . »  
j j i i . j j i i

= < Ы » * Й > < Ы Л 5 > > . (A 10 )
i j i i .

T h e  v e c t o r  P  g i v e s  th e  d ir e c t io n  and m a g n itu d e  o f th e  n e u tro n  p o la r iz a t io n  
( 1 > P > 0 ) .

T h e  f u l l y  in c o h e r e n t  n u c le a r  s p in  s c a t t e r i n g  c r o s s - s e c t i o n  p e r  s p in  
i s  g iv e n  b y

| b '|2 [ < ? • ! > +  iP -  < ? X f > -  < I z >2] = | b '|2 [ 1 ( 1+  1 ) - P Z< I Z> - < I Z>2] .  ( A l l )

T h u s , e v e n  fo r  10 0 %  p o la r iz a t io n  o f  th e  n u c le i ,  in c o h e re n t  s c a t t e r in g  p e r 
s i s t s  in  th e  q u a s i - e l a s t i c  l im it  u n le s s  P z = 1 .  I f  m o r e  th a n  o n e  is o t o p e  i s  
p r e s e n t ,  w e  m u s t  ad d  to  th e  in c o h e re n t  c r o s s - s e c t i o n  a  c r o s s  t e r m  o f  th e  
fo r m

P z« b * b ' I^> -< ^ b *X b ' Iz)>) +  c o m p le x  c o n ju g a te .

T h e  d e r iv a t io n  o f  th e  e x p r e s s io n s  in E q s .( A 1 0 ) a n d  ( A l l )  c a l l s  fo r  so m e  
d is c u s s io n . F i r s t  it  m a y  b e  noted  th at u s e  h a s  b een  m ad e  o f th e re la t io n s h ip

(ff.a )  (ct.S )  = a - B +  ia - ( a X f j) ,

w h e re  a  and В  a r e  an y p a ir  o f o p e ra to r s  and a  i s  th e  P a u li  sp in  o p e ra to r  [ 18 ] . 
T h is  i s  a l s o  e m p lo y e d  in  s e v e r a l  o f  th e  d e r iv a t io n s  c a r r i e d  out b e lo w . A  
s e c o n d  p o in t c o n c e r n s  th e  t e r m  in  P ^ I ^ i n  E q . ( A l l ) .  T h is  t e r m  a r i s e s  
in  c o n n e c t io n  w ith  th e  f u l ly  in c o h e re n t  s c a t t e r i n g  b e c a u s e  in  t h is  c a s e  th e  
tw o o p e r a t o r s  in  th e  b r a c k e t  o f th e  p o la r iz a t io n -d e p e n d e n t  p a r t  o f the c r o s s 
s e c t io n  do not co m m u te . A  s im i l a r  e f fe c t  a p p e a r s  in  th e  c r o s s - s e c t io n  fo r  
u n coup led  e le c t r o n ic  s p in s . W hen th e  c a s e  o f s c a t t e r in g  fro m  r ig id ly  a lign ed  
m a g n e t ic  m o m e n ts  i s  c o n s id e r e d ,  h o w e v e r ,  t h e r e  i s  n o  q u e s t io n  o f  n o n 
c o m m u ta tio n . T h is  d i f fe r e n c e  r e s u l t s  f r o m  th e  fa c t  th a t  fo r  th e  u n co u p led  
s p in s  one i s  w o rk in g  in  th e  q u a s i - e l a s t i c  a p p r o x im a t io n  and  c a lc u la t in g  in  
th is  l im it  th e  to ta l  c r o s s - s e c t io n .  T h is  d ep en d s on a  p a ir  o f  id e n t ic a l o p e r 
a t o r s  w ith  th e  s a m e  a r g u m e n t  in  t im e , s a y  S(t) and  ST(t). F o r  th e  r i g i d l y  
a lig n e d  m o m e n ts , on th e  o th e r  h and , th e  c a lc u la t io n  i s  o f  th e  t r u ly  e la s t ic
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s c a t t e r in g  w h ich  d ep en d s on th e n o n - id e n tic a l o p e r a to r s  / j ( 0)  and ju(co). H ence, 
w e h ave  co m m u tatio n  in  th e la t t e r  c a s e .

In a d d it io n  to  th e  t h r e e  n u c le a r  c r o s s - s e c t i o n  t e r m s  g iv e n  a b o v e , w e  
m a y  m a k e  th e  fo l lo w in g  p u r e ly  e l e c t r o n i c a l l y  m a g n e t ic  s u b s t i t u t io n s  f o r  

dj">>in E q . (A 7 ): F i r s t  a t e r m  d e p e n d in g  on r i g i d l y  a lig n e d  m a g n e t ic
m o m e n ts  ц a lo n e . T h is  i s  g iv e n  b y

2

4 ( 2Й 2)  £)(&•£)

= ( ¿ 2  У (к ) î M n n t n i  + if* . ( ¿ Ü x  M Í)]  (A 1 2 )

w h e re , it  w i l l  b e  r e c a l le d ,  ц.х = к X(¡ÍXÍc ) i s  th e  p r o je c t io n  o f  ц in  th e p lan e  
n o r m a l  to  к. N e x t  w e  m a y  w r i t e  dow n th e  fo r m  o f th e  c r o s s  t e r m  b e tw e e n  
¡J  and an u n c o u p le d  e le c t r o n ic  s p in  ST w h ic h  i s  p a r t i a l l y  p o la r iz e d  in  th e  z -  
d ir e c t io n . T h is  i s

/  2 \2
2 ( - ^ ~ 2  ) f$(/c) f-^/cHS". + c o m p le x  c o n ju g a te

\ m c  /  j i j i

- * (¿¿У  Шк) u * )K i. ñ X £ >  + ii* Güx âx<s!>]
\ m c  /  j i j i j i

+  c o m p le x  c o n ju g a te  . ( A 13 )

A ls o  w e h a v e  th e  t e r m  c o r re s p o n d in g  to  a p a ir  o f u n co up led  e le c t r o n ic  sp in s

4 ( % £ )  f ^ (K ) ( S n < 3 i » ( § n < s t > )

\ ш с 2 J

2

m < )  í M )  к о  . < 0  +  ip .  < § i > x  < £ >  ) ]
i  -- 1 J

= ( S T  t * (K ) í j K i  sin2a < S ^ > < S ^ > , (A 14 )
\ m c /  j i 1 i

w h e r e  a  now  d e n o te s  th e  a n g le  b e tw e e n  к and Й th e a p p lie d  m a g n e tic  f ie ld  
( i . e .  th e  z - d ir e c t io n ) .

T h e  fu l ly  in c o h e re n t  p a r a m a g n e t ic  s p in  s c a t t e r in g  i s  g iv e n  b y

K S ) 2 | f ( « ) | 2 [ ( l + c o s 2a ) S ( S + l ) + ( l - 3  c o s 2« )< (S z)2 >

- 2 { P . k ) c o s a <  Sz >  - 2 s i n 2a  < S Z>2]. (A 15 )

W e n o te  th e  a p p e a ra n c e  o f a  p o la r iz a t io n -d e p e n d e n t  t e r m  ju s t  a s  w a s  found 
in  th e  c a s e  o f  n u c le a r  s p in s .  In e v a lu a t in g  th e  a b o v e  c r o s s - s e c t io n s  u se  
h a s  b e e n  m a d e  o f  th e  fo llo w in g  t h e r m a l  a v e r a g e
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< ( s r ) 2 > = < ( s ^ ) 2 > 6 yz+  ! [ S ( S +  1 ) - < ( s z) 2^>] (6 yn +  Syy).

T h e  r e m a in in g  fo u r  t e r m s  in  o u r s e r i e s  o f te n  a r e  a l l  c r o s s  t e r m s  b e 
tw e e n  n u c le a r  and  e le c t r o n ic  s c a t t e r in g  a m p litu d e s . T h u s , w e  h a v e  c r o s s  
t e r m s  w ith  b , th e  c o h e re n t  n u c le a r  a m p litu d e .,o f

М к ) < Ь * > ( З п./ ^ )  + c o m p le x  c o n ju g a te  
Í j Í '

= 2̂ c2 £+(к)<Ь4г> P . + c o m p le x  c o n ju g a te  (A 16 )

and

( 5 n. + c o m p le x  c o n ju g a te
m e  ¡ j i

= f_,.(K )<b^>Pz< (S ¿> +  c o m p le x  c o n ju g a te  . (A 17 )
m e  ; j i

F in a l l y  w e  h a v e  th e  c r o s s  t e r m s  w ith  b ' ,  th e  sp in -d e p e n d e n t n u c le a r  
s c a t t e r in g  a m p litu d e . T h e s e  a r e :

f- ,(K )(3n < b i*  t » » ( 3 n ц^ )  +  c o m p le x  c o n ju g a te  
m c  Í j j i

= f ->(«) [<b!** £ > Й .  m Í+  i P -  « Ы > * О Й Х д ^ ) ] +  c o m p le x  c o n ju g a te
¿m e  i j j i j j i

(A 18 )

and

2

f  _,( к) (Í5n. '( b  !»*£*)>) (3d. ,\ 3 ^ >) + c o m p le x  c o n ju g a te  
m c ¿ i j j i

= Г Г Д  M * )  К  b i *  O -  < ¡0 + i P .  ( < b i» * r _ > X < ^ ) ) ]  + c o m p le x  c o n ju g a te  
m c  1 j j i j j i

= - ^ 2  [ s in 2ûr +  i  P . ( Ô x â ' 1’)] +  c o m p le x  c o n ju g a te .
ШС i j j i

. (A 19 )

T h is  c o m p le t e s  th e  s e t  o f  te n  t e r m s ,  n a m e ly  E q s . ( A 8), (A 9), (A 10 ) , (A 12 ) , 
( A 1 3 ) ,  ( A 14 ) ,  (A 16 ) ,  ( A 1 7 ) ,  (A 18 )  and (A 19 ) .
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D I S C U S S I O N

J . J .  R U S H : T o  w h a t  w a v e le n g th  d o e s  y o u r  in t e n s i t y  a l lo w  y o u  to  g o  
w ith  t h is  t y p e  o f  e x p e r im e n t ?

G . G .  L O W : In  m e a s u r e m e n t s  m a d e  b y  M a r t in  a t  H a r w e l l ,  w h ic h  I 
m e n t io n e d  in  th e  o r a l  p r e s e n t a t io n ,  th e  r e s u l t s  w e r e  o b ta in e d  w ith  7 . 5 A  
n e u tro n s . T h e  r e s u l t s  f o r  th e a l lo y s  w e r e  o b ta in e d  a t a ro u n d  5 A . I do not 
th in k  w e c a n  go  m u c h  b e y o n d  th a t  w ith  o u r  p r e s e n t  s e t - u p ,  w h ic h  d o e s  not 
in c lu d e  a  c o ld  s o u r c e .  M a r t in  d id  h a v e  a  c o ld  s o u r c e .

N . S .  S A T Y A  M U R T H Y : H a v e  y o u  m a d e  a n y  a t te m p t to c o r r e l a t e  th e  
s q u a r e  o f  th e  fo r m  f a c t o r  in  n ic k e l- v a n a d iu m  an d  n ic k e l - c h r o m iu m  a l lo y s  
w ith  c h a n g e s  in  th e d - e le c t r o n  d e n s ity  d is t r ib u t io n  in  th e a l lo y s ,  i . e .  on the 
n ic k e l  s i t e s ,  w h en  im p u r i t ie s  a r e  in tro d u c e d ?

G . G .  L O W : W e h a v e  c a r r i e d  out th e  F o u r i e r  t r a n s f o r m s  w h ic h  I 
m e n tio n e d  in  th e  o r a l  p re s e n t a t io n  and  w h ich  in d ic a te  th e d is t r ib u t io n  o f  the 
d is tu rb a n c e  in  th e m a g n e tic  m o m en t aro u n d  th e se  s i t e s .  T h is  i s  in  a c c o rd a n c e  
w i t h c e r t a in  t h e o r e t i c a l  s u g g e s t io n s  m a d e  b y  F r i e d e l  s o m e  y e a r s  a g o , b e fo r e  
w e  c a r r i e d  out th e  e x p e r im e n t s .  T h is  i s  w hy w e c h o s e  the n ic k e l  s y s t e m  to 
s t a r t  w ith . A s  I h a v e  s a id ,  t h e r e  i s  a  c o r r e la t io n  b e tw e e n  th e n e u tro n  s c a t 
t e r in g  w e o b s e r v e d  and th e  b e h a v io u r  o f  the S l a t e r - P a u l in g  c u r v e .

N .S .  S A T Y A  M U R T H Y : Do y o u  th in k  th a t, a p a r t  f r o m  b e in g  u se d  m e r e ly  
to  d e m o n s tr a te  th e  f a c t  th a t  th e  a d d it io n  o f v a n a d iu m  o r  c h ro m iu m  d is t u r b s  
th e  m a g n e t ic  m o m e n t on  th e  n ic k e l  s i t e s  out to  l a r g e  d i s t a n c e s ,  d i f fu s e  
s c a t t e r in g  m e a s u r e m e n t s  c o u ld  a ls o  b e  u se d  to  g e t  d e ta ile d  in fo rm a tio n  co n 
c e r n in g  th e  n a tu re  o r  c a u s e  o f  th e  d is tu r b a n c e s ?

G .G .  L O W : N o, I do n o t. I th in k  it  i s  now  a  m a t t e r  fo r  th e t h e o r e t ic ia n s . 
In  a n y  c a s e ,  F r i e d e l ' s  d i s c u s s i o n  in  t e r m s  o f  b o u n d  s t a t e s  m o r e  o r  l e s s  
c o v e r s  t h is  p o in t , a t  l e a s t  f r o m  th e  q u a l i t a t iv e  p o in t  o f  v i e w .
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R . J .  E L L I O T T :  I m ig h t  p o in t out th a t  H u b b a rd  and  h is  c o - w o r k e r s  at 
H a r w e l l  a r e  t r y in g  to  m a k e  m o r e  d e t a i le d  c a lc u la t io n s  o f  th e  s h a p e  o f  th e  
d e n s it y ,  u s in g  G r e e n 's  fu n c t io n  m e th o d s , b u t i t  a m o u n ts  to  th e  s a m e  th in g  
a s  F r i e d e l ’ s  a p p r o a c h , e x c e p t  th a t  th e  p r o c e d u r e  i s  m o r e  d e t a i le d .  I b e 
l i e v e  th e y  fo u n d  th a t  i f  y o u  o n ly  c h a n g e  th e  p o t e n t ia l  on  th e  im p u r i t y  s i t e  
i t s e l f ,  yo u  h a v e  s o m e  d i f f ic u lt y  in  e x p la in in g  th e  e x te n s io n , and s o  th e y  a r e  
now  t r y in g  to  e x te n d  th is  b y  ch a n g in g  th e p o te n t ia l and  th e c o u p lin g  to  n e ig h 
b o u r in g  a to m s  a s  w e l l .

G . V E N K A T A R A M A N : I n o t ic e  th at b y  y o u r  F o u r ie r - t r a n s f o r m  m eth od  
y o u  a r e  a b le  to  g e t  th e d is t r ib u t io n  o f  the d is tu rb a n c e  fr o m  b ey o n d  a  c e r t a in  
d is t a n c e . In  o th e r  w o r d s , y o u  d o n 't  g e t  a n y  p o in ts  n e a r  th e  o r ig in  and  a r e  
a b le  to  g e t  v a lu e s  o n ly  b ey o n d  a  c e r t a in  d is t a n c e . B u t do y o u  th in k  th at yo u  
c o u ld  g e t  a  p o in t n e a r  th e o r ig in , s a y ,  b y  u s in g  M O ssb au er te ch n iq u e s , w h ich  
a l s o  m e a s u r e  th e  u n p a ir e d  d is t r ib u t io n ?  In  t h is  w a y  y o u  c o u ld , to  s o m e  
e x t e n t , c o m p le t e  th e  w h o le  c u r v e .

G . G .  L O W : I f  th e  im p u r i t y  h a d  a  n u c le u s  w h ic h  e n a b le d  y o u  to  do s o , 
y o u  c o u ld  c e r t a i n l y  u s e  th e  M o s s b a u e r  e f f e c t ,  b u t th e n  y o u  w o u ld  h a v e  th e  
p r o b le m , a s  D r .  E l l i o t t  m e n t io n e d , o f  k n o w in g  w h a t  th e  h y p e r f in e  i n t e r 
a c t io n  i s ,  in  o r d e r  to  g e t  th e m o m e n t. So  the te ch n iq u e  i s  not u n a m b ig u o u s, 
y o u  s t i l l  h a v e  one fu r t h e r  s te p  to  ta k e .

N . S .  S A T Y A  M U R T H Y : S in c e  th e  k in d  o f  e x p e r im e n t  d e s c r i b e d  b y  
D r .  L o w  i s  n o t d i s s i m i l a r  to  th e  e l a s t i c  d i f fu s e  s c a t t e r i n g  m e a s u r e m e n t s  
m a d e  b y  V e n k a t a r a m a n  and  o t h e r s  on th e  a m m o n iu m  h a l id e s ,  I w o u ld  l ik e  
to  a s k  th e  c r y s t a l  s p e c t r o m e t e r  p e o p le  w h e t h e r  s i m i l a r  e x p e r im e n t s  on  
e l a s t i c  d i f fu s e  s c a t t e r i n g  f r o m  m a g n e t ic  a l lo y s  c o u ld  b e  m a d e  b y  c r y s t a l  
s p e c t r o m e t r y  te c h n iq u e s . W ould an yth in g  b e  g a in e d  b y  th is ?  W ith a  ch o p p e r 
an d  t im e - o f - f l i g h t  m e th o d s , one u s u a l ly  g e t s  in to  a  lo t  o f  c o m p lic a te d  e l e c 
t r o n ic s .  I w a s  t h e r e fo r e  w o n d e r in g  i f  c r y s t a l  s p e c t r o m e t e r  te c h n iq u e s  co u ld  
b e  u s e d .

G . C A G L IO T I : C o n s id e r in g  w h a t D r .  L o w  h a s  to  s a y  in  h is  p a p e r  r e 
g a r d in g  th e  u s e  o f  m e a s u r e m e n t s  o f  th e  d i f fu s e  m a g n e t ic  in t e n s it y  o f  e l a s t i 
c a l l y  d i f f r a c t e d  n e u t r o n s  to  s tu d y  c o v a le n c y  p a r a m e t e r s  in  p e r f e c t  p a r a 
m a g n e t ic  s in g le  c r y s t a l s ,  i t  s e e m s  to  m e  th a t th e  t h r e e - a x i s  s p e c t r o m e t e r ,  
u s in g  an  e la s t ic  a r r a n g e m e n t , w o u ld  b e  a  v e r y  v a lu a b le  to o l b e c a u s e  i t  co u ld  
h e lp  d i s c r im in a t e  a g a in s t  d y n a m ic a l c o n tr ib u tio n s  to  th e s c a t t e r in g .

G . G .  L O W : I th in k  t h e r e  i s  a  d i f f ic u lt y  in  u s in g  c r y s t a l  in s tr u m e n ts  to 
c a r r y  o ut m e a s u r e m e n t s  a t  lo n g  w a v e le n g th s  b e c a u s e ,  in  o r d e r  to  g e t  th e  
in t e n s i t y  y o u  w a n t , y o u  h a v e  to  r e l a x  th e  c o l l im a t io n .  T h is  i s  o f  c o u r s e  
fe a s ib le  b u t n o r m a l ly  y o u  c a n 't  r e l a x  th e m o s a ic  s p r e a d  in  th e c r y s t a l s  s u f 
f i c i e n t ly  to  m a t c h  th e  r e l a x a t i o n  in  c o l l im a t io n  a n d  h e n c e  t h e r e  i s  a  p r o 
p o r tio n a te  lo s s  in  in t e n s it y .  W e sh o u ld  l ik e  to  u s e  a  c r y s t a l  m o n o c h ro m a to r  
b e c a u s e  it  w o u ld  e v e n  g iv e  u s  th e  p o s s i b i l i t y  o f  u s in g  p o la r iz e d  n e u tro n s  a t  
lo n g  w a v e le n g th s .  U n fo r tu n a te ly , h o w e v e r , a  l o s s  o f  in t e n s it y  i s  in v o lv e d . 
W e h a v e  n o t y e t  fo u n d  a  p r a c t i c a l  w a y  o f  g e t t in g  a ro u n d  t h is  p r o b le m .

H . P A L E V S K Y :  C o u ld  D r .  E l l i o t t  t e l l  u s  w h e t h e r  t h e s e  e x p e r im e n t s  
o n  d ilu te  a l l o y s  c o u ld  b e  d o n e  w ith  e n e r g y  a n a l y s i s ,  th a t  i s ,  i f  o n e  c o u ld  
p ic k  out th e  in e la s t i c  p a r t ?  H ow  m u c h  m o r e  w o u ld  w e le a r n  w ith  r e g a r d  to 
th e  t h e o r e t ic a l  d i s c u s s io n  th at he g a v e ?

R .  J .  E L L I O T T :  I do not th in k  t h e r e  i s  a n y  th e o ry  a t p r e s e n t  th at co u ld  
p re te n d  to  s a y  w h at y o u  w o u ld  g e t . No r e a l  th e o ry  < ^ is t s  e v e n  in  r e s p e c t  o f
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th e  m a g n e t ic  e x c i t a t io n s  in  t r a n s i t io n  m e t a l s ,  s o  it  i s  to o  m u c h  to  e x p e c t  a  
t h e o r y  c o v e r i n g  a l l o y s .  N o r  i s  t h e r e  a n y  v e r y  g o o d  t h e o r y  d e a l in g  w ith  
l iq u id s ,  e v e n  th o u gh  lo t s  o f  in t e r e s t in g  e x p e r im e n t s  a r e  c a r r i e d  out on  th e  
s u b je c t .  I  th in k  th e  a p p r o a c h  y o u  s u g g e s t  w o u ld  b e  v e r y  in t e r e s t in g ,  b u t 
I  w o u ld n 't  l i k e  to  h a z a r d  a  g u e s s  a s  to  w h a t  o n e  m ig h t  s e e .





NEUTRON SCATTERING BY PARAMAGNETICS

N .S . S A T Y A  M U R TH Y, G . VENKATARAM AN , K . USHA D EN IZ, 
B. A . DASANNACHARYA A N D P .K . IYENGAR  

A TO M IC ENERGY ESTABLISHM ENT TROM BAY, 
BO M BAY, INDIA 

Abstract —  Résumé —  Аннотация —  Resumen

NEUTRON SCATTERING BY PARAMAGNETICS. The scattering of cold neutrons by paramagnetic MnO 

has been studied using a rotating crystal spectrometer. Energy distributions have been obtained at several 
scattering angles and temperatures. Some measurements have also been made at thermal energies. The cold 

neutron data indicate that there is considerable inelasticity in the scattering, the details of which are de 
termined by the nature of the time-dependent spin-correlation functions. First and second neighbour exchange 

integrals have been evaluated from the second moments of the energy distribution at large scattering angles. 
A damped magnon model has been suggested to explain the details of the observed energy spectra. Results 

on KMnF3 are also presented.

DIFFUSION DES NEUTRONS PAR DES MATIÈRES PARAMAGNETIQUES. Les auteurs ont étudié la diffusion 

des neutrons froids par MnO paramagnétique, à l ’aide d*un spectromètre à cristal tournant. Ils ont déterminé 

les distributions d'énergie pour plusieurs angles et températures de diffusion. Ils ont également fait des mesures 
avec des neutrons thermiques. Les données relatives aux neutrons froids indiquent qu’il y a une forte inélasticité 

dans la diffusion, dont les caractéristiques sont déterminées par la nature des fonctions de corrélation du spin 

qui dépendent du temps. Les auteurs ont évalué les intégrales d'échange des premier et deuxième voisins 

d'après les moments du deuxième ordre de la distribution d'énergie pour de grands angles de diffusion. Ils 
proposent un modèle de magnon amorti pour expliquer les détails des spectres d'énergie observés. Ils donnent 
également les résultats obtenus avec KMnF3.

Р А С С Е Я Н И Е  Н Е Й Т РО Н О В  НА П А Р А М А ГН И Т Н Ы Х  В Е Щ Е С Т В А Х . Рассеяние холодных 
нейтронов на парамагнитном МпО было изучено с помощью вращающегося кристаллического  
спектрометра. Были получены распределения энергии при целом ряде углов рассеяния и тем
ператур* Некоторые измерения были также проведены при тепловых энергиях. Данные по 
холодным нейтронам показывают, что в рассеянии имеется значительная неупругость, по
дробности которой определяются характером функций спиновой корреляции, зависящих от вре
мени. Первый и второй члены обменных интегралов были вычислены по вторым моментам  
распределения энергии при больших у глах  рассеяния. Для объяснения подробностей наблю
даемых энергетических спектров предложена модель магнона с уменьшенной амплитудой коле
бания. Будут также представлены результаты по K M nF3 .

DISPERSION NEUTRÓNICA EN SUSTANCIAS PARAMAGNÉTICAS. Los autores han estudiado la dispersión 

de neutrones fríos en el MnO paramagnético, con ayuda de un espectrómetro de cristal giratorio. Han obtenido 

las distribuciones energéticas para diversos ángulos de dispersión y temperaturas. También realizaron algunas 

mediciones a energías térmicas. Los datos correspondientes a los neutrones fríos indican que existe una consi
derable inelasticidad en la dispersión, cuyas características dependen de la naturaleza de las funciones de 

correlación del spin con respecto al tiempo. Partiendo de los momentos secundarios de la distribución de la 

energfa para amplios ángulos de dispersión, se han calculado las integrales de intercambio de los átomos de 

primero y de segundo orden de proximidad. Se ha propuesto un modelo de magnón amortiguado para explicar 
la estructura fina de los espectros energéticos observados. También se exponen los resultados obtenidos con 

el KMnFs .
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I .  IN T R O D U C T IO N

It h a s  lo n g  b e e n  r e c o g n iz e d  th at s t u d ie s  on th e  in e la s t i c  s c a t t e r in g  o f 
s lo w  n e u tro n s  f r o m  p a r a m a g n e t ic s  ca n  le a d  to  a  k n o w le d g e  o f  s p in  f lu c t u 
a t io n s  in  t h e s e  s u b s t a n c e s .  E x p e r im e n t a l  w o rk  in  t h is  d ir e c t io n  h a s , h o w 
e v e r ,  b een  m e a g r e . T h e  e a r l y  in v e s t ig a t io n s  [ 1 ]  m o tivated  by the p io n e e rin g  
c a lc u la t io n s  o f  V A N  V L E C K  [ 2 ] ,  w e r e  c a r r i e d  out u s in g  c y c lo t r o n  n e u tro n  
s o u r c e s  and did  not p ro v e  v e r y  in fo r m a t iv e . In 19 5 7 ,  u s in g  c r y s t a l  s p e c t r o 
m e t e r  te c h n iq u e s , B R O C K H O U S E  [3] d e m o n s tr a te d  f o r  th e  f i r s t  t im e  th a t 
in e la s t ic  s c a t t e r in g  d o e s  o c c u r  p ro v id ed  the exch an g e  cou p lin g  i s  la r g e  enough. 
S u b s e q u e n tly , IY E N G A R  and B R O C K H O U S E  [4] s tu d ie d  th e  s c a t t e r in g  fro m  
M nO  a t  s e v e r a l  t e m p e r a t u r e s  (ab o ve  th e  N é e l te m p e ra tu r e )  and sh o w ed  the 
e f f e c t s  o f  s h o r t  r a n g e  m a g n e t ic  o r d e r in g .  M o re  r e c e n t ly  C R I B I E R  and 
JA C R O T  [5] h a v e  c a r r i e d  out s i m i l a r  in v e s t ig a t io n  o f M n F 2 u s in g  co ld  
n e u t r o n s . T h e  p r e s e n t  e x p e r im e n t s  e x te n d  th e  w o r k  o f I y e n g a r  and 
B r o c k h o u s e  to  th e  c o ld  n e u tro n  r e g io n .  '

P a r a m a g n e t ic  MnO i s  an  in t e r e s t in g  su b sta n c e  f o r  e x p e r im e n ta l in v e s t i
g a t io n  th o u gh  it  i s  c o m p lic a te d  fr o m  th e  sta n d p o in t o f t h e o r e t ic a l  in t e r p r e 
ta t io n . N eu tro n  d if fr a c t io n  e x p e r im e n ts  [6, 7] h a v e  show n that th e re  i s  con 
s id e r a b le  s h o r t  ra n g e  m a g n e t ic  o r d e r in g  e v e n  a t ro o m  t e m p e r a t u r e  w h ich  
i s  w e ll  ab o ve  th e N é e l te m p e ra tu r e  o f 1 2 2 ° K .  It i s  in te re s t in g  to s e e  i f  th e re  
i s  a n y  r e s e m b l a n c e  b e tw e e n  th e  s p e c t r u m  o f m a g n e t ic  e x c i t a t io n s  in  th e  
o r d e r e d  s ta te  and th at in  th e p a r t i a l ly  o r d e r e d  s ta te  ju s t  a s  t h e re  i s  a  s im i
l a r i t y  b e tw e e n  th e  v ib r a t io n a l  s p e c t r u m  o f s o l id s  and l iq u id s .  T h e  co ld  
n e u tro n  s c a t t e r in g  te c h n iq u e  b y  v i r t u e  o f  i t s  h ig h  re s o lu t io n  o f fe r s  a  m e a n s  
o f e x a m in in g  t h is  p o in t.

I I .  E X P E R I M E N T  .

A  ro ta tin g  c r y s t a l  s p e c t r o m e t e r  a t th e  C a n a d a -In d ia  R e a c t o r  a t T ro m b a y  
h a s  b een  u se d  fo r  m o st  o f th e  m e a s u r e m e n ts . T h e  s p e c t r o m e te r  g iv e s  b u rs ts  
o f  n e u tro n s  o f  w a v e le n g th  4 . 1  Â p r o d u c e d  b y  r e f le c t io n  fr o m  th e  ( 1 1 1 ) p l a n e s  
o f  a  sp in n in g  a lu m in iu m  c r y s t a l  and th e s c a t t e r e d  n eu tro n  e n e r g y  i s  m e a su re d  
b y  th e  t im e - o f - f l i g h t  t e c h n iq u e . T h e  n e u tro n s  s c a t t e r e d  b y  th e  s a m p le  a r e  
d e te c te d  b y  a  s e t  o f s i x  B 10 F 2 c o u n te r s . T h e  re s o lu t io n  o f th e  s p e c t r o m e t e r  
i s  3 .6 %  in  w a v e le n g th  o r  0 .3 6  m e V  a t th e in c id e n t e n e r g y .

T h e  t im e - o f - f l i g h t  d is t r ib u t io n  ( a f t e r  f iv e - p o in t  sm o o th in g ) o b ta in ed  at 
s ix  s c a t t e r in g  a n g le s  ф w h ich  c o r re s p o n d  to  v a lu e s  o f Qo (Q0=(47r/X)sin(<i>/ 2) equal 
to  0 . 5 1 ,  0 .8 2 ,  1 . 0 4 ,  1 . 2 1 ,  1 . 46 and 1 .  76 A ” 1 a r e  sh o w n  in  F i g .  1 .  T h e s e  
d i s t r ib u t io n s  h a v e  b e e n  c o n v e r t e d  to  e n e r g y  s p e c t r a  w ith  c o r r e c t i o n s  f o r  
th e  in s t r u m e n t a l  f a c t o r s ,  f o r  th e  f a c t o r  k ' / k 0 (w h e re  k 0 and k 1 r e f e r  to  th e  
in c id e n t and s c a t t e r e d  n e u tro n  w a ve  v e c t o r s ,  r e s p e c t iv e ly )  and fo r  th e  v a r i 
a tio n  o f th e  M n ++ fo r m  f a c t o r  w ith  th e  w a v e  v e c t o r  t r a n s f e r  Q . T h e s e  a r e  
sh o w n  in  F i g .  2 .  T h e  in s e t  sh o w s  th e  d i f f r a c t io n  p a t te r n  o v e r  th e ra n g e  o f 
th e  p e a k  a r i s i n g  f r o m  th e  s h o r t - r a n g e  o r d e r i n g .  In  e a c h  o f  th e  s p e c t r a ,  

e x c e p t  th e one f o r  Q0 = 1 . 7 6  Â "1 , a  d is t in c t  in e la s t ic  p e a k  i s  s e e n  w h o se  p o
s it io n  s h i f t s  w ith  Q o . It  h a s  a  m in im u m  v a lu e  f o r  Q 0 = 1 . 2 1  Â ’ 1 , th e  d i f 
f r a c t io n  m a x im u m . T h e  e n e r g y  t r a n s f e r s  e at the p e a k s  of the d is tr ib u t io n s  
a r e  g iv e n  in  T a b le  I .
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TIM E-OF-FLIGHT ((JS/m)

F ig .l

T im e-o f-fligh t distributions o f 4 .1-Â neutrons scattered by MnO at room temperature

F ig u r e  3 sh o w s  e n e r g y  d is t r ib u t io n s  ta k e n  at Qo = 1 . 0 4  Â" 1 a t  2 2 0 , 300 
and 4 8 0 °K . It i s  s e e n  th a t  th e  p e a k  o f  th e  d is t r ib u t io n  s h i f t s  t o w a r d s  th e  
e l a s t i c  a t th e  lo w  t e m p e r a t u r e  and a w a y  fr o m  th e  e la s t ic  a t  4 8 0 °K , th e 
m a x im a  o c c u r in g  a t e  = 2 .  4 , 2 . 9  and  3 .  5 m e V , r e s p e c t i v e l y .  In  a l l  t h e s e  
e n e r g y  d is t r ib u t io n s  no c o r r e c t io n s  h a v e  b e e n  m a d e  f o r  th e  phonon c o n t r i 
b u tio n  to  th e s c a t t e r in g  but e s t im a t e s  m ad e on a  D eb y e  m o d e l ta k in g  a  D eb ye  
t e m p e r a t u r e  o f 5 0 0 °K  (e s t im a t e d  f r o m  L in d e m a n n 's  r e la t io n )  in d ic a te  th at 
it  i s  u n im p o rta n t  a t t h e s e  s m a l l  e n e r g y  t r a n s f e r s . О '•

S o m e  m e a s u re m e n ts  h a ve  a ls o  b een  m ade at Q 0 = 1 . 3 6  A *1 u s in g  a  t r ip le 
a x i s  s p e c t r o m e t e r  w ith  in c id e n t n e u tro n s  o f w a v e le n g th  1 . 7 4  Â .  T h e  o b 
s e r v e d  s p e c t ru m  i s  sh ow n  in  F i g . 4 , th e  b ro k e n  lin e  in d ic a t in g  th e  r e s o lu t io n  
w h ich  i s  5 . 2  m e V . T h e  s p e c t r u m  sh o w s m e r e ly  a  b ro a d e n in g  ab o ut th e  
e la s t ic  p o s it io n  in s te a d  o f a  s e p a r a t e  in e la s t ic  p e a k . T h is  i s  due to  the 
p o o r e r  r e s o lu t io n  o f  th e  m e a s u r e m e n t .  I Y E N G A R  an d  B R O C K H O U S E  [4] 
h a v e  m a d e  s im i la r  m e a s u r e m e n ts  at s e v e r a l  s c a t t e r in g  a n g le s  and t e m p e r a 
t u r e s .  T h e y  fin d  th a t  t h is  b r o a d e n in g  i s  a t  a  m in im u m  a t  Q 0 = 1 .  29  Â " 1 .

I I I .  D IS C U S S IO N

A s  r e m a r k e d  e a r l i e r ,  m a g n e t ic  in e la s t ic  s c a t t e r in g  a r i s e s  due to  sp in  
f lu c t u a t io n s . T h e s e  s p in  f lu c t u a t io n s  a r e  m o s t  c o n v e n ie n t ly  e x p r e s s e d
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. Fig-2

Energy spectra of neutrons scattered by MnO at room temperature 

The spectra was obtained after applying corrections to the distributions of Fig. 1 (E0 = 4.87 m eV). 
Inset shows positions on the diffraction patterns at which the distributions have been obtained.

th ro u g h  th e  t im e - d e p e n d e n t  s p in  c o r r e la t io n  fu n c t io n  S^(t)^>T, w h e re
S^(0) and S{j(t) d en o te  r e s p e c t iv e ly  th e  a -  and )3-com p on en t o f th e  sp in  o p e r 
a t o r s  a t th e  la t t i c e  s i t e s  0 and R .  F o llo w in g  th e  w o r k s  o f V A N  H O V E  [8 ] ,  
d e  G E N N E S  [9] and  S Á E N Z  [ 10 ]  th e  d i f f e r e n t ia l  c r o s s - s e c t i o n  f o r  s lo w  
n e u tro n  s c a t t e r i n g  c a n  n o w  b e  e x p r e s s e d  in  t e r m s  o f  th e  s p in  c o r r e la t io n  
fu n c t io n  a s

TABLE I

M E A N  E N E R G Y  T R A N S F E R  
A S  A  F U N C T I O N  O F  S C A T T E R I N G  A N G L E

®(deg) 19.25 31.0 39.5 46.5 57.0 70.0

Qo (A*1) 0.51 0.82 1.04 1.21 1.46 1.76

£ (m eV ) 5.6 3.8 2.9 2 .4 2 .4 -
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5 is
SCATTERED NEUTRON ENERGY (meV)

480К

300"K

220*K

Fig.3

Temperature dependence of the energy distribution in MnO at Qo = 1.04 Â”1

d2<T _  2

ded£2 3

R

F r o m  E q . ( l )  it  i s  c l e a r  th a t  th e  sp in  c o r r e la t io n  c a n , in  p r in c ip le ,  be 

d e d u c e d  b y  F o u r i e r  in v e r s io n  o f  th e  e x p e r im e n t a l  d a ta  e v e n  a s  th e  s p a c e  
c o r r e la t io n  fu n c tio n  G O ?,t) i s  o b ta in e d  fr o m  liq u id  s c a t t e r in g  e x p e r im e n t s .  
Su ch  a  p r o c e d u r e , h o w e v e r , d e m a n d s  d a ta  o f  h ig h  p r e c i s io n  e x te n d in g  o v e r  
w id e  r a n g e s  o f  Q and w . In  v ie w  o f t h i s ,  a t te m p ts  to  o b ta in  ^So(O) • S*R(t)^>T 
b y  F o u r ie r  in v e r s io n  h a v e  not b ee n  m ad e  so  f a r  a lth ou g h  in  a  fe w  c a s e s ,  the 
in s ta n t a n e o u s  c o r r e l a t i o n  fu n c t io n < 1? 0(0) • S>R(0))>T h a s  b een , o b ta in e d  b y  a n  
a n a ly s is  o f c r i t i c a l  s c a t t e r in g  d a ta  [ 1 1 ,  1 2 ] .  W ith lim ite d  e x p e r im e n ta l d ata , 
an  u n d e rsta n d in g  o f  s p in  flu c tu a tio n s  m u st o f n e c e s s i t y  be b a se d  on a  'm o d e l' 
a p p ro a c h .

H o w e v e r , w e  m ig h t r e m a r k  th at so m e  in fo rm a tio n  about the sp in  s y s te m  
c a n  b e  o b ta in e d  b y  ju s t  c o n s id e r in g  th e  m o m e n ts  o f  th e  d is t r ib u t io n  a lo n e . 
M om en t c a lc u la t io n s  w e r e  f i r s t  m ad e  b y  V A N  V L E C K  [2] u n d e r th e  a s s u m p 
t io n  th a t both  s t a t ic  and d y n a m ic  c o r r e la t io n  b e tw e e n  d i f fe r e n t  s p in s  co u ld  
b e  ig n o r e d , i . e .

D e  G E N N E S  [9] im p r o v e d  on t h is  c a lc u la t io n  b y  a d m itt in g  th e  p o s s i 
b i l i t y  o f d y n a m ic a l c o r r e la t io n s .  H e sh o w ed  th at th e  se c o n d  m o m en t o f th e 
e n e r g y  d is t r ib u t io n  a t l a r g e  m o m en tu m  t r a n s f e r s  (w h e re  Q b >  тг, b  b e in g  the 
in te r a to m ic  d is ta n c e )  i s  g iv e n  b y

< S > ) - ^ R(0 )> T = < ^ 0(0 )-^ R(t)> T = 0 , R  ^ 0

(2)
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M n O

60 SO 40 ' 32 28 2Â 20 16 E'(meV)

Energy distribution taken on triple-axis spectrometer and at room temperature 

. using 1.74 Â  at Q0 = 1.36 Â "1
' The broken line shows the resolution (~ 5 .2  m eV).

w h e re  Z ¡  i s  th e  n u m b e r  o f  th e  i - t h  n e ig h b o u r  and J ¡ i s  th e  i - t h  n e ig h b o u r  
e x c h a n g e  in t e g r a l ,  S b e in g  th e  sp in  o f  th e  io n .

In s p ite  o f th e s h o r t - r a n g e  o r d e r in g  e x h ib ite d  b y  M nO, w e m ig h t e x p e c t  
th e de G e n n e s 1 fo rm u la  to  be a p p lic a b le  at la r g e  v a lu e s  o f Q 0 w h ere  the e ffe c ts  
o f  s p a t ia l  o r d e r in g  a r e  know n to  be s m a l l .  U s in g  th e  v a lu e  o f th e  m o m e n t 
a t Q 0 = 1 . 4 6 Â ' 1 and th e m o le c u la r  f ie ld  re la t io n  fo r  th e  p a r a m a g n e t ic  C u r ie  
t e m p e r a t u r e  (0C = 36 0 °K  a s  g iv e n  b y  de G e n n e s  fr o m  a  f i t  to  th e  d i f f r a c t io n  
c u r v e  o f  I y e n g a r  and  B r o c k h o u s e ) ,  J i  an d  J 2 h a v e  b e e n  e v a lu a t e d  a s :  
J j  = - 0 .  3 3  m e V  ( 3 .  8°K )  an d  J 2 = - 0 .  20 m e V  ( 2 .  3 ° K ) .  T h e  e r r o r s  in  t h e s e  
e s t im a t e s  a r e  b e l ie v e d  to  be about 15 % . T h e  a g re e m e n t w ith  o th e r  re p o rte d  
v a lu e s  [ 1 3 , 1 4 ]  i s  c o n s id e re d  f a i r .

T o  e x p la in  th e  d e t a i l s  o f  th e  o b s e r v e d  s p e c t r u m , w e c o n s id e r  a  m o d e l 
f o r  th e  s p in  f lu c t u a t io n s . T h e  m o s t  s t r ik in g  f e a t u r e  o f th e  p a t t e r n  i s  th e  
o c c u r r e n c e  o f a  d is t in c t  in e la s t ic  p e a k  so m e w h a t s im i l a r  to  w hat one w ould  
e x p e c t  in  th e  o r d e r e d  s t a t e .  T h is  s u g g e s t s  th a t  th e  m a g n e t ic  e x c i t a t io n s  
in  th e p a r t i a l ly  o r d e r e d  s ta te  m a y  p e r h a p s  b e  d e s c r ib e d  in  t e r m s  o f h ig h ly  
d a m p e d  m a g n o n s . T h e  d a m p in g  c o u ld  a r i s e  f r o m  m a g n o n -m a g n o n  in t e r -
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a c t io n s  ( r e s u lt in g  in  f r e q u e n c y  b lu r r in g )  a s  w e l l  a s  f r o m  th e  la c k  o f lo n g -  
r a n g e  o r d e r  (w h ich  in t r o d u c e s  m o m e n tu m  b lu r r i n g ) . S i m i l a r  d a m p in g  
m e c h a n ism s  h a ve  b een  u se d  fo r  phonons b y  B U T T E R W O R T H  and M A R S H A L L
[ 1 5 ]  and  b y  E G E L S T A F F  [ 16 ]  in  d i s c u s s in g  s c a t t e r in g  f r o m  l i q u id s .  W e 
h a v e  a p p lie d  th e se  id e a s  in  d e r iv in g  an  e x p r e s s io n  fo r  the d i f fe r e n t ia l  c r o s s 
s e c t io n  f o r  th e  in e la s t ic  s c a t t e r in g  fr o m  e x c h a n g e -c o u p le d  la t t i c e s  su c h  a s  
M nO . F o r  s im p l i c i t y  o n ly  m o m e n tu m  b lu r r in g  i s  c o n s id e r e d .  F o l lo w in g  
S A E N Z  [ 1 0 ] ,  w e  h a v e  f o r  th e  c r o s s - s e c t io n  f o r  s in g le  m a g n o n  a n n ih ila t io n  
in  an  a n t i fe r r o m a g n e t  (w ith  e x c h a n g e  fo r c e s  only)

! ( â ) 2 s F 2 (Q ) ï ï î  ( 1  + e - ^ 2) < n q>  6 ( e - e q j ^ { [ f r g 3 ]2 ó(3-q-27T T )
. Г

+ [ f ^ g y ] 2M<?-q -2 !rrô -2 îrr)}  (3)

T h e  n o ta t io n  h e r e  i s  th e  s a m e  a s  th a t  o f  S á e n z  w ith  th e  d i f f e r e n c e  th a t  a  
<5, q* and 2irft r e p la c e  r e s p e c t iv e ly  h is  q , ic and w . F o r  th e  c a s e  o f th e  p o ly 
c r y s t a l  w e  t a k e  th e  a v e r a g e  v a lu e  o f [1 + l í - j í 2] = 1 / 3 ,  r e p la c e  th e  d e lta  fu n c 
t io n s  b y  t h e i r  a v e r a g e  v a l u e s  u s in g  th e  m e th o d  o f  E g e l s t a f f  and  w r i t e  f o r  
th e  c r o s s - s e c t i o n

2 f  e 2y N2
3 S F a (Q )j^ < ñ q > 6 (e -e q ){[Tr  g j ] ^

+  [ f î + Eql T  l í j T ^ X Q q }

w h e re  2jtX = 2irw +  2irr.

T h e  b a r s  in d ic a te  th at th e  q u a n tit ie s  c o r re s p o n d  to  the a v e r a g e  d is p e r s io n  
re la t io n  a s su m e d  f o r  th e  m a g n o n s . It i s  re a s o n a b le  to  a s s u m e  th at the p r e 
d o m in a n t  c o n tr ib u t io n  to  th e  in e l a s t i c  c r o s s - s e c t i o n  c o m e s  f r o m  th e  
n e ig h b o u rh o o d  o f a  ^  p o in t ( i . e .  an  a n t i fe r r o m a g n e t ic  o r  s u p e r - la t t i c e  r e 
fle c t io n )  and th e  f i r s t  t e r m  m a y  b e  n e g le c te d  in a  f i r s t - o r d e r  a p p ro x im a tio n . 
W e ca n  th en  w r ite

T h is  fo r m u la  i s  n ow  m o d ifie d  to  th e  c a s e  o f  a  p a r a m a g n e t ic  m e d iu m  w ith  

r e s i d u a l  s h o r t - r a n g e  o r d e r in g ,  b y  t a k in g  a c c o u n t  o f  (a) th e  s p in  d i s o r d e r  
an d  (b) th e  d a m p in g  o f  th e  m a g n o n s  in  a  m a n n e r  s i m i l a r  to  th a t  u s e d  b y  
E g e l s t a f f  fo r  th e  c a s e  o f  m e t a ls  a b o ve  t h e ir  m e lt in g  p o in ts . T h e  su m m atio n  
i s  r e p la c e d  b y  an  in t e g r a l  w h ich  in v o lv e s  a  s t r u c t u r e  fa c t o r  f(X) re p r e s e n tin g
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th e  m e a s u r e d  a n g u la r  d is t r ib u t io n  a r i s in g  fr o m  th e s h o r t - r a n g e  o r d e r .  W e 
th e n  h a v e

(Q+q)/2ir

/ » « « } §  q g .  <»>

(Q-q)/2ir

W e now  in t ro d u c e  m o m e n tu m  b lu r r i n g  o f  th e  m a g n o n s  b y  r e p la c in g  q  b y  
q 0- i r ,  w h e re  q 0 c o r r e s p o n d s  to  th e  u n d am p ed  c á s e  and Г  i s  th e  d am p in g  
c o n sta n t . T h e  c r o s s - s e c t io n  i s  th en  g iv e n  b y

d2 a  2 / e 2y\ 2 2 . k ' /  \ , ,  , 5  f 1 dq 0 Г TXf(X)dqdX
3 ^ 7  S F ( Q ) F 0^ 4 > 6 ( € ' 4 ) 4  +  4  Q q 0 d t j  ff [ q n- q ) 2 + r 2 ]d e d íí (7)

N o d e ta ile d  c a lc u la t io n s  h a v e  y e t  b e e n  m a d e  on th e  b a s i s  o f  th e  p ro p o s e d  
m o d e l.

К М п Ц

B e s i d e s  M nO , w e  h a v e  a l s o  d on e s o m e  e x p e r im e n t s  on K M n F 3 , p r e 
l i m in a r y  r e s u l t s  o f  w h ic h  a r e  d e s c r ib e d  h e r e .  K M n F 3 b e lo n g s  to  a  l a r g e  
c la s s  o f com pounds h av in g  th e p e r o v s k it e - l ik e  s t ru c tu re  in  w hich the m agn etic  
io n s  fo rm  a  s im p le  cu b ic  la t t ic e .  It i s  a n t ife r ro m a g n e t ic  b e lo w  88°K .

Fig.5

Sem i-logarithm ic plot of the scattered neutron intensity against the square of the 

energy transfer for KMnF3 at room temperature showing the 

Gaussian character of the distribution

(Q„ = 0. 79 A "1 )

The inset shows the raw tim e-of-fligh t spectrum.



NEUTRON SCATTERING BY PARA MAGNETICS 441

N eu tro n  d iffr a c t io n  in v e s t ig a t io n s  show  th at the on ly  im p o rta n t in te ra c t io n  i s  the 
s u p e r - e x c h a n g e  a m o n g  f i r s t - n e ig h b o u r  M n io n s  w h ic h  a r e  a t a  d is t a n c e  o f 
4 . 1 8 6  Â  a p a r t , w ith  in te rv e n in g  o x y g en  io n s . F u r t h e r ,  at ro o m  te m p e ra tu re  
t h e r e  i s  p r a c t i c a l l y  n o  e v id e n c e  o f  a n y  s h o r t - r a n g e  o r d e r in g  a s  s e e n  in  a  
d i f f r a c t io n  p a t t e r n .

A  t im e - o f - f l ig h t  d is t r ib u t io n  h a s  b e e n  ta k e n  at Qo = 0-79 Â ' 1 , f o r  w h ich  
Q b >  7Г. A f t e r  a p p lic a t io n  o f  th e  c o r r e c t io n s  d e s c r ib e d  e a r l i e r ,  th e  e n e r g y  
s p e c t r u m  w a s  found to  b e  a  G a u s s ia n  c e n tr e d  a ro u n d  th e  in c id e n t e n e r g y  a s  
sh o w n  in  F i g . 5 .  T h e  in s e t  “sh o w s  th e  m e a s u r e d  t im e - o f - f l i g h t  s p e c t r u m . 
T h e  a b s e n c e  o f a  d is t in c t  in e la s t i c  p e a k  s u c h  a s  th a t  o b s e r v e d  in  M nO  r e 
f l e c t s  th e  w e a k e r  c o u p lin g  o f  th e  s p in s .

T h e  e x c h a n g e  in t e g r a l  c a n  b e  c a lc u la t e d  f r o m  th e  o b s e r v e d  s p e c t r u m  
u s in g  E q .( 2 ) .  F r o m  th e s lo p e  o f th e  s t ra ig h t  lin e  in  F i g .  5 the sta n d a rd  d e v i
a tio n  o f th e  e n e r g y  t r a n s f e r  i s  found to  be ^ e 2 ^ 5 = 3 .  46 m eV , w h ich  on s u b s t i
tu tio n  y ie ld s  fo r t h e  f i r s t  n e ig h b o u r e x ch a n g e  in t é g r a la  v a lu e  o f J i  = -0 .2 9 2  m e V . 
T h i s  i s  in  g o o d  a g r e e m e n t  w ith  th e  v a l u e s  q u o te d  b y  A N D E R S O N  [ 1 7 ]  .
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. D I S C U S S I O N

K . P .  S IN H A : H a v e  y o u  c o m p a r e d  y o u r  v a lu e s  o f  J nn and J nm w ith  th o se  
w h ic h  O w en o b ta in e d  b y  E P R  m e a s u r e m e n t s  o f  M n -d o p e d  M gO ?
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N .S .  S A T Y A  M U R T H Y : T h e  v a lu e  o f  J l f  o b ta in e d  b y  H a r r i s  and  O w en 
in  th e  c a s e  o f  M n -d o p e d  M gO  i s  0 .6 3  m e V  and  i s  m u c h  l a r g e r  th an  th e 
v a l u e 'g iv e n  b y  n e u tro n  m e a s u r e m e n t s .  O u r  v a l u e s  a r e  in  g o o d  a g r e e m e n t  
w ith  th o s e  q u o te d  b y  C o l l in s  fr o m  h is  s p in  w a v e  m e a s u r e m e n t s .

K . P .  S IN H A : W hat s p e c i f i c  ty p e  o f  d a m p in g  m e c h a n ism  h a v e  y o u  ta k e n  
f o r  m a g n o n s?  It  s e e m s  to  m e  th at p h o n o n -m a g n o n  in t e r a c t io n  e f f e c t s  w ou ld  
b e  q u ite  im p o r ta n t .

N . S .  S A T Y A  M U R T H Y : M a g n o n -m a g n o n  in t e r a c t io n s  m a y  c a u s e  c o n 
s id e r a b le  d a m p in g  o f  th e  s p in  w a v e s .

N . K R O Ó : I  th in k  th a t  e v e n  th e  o ld  m e a s u r e m e n t s  o f  B r o c k h o u s e  and  
I y e n g a r  s h o w  t h a t , in  th e  c a s e  o f  M nO , c o h e r e n t  s c a t t e r i n g  e f f e c t s  m u s t  
b e  in v o lv e d . T h is  i s  m u c h  m o r e  p ro n o u n ce d  in  y o u r  m e a s u r e m e n t s ,  w h e re  
e v e n  b r e a k s  o c c u r ,  a s  in  th e  s in g le - p h o n o n  s c a t t e r i n g  p ic t u r e  o f  a  p o l y 
c r y s t a l .  It s e e m s  to m e  fro m  y o u r  3 9 .5 °  m e a su re m e n t  th at e ve n  th e e n e r g y -  
ga p  a t q = 0 fo r  m agn o n s c a n  b e  s e e n . I am  w o n d e rin g  w h e th e r y o u  h ave  t r ie d  
to  d e r i v e  a n  a v e r a g e  d i s p e r s i o n  r e la t io n  f o r  th e  q u a s i - m a g n o n s  f r o m  th e  
b r e a k s  yo u  o b s e r v e d  and w h e th e r , s in c e  th e s lo p e  o f  th e  b r e a k s  i s  r e la t e d  to 
th e  l i f e t im e  o f  th e  e x c i t a t io n s ,  y o u  h a v e  t r i e d  to  e s t im a t e  t h e s e  l i f e t im e s ?

N . S .  S A T Y A  M U R T H Y : A l l  w e  h a v e  d o n e  i s  to  m a k e  a  p r e l i m i n a r y  
s u g g e s t io n  c o n c e rn in g  a  p o s s ib le  t h e o r e t ic a l  a p p ro a c h . W e h ave  not a ttem p ted  
th e s o p h is t ic a te d  a n a ly s i s  th at y o u  a r e  s u g g e s t in g .

M .G .  Z E M L Y A N O V : W hat p r o c e s s e s  a r e  in v o lv e d  in  th e s c a t t e r in g  o f  
n e u t r o n s  in  a  p a r a m a g n e t ic  s u b s t a n c e  -  n u c l e a r  s c a t t e r i n g  o r  m a g n e t ic  
s c a t t e r i n g ?  A n d  h ow  c a n  o n e  d is t in g u is h  b e tw e e n  th e in f lu e n c e  o f  e a c h  o f  
t h e s e  p r o c e s s e s ?

N . S .  S A T Y A  M U R T H Y : F o r  th e  r e g io n  o f  in t e r e s t  in  t h is  e x p e r im e n t  
t h e r e  i s  no in t e r f e r e n c e  fr o m  n u c le a r  s c a t t e r in g .  T h e  m a g n e t ic  s c a t t e r in g  
th a t  i s  a n a ly s e d  h e r e  i s  c o n c e n t r a t e d  a ro u n d  a  w -p o in t  w h ic h  i s  p u r e l y  o f  
m a g n e t ic  o r ig i n .
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Abstract — Résumé — Аннотация — Resumen

NEUTRON INVESTIGATION OF MAGNON SPECTRUM IN HAEMATITE. Measurements were done in 

Vinéa on the RA reactor using a crystal neutron spectrometer. Monochromatic neutrons (\=  1.314 A ) were 

scattered on a large single crystal of haematite (a -Fe j 0 3). The angular distributions of inelastically scattered 

neutrons were investigated. For a number of different crystal missetting angles Д0, the width Г of the scattéred 

neutron beam (so-called scattering cone) was measured. This scattering cone was ascribed to the magnon 

scattering surface surrounding the (111) reciprocal lattice point. For several magnon velocities the Г versus 
missetting angle dependence was calculated and compared with the experimental points. The value of the 

velocity in the [111] direction was found to be equal to 25.5± 1.0 km/s. Structural anisotropy of the magnon 

dispersion relation was discovered. The velocity was found to be higher for the directions of propagation 

parallel to the [111] axis in qualitative agreement with the earlier measurements (Riste and others) giving 

v = 38 km/s. It was not possible to reveal the existence of an energy gap Eg in the acoustic magnon energy 

band. It was estimated that the Eg value must be below 1 meV. Using the formalism of Wallace the magnon 

dispersion relations in haematite were calculated. This was done under the assumption that there exist two 

non-vanishing exchange integrals J* andj2. Jj and J2 denote the superexchange energy coupling between the 

spins of neighbouring iron ions bonded via an oxygen ion. The Fe-O-Fe angles of the bonds taken into consider

ation are correspondingly 132 and 126*. Satisfactory agreement between the theory and existing experimental 
data is obtained when SJi = SJ2= 5.1 meV. Apart from the acoustic magnon branch, the calculations revealed 

the existence of an optic branch but this was not accessible to investigation by the neutron diffraction technique.

b'l'UDE DU SPECTRE DE MAGNONS DANS L'HÉMATITE, AU MOYEN DES NEUTRONS. Les mesures ont 

été faites à Vinéa, dans le réacteur RA, au moyen d'un spectromètre à cristal. Des neutrons monochromatiques 

(\ =  1,314 Â ) ont été diffusés par un grand monocristal d'hématite (a -F e 2 0 3 ). Les auteurs ont étudié la dis
tribution angulaire des neutrons diffusés inélastiquement. Pour plusieurs angles de décalage Ad du cristal, 
ils ont mesuré la largeur Г du faisceau de neutrons diffusés (appelé cône de diffusion). Ils ont attribué ce cône 

à la surface de diffusion des magnons qui entoure le point du réseau réciproque (1,1,1). Pour plusieurs vitesses 

de magnons, ils ont mesuré Г, en fonction de l ’angle de décalage, et l*ont comparée aux points expérimentaux. 
Ils ont constaté que dans la direction [111], la vitesse avait une valeur égale à 25,5± 1,0 km/s. Ils ont dé
couvert une anisotropie structurelle de la relation de dispersion des magnons. Ils ont noté que la vitesse était 

plus élevée pour les directions de propagation parallèles à l ’axe [111], ce qui concorde qualitativement avec 

les mesures antérieures (faites par Riste et d’autres) qui ont donné v = 38 km/s. П n’a pas été possible de mettre 

en évidence l ’existence d’une discontinuité Eg dans la bande acoustique de l ’énergie des magnons. Selon 

les évaluations, Eg doit avoir une valeur inférieure à 1 m eV. En utilisant le formalisme de W allace, les 

auteurs ont calculé les relations de dispersion des magnons dans l ’hématite. A cet effet, ils ont admis l'exis
tence de deux intégrales d ’échange Ji et J2 qui ne disparaissent pas. et J2 expriment le couplage à super
échange d’énergie entre les spins d’ions Fe voisins liés par l’intermédiaire d’un ion oxygène. Les angles Fe-O-Fe 

des liaisons considérées sont respectivement de 132 et 126*. Les résultats théoriques et les données expérimen
tales actuelles concordent de façon satisfaisante lorsque SJ i = S J 2 = 5,1 meV. Outre la branche acoustique des 

magnons, les calculs ont révélé l ’existence d'une branche optique qui, toutefois, ne se prête pas aux re 
cherches par la méthode de la diffusion des neutrons.

Н Е Й Т Р О Н Н О Е  И С С Л Е Д О В А Н И Е  С П Е К Т Р А  М А Г Н О Н А  В  Г Е М А Т И Т Е . Измерения  
были проведены в Винча на реакторе R A  с использованием кристаллического нейтронного

*  Institute of Nuclear Sciences, Vinía, Yugoslavia.
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сп е к т р о м е т р а . Р а с с е я н и е  м о н о х р о м а т и ч е ск и х  н ей тр он ов (X =  1 ,3 1 4 А) п р о и зво ди л о сь на 
крупном  м о н о к р и стал л е г е м а т и т а  ( a — F e 2 0 3 ) .  И с с л е д о в а л и с ь  у гл о в ы е  р асп р ед ел ен и я  н е 
уп р уго  р а сс е я н н ы х  н ей тр о н о в . Д ля ряда р азл и чн ы х н еп р ави л ьн ы х у г л о в  к р и стал л а АО была 
и зм ер ен а ширина Г  п учка р а сс е я н н ы х  н ейтронов (т а к  н а з ы в а е м о г о  к о н у са  р а сс е я н и я ). Э то т 
к о н у с  р а ссея н и я  бы л приписан явлению  п о в е р хн о стн о го  р а ссея н и я  м агн о н а  в о к р у г  точки  о б 
ратной реш етки [ 1 ,1 ,1 ]  . Для ряда ск о р о стей  м агн о н а бы ла р ассч и тан а  и ср авн ен а  с  экспери
м е н тал ьн ы м и  т о ч к ам и  з а в и с и м о с т ь  Г  о т  н е п р ави л ьн о го  у г л а . У с т а н о в л е н о , ч т о  вел и чи н а 
ск о р о сти  в  направлении [1 1 1 ]  равна 2 5 ,5  1 1 ,0  к м / с е к .  Б ы л а  обнаруж ена стр ук тур н ая  ан и зо 
тропия д и сп ер си о н н о го  соотнош ени я м а гн о н а . Б ы л о  н ай д ен о , ч т о  с к о р о с т ь  я в л я е т с я  б о л ее  
в ы со к о й  в  н ап р ав л ен и я х  р а сп р о ст р а н ен и я  п а р а л л е л ь н ы х  о си  [ 1 1 1 ] и ч т о  к а ч е с т в е н н о  она 
хорош о с о г л а с у е т с я  с  б о л е е  ранним и и зм ер ен и ям и  (Р и с т е  и др.)» даю щ ими у » 3 8 к м / с е к .  
О бнаруж ить в ак у ст и ч еск о й  о бл асти  энергии м агн он а су щ е ство ван и е р азр ы ва  э н ер гети ч еск о й  
кри во й  Eg н е у д а л о с ь . Б ы л о  р а с с ч и т а н о , ч т о  вел и чи н а Е  долж на б ы т ь  ниж е 1 М э в .  При 
помощи ф орм али зм а У о л л асе  были р ассч и тан ы  ди сп ерси онны е соотнош ения м агн о н а  в  г е м а 
т и т е .  При э то м  и сходи л и  иэ п р едп о ло ж ен и я, ч т о  с у щ е с т в у ю т  д в а  не ст р е м я щ и х ся  к  нулю  
и н те гр а л а  обм ен а J i  и J 2 . J i  и J 2 о зн ач аю т с в я з ь  свер хо б м ен н о й  энерги и  м еж д у спинами 
с о с е д н и х  и онов ж е л е з а , с в я з а н н ы х  ионом к и сл о р о д а . У гл ы  с в я з и  F e  —О —F e ,  п р и няты е в 
р а с ч е т , с о с т а в л я ю т  с о о т в е т с т в е н н о  132° и 1 2 6 ° .  П о л учен о  у д о в л е т в о р и т е л ь н о е  с о г л а с и е  
м еж д у теори ей  и сущ ествую щ и м и  э ксп ер и м ентал ьны м и  данн ы м и , к о гд а  S J i  = S J 2 = - 5 , 1  М э в . 
П омимо а к у ст и ч е с к о й  в е т в и  м а гн о н а , р а сч е т ы  п о к азал и  наличие о п ти ческой  в е т в и , но с  по
м ощ ью  м е т о д а  н ей тр о н н о й  диф ракции и с с л е д о в а т ь  э т о  н е  п р е д с т а в и л о с ь  в о з м о ж н ы м .

ESTUDIO, POR METODOS NEUTRONICOS, DEL ESPECTRO DE MAGNONES EN LA НЕМА TITA. Los autoresre- 
alizaron sus mediciones en e l reactor RA de Vinca con ayuda de un espectrómetro neutrónicode cristal. Los neutrones 
m onocrom áticos (\ =  1 ,314  Â) se dispersaron en un m onocristal de h em atita  (F e2 0 3a) de gran tam año. Se 
estudiaron las distribuciones angulares de los neutrones inelást Lea m ente dispersos, m idiendo para un cierto  
número de ángulos distintos de desplazam iento del crista l, Д 0, la anchurá Г  del haz de neutrones dispersos 
(e l  llam ado cono de dispersión), que fue adscrito a la  superficie de dispersión magnÓnica que envolvía a l 
p u n to ( l , l , l )d e la r e d  recíp roca. Se calcu laron y compararon con los puntos obtenidos experim entalm ente 
los valores de Г  en función de la variación  del ángulo de desplazam iento para diversas velocidades de los 
magnones. Se com probó que e l  valor de la  velocidad en  la  d irección  [1 1 1 ]  era igual a 2 5 ,5  ± 1 ,0  k m /s , 
descubriéndose a s í la anisotropía estructural de la relación de dispersión magnónica. Se encontró que la velo
cidad era superior para las direcciones de propagación paralelas a l e je  [ 1 1 1 ] ,  lo  que está cu alitativam en te 
de acuerdo con anteriores mediciones (Riste y otros) que daban una velocidad v = 38 km /s. No fue posible poner 
de m anifiesto la  existen cia  de una laguna energética Eg en la  banda de las energías m agnónicas acústicas. 

Se calcu ló  que e l  valor de E2  tiene que ser inferior a 1  m eV . Utilizando las fórmulas propuestas por W allace 
se calcularon las relaciones de dispersión de los magnones en la hematita. Este cálculo se efectuó en e l supuesto 
de que existan dos integrales de intercam bio que no desaparecen: J i  y Jz, que indican e l acoplam iento ener

g ético  de superintercam bio entre los spins de los iones hierro próximos, enlazados por un ion oxigeno, los 
ángulos de los enlaces F e-O -F e  tenidos en cuenta son de 132* y 126*, respectivam ente. Un acuerdo satis
factorio  entre la  teorfa y los datos experim entales disponibles se tien e cuando S J j= S J2= 5 ,1  m eV . Además 
de la rama magnónica ácústica, los cálculos han revelado la existencia de una rama óptica, pero el estudio 
de ésta no pudo llevarse a cabo por e l método de difracción neutrónica.

INTRODUCTION

An account of the first and hitherto sole measurements reported on the 
subject was published by GOEDKOOP and RISTE Ll] and RÏSTE and. WANIC
[2]. This work was done in Kjeller using the neutron diffraction technique
[3] and white neutron beam. The resolution of such a technique is specified 
by the Г0, i. e. the width of elastic reflection (Bragg or Laue type) peak as 
measured at half its height. This was equal to 1.9° which resulted in a com
paratively poor accuracy of obtained data. Since the Cracow Neutron Spectro
meter described in [4] and used for the investigations of magnon spectrum
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in pyrrhotite [5] allowed the obtainment of IJ =0.4° it seemed worth while 
to repeat the measurements on haematite. These were performed inVinéa, 
Yugoslavia, using the monochromatic neutron beam from the horizontal beam 
hole marked В of the heavy-water moderated reactor RA (TVRS) with 
~ 5 X  lO^n/cm2 s central neutron flux.

STRUCTURE AND GEOMETRY OF THE SAMPLE

The static structure of haematite is fairly well known [6 ,7,8 ]. It be
longs to the R3c (No. 167) space group. The parameters of the rhombo- 
hedral primitive unit cell are: a = (5.420 ±0.010) Â,û' = 55°17i. The rhombo- 
hedral co-ordinates of the ions are: Fe+ + +: (w,w, w), (w, w, w), (f  + w, \ +  w,
i  + w ), ( i  +w, J +w, \  +w ) and O- - : (u, u, 0) ,  (u, 0, u ) , (0, u, u); ( j  +ii, \  +u, è), 
( i  +u, i ,  i  +u), ( i ,  j  +u, г +u), where w = 0.105 ±0.0010 andu = 0.292 ±0.007.

The spins of iron ions, S = 5/2, are coupled antiferromagnetically (see 
F ig .l ) .  The critical point of this spin ordering Tn equals 969°K. At room

(m]

temperatures and higher^ haematite exhibits a weak spontaneous ferromagne
tism which disappears after cooling the crystal below the so-called Morin 
transition temperature, about -20°C, the value of which depends to some 
extent on the origin of the sample. The presence of the weak ferromagne
tism was explained by DZYALOSH1NSKY [7] as a natural consequence of 
magnetic symmetry when anisotropic interactions are present. Thus, 
strictly speaking, haematite is a collinear antiferromagnet only below Morin 
transition temperature. But the distortion of the collinear antiparallel 
arrangement of spins above this temperature is very small. It amounts 
to about 4 min of arc when expressed in the deviation angle <p (see F ig . l ) .

For the experiments a single crystal of haematite of natural origin, from- 
Elba, was used. It had the form of a rectangular platelet 25 mm high, 20mm 
wide and about 2 mm thick. The [111] rhombohedral axis was normal to its

F ig .  1

M a g n e t ic  s t r u c tu r e  o f  h a e m a t i t e  a b o v e  M o rin  tr a n s it io n  te m p e r a tu r e
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surface. The mosaic-spread parameter was immeasurable, being certainly 
less than 0.05°.

MEASUREMENTS AND RESULTS

Measurements were done using the Cracow Neutron Spectrometer [4]. 
The monochromatic beam of neutrons (X= 1.314 Â) was obtained by reflection 
from an aluminium crystal monochromator. This beam impinged upon the 
sample crystal which was mounted, with its longest edge vertical, on 
a goniometer head fixed rigidly on the main table of the spectrometer. The 
angular distribution of neutrons scattered within the magnon scattering cone 
connected with the reciprocal lattice point т = (1 , 1 , 1 ) was studied. This was 

•done in the same manner as was described in the paper on pyrrhotite [5] 
and with identical collimators used in the whole arrangement. It should only 
be emphasized that the scanning of the scattering cone was this time per
formed in a horizontal plane and not in the vertical one as during the work 
in К jell er [2]. Thus the directions of the magnon wave vectors which defined 
the angular width Г of the scattering cone were different from the previous 
case (see Fig. 2) . Since the crystal was almost ideal it was possible to 
measure the width Г of inelastic peaks for low missetting angles Д0. The 
peaks for sufficiently high Д0 had typical trapezoidal shapes and none of 
them had any elastic contamination superposed. Thus, unlike the case in 
the work on pyrrhotite [5], it was permissible to rely on the measurements 
of the widths at the half height of the peaks. Such a width should be directly 
equal to the width of the scattering cone when the latter is sufficiently wide 
in comparison with the experimental resolution curve and then need not be 
corrected. This was checked by performing a number of convolutions of 
the presumed rectangular peaks with the real resolution curve having 
a triangle-like shape. Only for |Дб|<10° was it necessary to make corres
ponding corrections for instrumental broadening of the peaks. The widths 
so obtained could be plotted versus the missetting angle Д0 (see Fig.3). The 
error bars marked on several points in this figure are to a certain degree 
arbitrary, since there is no prescribed procedure for such a case. .The 
relative uncertainties of the represented widths are certainly greater for 
higher and lower Дб-values, because of statistics and corrections, res 
pectively, than for the middle range of Дб-values. These data could be com
pared with theoretical curves based on the assumption that the dispersion 
relation of magnons in the investigated region of reciprocal space is linear,
i. e. E =hvq, where E is the magnon energy, q = 1/X, the magnon wave vector 
and v, the magnon velocity. In such a case the application of the conser
vation rules of momentum and energy alone leads to the exact equation for 
Г(Дб) dependence. (See Eq.(1.17) ofReference [9]) . The curves presented 
in Fig. 3 were calculated by an electronic computer and correspond to par
ticular specified values of magnon velocity. As can be seen, the curves ex-
pressing the Г(Дб) dependence are not the same for positive and negative 
Дб-values, contrary to the dependence predicted by the approximate Eq.(7) 
ofReference [2]. The accurate data of the present measurements in both 
cases t+and-Дб), although following different curves, fit the same velocity
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Cross-section in the (110) plane o f the neutron -magnon scattering in reciprocal space 
Magnitude of the scattering surfaces is exaggerated.

Comparison of the experim ental data with the theoretical curves 
calcu lated as explained in the text.

О Д9 >0

X Д9 <0
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v = (25.5±l)km/s, if not too high | Дб| values are considered. Further ins
pection of the data represented in Fig. 3 reveals two interesting facts:

(a) For |Д0|> 40° the experimental points start to deviate from the 
theoretical constant velocity curve. This deviation cannot be explained as 
the result of a growing discrepancy between the exact dispersion curve (see 
Fig. 4) and the linear approximation, because the deviation caused by this

Fig.4
Calculated dispersion curves showing the anisotropy o f the magnon dispersion relation

discrepancy, if seen at all, should have just the opposite sign, i.e . the ex
perimental points for Д0 should have fallen on the side of smaller velocities. 
The observed deviation can be explained only as a consequence of the struc
tural anisotropy of the magnon dispersion relation in haematite. Such a 
conclusion is in qualitative agreement with the results of previous [2], less 
accurate measurements which gave v = 38 km/s. This velocity was found for 
magnons propagating in a direction normal to the [111] axis. In the present 
investigation, due to different geometry of scanning, the magnon vectors 
for not too high Д0 values were roughly parallel to the direction [111]. But 
when the modulus of the missetting angle increases beyond a certain value, 
the angle Ф between the q-vector determining the width Г and the direction 
[1 1 1 ] becomes so large that it is not justifiable to neglect its influence upon 
the dispersion relation (see Fig. 2).

(b) Within the attained accuracy no deviation from the linear behaviour 
of the magnon dispersion relation for small q-values could be detected. This 
means that the energy gap of the acoustical magnon band is small in com
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parison with the situation existing in other antiferromagnets. The upper 
limit of the energy gap Eg was estimated as being less than 1 meV. It is 
worth mentioning that a sufficiently low value of Eg is a necessary condition 
for the successful application of the diffraction technique in the investi
gation of magnon scattering.

CALCULATIONS .

The magnon dispersion relations were obtained using the method of 
W ALLACE [10] and neglecting the very small non-collinearity of the spin 
ordering. Following the suggestions ofReference [11] only the two pre 
sumably strongest interactions (via oxygen ions) were taken into account. 
These were the superexchange integrals Ji, between the ions belonging to 
different unit cells marked 1 and 3, 2 and 4, and J2, between the ions 1 and
2, 3 and 4. These pairs of ions had the largest Fe-O -Fe angles, 132° and 
126° for Jj and J2 respectively. Wallace's formalism gave the fourth order 
equation for the magnon energies.- On account of the crystal symmetry this 
equation appeared to be biquadratic and two magnon branches resulted

Ej =E2 = JS {A2-BB*-CC*-2 'n/bB*CC *}1 (1)

E3 = E4 = JS {A2 - B B * - C C <‘ +  2Jb B * C C * } Í , (2)

where

A2 = {12 + 6p + p}2 (3)

BB*= 4p2 { 3 + 2[cos(o' -|3)+ cos(j3 - y )  + cos(7 -or)} (4)

CC*=4{6+4[cosQ ' + cosj3 + cosY] + 4[cos(Q'-/3) + cos(/3-Y) + cos (7 -  « ) ]

+ 2[cos ( a -j3 -  7 ) +cos (¡3 -  y - a )  + cos (y - a -(3)]} , (5)

where

a  = 27rq- a ,  /3 = 2Trq-Ü, - y = 2 7 r q . c  (6)

and a, Тэ, с are the unit translation vectors of the rhombohedral cell of 
haematite; J = Ji, J2 = pJi, and the anisotropy energy factor p = Ea/JS (Ea = g/ue Ha, 
the energy of anisotropy per spin). Equation (1) reduces to a simple form  
for the [111] and [lTO] directions, then (see Fig. 4) for p = 0

E[U1] = 12JS [p( 1 — |cos (a/2)| +sin2(<*/2)]î (7)

Е [Ио] = v/24 JS [1 - f  cos Q '-icos2û ']î(p  + 2). (8)

In order to check how the anisotropy factor would distort the linear be
haviour of the acoustical dispersion relation, the dispersion curve for small

29
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Fig. 5

Effect o f the internal effective anisotropy field expressed by p 
on the magnon dispersion relation in the [ 1 1 1 ]d irection  and for p= 1 .

q-values was calculated for several non-zero values of p (see Fig. 5). It 
was estimated that the actual value of p must be lower than 10"3 . Then 
E q .(l) was rewritten in polar co-ordinates <р,ф and q and the cos x functions 
replaced by 11 - x ‘̂ /2]. It appeared that in such an approximation, valid for 
small q-values, the dispersion relation for p = 0 is linear and not dependent 
on <p but only on ф . Hence the magnon velocity could be defined. The ratio 
of the velocities in the direction [ 1 1 1 ] and one normal to it is

v [uo]/v [u i] = 0.634 sip + 2. (9)

Taking p = 1 one obtains from the measured V[ni] that J = Ji= J2= 5.1/S meV, 
where S is the effective spin quantum number of the Fe ion. The largest un
certainty lies in the p-factor. The localization of the optical magnon branch 
would be of much help because it is very sensitive to p.
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D IS C U S S IO N

K. P. SINHA: Has the neutron scattering technique yielded any experi
mental evidence of the existence of higher branches of spin waves which are 
analogous to optical modes of lattice vibrations? •

J .A . JANIK: Yes, it has, for instance in the case of phyrrhotite.
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Abstract — Résumé — Аннотация — Resumen

COMPARISON OF SPIN WAVE THEORY WITH NEUTRON SCATTERING RESULTS FOR MnF2 . Recent 
inelastic neutron scattering experiments carried out by Okazaki and Turberfield have provided a direct measure 
o f spin wave dispersion in MnF2 both at 4 .2 *  К and at higher temperatures approaching the Néel point. Thé 
low temperature results taken together with other m agnetic data allow the various exchange constants in MnF2 

to  be evaluated with some precision. Using these constants, the spin wave form alism  for anti-ferrom agnets 
described by Oguchi has been employed to predict theoretically the temperature dependence of the spin wave 
dispersion. No disposable parameters are involved and theoretical dispersion curves may be compared with the 
experim ental results for higher temperatures as a test o f the spin wave theory. The spin wave energies were 
evaluated num erically and integrations over the Brillouin zone were carried out, thus avoiding the use of 
some form o f series expansion in tem perature. Account was taken of dynam ical interactions between pairs of 
spin waves but k inem atical effects were neglected. Renormalization of the spin wave energies was performed. 
This is an important factor for T /T n  The agreement between theory and experiment is in fact remarkably 
good up to temperatures corresponding to about 90% o f the N éel point. It would be dangerous to extrapolate 
this result to systems of lower spin as kinem atical effects are likely  to play a much greater part in such cases. 
For MnF2 where S =  5 /2  a rough estim ate suggests that kinem atical effects will not be important until M/Mq-20% 
and this occurs only within a degree or so o f the N éel point. A b rief discussion o f the lik ely  consequences 

o f a biquadratic exchange term  in MnF2 is given and it is concluded that, i f  present, such exchange is quite 
sm all.

COMPARAISON ENTRE LA THÉORIE DE L'ONDE DE SPIN ET LES RÉSULTATS OBTENUS PAR LA D IF
FUSION DES NEUTRONS DANS MnF2. Des expériences récentes, exécu tées par Okazaki et Turberfield au 
moyen de la  diffusion inélastique des neutrons, ont fourni une mesure d irecte  de la  dispersion de l'onde de 
spin dans MnF2, à 4 ,2°K  et à des températures supérieures approchant le  point de Néel. Les résultats obtenus 
à basse tem pérature, com plétés par des données sur les caractéristiques magnétiques, ont permis d'évaluer 
les diverses constantes d'échange dans MnF2 avec une certaine précision. En utilisant ces constantes, l ’ auteur 
a em ployé le  form alism e de l'onde de spin pour substances antiferrom agnétiques, d écrit par Oguchi, pour 
prévoir théoriquement com m ent varie la dispersion de l'onde dé spin en fonction de la température. Aucun 
des paramètres mis en je u  n’est superflu, et les courbes théoriques de dispersion peuvent être comparées aux 
résultats expérim entaux pour des tem pératures plus élevées en vue de vérifier la  théorie de l'onde de spin. 
L'auteur a évalué numériquement les énergies d'onde de spin et intégré sur la zone de Brillouin, évitant ainsi 
tout développement en série selon la température. U a tenu com pte des interactions dynamiques entre paires 
d'ondes de spin, mais il a négligé les effets ciném atiques. Les énergies d'onde de spin ont fait l 'o b je t d'une 
renorm alisation. C 'est là  un facteur important pour T / T n £  La concordance entre la théorie et les r é 
sultats expérim entaux dem eure, en fa it, rem arquable jusqu'à des températures correspondant à environ 90% 
du point de NéeL II serait dangereux d 'extrapoler ces résultats en vue de les utiliser pour des systèm es à 
spin plus faible, car les effets cinématiques joueraient probablement un role beaucoup plus important dans ces 
cas. En ce qui concerne MnFz, où S =  5 /2 , une évaluation grossière laisse supposer que les effets cinématiques 
seront peu importants jusqu 'à M / M q - 20% , c e  qui ne se produit que dans les lim ites d'un degré environ du 
point de Néel, L'auteur discute brièvement les conséquences que peut avoir un terme d'échange biquadratique 
dans MnF2 ; il  conclut que, si ce t échange existe, il  est très faible.

С Р А В Н Е Н И Е  Т Е О Р И Й  СП ИН ОВО Й В О Л Н Ы  С Р Е З У Л Ь Т А Т А М И  Р А С С Е Я Н И Я  Н Е Й 
Т Р О Н О В  Д Л Я  M n F 2 . В  р е з у л ь т а т е  э к сп ер и м ен то в по н еуп р уго м у  р а ссея н и ю , к о то р ы е про
вел и  н е д а в н о  О к а за к и  и Т у р б ер ф и л ьд , п о л у ч ен а  п рям ая м е р а  ди сп ер си и  сп и н о вой  в о л н ы  в
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M nFg и при 4 ,2  °K и при более вы со к и х  тем п е р ату р ах , приближающихся к точк е Н ила. Н изко
т е м п е р а т у р н ы е р е з у л ь т а т ы  в м е с т е  с  други м и  м агн и тн ы м и  с в о й с т в а м и  п о зво л я ю т оц ени ть 
с  некоторой  т о ч н о стью  р азл и чны е обм енн ы е к о н ст а н т ы  в  M n F 2 . И сп ол ьзуя  эти к о н ст а н т ы , 
был прим енен опи санны й  О гу ч и  ф орм али зм  теории спиновой вол ны  для а н т и ф е р р о м а гн е т и 
ков в ц ел ях т ео р е ти ч еск о го  п редсказани я зави си м ости  дисперсии спиновой волны от т ем п е р а
т у р ы . Ни один из им ею щ и хся п ар а м е т р о в  не з а т р а г и в а е т с я , и т е о р е т и ч е с к и е  к р и вы е д и с 
перси и  мож но ср а в н и т ь  с  э к сп е р и м ен т ал ьн ы м и  р е з у л ь т а т а м и  в  отнош ени и  б о л е е  в ы с о к и х  
т ем п е р а т у р  в  к а ч е с т в е  проверки  теори и  спиновой в о л н ы . Б ы л и  приняты  в  р а с ч е т  ч и с л е н 
ны е значени я энерги и  сп и н о вы х волн и были в з я т ы  и н тегр ал ь! по зо н е Б р и лл ю эна, и т е м  с а 
м ы м  у д а л о с ь  и зб е ж а т ь  и сп о л ьзо ван и я  некоторой  формы р азл ож ен и я в  ряд по т е м п е р а т у р е . 
У ч тен ы  ди нам и чески е взаи м о д ей ств и я  м еж ду парами сп и н о вы х в о л н , одн ако к и н ем ати ческ и е 
э ф ф ек ты  не приним ались в о  в н и м ан и е . Б ы л а  п р о и звед ен а  пер ен о р м и р овка энерги й  сп и но
в ы х  в о л н . Э т о —важ ный ф актор  для T / T n . Ф акти чески  тео р ети ч еск и е и э к сп ер и м ен тал ь
н ы е данн ы е в  зн ачи тел ьн о й  степ ен и  совп ад аю т при т е м п е р а т у р а х , со о тв е т ст ву ю щ и х  прибли
зи тел ьн о  90%  точки  Н ила. О пасно экстр ап ол и р овать э то т  р е з у л ь т а т  к си ст ем а м  с  меньшими 
сп инам и , п о с к о л ьк у , в е р о я т н о , к и н ем ати ч еск и е э ф ф ек ты  и граю т зн а ч и т ел ьн о  больш ую  роль 
в  т а к и х  с л у ч а я х . Д ля M n F 2 , г д е  S =  5 / 2 ,  с о гл а с н о  приблизительной о ц ен к е, к и н ем ати ческ и е 
эф ф екты  не играю т сущ ествен н ой  роли до М /М о ~ 2 0 % , ч то  происходит то л ьк о  на расстояни и  
прим ерно о д н о го  гр а д у с а  о т  то ч к и  Н и л а. К р атк о  о б су ж д а ю т ся  в е р о я т н ы е  п о с л е д с тв и я  би
к в а д р а т н о го  ч л е н а  о б м е н а  в  M n F 2 и д е л а е т с я  в ы в о д  о  т о м , ч т о  т а к о й  о б м е н , есл и  он при
с у т с т в у е т ,  я в л я е т с я  д о в о л ь н о  н е з н а ч и т е л ь н ы м .

ESTUDIO COMPARATIVO, EN EL MnF2, DE LA TEORIA ONDULATORIA DEL SPIN Y DE LOS RESULTADOS 
DE LA DISPERSIÓN NEUTRONICA. Los experimentos de dispersion in elástica  de neutrones, realizados r e 
cientem ente por Okazaki y Tuberfield, han proporcionado un medio de medir directam ente la  dispersión de 
las ondas de spin en e l  MnF2, tanto a 4 ,2 ° К  com o a temperaturas más elevadas próximas al punto de NéeL 
Los resultados obtenidos a bajas temperaturas, considerados conjuntam ente con otros datos m agnéticos, per
m iten evaluar con cierta precisión las diversas constantes de intercam bio en e l MnF2. Haciendo uso de estas 
constantes, se ha empleado e l  form alismo de las ondas de spin para sustancias antiferrom agnéticas descrito 
por Oguchi para predecir teóricam en te la  dispersión de las ondas de spin en función de la  tem peratura. No 
intervienen parámetros redundantes y las curvas de dispersión teóricas pueden compararse con los resultados 
experim entales obtenidos a temperaturas más elevadas, com o prueba de la teorfa ondulatoria del spin. Se 
han evaluado num éricam ente las energías de las ondas de spin y se han realizado integraciones que abarcan 
la  zona de Brillouin, por lo  que no es preciso em plear alguna forma de desarrollo en serie en función de la 
tem peratura. Se  tuvieron en cuenta las interacciones dinám icas entre pares de ondas de spin, pero se des
preciaron los efectos cinem áticos. Se procedió a renormalizar las energías de las ondas de spin. Esto consti

tuye un importante factor en e l  caso de T / T ^  > i .  La concordancia entre los datos teóricos y los resultados 
experim entales es, de hecho , notable hasta temperaturas correspondientes a un 90% aproxim adam ente del 
punto de N éel. Extrapolar este resultado a sistemas de spin más bajo sería arriesgado, ya que en esos casos 
es probable que los efectos cinem áticos desempeñen un papel mucho más importante. Para e l MnFz, en e l 
que S =  5 /2 , un cá lcu lo  aproximado sugiere que los efectos cinem áticos no tendrán im portancia hasta llegar 
a un valor de M /M q -2QPJo, y esto ocurre únicam ente a menos de un grado, aproxim adam ente, d el punto 
de N éel. . Et autor describe sucintam ente las probables consecuencias de un térm ino bicuadrático  de in ter
cam b io  en  e l  M nFj, y l le g a  a la  co n clusión  d e que ta l in terca m b io , d e producirse, es m uy pequeño.

1. INTRODUCTION

Investigations ol spin wave dispersion by means of inelastic neutron 
scattering appear, at the moment, to be valuable in two rather different 
general connections. On the one hand pioneer experiments giving the over
all form of the dispersion in a ferromagnetic metal over a large fraction 
of the Brillouin zone dimension would be of great interest as far as the 
theory of the metallic state is concerned. On the other hand, precise mea
surements of spin wave energies in non-metals, as a function both of wave
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vector and temperature, allow the fairly detailed magnetic theory available 
in these cases to be tested rather sensitively against experiment.

A useful material for examination in an experiment of the second type 
is MnF2. It is a simple compound both electronically and crystallogra- 
phically so that a discussion of its low-temperature magnetic properties 
is expected to be well within the capabilities of standard spin wave theory. 
A series of measurements of spin wave dispersion in MnF2 have in fact re 
cently been carried out by Okazaki and Turberfield in References 11J 
and [2 ] and it is the purpose of this paper to use these to test the predictions 
of the spin wave theory for antiferromagnets described by OGUCHI 13 J.

2. METHOD OF EVALUATING THE THEORETICAL SPIN WAVE
ENERGIES

MnF2 has the rutile structure and the Mn ions which are in S-states 
with a spin of 5/2 lie on a body-centred tetragonal lattice. In the antiferro
magnetic state the two sets of antiparallel spins which are aligned along the 
с-axis may be regarded as belonging to two interpenetrating simple tetra
gonal sub-lattices. This form of antiferromagnetic structure can thus be 
described as the CsCl type. The dominant exchange interaction is between 
an ion and its eight nearest neighbours on the second sub-lattice. The ex
change constant corresponding to this interaction is denoted as J2, while 
J! signifies the interactions between nearest-neighbour ions which lie along 
the с-axis and on the same sub-lattice. The possibility of a third exchange 
interaction J3 between third neighbours (second neighbours on the same sub
lattice) must also be envisaged. The convention w ill be adopted that 
a positive sign for J corresponds to ferromagnetic exchange.

The antiferromagnetic resonance data of JOHNSON and NETHERCOT
[4] taken together with the value for the perpendicular susceptibility ob
tained at low temperatures by TRAPP and STOUT [5] allow J2 and the ef- 
, fective anisotropy field at zero wave vector Ha to be determined. The values 
obtained are J2 = - 1. 76°K and gMeHa= 1. 06°K [5]. Having fixed these para
meters, the low-temperature spin wave dispersion results of Okazaki and 
Turberfield enable an evaluation of Ji and J3 to be carried out. It is found 
that Jj =0 .3±0 . 1°K and J3=0±0.05°K [lj.

If the above values for these parameters are accepted and if it is a s 
sumed that their temperature dependence is either known or insignificant 
below the Néel point, the magnetic behaviour of MnF2 in the antiferromag
netic region is in principle completely determined, as no disposable pa
rameters remain. As already indicated the purpose of this paper is to exa
mine the extent of the agreement with experiment of predictions based on 
simple spin wave theory. The calculations carried out take account of dy
namical interactions between pairs of spin waves and of energy renormaliza
tion but neglect kinematical effects.

The method of calculation follows the numerical procedure described 
by LOW [6]. Briefly, on the basis of the spin wave expressions developed 
by OGUCHI [3] which take into account terms to the fourth power in the spin 
wave operators, it is possible to write the energy of a spin wave at a finite 
temperature in the form
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E(T ) = E(. 1 - Д(Т) ], (1)

where Д(Т) is almost independent of wave vector q (except close to TN), E is 
the energy at 0°K of a spin wave of identical wave vector and

q
where

1 + € “ У 2
«н. =77— V - 2 (3)q (1 + e r  - y ¿

and

у  = cos ( i  aqx) cos (| aqy) cos cqz). (4)

N is the number of Mn ions in one sub-lattice. The sum in the expression 
for Д(Т) is over all q in the first Brillouin zone and the inside the sum 
takes on values corresponding to these wave vectors. The outside the 
summation sign has a value corresponding to the wave vector of the spin 
wave of which the energy E (T ) is being sought (hence the weak dependence 
of Д(Т) on wave vector except at very small q or for temperatures close 
to TN). a and с are the lattice parameters for the tetragonal MnF2 structure 
and qx, qy and qz the components of the wave vector c[. The energy of a spin 
wave at 0°K is given by

E = 2Sz2| J2 I [(1 +e )2 - 72]^ (1 + )< (5)

where the second factor on the right has its origin in the fact that the o r
dered state of an antiferromagnet is not the ground state. z1, z2 and z3 
refer to the number of neighbouring ions concerned in the exchange inter
actions denoted by J2 and J3 respectively.

The quantity e  is given by

€=2Sz2| J2| ‘ Sin2^  C4z) " 1*Jg [sin2^  a^x) + sin2(| aqy) ] (6)

so that it is through this parameter that the subsidiary exchange interactions 
Jj and J3 are introduced. In fact Oguchi1 s expressions are for an antiferro
magnet in which there is one set of exchange interactions only, i. e. the J2 
type. However, calculations of the effect of temperature on spin wave dis
persion have been carried out using Eqs.(1) to (5) in conjunction with Eq. (6). 
This approximation neglects small terms to the fourth power in the spin 
wave operators which arise from the presence of Jj etc., but the consequent 
error in interaction energy (i. e. in Д(Т)) is estimated to be a few per cent 
only (see below).
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In the course of the calculations the anisotropy energy gMflHa was modi
fied to take account of the experimentally observed variation of antiferro
magnetic resonance frequency with temperature 14J. Thus,

where M/M0 is the fractional sub-lattice magnetization at the temperature 
concerned. This form of approximation for the temperature dependence of 
the anisotropy energy differs from that used in connection with calculations 
on macroscopic properties such as sub-lattice magnetization etc. [6] in that 
previously the term in [1 - Д(Т)] was omitted. This has no significant effect 
on the values for the macroscopic properties computed. However, it clearly 
leads to appreciably different spin wave energies at small q and this is of 
some importance in the present case where direct comparison with experi
mentally observed spin wave dispersion is carried out. It should be noted 
that g/JeHa also has a dependence on wave vector q. This arises because by 
far the largest contribution to Ha comes from dipole-dipole interactions 
among the Mn ions. The q-dependence of anisotropy fields of this type has 
been discussed by ZIM AN [7] and his expressions were used to estimate 
the variation of Ha for MnF2. It appears that the q-dependence ofHa is as
sociated almost entirely with the magnitude of qz. Allowance was made for 
this in the present calculations but the effects on the actual spin wave ener
gies are rather small, i. e. roughly a 1% reduction when qz has its maximum 
value.

Numerical solutions of Eq. (1) for E (T) were found on a 7030 computer 
using an iterative procedure involving the renormalization of the spin wave 
energies [6]. Dispersion curves corresponding to propagation in a [001] 
direction calculated on the above basis are shown in the Fig. 1. The two 
lower solid lines relate to temperatures of 49. 5 and 62. 0°K and may be com
pared with the experimental data for these temperatures obtained by 
Okazaki and Turberfield in Reference [2J. Considering the number 
of approximations that have been made the agreement of theory with ex
periment is good. The pair of dashed lines associated with each of the lower 
solid curves indicates the additional lowering of spin wave energy which 
results if Д(Т) in Eq. (1) is multiplied by the factors of slightly more than 
unity which are indicated on the figure. It would seem from these that an 
increase in the spin wave interaction term of about 5% gives the best agree
ment with both sets of experimental data simultaneously. Crude estimates 
suggest that such an increase is not inconsistent with the additional inter
action terms expected to result from the presence of the subsidiary ex
change interaction Jj (see above). Thus, it would appear that the predictions 
of simple spin wave theory taking account only of dynamical interactions 
between pairs of magnons are in good agreement with experiment.

(7)

3. CONCLUSIONS

The outstanding conclusion from a comparison of the present series of 
calculations with experiment is that surprisingly high accuracy is achieved
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F i g . l

Diagram showing the spin wave dispersion in MnF2 for propagation along the c-axis 
The experim ental results o f OKAZAKI et a l. [2] for three temperatures are shown together, with 

theoretical curves which take into account dynam ical interactions between pairs of spin waves and 
include renorm alization o f the spin wave energies. The dashed curves show the effect of increasing 

the spin wave interaction term by the factors indicated

Tem p. (*K) : И 4 . 2 ;  A 4 9 .5 ;  0  62

by taking into account only dynamical interactions between pairs of spin 
waves. In fact it would be dangerous to extrapolate this result to systems 
of lower spin. A rough estimate suggests that for S = 5/2, kinematical ef
fects will not be important until M/M0 ~20% and this occurs only within a 
degree or so of the Neel point. The fact that third and higher order inter
action events do not seem to contribute at higher temperatures is more puz
zling, and difficult to understand unless it results from some sort of can
cellation among these terms. That such terms are not important, how
ever, is strongly suggested by the agreement obtained with experimental 
spin wave energies both at 49. 5 and 62. 0°K. If present, any terms of this 
nature would rapidly increase with temperature and be expected to lead to 
discrepancies of very different magnitudes at these two points.

Consideration was given to the effects which would arise if a biquadratic 
exchange term were present in MnF2, i. e. if a term of the form -2j E('S>m- 3n)2

<m ,n>

were added to the Hamiltonian, where j is the biquadratic exchange constant 
between an ion and its nearest neighbours on the second sub-lattice. The 
effect of j, as far as terms quadratic in the spin wave operators are con
cerned is to add + 2Sÿto a term in | J2I*. The effect on the spin wave 
interaction terms is less obvious but apparently it can be summed up roughly 
in the form of a factor in front of Д(Т). Thus, the presence of a non-zero

*  This has been pointed out independently by Dr. R. Orbach.
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value of j can be distinguished from a change in the value of J2 only by the 
temperature dependence of E (T ). Estimates suggest in fact that the spin 
wave interaction term is quite sensitive to j. Thus, as agreement with ex
periment is obtained using the original Hamiltonian which contains only the 
bilinear form of exchange, it would appear that any biquadratic term is 
rather small. Although one hesitates in setting limits in this matter because 
of the approximations involved in the calculations, a value of j / J2 of more 
than about one per cent is probably inconsistent with the temperature depen
dence of the experimental dispersion data.

Brief reference should perhaps be made to calculated values for macro
scopic properties, for example fractional sub-lattice magnetization, such 
as were discussed previously [6] . These earlier computations have been 
repeated taking into account the slightly different expressions and parameters 
described in this paper. The resulting values for magnetization and parallel 
susceptibility are very similar to those already published. It has been 
pointed out by Kanamori (Eq. (14) and Fig. 5, Ref. 16J) that the previous cal
culations for specific heat are in error because the expression used as a 
basis for computation did not incorporate the temperature dependence of the 
interaction energy correctly. A corrected expression gives a larger mag
netic specific heat and at higher temperatures the calculated values are  
considerably enhanced and in fair agreement with experiment. Thus, it 
appears that in general the spin wave approximation is capable of reasonably 
accurately reproducing a number of the properties of manganese fluoride 
up to temperatures within ten per cent or so of the Néel point. This is pre
sumably true also in the case of other non-metallic magnets with high spin 
values.
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D IS C U S S IO N

R.J. ELLIOTT: Have you analysed the data to find the effective J as 
a function of T?

G .G .LOW : As you suggest, it would be possible to express the tempera
ture dependence of the spin wave energies in terms of exchange parameters 
which have an effective temperature dependence, but in fact this type of ana
lysis has not been carried out. In the present discussion it has been assumed 
that the only source of temperature dependence lies in the spin wave inter
actions, and any variations in exchange energy arising from lattice expansion 
with increasing T have been neglected. Justification for this assumption can 
be found in the measurements relating to the pressure dependence of TN by 
Benedek and Kushida* taken together with data on the compressibility and 
thermal expansion of M11F2 . These suggest that the variation in | J2 | due 
to thermal expansion in going from 0 to 60°К is less than one per cejit.

A. W. JOSHI: In your paper you mention that the anisotropy field Ha 
depends on the wave vector 5- What sort of dependence is this?

G .G . LOW: The anisotropy energy arises mainly from dipolar inter
actions among the manganese ions and calculation of the relevant lattice 
sums as written down by Ziman suggests that Ha is roughly independent of 
qx and qv but falls off appreciably with increasing qz .

A .W . JOSHI: The value of J3 reported in the paper is 0 ± 0.05“K, which 
means that it could be positive or negative. Is it not possible to determine 
accurately whether the interaction between two Mn atoms on the same sub
lattice is ferromagnetic or antiferromagnetic? '

G.G . LOW: It does not at the moment appear to be possible to fix the 
value of J3 any more accurately than already indicated and therefore the 
sign of exchange in the a-axis direction between nearest-neighbour Mn ions 
on the same sub-lattice remains undetermined. Exchange in the direction 
of the с -axis (Jx) is, of course, positive as first demonstrated by J.Owen 
and others at Oxford in their resonance experiments.

*  BENEDEK. G .B . and KUSHIDA, T . ,  Phys. Rev. 118 (1960) 46 .



S Y M P O S I U M  O N  
I N E L A S T I C  S C A T T E R I N G  O F  N E U T R O N S

HELD AT BOMBAY, 15-19 DECEMBER 1964

Session I

Session II 

Session III

Session IV

Session V

Session VI

Sessions VII 
and VIII

Session IX

CHAIRMEN OF SESSIONS 

R. RAM ANNA

H. HAHN  

B. BURAS

H. PALEVSKY

D. CRIBIER

N. POPE  

F. L. SHAPIRO

W. COCHRAN

Atomic Energy Establishment 
Trombay, Bombay

Kernforschungsanlage Jülich

Institute- of Nuclear Research, 
Swierk

Brookhaven National Laboratory, 
New York

Commisariat à l'énergie atomique, 
Saclay

Royal Military College of Canada

Joint Institute for Nuclear 
Research, Dubna

University of Edinburgh

SECRETARIAT OF THE SYMPOSIUM  

Scientific Secretaries: G. R. KEEPIN

Administrative
Secretary:

Editor:

Division of Research and 
Laboratories

D. W. MAGNUSON Division of Research and
Laboratories

H. H. STORHAUG

M .M . BROWN

Division of Scientific and 
Technical Information

Division of Scientific and 
Technical Information

Records Officer: D. J. M ITCHELL Division of Languages

461



I A E A  S A L E S  A G E N T S

Orders fo r A gen cy  pub lications can be p laced with your book se lle r  or any o f our sa le s  agents lis ted  b e low :

A R G E N T I N A
Com isión  N ac ion a l de 
E nerg ía  A tóm ica 
Aven ida  d e l L ibertador 
G eneral San Martin 8250 
Buenos A ire s  - Sue. 29

A U S T R A L I A
Hunter Pu b lica tion s ,
23 M cK illop  Street 
Melbourne, C . l

A U S T R I A
G eorg  Fromme & Co. 
S pengergasse 39

B E L G I U M
O ffic e  in ternational de lib ra ir ie  
30, avenue Marnix 
B ru sse ls  5

B R A Z I L
L iv ra r ia  K osm os Editora 
Rua do R osario , 135-137 
R io  de Janeiro

A gen c ia  E xpoente O scar M. S ilva  
Rua X a v ie r  de T o led o , 140- I o Andar 
(C a ixa  P o s ta l N o. 5.614)
SSo Pau lo

B YE LO R U S S IA N  S O V IE T  S O C IA L IS T  R E P U B L IC  
See under USSR

C A N A D A
T h e  Queen ’ s P rin ter 
O ttawa, Ontario

C H I N A  (T a iw a n )
B ooks and S c ien t if ic  Supplies S erv ice , L td .,
P .O . B ox 83
T a ip e i

D E N M A R K
E jnar Munksgaard L td . '
6 Norregade 
Copenhagen К

F I N L A N D
• Akateem inen K irjakauppa .

Keskuskatu 2 
H e ls in k i

F R A N C E
O ff ic e  in ternational de 
documentation et lib ra ir ie  
48, rue G ay-Lu ssac  .
Pa r is  5e

G E R M A N Y ,  F edera l R epu b lic  o f 
R . Oldenbourg 
Rosenheim er Strasse 145 
8 Munich 8

I S R  A E L ’
H e ilig e r  and Co.
3 Nathan Strauss S treet 
Jerusalem

I T A L Y
A gen z ia  E d ito r ia le  In ternazionale 
O rgan izzazion i U n iversa l! (A .E .I.O .U .! 
V ia  M eravig li 16 
M ilan

J A P A N
Maruzen Company L td .
6, T o r i N ichom e 
N ihonbashi 
(P .O . B ox 605)
Tok yo  Central

M E X I C O
Lib ra ría  In ternacional 

A v . Sonora 206 
M exico 11, D .F .

N E T H E R L A N D S
N .V . Martinus N ijh o ff 
L a n ge  Voorhout 9 
Th e Hague

N E W  Z E A L A N D
Whitcombe & Tom bs, L td .
G .P .O . Box 1894 
W ellington, C . l

N O R W A Y
Johan Grundt Tanum 
Karl Johans ga te 43 
O slo  

P A K I S T A N
Karachi Education S oc ie ty  
Haroon Chambers 
South N ap ier Road 
(P .O . B ox N o . 4866)
Karachi, 2

P O L A N D
O srodek Rozpow szechn iana 
W ydawnictw Naukowych 
P o lsk a  Akadem ia Nauk 
P a fa c  Kultury i Nauki 
Warsaw

S O U T H  A F R I C A
Van Schaik ’ s Bookstore (P t y )  L td . 
L ib r i B u ild ing 
Church Street 
(P .O . Box 724)
Pre to r ia



S W E D E N  ‘

C .E . F r it z e s  Kungl. H ovbokhandel 
F redsgatan  2 

Stockholm  16

S W I T Z E R L A N D  '
L ib ra ir ie  P a y o t  
Rue Grenus 6 
1211 G eneva 11

T U R K E Y
L ib ra ir ie  H achette  
469, Is t ik lâ l C addesi 
B eyog lu , Istanbul

U K R A IN IA N  S O V IE T  S O C IA U S T  R E P U B L IC  
See under USSR

UNIO N  O F  S O V IE T  S O C IA L IS T  R E P U B L IC S
Mezhdunarodnaya K n iga  
Sm olenskaya-Sennaya 32*34 
M oscow  G-200

U N IT E D  KINGDOM  O F  G R E A T  B R IT A IN
A N D  N O R T H E R N  IR E L A N D

H er M a je s ty 's  S tationery O ffic e  
P .O , B ox  569 
London, S .E . l

U N IT E D  S T A T E S  O F  A M E R IC A  
N ation a l A g en cy  for 
In ternational P u b lica tion s , Inc.
317 E a s t 34th Street 
N ew  Y ork , N .Y . 10016

V E N E Z U E L A
Sr. B rau lio  G ab rie l Chacaree 
Gobernador a  C andi Lito 37 
Santa R o s a lía  
(Apartado P o s ta l  8092)
Caracas D .F .

Y U G O S L A V I A
Jugoslovenska K n jiga  

T e r a z i je  27 

Belgrade

IA E A  pub lications can a lso  be purchased re ta il a t the Un ited  N a tion s  Bookshop a t Un ited  N ations  H eadquarters, 
N ew  York , at the news-stand at the A g en cy 's  Headquarters, V ienna, and a t m ost con ferences, sym posia  and 
sem inars organ ized  by the A gen cy .

In order to fa c il ita te  the distribution o f  its  pub lica tions, the A gen cy  is  prepared to  accep t payment in UNESCO 
coupons or in lo ca l currencies.

Orders and inqu iries from countries where s a le s  agents have not y e t been appoin ted may be sen t to  :

D istribution and S a les  Unit, International A tom ic Energy A gen cy , 
Kárntner R in g  11, V ienna I, Austria



I NTERNATI ONAL  
ATOMI C ENERGY AGENCY  
VI ENNA,  1965

PRICE:  USA a n d  C a n a d a :  US $ 9.50
Au s t r i a  a nd e l s e w h e r e :  S 199.50 
( £ 2 . 17. 0 ; F. Fr.  38 , - ;  DM 33 , 25 )


